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A set of equations for elementary particles when the space is curved is obtained by 
substituting the curved space metric for the flat space one in the algebraic relationship that 
determines the matrices which describe these particles. It is observed that for the Dirac or 
Duffin-Kemmer matrices, the same set of equations are obtained if we assume that the flat 
space equations are true in the local frame of reference at any point. The above is taken 
as a fundamental postulate. The approximate corrections to the different fields when the 
curvature is small have been obtained. It is also observed that this procedure means a 
redefinition of the affine relationship. It is throughout assumed that the curvature is 
introduced in the space-time world due to the presence of matter by the standard relationship 
of general relativity. 


§ 1. Introduction 


Many interesting approaches have been made to explain the gravitational 
phenomena within the framework of special theory of relativity with the help of 
spin 2 particles.”?:» There have been also some different approaches to explain 
the same with the help of functional treatment’ or by a drastic revision of our 


basic concepts”. But, since the success in these cases has not been outstanding, 
we have here attempted an alternative and more conventional procedure to consider _ 
the same problem. We deduce the equations of elementary particles and their 


‘nteractions in curved space-time very much within the framework of general 


relativity. 


To obtain these equations, it seems helpful to postulate that our quantum 


mechanical equations and expressions are given at any point by what we already 
have in flat space-time in terms of the local geodesic coordinates at that point. 
This method, however, defines an affine relationship different from what we usually 


have. 


It is here assumed that the curvature is introduced by the energy momentum 


tensor by the equation 


Gye ys (1) 


as in the general theory of relativity. 


It has not been possible to solve these equations explicitly, but in certain 


specific cases such as that of a space conformal to a flat space-time, the form of 


aa 
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these equations is interesting in the sense that the mass term is replaced by an 
invariant space-time function. 

However, in the linear approximation when we assume that these corrections 
are small, it is possible to give explicitly the way in which they occur, but since 
these do not throw any new light about the exact effects of the gravitational fields 
at very small distances at which they are expected to be important, the solutions 
in these approximations have not been calculated. 


§2. General theory 


We shall take %= (2", x”, x*) to represent the space coordinates and x” to rep- 
resent the time coordinate in curved space-time, and we throughout take natural 
units so that f=c=1. The metric of the flat Minkowski space is taken as 0,, 
where 0,,;=03=03= —0O=1 and 6,,=0 when 44». We shall first consider the 


“case when the space is almost flat, and take the metric of the curved space-time as 


gerade 0" (2a) 
Guv= Ov —O np (2b) 
where @,, are small, and the above result corresponds to the linear approximation. 
Clearly, in this approximation 
. 6,,=0,,0,.0" 
and thus 9,, behave as tensors in raising and lowering indices in flat space-time. 
We shall always raise and lower the indices with the metric of the flat space-time 


unless otherwise stated. 
In the approximation when the coordinate condition 


ions ® 
is satisfied, we have, 

G,, =R,.—-3 9, R= —4 (8,446,009), (4) 
where we have used the notation 6=0 wl” and Oro 5 . Hence we obtain 
from Equation (1), 

O4,,—46,,0=—2«,,. (5) 


Equations (3) and (5) will give us the value of @,, when we know the value of 
J »» tor any classical matter field. 


When we assume that the quantized fields are included in our description, we 
replace Equation (5) by : 


046,,—46,, 00=—2e(F,,), (5’) 
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where (/,,) is the expectation value of the energy-momentum operator for our 
dynamical system. 


We now assume that @,, are known, and consider the equations for elementary 
particles in such a case. Bhabha® has given a set of linear equations for elemen- 
tary particle-fields of nonzero rest-mass as 


(ar? + m) e—() (6) 
Oar 


where the a-matrices satisfy different algebraic rules for different particles in flat 
space-time. We assume tentatively that in this relationship of these matrices, the 
0” of flat space is changed to g“’, and the equations (6) remain the same in form. 
A justification of this procedure will be seen later on. 

Thus for a Dirac particle, we should have, replacing a-matrices by 7-s, 


PRATT. 2g", (7) 
where the primed indices here and henceforward indicate the corresponding changed 
quantities in curved space-time. Clearly, the relationship (7) is satisfied in the 
first order in the 0” if we take 

EA ee (8) 
where 

r=On7. (8’) 
Again, we can see by direct verification that to the same order in 0”, the changed 
Duffin-Kemmer relationship, 


Bie Jig vas +,” elke pra or B+gq” 8", (9) : 


is satisfied when we define §’” in terms of the Duffin-Kemmer matrices in a way 
similar to Equation (8) for 7/ in terms of 7’. This fact is also obvious when 
we adopt for the §-matrices the representation” 


b=4 x77" xt) 
where 7-s are the above-mentioned Dirac matrices, and X denotes a direct product. 
The discussion above includes particles of spin 4, 0 and 1, which are physically 
most important. Hence, in Equations (6) we can take the changed a@-matrices as 


alt=a" +10" a,, (10) 


a form justifiable for at least the above set of particles, and Equation (6) changes 
to 


(a+ m) EG) 20, (11) 
yo 


In Equation (11) we substitute 7’(x) —V (x) +0P (x) where Y(x) is the solution 
of Equation (6) and 0¥(x) is a small correction to this field. Then we obtain 
the equation for this correction as 


{ 
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ov 
(a*.° +m) 0F (2) = Ba age ted (12) 
Ont" Ax’ 


an order to solve Equation (12), we require Green’s function G(ax, x’) satisfying 


the equation 


C2 +m) G(a, 2')=—9(x-2’), (13) 
Oz" 
in which case we obtain 
v / pe): 4 
aU (2) =3|G(e, 2’) 6" (x!) a, a d‘x (14) 


The relationship (10) for curved space-time is seen to satisfy the requirements 
of the algebra of the @-matrices in a formal way for the Dirac and Duffin-Kemmer 
cases. We can obtain to the same approximation the set of equations (11) from 
an entirely different consideration that is physically more satisfactory and hence 

may be taken to embrace all other equations of the same type. 
| At any point 0 in space-time having coordinates x) we choose local coordinate 
system X, such that we have, at 0, 


Oak Ader = 9 ps (hn) Aa aa; (15) 
oe which gives 

=1*,(0)2*, (0) Pre (Xo) (15’) 
where 

Fe Cem Re CUD Fe he ood 


(15””) 
dx” =1",(0) dX 


ans give us the relationship between the lengths of the infinitesimal measuring rods 
_ and intervals of time as viewed by an observer in the general frame of reference 
and an observer in the local frame of reference at 0. It is easily seen that Equa- 
tions (15’) are satisfied when we take 


PO) 0" HAO ae) (16) 
in the linear approximation. 


Now we assume that the original set of equations (6) are satisfied at the point 
0 in terms of the local coordinates at 0. Thus at this point we have 


j 


fe) 
& , P'—O0 ' } 
(a XS +m) (17) 
which in terms of the original coordinates becomes 
# 0 
(a 2,0) +m) Pr=0. | (18) 


; Substituting the value of ¢*, (0) from Equation (16), we obtain the equation identical — 
with (11) when we note “that 


fh 


= se eS 
Bre. oe tl 
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O(a) a = 84 (2:,) Bs 


Since 0 is any point in space-time, the above physical assumption gives us the 
same set of equations as obtained earlier in a formal manner. This leads us to 
the statement of a general postulate: 

Postulate A. Our quantum mechanical equations and expressions at any point 
are given by what we already have in flat space-time in terms of the local coordi- 
nates at that point. 


The above postulate corresponds to the fact that in general relativity the space 
is locally flat. 


§ 3. Equations in a space conformal to a flat space-time 


In this case we take the metric tensor as” 
g(x) =0" A(z). (19): 
Hence 


Fue (2) =9,(A(z))—, 


where A(x) =1-+/(2x) is an invariant space-time function and 4(x) can be taken — 


as small when we take the linear approximation. Then we can take for Equations 


(15’) and (15”), 
i, (x) = 0", (A(x), 


and (20) 
T*, (2) =, (A(z) )-? : 
such that Equation (17) becomes 
| (a (2) 2 +m) T!=0, 
which reduces to 
fe] 
B pr (21) 
(2 axe vere: 5) Oe 


Equation (21) has the interesting feature that in such a space the equation fon wen 


the elementary particle is slightly changed in the term involving the rest-mass of | 


the particle, which is now replaced by a space-time function. 
In order to solve for A(x), we note that here the coordinate condition (3) is 


not satisfed. A direct evaluation of G,,=R,,—397,.R gives us the result that 


G.= (A@)) (= SAD +8 CA(2)) 


(22) 
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Here we are interested in a dynamical system that gives rise to a curved space 
conformal to a flat one. This is possible only if Equations (1) 


Gy=Kd 5, 


are satished. We wish to find out A(x) in this particular case, and for this 


purpose it is sufficient to evaluate 
g”’ G,, =— R=xg”" J, 


v> 


which gives rise to the equation 


3 A(z) — (9/2) A(@)) 7 On 5 Oa 


—oO 


=< gee ee “ 23) 
On O07" d ( 


It may be noted here that J , must have certain symmetry so that when we 
obtain the solution of Equation (23), each one of Equations (1) should be also 
satisfied. 

Equation (23) can be written down in a slightly better form by the substi- 
tution A(x) =exp(a(x)). On the right-hand side of the above equation, since 
Gees » is a scalar, at any point we can take this as equal to on TJ ww (9; local), 
and by postulate A we can write down the usual expression for 7,,(0; local) of 
flat space. Hence Equation (23) after simplification becomes 
aces da da 


se aS es ie? 
Ox" O2” 1, an On 


exp (a(z)) 0” ( — («/3)0"" 7,,(0; local). (24) 


In the linear approximation, however, the above equation attains the very simple 
form 


A(x) = («/3) 0" J, (local) | (25) 


which can be solved easily when the value of 7,, is known in terms of the local 
coordinates for any particle-field. 
In this approximation Equation (21) simplifies to 
fe) 
d ee. } 
(ar 2+ m) P(x) =4mP' (x) A(z) 


and for the correction term, Equation (12) becomes 


5 r 
(ar 2 + m) OF (x) =4.mi (x) F(z), (26) 


_ which does not involve the derivative of flat space-time wave-functions, as was the 
_ case for the more general type of space. 


In particular, for the Dirac particle, we can take in the local coordinates 


J” (0; local) = — 1 (Fr O00 0g 
Ere eee 


such that, applying equations of motion, we get 


wae 


Quantum Mechanics in Curved Space-Time i 


6,9" (0; local) =m. (27) 


On the right-hand side of the above equation, ¢¢ can be interpreted as the proba- 
bility of finding an electron in the space-time volume element d‘X, and representing 
this function by (2) (=e(X,), since this is an invariant function), we may solve 
the exact equation (24) or the approximate one (25). Thus, Equation (25) becomes 


D4(2) = (m«/3) e(2), (28) 


where o(x)/ —det |9,, (x) |d‘x indicates the probability of finding the electron in 
the space-time volume d'‘z. 
In the above, we have assumed throughout that the fields are not second 
quantized. In the latter case, however, we have to take (J uw» Wherever we have 
\ 


J 


Bye 


T7 6) 


4. Conditions of covariance 


e 


The method of deducing Equation (11) from Equation (17) with the help of 
the postulate stated is very interesting because it gives us a method for writing 
down the equations in an exact manner and solving them in some special cases. 
But, for the purposes of covariance, we must rather take normal coordinates” in which 


case not only is the metric of the form (15) at the point, but the ordinary deriva- ~ 


tives are identical with the covariant derivatives, so that Equation (17) or any 
similar equation or expression is covariant under a coordinate transformations when 
it is covariant under rotations in a flat space. 

Following the notations of Eisenhart® for transformations to normal coordinates, 
we first make the coordinate transformation from x* to 2%’ such that 


a au 4, Lean woke = oO uf qt = d1 = Oe So 
ag ho ee Bp" Ly ——— (Lg cn as) 0 20 Beg. Bye ae (29) 

2 VoNae ela Ne 31 
where )’= (dx*/ds),s, and s is the arc length parameter of the (non-null) geodesic 
passing through 0, and thus %' are the Riemannian coordinates at the point 0 
corresponding to the original coordinates x’. For these coordinates, we know that 


Ee yaa 0 


QA} 9 
where the bar denotes the corresponding quantities in the Riemannian coordinate 
system. 

- The coordinate transformation (29) has a unique inverse so long as we confine 
our attention to a domain characterised by the fact that through any point of the 
‘domain and through the point 0 only a single geodesic can pass. Hence if the 
above transformation is a bi-unique transformation throughout space-time, we must 
that space-time world must have infinite extension with 
However, when we are interested in this 
diate neighbourhood, the 


have as necessary condition 
absolute past and absolute future. 
‘transformation for deducing properties at 0 or in its 1mme 


\ 


a 
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above assumption of Equation (29) always having an inverse may be taken for 
granted. 

After obtaining the Riemannian coordinates, we have further to make a linear 
transformation with constant coefficients to obtain the normal (local) coordinates at 
that point, the differential invariant form for which will be the same as that of 
flat space-time. These must be the coordinates to be used in the differential 
equation (17) at that point. 

Instead of Riemannian coordinates above, we could also maintain covariance of 
the equations by taking the geodesic coordinates” at the point 0, and then obtaining 
as before the local geodesic coordinates. The transformation to geodesic coordinates 
is more general and is given by (with the prime denoting the geodesic coordinates) 


cH af tri (if !) | se rhe (ive 1) fads a BN Ue be Xe? — Pan (30) 


z 
a; Ay 
where the coefficients cé,2,.,, etc., are arbitrary. Here also 

S / 
aaa 
(ay Ay} 9 


=0, 


hence, after obtaining the local coordinates as before, we can take the ordinary 
derivatives as identical with the covariant derivatives. 

Thus in the postulate A we must always take the local normal coordinates or 
the local geodesic coordinates at any point, in which case not only is the metric 
of the form required, but the Christoffel symbols vanish at that point in this 
particular coordinate system. With this restriction (Postulate A’) the covariance 
of postulate A for any equation, where covariance under flat space transformations 


already exists, is established. 


Let us assume that at the point 0 we have obtained the local coordinates 
satisfying the above requirements such that Equations (15’’) are satisfied. Now, 
considering Equation (1) at the point 0, we can adopt the usual value of 7 oad 
the local coordinate system by the postulate A’ in terms of the wave-function and 
the derivatives of the field in the same coordinate system, 


SF as (1) =T*, (0) T*, (0) J,, (0; local geodesic) (31) 
and thus we obtain the equation 
Gi (Go) =I (2s) Tt ae) Coa. (Os tocal geodesic). (32) 


In the above equation, we may regard G,, (2) as a function of the matrix if Aiea ey | 
by Equation (15’), or otherwise, may regard as a function of the metric through 
the Christoffel symbols by Equation (34) or any of the earlier ones, and thus know 
their values when the metric caused by the matter field is known. The equations 
thus obtained are a set of coupled differential equations and are almost impossible 
to take exactly beyond the linear approximation. 

Thus, when we know the value of ||T(2) || and hence of ¢(2) ||, the exact 
equations for studying the behaviour of the field for which we take g w(O; local 


— Oe 


=< 
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geodesic) in Equation (32) can be written down by replacing the usual differ- 
entiation operator by 


fo) 
res 


Ranta a aes (33) 
Also, if we have any integral of a tensor occurring in the flat space-time relation- 
ship, in this case we are to take the integrand in the local coordinates at that 
point, and then convert it to the general frame of reference by T™,,(2)\ for ‘the 
covariant index or by ¢*,(2) for the contravariant index, and integrate with the 
invariant space-time volume element ,/—det |7,, (2) |d‘z) at that point. 


However, the situation here is always complicated, and even for the simple 
transformation 


cae yaa Yee 3 ae pel aoe (34) 


it is not possible to write down the inverse transformation explicitly. Also, when 


we take into account the necessity of covariance, the above treatment for the space 


conformal to a flat one is seen to be invalid, and a more detailed analysis in the 
line mentioned is necessary. 


§5. Second quantization 


Previously, in the linear approximation, we have expressed the change in the 
wave-function of any particle-field when the metric is already known, in Equation 
(14). We shall assume that the quantization of the flat space wave-function ¥(x), 
remains the same, and that the quantization that this will induce in the total 


wave-function will be maintained. This procedure is unique only when we can, 


express the curved space field operator in terms of the flat space one unambiguously. 
In the linear approximation we can write the commutator or the anti-commutator 


of the fields as 
iS! (x, y)=[2' (2), P'(y) J=[F (2), (y+ [6% (a), FC) IF[ 2), 0% O)] 
(35) 
where we take the value of 


[¥(2), (y)]=i1S (ay) (36) 


according to Udgaonkar® and remember the expressions (14) for 0?(z) which 


thus introduces the derivatives of the flat space commutator or anti-commutator in 
the correction terms of Equation (35). 


When the flat space fields are second quantized, Green’s functions of Equation 


(13) for the general particle-fields have been given by Gupta and in a more 
elegant manner, by Schwinger’? for the fields in which we may be interested. 
Similar to Equation (35), we can write down the expression for the propagator as 


pk 
Sse Le 


ey 


mis 


pg) SE Te 


> a a 


= 
» 


mW 


10 Sy IER IWS Ae: 


I! (a) By) =K (x—y) = (x) Fy) +08 (2) Fy) + ¥(@)OF(y), BD) 


where again we shall need Equation (14). In the above formula, the dots denote 
contraction in the sense of Wick.” 

When the metric is known and is introduced by some external matter and we 
neglect the gravitational effects due to the particles themselves, the above equations 
will give us the description of a free quantized field. But, on the other hand, if 
the metric introduced by the field itself is to be taken into account, in all 
our previous discussions, we must take a 1, for the physical system we are 
considering (e.g. how many real particles are present and in what state) and the 
equations can be written down in the manner described after knowing the value 


of this metric. 


§ 6. Interacting fields 


To consider interactions with this system of quantization, we first note that 
the Tomonaga equation has to be now taken as 
; OW! (c) 1 
do(x) Vv —det|9,,(2)| 


=H,(x) 2'(c). (38) 


In the above equation, we have used that ,/—det|y,, (2) |d‘zx is an invariant element 
in the curved space, H,(x) is the invariant interaction hamiltonian density operator 
and ¥’(c) is the state-vector functional on the space-like surface o. This equation 
is consistent only if the integrability condition is satisfied. For example, in 
absence of derivatives in H;(x) of the field operators, we must have 


[Hi (x), H,(x')|=0 


whenever x and 2’ are separated by a space-like interval. 
Writing £’(c) =U'(c) ¥’(— oo), and proceeding according to the standard 
method of Dyson, we obtain 


Oca) =e Se Si (39) 


where 
S,'= (—2)"/(n!) ja ee | d'eyP (V9 (21) Hy (a1) —9(@,) Hy (2n)), (40) 


and y(x) =det||g,,(2) |. 

_ Thus, while evaluating the P-bracket above, besides the usual contractions, 
there will be extra terms arising out of 0” (x) or 0& (2x) of Equation (14) which 
will thus involve the integrals of the differential coefficients of the flat space 


propagators. However, we can use this formula in the linear approximation only 
if the integrability condition is satisfied. 
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§ 7. Gravitational corrections for meson and electromagnetic fields 


We shall first consider the corrections to a meson field since here the equations 
are explicitly in the form (6), whereas for the electromagnetic field we are to 
replace m in Equation (6) by a suitable singular matrix. We shall take the case 
of a scalar meson, since this case is simple and since we can directly go over to 
pseudo-scalar mesons that are important for the nuclear forces. The meson field 
will be described by a 5X5 irreducible representation of the $-matrices satisfying 
Duffin-Kemmer commutation rules. The representation we choose is” 


00000 00000 
00001 00000 
#=(00000]|, B=|00000], 
00000 00000 
01000 00100 
00000 10; 020.024 pe 
00000 0000 0 1, 
e=-100000], ~=|0000 Oo], z= i 
00001 GrorneOen zs 
00010 0 s0reD ip 


where 9” are Duffin-Kemmer matrices of flat space-time and Z is the corresponding 
- wave-function. The changed wave function thus becomes 


ce 4 ! 
t/=14+=|9(2, 2) am (typ, EE) ata, (41) 
2 Ox!" 


where g(x, x’) is given by Gupta.” 
We know that in our representation 7%; is a scalar and satisfies the Klein- 
Gordon equation. We shall explicitly deduce this well-known result as follows: 


We first note that 


(B* 8’) >, =O" OMg. (42) 


Let us now consider the equation | 

5 ee —+m1,=0 (43) 
which also means 

(B*)*, ahs a + mits=0. (44) - 


Sneweieene the value of 02x,/d2" from ao (43) in Equation (44), we get, 


~ BYP atm t= 0, 


which by Equation (42) becomes 7 
(O—m’)%,=0. (45) 


URLS aS Lg Pe 


; 12 Aid ete ite ce: 

- We have explicitly written down Equations (41) to (44) since the corresponding 
ee . equations are useful for obtaining that of 7%’s. Proceeding in the same way as 
ie above for the set of equations in curved space (where /’* are now functions oraz) 
a the equation for 7’; becomes 

ome a 5 fe) Qlyu\r a oe 2 f= 4 
eng: th 5 Qryu\ Xr Ba oe di O/K Otis oe 9 <s BEI S 7, 94 20) (46) 
(BDO Ee — OYE OS mh 


which, in the linear approximation reduces to 


"25! Le Ode. Of s 
Ox" Ox’ De SOs Oe 


(om +0") —m? 45 =0. (47) 


As, 


We could also obtain the above equation by using the postulate that in the 
local coordinate system the equations of the fields are to be taken in the usual 


form. Thus we have 


BS i5 teen pte ); 
Hs es Lig; 48 
(° ax axe)” : 


- But, in the linear approximation, we can take by Equation (16) 


Ballas os be 1 @ 0 
py ty OKA Oat tana eS Demis 


ate and hence the changed D’Alembertian is given as 


(1! == (3 (local) =4* (<4 2 pn, 2 \ (O04 dg 8 


Ox" Dee age Ox” 2 Ox" 


> Bac i ekg 1 Ogt' fe) 

ae | = (0 9" 49 
te ( ) OL" Ox” 2 NORE Oa ber 
as _ which is the operator acting on 7’; in Equation (48) instead of LJ alone and thus 


is identical with Equation (47). 
The exact expression for the D’Alembertian obtained in the above manner is 


oe Q’=05 (local geodesic) =6*” (*, e WG : 
i Ox” 


; CES 

i Bt 3 3 

=g" —t*, ies fs) 

‘ 7. (=. at ar) ae (50) 
where we have used the equation similar to (15’) for g and that 0/d2>(z*, T’,) =0. 


eB. Pel iy. It may be seen that 11’ of Equation (50) is the same as the invariant differential 
parameter of the second order given as 


ee aut | pt 
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Dom cee 
= (Es eS ee AG AY 
Ae ae (52) 
and 
One Gift ke 
2 Es 6) Pe ee 
axe 2) ayo Ew)» (53) 
so that we have 
a ae, fe) : 
Tee Sat (54) 
\ fh! Ort | 
and 
Ay 3 
t*,2, | ; Se is ; 55 
Perens xt | ©) : 
In deducing Equations (54) and (55) we have used that the Christoffel symbols a 
vanish in the local geodesic coordinate system. But it must be noted that Equa- a 


tions (52) and (53) mean that the equations (15’) are integrable for the X%, 
hence that the space is actually flat. 

To write down the equations of the electromagnetic field in the Duffin-Kemmer 
form, we take the representation” 


p= x7 +7*xT) (56) 2 

and have to consider the flat space-time equation . 
3 og 

(9° +7) ¥=0, (57) " 

Ont oe 

where “ is a sixteen component column vector and 7 is the singular matrix given salt 
as 2 
i: 


Picdias (2150) Only al, 0; 07050, Tht, 0,0, 1): 


epee penne 
apa! 


= 
Se 
Fe. 


Here we note that in Equation (57) and subsequently, we are to remember the 
difference in notation because of the choice of the flat space metric, i.e. 7* (Corson)? tae 
=(—i7") (ours) ; otherwise the notation is the same as that of Corson. For the 
curved space-time, however, we are to replace 8“ by 9", which is equivalent to 
replacing 7* by 7’ in Equation (56). When we write 7 as a square matrix ¥*, 


Equation (57) takes the form 


ec ee 
L(y OF 4 Sp) +08) 0. (58) 
2 fees age 


“While converting Equation (58) to curved space-time, we must take, in a way 
similar to the case of flat space-time, 


P= —4[ 6/2) Catt HiU, Tor + H17"— 18 = OTE. (99) 


ait 


= oy eae pet el bs 


It is to be noted that in Equation (59) 


14 So) PaMisra 


FeV GRE) 2S) Sorel Fa 
remains the same as in flat space-time. Thus, Equation (58) becomes, with the 
similar interpretation of ¥’”, 
avr awl 
es a ; =e 
O Te On" 


7) + GP)" =0. (60) 


To obtain Equation (60) by the alternative procedure of using the form of 
our equations in the local geodesic coordinate system, we first note that, at any 


point, 
fe) ] ] d $ as asf asd Fp sy tod fo) (t* fe Gc a at a o 
OX” (G,, (loca geo esic) (OE Tf ) / —=L eae py eno y / if 
= = (Geren hand as (61) 
Ge 


where we have made use of the relationship 
ie) ey (62) 


which are exact equations instead of approximations (8) or (10), and agree with 
the fact that 7” should transform like a tensor. The other terms of Equation (58) 
will, on expansion (59), also transform in a similar manner from the local co- 
ordinate system to the general coordinate system. Hence, taking Equation (57) to 


_ be true in the local coordinate system, and using Equation (62) where necessary, 


the same equation (60) is obtained. With the equivalence of the two procedures 
in mind, we can write down the electromagnetic equations in curved space-time by 


the use of postulate A from the knowledge of the electromagnetic equations in 
flat space 


0” 0G) fOxr7=0 (63) 
and 


G,,=0A,/0z"—0A,/02". (63’) 


The equations thus obtained can be solved in the manner already mentioned with 


the help of the corresponding Green functions. 


§ 8. Affine relationship 


It has already been pointed out that the differential operators (50) and (51) 
are equivalent provided Equations (52) and (53) are satisfied, which need not be 
true when the transformations to local coordinates are not integrable. But a 
glance at Equations (50) and (51) suggests that we may take an alternative affine 


relationship 
B wa OaT,, (64) 


where the comma denotes differentiation with respect to the corresponding space- 


Bee 
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time variable. When T™, exists only as a space-time function and not as a differ- 
ential coefficient 09X°/dx" of an (integrable) flat space coordinate system X%, 
generally 7%, 47%, and thus 4”*,, in Equation (64) is not symmetric in / and ». 

This affine relationship was chosen by Einstein’ in his description of the 
unitary field theory. We see that this affine relationship is a ‘natural’ one in the 
sense that it has been derived with a fairly physical assumption and defines the 
‘natural’ derivatives of contravariant or covariant tensors just as the ordinary 
covariant derivatives are defined with the usual affine relationship. This is easily 
seen from the fact that 


Beer iT? FP, (localgeodesic) =F" 44+ a2", (65) 


where the semicolon denotes the natural derivative. 
Green™ has started with a different affine relationship given as 
SMA Ae EY GA (66) 
which, in our case, with application of Equation (62) becomes 
4 Pa ihe eis YetVe ae) =i) fas p) 
and this is identical with the affine relationship defined by Equation (64). Hence 
we obtain that when the affine relationship of Green is a numerical multiple of 
the unit matrix, as it must be when the curved space 7’ are given by Equation 
(62), this affine relationship is the ‘natural’ one, and also, the necessary and 
sufficient condition imposed by Green for his affine relationship to be a numerical 
multiple of the unit matrix, 
| ise =0: (67) 
is automatically satisfied. 
The affine relationship (64) defined by the postulate A has the advantage 
that this defines a field of parallel vectors at a distance, since the condition 


Bi Oy ig th Sap a" 4,— 4%, 4*,,=9, (68) 


is seen to be automatically satisfied. . 
The consideration of distance parallelism or teleparallelism by this affine 


relationship has been discussed in detail by Einstein’? and Green”. 


§ 9. Discussions 


In the above we have considered in some detail the effect of taking postulate 
A. ie. assuming that our equations are the same as obtained in the framework of 
re: 


special theory of relativity when we consider the local coordinates at any point. 


As has already been mentioned, this procedure is not covariant under the transforma- 
tions of general theory of relativity, since the ordinary derivatives occur in our 
and these are still not covariantly defined in the local coordinate system. 


equations 
: ve further restricted that we should choose such local co- 


For this reason, we ha 
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ordinates, that the Christoffel symbols at the point where the local coordinates are 
taken, should also vanish. But, with this restriction, it has been impossible to 
solve any case exactly when we already assume to have known metric of the space, 
even for the simple example of a space that is conformal to a flat space-time. 

The most interesting result that has been obtained, however, is the definition 
of an unsymmetric affine relationship from the curved space D’Alembertian with 
the help of postulate A or A’ which enables us, in its turn, to define distant 
parallelism of vectors and natural derivatives. The advantages of these concepts 
have been particularly emphasized by Green.’”*” 
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An attempt is made to enlarge the number field underlying quantum mechanics from 
complex to quaternion. It is not impossible to construct quaternion quantum mechanics in 
quite a similar manner to the usual complex quantum mechanics, though some limitations 
are necessary for the position of factors. 

Further, as a special case, the charge properties of the spin-0 particles are considered. 
This example may show some new way to generalize the concept of the charge of the 
elementary particles without adoption of the iso-space. 


§ 1. Introduction 


It seems necessary to introduce some new degrees of freedom into the present 
theory, in order to describe the charge properties of various elementary particles 
hitherto known to us, especially of baryons and mesons. Usually, such new de- 
grees of freedom have often been looked for outside the Hilbert space and the 
- Minkowski space. So far the iso-space, which is usually three-dimensional and 
sometimes four and seven-dimensional, has provided us with room for such new 


degrees of freedom. 
However, the iso-space is quite independent of the Hilbert space and the 


Minkowski space, which are closely related to quantum mechanics and special re- 


lativity, respectively. In a sense, we may think that the introduction of the iso- 


space into the theory is a formal and rather easy-going way to increasing the 


degrees of freedom, because, in principle, the more the number of the dimensions of 


a space, the more degrees of freedom we have : namely, we have no definite theore- _ 


tical criterion to characterize the iso-space. Hence a question naturally arises : Will 
it be possible to increase the degrees of freedom without introduction of any other 


spaces, such as the iso-space ? 


For this purpose, two ways can be considered, namely, the modification of the — 
Hilbert space and that of the Minkowski space. In this paper we try to investigate — 


bbe former possibility and, as for the Minkowski space, no modification will be 


_ made. 
As is well known, in the conventional quantum mechanics the neutral particles 


are represented by real numbers and the charged particles by complex numbers ; 
‘namely, the concept of the charge is closely related to the use of complex num- 
bers which consist of two real parameters, and the use of complex numbers in the 
conventional quantum mechanics is axiomatically made from the very beginning. 


nee et Pad tk 
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Hence, we expect that the enlargement of the number field underlying quantum 
mechanics from complex to quaternion may be one of the most natural ways to 
introduce some new degrees of freedom into the charge properties of the particles, 
because we have four real parameters in the quaternion case, instead of two in 
the complex case. In this sense, the investigation of the general features of qua- 
ternion quantum mechanics itself will be very interesting. (Hereafter, for the sake 
of brevity, we use the words “ quaternion quantum mechanics ” for the quantum 
mechanics over the quaternion field and similarly for “complex quantum me- 
chanics ”’.) 

However, concerning the adoption of quaternions in the theory, C. N. Yang 
pointed out the following two difficulties :” 

1. It seems very difficult to give the measured charge states of the nucleon, 
namely, the fact that the proton and the neutron has the charge distribution of 1 
and 0. 

2. The commutative law does not hold in the multiplication of quaternions. 

As no attempt to introduce quaternions into quantum mechanics has been made 
until now*, we will show, in the following, that the formulation of quantum me- 
chanics over the quaternion field will not be impossible, though we are forced to 
use some axiomatically introduced rules to restrict the position of operators and 


‘pure numbers, when they are applied to a bra or a ket vectors. This part would 


be an answer to the second problem. 

For the first difficulty, we must investigate the quantum theory of field which 
is constructed over the quaternion field. This is not a simple task. Moreover, 
the case of spinor fields is very complicated, because, in this case, the linearization 
of the relativistically invariant quadratic forms is necessary and other. imaginary 


units will appear than those which originate from the quaternions in quantum 
mechanics. 


On the other hand, the bosons can be treated, because in this case the linea- 
rization of the quadratic form is unnecessary. Moreover, since the kaon is similar 
to the nucleon concerning the charge states and can be treated without detailed 
knowledge of field theory, we shall show that we can assign the desired charge 
distribution for the kaon; so we claim that a part of the solution to the first pro- 
blem is given, namely, the existence of the strangeness-like quantity may be in- 
ferred by the quaternion theory. 

Since quaternions are scarcely used in the current theory, we summarize some 
properties of quaternion in section 2 and investigate the quaternion quantum me- 
chanics in section 3. Some considerations on the charge states of the spin-0 par- 
ticles are given in section 4, and section 5 contains the discussions. 


* The author is indebted to Dr. T. Nakano for showing him, after completion of the present 
research, a preprint of the work due to D. Finkelstein, J. M. Jauch and D. Speiser (“ Notes on 
Quaternion Quantum Mechanics, Part I ”, CERN (1959)), 


which treats the similar subject from the 
purely logical point of view. 
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§ 2. Some properties of quaternions 


2-1 Definitions and basic formulas 
A quaternion ¢ is expressed as 


$=Hh+hi54+¢, 1g + 313 ,* (2- 1) 


where $,(o=0, 1, 2,3) are real numbers and 4, i, and 7; are three different ima- 
ginary roots of —1. They satisfy the following relations : 


te =. (o=1, 2, 3), 
Da — —191,=13 (cycle). 


Given a quaternion ¢, ¢ is defined by 


$= fo— Pits — Yo t2— Psi. (2-3) 


“* g-conjugate *” 


¢ will be called the “ quaternion conjugate”’ or, more briefly, the 
of ¢. The g-conjugate corresponds to the usual complex conjugate in the case of 
complex numbers. 


Further, for any two quaternions ¢ and ¢’, the relation 
(Go) =$' 9 (2-4) 
holds. This relation plays an important role in later developments. 
- For any quaternion ¢, we can define |¢| : : 
PP? =P = $b ahr t+ bo +gr' +o’ = 0. (2-5) 
By the inequality in (2-5), we can regard || as the generalization of the absolute 


value in the case of complex numbers. When it is necessary to distinguish the 
former from the latter, we call the former the “ quaternion absolute value”. The 


equality |¢|—0 holds, if and only if each of ¢ vanishes (i.e., null quaternion), 


The g-conjugate of ¢ is ¢, i.e., 
O=¢. (2-6) 
Thus, (2:5) also shows that the absolute values of ¢ and ¢ are equal. 
Sometimes it is convenient to regard (i, 2, 23) and (1, 42, #3) as the components 
of vectors in a three-dimensional space. Denoting these vectors by i and ¢, res- 
pectively, (2:1) and (2-3) can be rewritten as 
P=$o+ (P-i), (2-1) 
p=¢.— (-i). (2-3/) 


| The formula 


* In order to avoid unnecessary confusions with the ordinary imaginary unit 7 in complex 


numbers, we do not use the conventionally adopted notations 7, 7 and & for quaternion imaginary 


“units. 


eT REE Me AUN! ESB, es et sega Pe Pe et ue nee [Cogan ht Reema Fag oe nS os Pea at ee 
f ; mere Ss, Con: ae 
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(~:i) GY -I=—G-O)+(19XP]-) (2-7) 
is easily verified and is very useful for actual calculations. , 


Especially, a quaternion which has the absolute value unity will be called the 
“normalized quaternion”. Any quaternion ¢ can be rewritten as 


g=|¢|(a+B-i), | (2-8) 
where 
| a=$o/|t|, B=9/\9\, 
a+ f'=1, 


that is, a quaternion can be expressed as the product of its absolute value and a 
normalized quaternion. It is seen that the form (2-8) is the generalization of the 
‘polar form in the case of complex numbers and the normalized quaternion cor- | 
responds to e’"(7: real) *. . : 
2-2 Relations between quaternions and complex numbers 
The addition of quaternions is defined by the addition of the corresponding 
components term by term. However, in general, the commutative law does not 
_ hold in the multiplication of quaternions. Instead, the relation 


bb! $=2([9X9]-i) (2-10) 
exists. Hence, two quaternions commute, either if ¢=0 and/or ¢’=0, that is, 
if, at least, one of ¢ and “¢#’ is real, or if [~x’]=0, that is, if two vectors ¢_ 


ie sy and ¢’ are colinear. In terms of the components, the latter condition can be ex- 
pressed as 


(2-9) 


a ee 


th/ by’ = $o/ ba = $s/ $1 =m, (2-11) 
_ (m: real, not zero). 


Thus a collection of quaternions which commute each other can be expressed by 
<a general. form 


ce g=atb&, (2-12) 
~ where 
a, b: real, 
D = (B-i) =r + Brirt Bais, (2-13) 
i Pi, Ba, Bs: real and fazed, ) 
and BP + Py +Pe=1. 


* In fact, the formula 


er = coslgl +sinigl «(9 
g 


is easily verified. : 
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It is seen that these quaternions are equivalent to the usual complex numbers and 
&, with two undetermined parameters, corresponds to the usual imaginary unit 7. 
If we call a quaternion #, which has the form 


$= ($-t) =*hitdeint sts, (2-14) 


_ pitcs” ; y 
the “pure quaternion imaginary”, we can say that the complex numbers consist 
of real numbers and a normalized fixed pure quaternion imaginary which serves 
as the imaginary unit. 


As mentioned above, the general quaternions can be obtained if we do not — 


fix three parameters £,, 2, and $; in the complex numbers (2-12) and (2-13). 


Hence, if we consider a three-dimensional space with respect to the quaternion — 


suffices 1, 2 and 3 and imagine a unit sphere with its center at the origin, there 
exists one kind of the complex numbers corresponding to one point on this surface. 
Two kinds of complex numbers corresponding to two different points can be con- 
nected, only if we regard them as the special cases of quaternions. 

2-3 Connection with three-dimensional rotations 

As is well known, we may use a 2X2 unitary unimodular matrix 


a b : ey 
a(" Pas jal?-+|b)2=1, (2-15) 


for the two-dimensional representation of the rotation group in a three-dimensional 


space. Here a and } are complex numbers and * means the usual complex con- 
jugation. 
Splitting up a and b into the real and the imaginary parts, ¥ can be rewrit- 


ten as 


tee Py+ fy 
—Pot hit Po—Pst 


Let # and % be the matrices representing two rotations r and r/, respectively,” 
and the product matrix #”=/¥, representing the successive rotation rr’, can be 


obtained by the calculations of 0’, 1’, ¢2/’ and $3. The parameters ¢, $1, $2 


and ¢, are called ‘“ Euler-Olinde-Rodrigues’ parameters ” The composition laws 
of these parameters can be expressed by the use of the normalized quaternions 
f= Pot frtit potet Peis, (2-17) 


instead of explicitly taking the product of the matrices PY and &’. 
Thus, inversely speaking, given a normalized quaternion (2-17), we can always 
construct a 2X2 matrix # which is unitary and unimodular with Euler-Olinde- 


Rodrigues’ parameter ¢, (o=0, 1, 2 and 3) and can represent a rotation in a 


three-dimensional space. ( 
transformations and is quite independent of the Minkowski space. This space will 


be called the “internal space ”. 


ie dot py + oa + Ps =1. (2-16) Ne is 


Such a space has nothing to do with the coordinate | 
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Furthermore, we can write Y in the spinor notations : 


P= (66:1) = & a (2-18) 
where 
1 if hei 
ene ioe 
and 


; Geoceie Date 

" \ dy Pai om ds 
Here the dot means the usual complex conjugation and the use is made of the 
relation in the spinor analysis 


=F, b=, (2-21) 
for raising and lowering the spinor suffices. Also we may write 
bu= 4 Ty 1", (2-22) 
Zz 


where o, is the usual Pauli spin matrix. 

At this point we should notice the following fact. Denoting the quaternion 
corresponding to J* by ¢*, ¢#* is not always equal to “. This fact infers the 
following idea. If we write ¢ as 


b= by tishst+to(bo+is¢), (2-23) 


)* is expressed by 


b* = hy — 13 Py + ty (Yo — tg hy). (2-24) 


Hence the * operation means, in the languages of quaternions, the conjugation 
with respect to 7; only. Since the usual complex conjugation is closely related to 


_the concept of the charge and corresponds to a special case of the g-conjugations, 


we might expect that something will enter into the quaternion theory in addition 
to the usual charge. We will return to this point later. 

2-4 “Quaternion spineur” and “ quaternion vrais” 

According to Ruelle,” there are two types of quaternions, i.e, “ quaternion 
spineur ,’ and “ quaternion vrais”. He used them in the reformulation of the usual 
iso-spin formalism in strong interactions by means of quaternions. 

First, quaternion spineur is transformed according to 


$>f'=ud, (2-25) 


where w is a normalized quaternion. The transformation (2-25) does not change 


the absolute value of # and can be regarded as a three-dimensional generalization 


of the usual guage transformation of the first kind. In this case, we have to use 
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all imaginary units 7,, 7, and iy; namely, quaternion spineur is irreducible. 
On the other hand, quaternion vrais is transformed according to 


$>P/=udu. (2-26) 


This transformation also does not change the absolute value of ¢. However, in 
this case, ¢ is reducible, namely, (2-26) is equivalently described by two inde- 
pendent transformations 


Dy thy’ =o, (2:27) 
9 > 9’ =$ +2u[uxP]+u(u-$) —¢(u-u). (2-28) 


In other words, a reducible quaternion is split up into a scalar and a vector in 
the internal space. For the sake of brevity, we call them the internal scalar and 
the internal vector, respectively. 


§ 3. Generalization of quantum mechanics 


3-1 Rules for the position of operators and pure numbers 

The considerations in the previous section can be generalized to the case of 
the vectors each component of which is described by a quaternion and we are led 
to the concepts of the bra and the ket vectors in quaternion quantum mechanics. 
Also, the operators and matrices which operate on them may be obtained. 

However, since in this case even constant multipliers, as far as they are qua- 
ternions, cannot be placed in an arbitrary way, because of their non-commutativity, 
we must determine the position of factors from the beginning. In order that the 
theory is parallel to the usual quantum mechanics, the following rules will be used 
axiomatically : 

For a ket vector |A), operators a should be placed on the left, 1.e., we 
‘write a|A), and constant multipliers c on the right, 1.e., we write |A>e. For 
a bra vector <Al|, we write in the reversed order. 

It is to be noted that only the case of |A>c* is different from the conven- 
tional case, where it is written as c|A>*, though in the latter case, the position 
of c is not the matter of importance. 

The above rules imply that |A> and |A>c represent the same state and 
similarly for <:A| and c<A|. In a sense, the position of ¢ for |A> and <A| 
are necessarily more symmetrical in the present case than in the usual case. Also, 
for example, the eigenvalue equations should be written in the following form: 


a|A)=|A)c, 
(Ala=clAl. 


(3-1) 


83-2 Bra and ket vectors 


* D. Finkelstein, J. M. Jauch and D. Speiser (loco. cit.) also gives the same prescriptions. 
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Given two states corresponding to the ket vectors |A1) and |A,), the general 
state formed by superposing them corresponds to a ket vector |R), 

|R)=|A1)ci+|As) ca, (3-2) 

where c; and c, are quaternion multipliers (not zero). Multiplying a constant qua- 7 

ternion ¢,/|c:|’ from the right in the both sides of (3-2), we have 


[RY é1/|e1)?= | Ar) +] Aa) c202/|er)” 


Since |R) and |R)Z,/|c,|? represent the same state as mentioned above (¢;/|e1|? is 
also a quaternion), this state is determined by one quaternion or by four real 
parameters. Thus, from the given two states a fowrhold infinity of states may be 
‘obtained by superposition. 

From a bra vector (A| and a ket vector |B) we can construct a scalar pro- 
duct (A|B). - The conditions that a scalar product (A|B) is a linear function of 
|B) may be expressed by 


(A|{|B) + |B} =(A|B) + (AIBY), (3-3) 
(Al {|B)c} =(AIB)c, (3-4) 


—s ee 


ee a 


c being any quaternion. 
The sum of two bra vectors is defined by 


{(A|+(A|}|B)=(A|B) + (AB), (3-5) 
and the product of a bra vector and a quaternion c is defined by 
{cCAl}|B)=cCA|B). | (3:6) 


(3-3) and (3-5) show that the products of bra and ket vectors satisfy the distri- 
- butive axiom of multiplication, as in the usual case. However, by (3-4) and (3-6) 
we cannot place c at an arbitrary position. 

We now make the assumption that there.is such a one-one correspondence 
between the bra and the ket vectors, that the bra vector corresponding to | A» 
+ |A’) is the sum of the bras corresponding to |A) and |A’) and the bra cor- 
; responding to |A)c is ¢ times the bra corresponding to |A), the bar being, in the 
i present case, the quaternion conjugation. 

By the relation (2-4), it will be very natural to assume that 


(A|B)=(BIA), : (3-7) 
as in complex quantum mechanics. Putting |B)=|A) here, we find that the num- 
ber (A|A) must be real. We make a further assumption ) 
| | (AJA) > 0, | (3-8) 
except when |A)=0. 


Thus, we can conclude that many statements on the bra and ket vectors can 
be generalized to quaternion quantum mechanics, only if we are careful enough of = 


? 
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the position of constant multipliers and regard the bar as the g-conjugate. 

3-3 Linear operators 

Similarly we can discuss linear operators. Let a be a linear operator and c 
a quaternion, the conditions of linearity may be expressed by the equations i 


a{|A)+|A}=alA)+al| A’, (3-9) ie 

a{|A)c}={alA)c. (3-10) 4 

For any two linear operators « and 8 we have the relations: 4 
ja+8}|A)=a|A)+B\A), (3-11) 
{aP}|A)=a{8|A)}. (3-12) 


However, in general, af differs from fa, as in the usual case. 
Further, we have 


(B\a|A)=(Ala|B), (3-13) 
(a) =a, (3-14) 
ap Ra. (3-15) 
A linear operator a@ for which @=a will be called the “ real linear operator ” 
and a linear operator ? for which §=—/(, the “ pure quaternion imaginary linear — 
operator’. Any linear operator may be split up into a real and a pure quaternion 


imaginary part. 

If a and f are two real linear operators, a? is, in general, not real by (3-15). 
However, af+fa is a real and af—fa a pure quaternion imaginary linear 
operator. 

We may regard a linear operator as a matrix. Thus a real operator will be 
called the “ quaternion Hermitian matrix” and a pure quaternion imaginary ope-— 
rator the “ quaternion anti-Hermitian matrix”. 

Taking the g-conjugate of each element of a quaternion matrix A= (Ajj) and 


transposing it, we have the matrix A”: 


At=(A)?=(Ay). 5 (3-16) 


rh 
Poy 


If, in a special case, A’=A, this matrix is a quaternion Hermitian matrix. 


38-4 Hxamples 
As examples of what we have given above, we state here two theorems, whose 


analogues are quite important in the conventionel quantum mechanics. 

Theorem. A quaternion Hermitian matrix has real eigenvalues. 

Proof. Let 4 be an eigenvalue of this matrix and x the eigenvector corres- 
ponding to 4, our eigenvalue problem may be expressed in the following form 


(see (3-1)): 


i 


i4 


AY, By a h. 
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: 2. 
Taking the g-conjugate of the above equation, we have (see (2-4)) 
4G, Aya; 
We multiply z, from the left in the upper equation and x; from the right in the 
lower. By comparison of both eqautions, we have 
ZL, ASAE, Lis 
where use ig made of the fact that AY7=A. Since %,2, is real.and a real number 
commutes with all quaternions, the above equation implies that 
Gaz e0, 
If we consider such x, as ;7;%0 for non-trivial solution, we can conclude that 
A=), 
namely, 4 is real. a 
Theorem. Two eigenvectors of a quaternion Hermitian matrix belonging to 
different eigenvalues are orthogonal. ¥ 5 ; 
Proof. Let |a@’) and |a’’) be two eigenkets of a quaternion Hermitian matrix 


a, belonging to the eigenvalues a’ and a’, respectively. Then we have the 
equations 


al all a! al 
alal>=—{al yall 
Taking the g-conjugate of the upper equation and multiplying |@’’) from the right 
gives 
Cal lajal) =alCa! lal’), 


where a’ is real by the above theorem. Next, multiplying (a@’| in the lower 
equation from the left gives 


Cal\alal =a! lal!) al", 


Since a’ is also real and a real number always commute with (a’|w’), we have, 
by comparison of the both equations, 


(a!/— a!) (a!\a!)=0. 


Thus, if a’4a!’, (a’|a’)=0 and the two eigenvectors |@’) and |a’’) are orthogonal. 

It is seen from these examples that, only if we are careful enough of the 
position of constant multipliers which are not treated seriously in the conventional 
quantum mechanics and take account of the relation (2-4), which holds even for 
constant quaternions, quaternion quantum mechanics has the structure quite similar 
to the conventional quantum mechanics. However, since the quaternions have four 


real parameters, instead of two in complex numbers, we may expect the increase 
of the degrees of freedom in the theory. 
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3-5 Fundamental quantum conditions 
At the end of this section we briefly mention about the fundamental quantum 


conditions. By comparison of the commutation relations and the classical Poisson 
brackets, as done by Dirac,*) we have the equations 


FIs — Fs G-= 0, py Pbs— Ps f=, 


3-17 
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@ being a normalized pure quaternion imaginary. 

As mentioned in section 2, 9 contains two undetermined parameters, contrary 
to the 7 appearing in complex quantum mechanics. However, at the present stage 
of the theory, we can not definitely say whether this ambiguity brings. difficulties 


to quaternion quantum mechanics or, rather, whether this point may be advan- 


tageous to the usual case. We will not discuss the problem of quantization any 
more in this paper. 


§ 4. Charge states of the spin-0 particles 


Now that we have established the possibility to construct quaternion quantum 
mechanics, we are in the position to explain the charge states of the particles with 
iso-spin 1/2. As mentioned in the Introduction, we will confine ourselves to the 
scalar fields and investigate the charge properties of the spin-O particles. 

Since we intend only to enlarge the complex numbers in quantum mechanics 
to quaternions, as emphasized in the Introduction, we should use only real quan- 
tities in relativistic considerations. Thus, for example, 2,=ct should be adopted 
as the time coordinate instead of zx,=Zct. 

Contrary to the z in the quantum theory, where it is closely related to the 
physical| quantity, i.e., the charge, we consider the 7 in relativity to be merely 
artificial, because its role is only to-convert the pseudo-Euclidian fundamental form 


into the Euclidian form, although the latter is more convenient for us to handle 


than the fomer. Thus, we exclude the 7’s appearing in relativity, in order not to 
disturb the essential roles played by the quaternion imaginary units. 

Now, in the case of the complex scalar wave functions ¢=¢)+ 47, each of two 
real functions ¢% and ¢, satisfies the same linear wave equation and, if we want 


to represent a charged field, we must combine them as the complex functions like 


¢y+¢,i, which satisfy the same equation. Thus, in this case, the way of com- 
bination is rather simple. 

On the other hand, the situation is quite different in the quaternion theory 
from the case of the complex theory, because, in the former case, there are three 
non-commuting imaginary units and the way of combination becomes much more 


complicated. 


As the wave equation for free quaternion scalar fields, we adopt the Klein- _ 


Gordon-type equation. Since we do not aim at the relativistic modification, as 
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stated in the Introduction, other choices could not be considered. Thus our equation 


1S 
(O—«*) ¢=0. (4-1) 


The meaning of this equation is as follows: Splitting up ¢ into its real and ima- 
ginary parts, each one satisfies the same equation 


(O—«*)¢,=0, (¢=0, 1, 2, 3), (4-2) 


because the operator ({_]—«°) consists only of real quantities, as mentioned above. 
However, it is to be noted that, though (4-1) always implies (4-2), the inverse 
statement does not always hold, that is, from four ¢, in (4-2), (4-1) does not 
always follow. In other words, with four ¢, in (4-2), we can construct the ir- 
reducible and reducible quaternions. Further, the quaternion index 7 should not 
be confused with the vector index in. the Minkowski space, though both have quite 
similar appearance. 

Our next step is to investigate the above mentioned combinations and give the 
measured charge states for the scalar particles, without the introduction of the iso- 
space. Of course, in the present discussion, the word scalar may be replaced by 
pseudoscalar, because we do not take account of the space reflection property of 
wave functions in the Minkowski space. Indeed, pseudoscalar may be preferable, 
because pions and kaons which we will study in this section are known to be 
described by the pseudoscalar wave functions. However, we use the word scalar 
in the following for the sake of brevity. 

Now we study the various combinaions of #, case by case. 

1. Internal scalar part of reducible quaternion 

Among four ¢,, (9 by itself is an irreducible representation, namely, the internal 
scalar part of a reducible qurternion is described by a single real number and 
cannot have the charge. Thus, the internal scalar wave function describes a neutral 
field. Actually, it will be very probable that 7’, whose existence is proposed hy- 
- pothetically by many physicists, is described by an internal scalar wave function. 
2. Internal vector part of reducible quaternion 


The remaining three ¢,(o=1, 2, 3) form a vector in the internal space. This’ 


_ vector can be decomposed by the following procedure. Since, as mentioned in 
section 2.3, the conjugation with respect to i; corresponds to the usual complex 
conjugation which is closely related to the charge of the particles, it seems natural 
to consider the special gauge transformation | 


u=a+fi,, a?+f=1, (4-3) 
Applying the above transformation to the internal vector gives 
by —> gy! = (a? — 8) b, — 2aBd,, 
$2 a! = 208, + (a?— f?) by, (4-4) 


Jb, d,' =z, 


a 


: : 
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namely, the transformation of ¢, and ¢ is a real rotation and ¢, remains invariant. 
Using the imaginary unit 7; (or, more generally, a normalized fixed quaternion 
imaginary), we can combine ¢,(¢=1, 2, 3) into the well-known pion triplet : 


g=n, 
= ee 


1 
1 = = (tit ris), = dy. 
V Sy 


a 


(4-5) 


That ¢; is neutral may be seen by the similar consideration as given above. 

3. Irreducible quaternion 

In the irreducible quaternion d' and ¢; are formed of the real and 7,-part and 
they may be considered to describe the usual charged fields, if we take account 
of the fact that the i;-conjugation corresponds to the usual complex conjugation. 

On the other hand, though ¢* and 4;, which are formed of the 7,- and z,-part, 
have a freedom with respect to the i, and i, they remain unchanged under the 
i;;conjugation which is closely related to the charge. In other words, though ¢ 
and ¢; are not real, they seem as if they were neutral with respect to the usual | 
complex conjugation, in a similar sense that the real functions suffer from no change 
by the complex conjugation. 

This fact is very remarkable and implies that another charge-like quantity than 
the usual charge exists in the quaternion theory. Hence, it will be very natural 
to make the following assignments : 


K*=¢, K°=G, 


4-6 
K°=@, Kies Gs, ) 


where we have the correct property on charge conjugation by virtue of (2/22). 


§ 5. Discussion 


The peculiar situation in the case of kaon, which was mentioned in the 
previous section, 1s closely related to the irreducibility of quaternion spineur and 
cannot be considered at all by the usual complex theory, where only one imaginary 
unit appears. 

Further, it is to be noted that, while our internal space is three-dimensional and 
can imply the concept of the strangeness-like quantity, the conyentional three- 
dimensional iso-space can not exhibit the existence of the strangeness. In order to 
_. include the strangeness, the iso-space must have more number of dimensions than 3 
four. Hence, we may say that, though our three-dimensional internal space has 
the similar appearance to the usual three-dimensional iso-space, there exists a rather 
clear-cut distinction between them. This will be a remarkable fact. 

As to the kaon, there is another remark. If we adopt the assignment (4-6), 
g, and ¢ in K ° and K°® are seen to represent K} and K,°, i.e., the so-called 


particle mixtures of the neutral kaons” are described only by the 7,- and %-part of 
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an irreducible quaternion, respectively. 

Similar considerations may also be applied to the pions and the hypothetical 
neutral meson. If we transform the reducible quaternion (%’, 7) into the irreduci- 
ble quaternion, we may expect that the similar particle-mixing phenomena wae 
occur among the 7’ and the z°, namely, we may consider the existence of the at 
and the z,° similar to the K,° and the K,’. | However, at present, we are not in 
a position to enter into these problems any more, because the physical meaning of 
the transformations from the irreducible to the reducible quaternion or from the 
latter to the former is not clear. 

Only we will mention here that, for a charged field $=¢)+¢17, no clear physical 
interpretation of ¢ and ¢, themselves exist, namely, they are considered to be the 
artificial fields, contrary to the case of the K,° and K,”° which have some experi- 
mental supports. 

As for the spinor particles which have not been treated in this paper, we 
might expect that similar situations will occur as in the case of the scalar particles, 
. because the baryons have quite similar charge properties as those of the mesons 

which have been studied in section 4. This is a problem to be studied in the 
future. 

Finally, as for the vector fields, the only example we know is the electro- 
magnetic field. If we assume that a quaternion-valued vector field exists and that 
this is described by reducible quaternions, we might conjecture that its internal 
scalar part (1.e., the pure neutral part) should be the usual electromagnetic field. The 
remaining internal vector part might be considered to be something like Yang and 
Mills’ 6,-fields” (in strong interactions). Or, rather, they might be considered to 
govern the electromagnetic and weak interactions. 

In conclusion we may say that the construction of quaternion quantum mechanics 
is not impossible and that some new features in the charge properties of the elemen- 
tary particles could be interpreted from the view-point of the quaternion theory. 
At least, it will be permitted to claim that the introduction of quaternions into 
the theory will be one of the very promising ways to understand the charge pro- 
perties of various elementary particles. 

Among the problems which have not been given solutions in the present paper, 
two will be of vital importance: One is the problem of quantization and the other 
is the construction of the unified theory which comprises the fermions. These pro- 
blems, together with their applications, are left for later consideration. 

Finally the author would like to express his sincere thanks to Prof. M. 

_Kobayasi for his continual encouragement and to Dr. T. Nakano for reading the 
manuscript and for valuable discussions. 


Note added in proof The present author would like to express his thanks to Dr. D. Speiser in 
CERN for sending him the parts II and III of “ Notes on Quaternion Quantum Mechanics is 
the part I of which is cited in the footnotes in the Introduction and in section 2. These investiga- 
tions cover many of the results obtained in section 2 in a mathematically more rigorous way. . 
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In quantum mechanics it is well known that, if any two states are superposed, they 
interfere with each other. It is true, we should not deny such interference in principle, but 
we may assert what follows. When two states different from each other in a great many 
degrees of freedom are superposed, the interference effect becomes obscure. If they are dif- 
ferent in an infinitely many degrees of freedom, they do not interfere at all, and their 
superposition is nothing but a mere probability function. This assertion enables us to 
understand how the probability amplitude for a micro-system is converted into a probability 
function for a measuring apparatus in the course of measurement. 


§ 1. Theory of measurement 


Though quantum mechanics has achieved a brilliant success, yet there is lack 
of a completely unified interpretation of it, and there has been a lively discussion 
with regard to the subject. Especially the theory of measurement in quantum 
mechanics has aroused much discussion among the physicists, and it is still in 
dispute because there is no proper interpretation acceptable for all of them. In 
the present article this problem will be discussed in connection with the views of 
H..S. Green.” ' 

At present the following may be considered to be the most “orthodox” inter- 
pretation on this subject, that is: 


Let R be a Hermitian operator with a pure discrete and simple spectrum, and 
put 


Ri =1.0), GSl/ 24% (1) 

: Every wave function ¢ can, then, be represented by a series 
Met b=ahteabt. (2) 
When we measure R in the state ¢ and get the result 7,, then the measurement 

changes ¢ into ¢,, and the probability of this transition is given by 
PG) =|, $) P=|cel?. (3) 


We cannot accept such an interpretation from a macroscopic point of view 
unless ¢ is only of a statistical nature, because the transition from ¢ to 4; is abrupt 
and non-causal. On the other hand, it is well known that any two states interfere 
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with each other, and so ¢ represents something more than a mere probability. In 
this sense ¢ is usually called a probability amplitude. Now we are ina dilemma. 
From a macroscopic point of view ¢ should be a mere probability function, that 
is, a mere statistical sum of ¢@’s, while from a microscopic point of view it should 
be a probability amplitude. The most typical illustration of this dilemma is af- 
forded by Schrédinger’s famous allegory about a cat.” It is believed in general 
that the abrupt and non-causal change of states by measurement is a characteristic 
feature of quantum mechanics in contrast to classical mechanics. There is, however, 
no conclusive evidence of this interpretation, and the acceptance of such an inter- 
pretation is not necessary to develop the most part of the theory of quantum 
mechanics. This is the reason why there is no unified theory of measurement as 
yet. 

Some assert that we must treat measuring apparatus by quantum statistics, 
and that the above dilemma will be solved by such treatment.”’*? Let us cite, for 
instance, Durand III: “the initial state of the object system may be known, but 
that of the apparatus system is at best delimited only by the results of a few 
quasi-classical observations. Furthermore, complete knowledge of the quantum me- 
chanical details of the apparatus state is probably impossible even in principle. ... 
A statistical treatment of the measuring process relative to the apparatus state is 
required.” Though there may be some truth in his view, we cannot wholly agree 
with him. If an apparatus can be treated by quantum statistics, it must be treated 
by quantum mechanics at least in principle, and so the theory will not be essentially 
improved by such a statistical treatment alone. Nevertheless, we agree substantially 
with H. S. Green in his following views :” 

“The essential problem to be faced, therefore, concerns the detector. It has to 


be explained how the probability amplitude for the arrival of a micro-system in. 


one of two or more channels gets converted into a probability for the transition 
between the metastable and stable states of a particular detector.’ 

Now, we interpret the process of ‘“‘ measurement ” in the following way and 
explain it by a very simple example. Let [I] be a micro-system whose physical 
quantity R is measured by an apparatus [II]. Let, further, R have a pure discrete 
and simple spectrum and satisfy Eq. (1). At the beginning of “ measurement” 
[II] is in a prepared metastable state , and in the course of “ measurement ” [I] 


interacts on [II] and converts yr into a state p. If [I] is in the state 9, then 


[II] is converted into a corresponding stable state ¢;, and we know that K has 
the value 4;. As [II] is a measuring apparatus, these ¢’s ought to differ from each 
other macroscopically. If the state ¢ of [I] is given by Eq. (2), then 


p=cipitesprt- (C40) 
In principle, this Eq. (2’) is of the same nature as Eq. (2), that is, is a super- 


+ Even if we accept this view of Green’s completely, we cannot accept his explanation. At 
the end of § 2 we shall deal with this problem. 
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position of ¢’s, and it is a probability amplitude. We shall show, however, in 

the following section that, if a state is a superposition of two or more states 
different from each other macroscopically, it can be considered as a mere 
probability function. This implies that Eq. (2’) does not mean more than the 
following equation : 


P($i) =|(bi, H) |= er!’ (3") 


Thus we can consider that, when we “observe” the state , it changes into one 
of ¢’s abruptly and non-causally. Even if the relation between a micro-system and 
a measuring apparatus be more complicated, the above interpretation will remain 
essentially unchanged. 

In conclusion we assert what follows: In the course of “ measurement” the 
‘micro-system interacts on a measuring apparatus, and the prepared metastable 
state of the apparatus changes into a new state, which is a superposition of 
several stable states. As these stable states should differ macroscopically, we can 
treat the new state as a mere probability function, and so, when we “observe” 


_ it, it changes into one of these stable states abruptly and non-causally. In this sense 


we can agree with H. S. Green, and the above statement enables us to accept the 
“orthodox”? view on measurement in a slightly modified sense. Care must be 
taken of the fact that we have distinguished the word “ observation” from the 
word “measurement”’ in the preceding assertion. ‘‘ Observation” implies the final 
process of the usual measuring process, that is, the cognizance by our own organs 
of perception: On the contrary, “measurement” implies the usual measuring 
process except for the final process, “ observation.” In our terminology there may 


be an automatic “ measuring” apparatus, but not an automatic “ observing” ap- 
paratus. 


§2. Systems with a great many degrees of freedom 


Let Sy be a system with N degrees of freedom, where N is a very large 


number, and h,, i=1, 2, -, N, be a Hilbert space corresponding to the i-th degree 
of freedom. Put 


Dv=Wirb:, (4) 


and then it isa Hilbert space corresponding to Sy. For example, let Sy be made 
up of N particles with the same properties, and ¢,;(x;) be the wave-function of 


the 7th particle. Then every state wey can be represented by one of direct 
products 


$y (4) X bs( xs) Xs Xby(ty), eb;, 


or by their linear combination. In principle, Sy should obey quantum mechanics 
but 


Sy, we cannot but arrive at somewhat unphysical conclusions. 


, 1f we apply the usual interpretation of quantum mechanics indiscriminately to 
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Let w’ and w” be given by 


ap’ = hy! (21) X tha! (La) X ++ X dy’ (ay), 
and (5) 


P= Gl" (a1) X fal! (22) XX Py! (ew): 


_ At first, we assume that W and w” are the same except for the N-th degree of 
freedom, that is, 


fi! (2s) =$,' (a4), i=1, 2,--, N—1, 
and that (6) 
(Py, bx!) = | $s! @s) Px!’ (ay) dxy=0. 
(5) and (6) show that 


(b’, p= ME (P!, $i!) =0, (7) 


« 


and so these two states are “completely” different from each other in the usual 
quantum mechanical sense. yy’ and wW’”’, however, should be very near to each ° 
other from a macroscopic point of view, because N is very large. In fact, it is 
not an operator g; in §,; but a mean of q@, q, -*-, gy, that has a macroscopically 
important meaning, and wW’ and wy” give almost equal expectation values to the 
mean. This implies that, in order that two states ww and wp” in (5) can be said 
to be different macroscopically, they should differ in many degrees of freedom ; 
namely, they should satisfy the following equations : 


TTI a f,!') =0, (7') f . 
where each //’ is a product of (¢,¢;'), i=1, 2, ---, N, with the exception of a 


few arbitrary members. In other words, a great many of |((, #4’)|, 7=1,2,-5, 


should be zero. , 
Jn quantum mechanics it is usually assumed that for any two states, ¢’ and 
¢’, there is at least one such physically meaningful operator q that . 


($', qb’) & 0, (8) 


and this assumption seems to have some grounds. The validity of the above . : oe 
assumption, however, becomes doubtful for the system Sy. In Sy every physically = — 


meaningful operator is given by 
n= UW X Vin X 0° X Fins (9) 
or by their linear combination, where g,, is an operator in },, Let Ww and ap’ 
satisfy Eqs. (5) and (6), and put = 
qvu=UXQX* XQy- 
As 
(bp, qv) = (fr, fr) X (Ho, Gage) XX Ys IP), 


ee + ry... 


és 
- 

Ps 
a 

; 
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there may be such qy that |’, grb’) — (Wh, qh”) | > 1. This is unphysical at 
least from a macroscopic point of view, and so such qy will be physically mean- 
ingless. Furthermore, it is obvious that any qn corresponding to a proper physical 
quantity, such as energy and momentum, is a product of a few q’s. From these 
facts, we may conclude that, the larger 7 becomes, the less meaningful becomes 
qn Physically.' If yw and yw” are macroscopically different, every operator q 
satisfying 
(p’, qr’) = 0 (8’) 

cannot be q, with small ”, and has little physical meaning. Therefore, we may 
say that 


(ap’, que’) =0 (10) 
for almost every q which is physically meaningful. 
Put 
ap? = ap! +e ap!’ (11) 


for any macroscopically different states y’ and Ww’, where @ is any real number. 
From (10) it is easy to show that 


(vr, avr’) = (ah, ap’) 
for any 9 and @’ and for almost every physically meaningful operator q. Thus 


every ’ can be considered as representing the same state, and this means that 
ar’ and ’’ do not interfere at all. Accordingly, 


ap = afr! aly!’ Crt) 
can be considered as a mere statistical sum of W’ and wW’’, that is, a mere pro- 
bability function, though it is a probability amplitude as a matter of principle. 
This is what we desired to show in the preceding section. 


We shall compare the foregoing assertion with that of H. S. Green.” Let 
(x, y) be a statistical matrix 


pla, 9) =A" (x) +h (a)} LW) +H O)* (12) 
The interference of yw’ and wy’ can be represented by 
(x, y) = (x) -p''(y)* 
= Lh" (a) = Pr!” os) *] La! (22) » Pa! (ya) *]---[v! (ex) Px! (yx) *]. 13) 
When wv’ and wW” are macroscopically different, 


|e, ade 
= jw (21) Gy” (a) dary: |e (2s) Gil y) dx,--- | $s! (xy) bx" (ey) dry 
= Chl eeo (14) 


t The validity of this assertion will be clear in the quantum theory of fields. (See also § 3.) 
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It seems to us that Green’s assertion is, in essence, nothing but to assert what 
follows : 


Eq. (14) shows that p'(x, y) is a very small operator, accordingly it has 
no physical effect. | 

This seems to us incorrect, however, because the norm of the operator (2, y) 
is 1. On the contrary, our assertion is as follows: 

For any physically meaningful operator q(x, y), 


Jel, yaa, y)dxdy=0, (15) 


therefore p'(x, y) has no physical effect. 

Lastly, it will be necessary to add a few words about the relations between 
¢g’s in (2’). At first sight, it seems paradoxical to apply (10) to these $’s, because 
all these states result from the same state y. For example, if 

$;= U; Wr, 7=1, 2, tee N, 
then 
$;=U;U;"¢;, 
and 


(O Z Ui Us" ;) = (d:, p:) —ah 


in contradiction to (10). In order to solve this dilemma, it is necessary to re-: 


member the fact that yr is the prepared metastable state; therefore, even if the 
operator U, be physically meaningful, U;* has no physical meaning. Maxwell’ s 
demon will be responsible for taking these operators into consideration. Only in 
this respect, it is necessary to take account of the statistical nature of the apparatus 
system. It is noteworthy that the statistical consideration is necessary not to show 
how in (2’) can be a mere probability function but to explain how various 
macroscopically different states can result from the same metastable state. 


§ 3. . Systems with an infinitely many degrees of freedom 


In the preceding section we have shown that a system with a great many 


degrees of freedom is fairly different from a system with a few degrees of free-~ 


dom in its physical import. The difference is, however, only quantitative and 
not qualitative. In order to clarify the distinction between these systems, we shall 
consider a system S.. with an infinitely many degrees of freedom, because it can 
be considered as an extreme case of Sy. Comparing S., with Sy, we can show 
how they are qualitatively different, and this serves as an extreme illustration of 
the aforementioned difference. 

In place of Eq. (4), we put 
| G.= Labs, (16) 


where the right-hand side is the infmite direct product,” and it is a Hilbert space 
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corresponding to S..' The set of all physically meaningful operators of this system 
forms an algebra Y{, which is generated by operators in all f’s.. For example, 
in the quantum theory of fields every physical quantity can be represented by crea- 
tion and annihilation operators. This means that they belong to 2 or to its closure 
9° in an appropriate topology. Even a unitary operator exp (éHt) belongs to 2 
where H is the Hamiltonian. On the other hand, every state of this system is 
nothing but a linear functional f on Y% or YL’, and can be represented by a vector 
PE Dx as 
3% ; F(q) oa (2; q! ys qe2 ” (17) 
Now we consider the superposition of two states 2’ and ¥”, each of which belongs 
to an incomplete direct product." There are two cases to be distinguished. First, 
we consider the case in which ¥’ and ¥” belong to the same incomplete direct 
product. This case is similar to that of quantum mechanics, and there is such an 
operator qel° that 
¢ CPF ag Fee: (18) 
Put 
pe — Pri e% ris : : (19) 
then ¥’ represent different states for different 0, and we may say that Y and ¥” 
“interfere. It is obvious that there are two operators q’ and q” and a vector ¥° 
such that 
| Prag O, Cla=qlD, q', eX. (20) 
As 
Pil a ere i (q’ +e” q”) po. q' +e” q’ex’, (21) 
we can represent the superposition as the sum of operators, but we cannot represent 
it by using f. In fact, 
Fi +e"F") (q)= (8, ql) +e(E", qi"), 
and it is not equal to 
f'(qQ = (EF, q¥’). 


| F f f 7 
The second is the case in which %’ and ¥%” belong to different incomplete 
direct products. In this case there is no operator satisfying Eq. (18), and ¥ 0 


+ Sm is not separable. On the contrary, an incomplete direct product §, is separable, but we 
cannot tell which of them is more appropriate for Sa from a physical point of view. ,, however. 
resembles $y in its character, so we use not 5, but So in the following. “ ; 

tt Essentially this means that ¥” and ¥” are direct products — 


W= XxX 2 bi, WV=X dil, dis dil/EDa. 


In the first case of the following, (¢,/, $i’) =0 only for a finite number of i’s, and in the second 


case, (i’, ¢/”) =0 for an infinite number of 7’s. 
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represent the same state for all 0; namely, ?’ and ¥ do not interfere. Y® can 
be given by 


PD =F +f) (DMD = (8, BYE", qb"). (22) 
As there are no operators satisfying (20), ¥ cannot be represented by a sum of 
operators. To swum up, in the first case (P'+%") is a probability amplitude 
and can be represented by a sum of operators as in Eq. (21). On the contrary, 
in the second case (#’+) is a mere probability function and can be repre- 
sented by a sum of states as in Eq. (22). In each case the representation by 
operators or by /’s will be more essential than that by @’s. 

As an illustration of the above argument, we shall consider the difference 
between the classical field theory and the quantum field theory. Divide the whole 
space into many small domains V;, 7=1, 2, ---. In the quantum theory there is a 
Hilbert space $,, corresponding to each V,, and the Hilbert space ,,, which 


corresponds to V., is given by” 
O70= O21 Gy, - (23) 
That is, any state YeH,_ is given by a direct product 
P=Xi2,%,, FieDzy,, (24) 
or by their linear combination 


v= > Wogan ee}: (25) 


Every state / can be represented as in (25), but it is not necessarily represented: 


as in (24). All these states, however, are. equivalent. In fact, whether a state ¥ 
can be written as in (24) or not is relative to the division {V.}. If a state is 
written as in (24) for any division {V;}, it is nothing but the vacuum. On the 
contrary, in the classical theory a state is completely determined when we know 
-one in each V;. Therefore, we may say that a state is always given by (24) in 
the classical theory. 

In principle, the classical theory should be an approximation to quantum theory. 
Hence, it is necessary to explain how to settle the difference above mentioned. A 
domain V;, sufficiently small from the view-point of the classical theory may be 


large enough to contain a great many degrees of freedom from the view-point of 
quantum theory. In the following we take only such divisions. Two states dif- 


ferent with each other from the view-point of the classical theory should be dif- 


ferent macroscopically at least in one V;, and the sum of two such states is a 
‘mere probability function. This implies that a state able to be written as in (24) 


plays a principal role, and that a state unable to be in the form of (24) plays 


only a subordinate role. Of course, there is no state which can be written as in 
(24) for any division {V,} except for the vacuum, but there are states which can 
be written as in (24) for any division {V;} im an approximate sense, and it is 
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only such states that are fundamental in the classical theory.’ We may say, 
therefore, that in the classical theory a “state”? means only such a state as in 


(24), and this explains the aforementioned difference. 
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The method of auxiliary variables is generalized so as to be applicable to the systems 
having strong interparticle interactions or obeying Fermi-Dirac statistics. The ground state 
energy and the excitation energy spectrum are calculated to the zeroth approximation. It is 
shown that Feynman’s relation for liquid helium and Tomonaga’s expression for a one- 
dimensional Fermi gas can be derived as the special cases of the present theory. The theory 
is applied also to the classical statistical mechanics. 


§ 1. Introduction 


Many theories have been proposed to deal with systems showing collective 
behavior.” Since in many systems there can occur longitudinal waves, we shall 
here pay special attention to the case of such longitudinal waves. In such a case 
the Fourier components of the density fluctuation of the system are used most 
appropriately as collective coordinates. Bogoliuboy and Zubarev” called these com- 
ponents ‘auxiliary variables’”’ and used them for dealing with a Bose gas. These 
variables were used also by other authors, for example, by Bohm and Pines” in 
the case of an electron gas in metals and by Tomonaga* in the case of a one- 
dimensional Fermi gas. 

In general it is necessary for a complete description of the behavior of a 
system to use individual coordinates as well as collective coordinates. Both coor- 
dinates were used in the theory of Bohm and Pines.” Takano” also introduced 
individual coordinates into the theory of liquid helium in addition to the finite 
number of auxiliary variables. On the other hand, if one pays attention only to 
collective behavior of the system, it is possible to construct a theory without explicit 
use of individual coordinates. Such an example can be found in Tomonaga’s ex- 
cellent work.” In the present paper we shall also make no use of individual co- 
ordinates, because we shall consider only a collective behavior of the system. 

In the previous paper” the method of auxiliary variables used by Bogoliubov 
and Zubarey? was formulated in a manner somewhat different from theirs. The 
formulation has the advantage that the Hamiltonian is given in an Hermitian form 
and the number of auxiliary variables can be limited. The theory cannot, however, 
be applied to systems having strong interparticle interactions,* just like the one of 


* An interparticle interaction will be called strong if it cannot be expressed in a form of Fourier 


series such as Eq. (2. 5), otherwise it will be called weak. 


, 
i 
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Bogoliuboy and Zubarev cannot. Furthermore, the systems obeying Fermi-Dirac 
statistics cannot be treated by both of the theories. 

In the present paper we shall construct a theory which is applicable also to 
the above-mentioned systems by means of the method of auxiliary variables. The 
development of the theory will be of a rather formal nature. We shall attempt 
neither full discussion of underlying assumptions nor careful comparisons with 
the earlier theories as cited in reference 1). Such discussion and comparisons 
will be postponed until the present theory is applied to real physical problems. 

We consider a system of N identical particles with mass m, which are con- 
tained in a cube of edge length L, hence of volume V=L’*. The auxiliary variables 
are defined by 


2 1 ~~ —thr; 1 1 
Ea Reet ter ork 


- where the components #,, k, and k, of k are positive or negative integers multiplied 


by 2z/L and r, is a position vector of particle 7. Real auxiliary variables are 


- defined only for k,>0 as follows: 


1 N 1 rg . 
fo ee kr, GM er Soe eS kr. S tgs 
op, TN Pe coskr; an n= Ny PS sinkr, i=2) 
Therefore we have the following relations for k, >0 
Or=Tr—I1Tp and 9_,=O,% +17}. (1:3) 


Our fundamental assumption is that a wave function ¥ describing the system 
can be represented as a product of a function depending on some set of auxiliary 
variables alone and a function which may be dependent on spin coordinates as well 


as spatial coordinates, namely 


POUL EEE (1-4) 


where x stands for both spatial and spin coordinates of particles. In general the 


wave function must possess a symmetry property and satisfy a boundary condition. 
We assume that %(.r) possesses the symmetry property and satisfies the boundary 
condition. Then it may be said that such a form as (1-4) is a very natural 


-one of the wave function, though it is not a necessary one. The state described 


by %(x) will hereafter be referred to as the “ basic state”. 

In a formal development of the theory, any set of (;,’s may be used as the 
variables of 9((;,) if it is restricted only by the condition that it does not contain 
the one for k=0 but contains the pair /,, ?-»~ Whenever ;, is a member. The 
set of k’s at our disposal in the present paper will hereafter be denoted explicitly 
by the symbol {k}. 

The course of our theory is as follows. We assume the basic state %(2) to 
be known. We regard ¢(;,) as a new wave function in place of ¥ Such a 
representation of the wave function will hereafter be called the “ (x-representation ”’. 
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In §2 we shall derive the general expressions for a Hamiltonian and a total 
momentum in the /,-representation by imposing some restrictions on Caen a3 
we shall calculate the ground state energy and the excitation energy spectrum to 


the zeroth approximation. Possible applications of our theory will be discussed in 
§ 4 : 
S ° 


§ 2. General expressions in the px-representation 
We write the Hamiltonian for the system in the form 
A(r)=T(r)4+ V(r), (2-1) 


where T(r) is the kinetic energy part, 


i (he > oO? 


ead > 
2m si Or? 


T(r) = (2-2) 


and V(r) the potential energy part. The periodic boundary condition is assumed 
in the theory. We decompose V(r) into 


Vr) =v(r) + U(r) (2-3) 


so that v(r) contains all the strong interactions and U(r) is a sum of two-body _ 


interactions which can be expanded in a Fourier series. Namely U(r) is written 
in the form 


Un)=_ S80) (2-4) 


and 4(r), which is assumed to be a function of the distance between two particles, 


is expressed as the Fourier series, 


V 


The way of decomposing V(r) such as Eq. (2-3) cannot be uniquely deter- 
mined. In particular, when V(r) contains hard sphere interactions, the way of 


dé(r) 7s y (0) + SI v(k) gone, where v(k) oe eo ew tkr dr. (2 it 5) 
Ve ie=0 


choosing the form of 4(r) contains much arbitrariness. The present author has idan 


failed to obtain a solution of this difficulty. 


Since we use the set of p,’s so that k belongs to {k}, it is convenient to 


divide the sum over k in Eq. (2:5) into two parts so that the one is the sum 
over k belonging to {k} and the other the sum over k not belonging to {k}. 
Then U(r) is written in terms of Fourier components of d(r) as 


U(r) =-NW-1) VAD ess) 2) etter +U tr) 16) 


Vii 6, Bie 
where ae 
U'(r) = ta = Ss YR) parirs-rp, (CH) treet 
Q  _ke0 tz3 oy, ; 
Fk does not t 


belong to (ie). 
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The expectation value of the Hamiltonian H(r) for a state ¥ is 
2 | (dx) P*H(r) | \ (dx) U* 8, (2-8) 


where \ (dz) stands for the sums over spin coordinates as well as the integrals 
over spatial coordinates. 
In order to introduce the auxiliary variables, we define a function of /;%'S 


(and so of o;’s and 7;’s) 


Dp) = \ (dx) I Fin l* (212), (2-9) 


where 


N 
ho (o% aa >) cos kr ‘ and 9,=0 (<4 ~ >) sin kr.) (2-10) 


a1 Vo 4 J=1 


and a means the product over k with k.>0. Assuming 7%(2) to be normalized, 


we obtain: with the aid of a property of 0-function, 


| (dp) Divs) =1, (2-11) 


where \ @p) stands for \-: ar (do;,dt;,). Furthermore the following identity is 


obtained for an arbitrary function F(r) 
\ 2) FO) = | (4p) \ da) I fot Fr). (2-12) 


As was seen in the previous paper”, the function D(;,) may be supposed 
as the Jacobian of the transformation of variables from r,s to ;’s. It may also 
be regarded as the weight function for the inner product in the #,-representation. 


In order to introduce the inner product with no weight function, we adopt the 
following form of ¥, instead of Eq. (1-4), 


p=) 
V D( px) 


Making use of identity (2:12) and Eq. (2:13), we obtain, after straight- 
forward calculations, . 


P (py) % (2). (2-13) 


| dx) P* To) v= | (dp) 9* (pn) T (rm) (on), 


where 
noe | h? (kk’) : 
NCO) ee eS E ; 2 i 
aan) ON os ee Patae D4, Orr 24 OP, Op, CED) 
i Y co PR 
1 @A(k 
ox ; eek) SA eh) Ll, 0D» op EA Lh) il oD 
Pp OP jer 4 D? 00, OPnr 2 D O01, OO pe 
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1 hk 1 aD 
3 _ 9D 
Dt om B(k) Dorees +¢ (07) 
ne id Pm (kD) aD , OA(k+k’)\] 8 
SF law AKER! GEE 
te) 2m V N Cer} R? 4 ( at kes On) BY, DP rer On, 
hk? ) at 12D he 
ce k rae aa 
{k} 2Qm Q(k) 00%, me 2 ~ —O(k) On, om R (1) (2-14) 
and 
| (dx) ¥* V(r) F= t (dp) D* (0) V (Cr) PCr) 5 
where 
r T 0 if N 1 SH) N 
V (px) =3-NWW-1) 7D — 2S) 7 () + SP 
+." ( pi.) FOR) (2-15) 
Quantities appearing in Eqs. (2:14) and (2-15) are defined as follows. 
A(k = + | dx) (Il! fad eohrgY*Y, | (2-16) 
(k) Dina) (dx) ( fe 9g s 
( Nik 0 
dx)(Il' fie Sues gece entriyey). DLT 
B(k) = a ae C etal re Pe (2-17) 
: ~ Chi Are obs ) 
Ate (oie 
t (Px) = oe 5 J@n fu) S4— # (x2 eee enti 
1 Daw eth) OY eo leas 
Q(k) =1 | i) 2 ae Fi Gr VON fea Se o Re (z* Or; Or; z). 
| (2-19) 
ania) aaa re ne 
R(x) = ats | (a2) (MI fas ms (0 nee z). (2-20) 
Ue) = pry | ED) MU Fad) UOT (2-21) 
Pr (ky 
Men3) 8 TL AG; 1*Y. (2-22) 
VP) 5655 { dz) (fete) | 


From these definitions it can be easily seen that 2(9;,), U’ (0x) and v(f,) are 
real quantities and R(p,) a pure imaginary one and also that A*(k) =A(—A), 
B* (k) =B(—k) and Ox (k) =—Q(—k). It can also be shown that there exist — 
the following relations, 


cont (kk’) | K!) oD 4 SACL Kk). (2-23) 
Bik) =e @ RB? ae ) D Orr OP x1 
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and 
Wc 1OD) on OO (eyaiias D 
ST PNO ee ee eer OR NE (2-24) 
a k \2 ( ) D Ar Opn ) Vik 
The proof of relations (2-23) and (2-24) is omitted here, since it is similar to . 
‘the one given in the Appendix of the previous paper”. : 
T(o,) is written, with the aid of relations (2-23) and: (2-24), as | 
1 (kk) 1 3 3 : | 
ein Ss) —4A(k+k’) - + -A(k+k : 
ee VN Gh 2m 2 OT Bn 8Pcr — 8P 8Prr : | 
2 pe 3 1 kk’) OA(k-+K 
ik [- Tet OB Ue) mee Dds rod (BR) BERG Oe: (k+ | 
Aa Ne 1D OM, 4 D dp, VN& k OP rer 
2 72 fa) fe} 
+2(m%) — BE* 2 lod 2+. 0}. (2-25) 
th} 2m <2 OO, OPK | 
‘ The operators T'(0;,) and V(,) are regarded as the kinetic energy operator 
‘ and the potential energy operator in the /;-representation respectively. It can be 
. easily verified that these operators are Hermitian. It is to be noted that the 
_, Hermitian nature of an operator is secured in the inner product with no weight | 
y function. | 
Nh Ki The basic state %(x) has so far been arbitrary if only v(p,,) defined by Eq. 
f + (2-22) remains finite for strong interactions contained in v(r). We shall choose 
a : %(x) to be an eigenfunction of T(r) +v(r) with eigenvalue G, namely | 
[T(ir) +v(r) ]4(z) =S X(a). (2-26) . 
Then it turns out to be ¢(,)+v(~,)=G. Finally we obtain as the expectation 
value of the Hamiltonian or the energy 
E£= \ (dp) D* (Px) HO) P (Pr) A (de) O* (pn) P (x) ? (2-27, 
where 
Rie 
. F(x) =T (ox) + V (Ox) 
i Bae cs RA aa! N exer tN 
> SE ODT a Be OFS By Poet OG) 
i 1 7(kk!) 1 | 3? 3? 
ae += 3 ARK Y- - -A(k-+k’) | 
ve VA N kk) 2m 2B | 00, Oar On 0, On ( zs yy ; “ 
S. ; 2 22 ‘ 
ie su hk | - LA OBR) at 1 ee |B(k) — 8 Ss (kk!) OA(k+k’) | 
a (ky Qm Bint OK A eT DND Gy, VN & RB Bonn 
a 
oe, (ply rf) be) 
ee & NOG \ 
a 2 BLS \2¢ ) anh a bo Qk), é (2-28) 


+ Fs 


eS , Expression (2 28) is the Hamiltonian in the ,-representation. The Schroe- 
_ dinger equation in the (,-representation is obtained from Eq. (2-27) as 
é 


Ls 
, 
= _ 
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FI (Px) P (0x) =EP (pp). (2-29) 


An expression for the total momentum in the (representation is derived in 
the same way as the Hamiltonian. The total momentum is written in the original 


representation as 


N 
Po) =4 

After simple calculation we obtain 
| (dx) * P(r) T= | (dp) D* (04) P(x) Pn), 


where 


P(p.)=P+ > (-ith) A) {2-2 4 BP) 20) 


Vk - 


The operator P(¢;,) given by Eq. (2-30) is regarded as the total momentum in 


the ;-representation. In deriving Eq. (2-30) we have assumed the basic ‘state 


%(x) to be the eigenfunction of P(r) with eigenvalue D. 
By the use of the relation 


(2-31) 


{he} 


Eq. (2-30) is transformed into 


s Uva ater oar | 
UG simu even Geereeerrnn arty 


a 


where the facts that $Jk=0 and that A(k)=p, for k belonging to {k} have also. 


& 
been used (The latter oe is readily derived from definition (2-16)). It can be 


verified that expression (2-32) commutes with T(~;,) and V(,), as it should. 
Although the proof of this fact is omitted here, the following relations will serve 


to prove it: 


kA (K) 5 se (k’) Ak’) 


0; 7 


SOA Cy) eB KO) 
th} OOK 


for all k’ ’s. (2-33) 


SKA (t) SE) wach) 


{k} Ck. 


The proof of relations (2-31) and (2-33) is also omitted here, because it is 


similar to the one given in the Appendix of the previous paper”. 
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§ 3. Expressions to the zeroth approximation 


In order to obtain a concrete form of the Hamiltonian (2-28), it is necessary 
to determine the explicit dependence of D(p,), A(k), B(k), U' (Px) and O(k) 
upon the p;,’s. We assume that Q(k) =0. This is allowed when G is the lowest 
eigenvalue of T(r) +v(r), because in such a case %(x) can be taken to be a 
real function (cf. Eqs. (2-19) and (2-26)). 

As was done in the previous paper”, we calculate D(~,), A(k), B(k) and 
U’'(,) in a form of a power series in N~‘”. To the zeroth approximation they 
are independent of N-™. To the next approximation they contain the terms 
proportional to N~1?, to the third, approximation the terms proportional to N~’, 
and so on. Strictly speaking, such a way of specifying a degree of approximation 
may be of little sense. However, as was seen in the previous paper, it leads to a 
“formal”? expansion of the energy per particle in terms of V/N. The word 
“formal ” means that the coefficients in the expansion themselves depend on V/N 
in complicated manners. 

Here we shall be content to remain to the zeroth approximation. Quantities 
to the zeroth approximation will hereafter be denoted by subscript letter 0. The 
details of calculating D(p;,,) are given in Appendix A. To the zeroth approxima- 
tion D(;,) is written in the form 


i 1 
2 3 S(k) 


Ds(on) =exp| — prep-n-+logaS (h) ||. (3-1) 

2 ) 
The function S(k) is defined in terms of the radial distribution function y(7) for 
the basic state %(x) as 


S(k) =14+ 2 {lac =e" dri (3-2) 


In deriving these expressions we have assumed that %(x) represents a homogeneous 
system, namely the one-particle distribution function is independent of the position 
of the particle. Furthermore, we have assumed that the two-particle distribution 
function for %(2) depends only on the distance between the particles. The function 
S(k) is called the structure factor and closely related to the intensity of X-rays or 
neutron-beams scattered by a fluid”. 

The calculation of A(k) and U’(p,,) can be carried cut in quite a similar 
way as in Appendix A. To the zeroth approximation they are 


UN for k=0 


Ao(k)=4% for k belonging to {k} (3-3) 
0 otherwise 
and 
Ch! Ce.) =0:. (3-4) 
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In Eq. (3-3) the expressions for k=0 and for k belonging to {k} are the exact 
ones. This is immediately seen from definition (2-16). When the forms of 
D(e,) and A(k) are known, B (k) can be calculated with the aid of relation 


(2-23). To the zeroth approximation it is 
By (k) = 0;./S(k) for k belonging to {k}. (320) 


The expression for other k’s is unnecessary for our purpose. 
Substituting Eqs. (3-1), (3-3), (3-4) and (3-5) into Eq. (2-28), we obtain 
the Hamiltonian to the zeroth approximation as follows: 


io) Loy M2 y Nagy ge BE 


2 2° 26 7 SC) 
Ee hk? 32 H 


} 2m 00;,90_1, 2 te} 


N hk? il 
eS Dp 3-6 
Saas Sale? eM 


In order to diagonalize H(9,), we introduce the operators 


e ts : o, and by =—A, a ate : 


5 | 5 
00 —k 2 A k. 0p, 2, Ax 


bie = Ake P-k> (3-7) 


where /,.=/_;,>0 is a function of k to be determined. The operators 0;,’s and 
b;,’s satisfy the commutation relations 


Lon by |=, 1 and Lox, br ]=[Ox by |=, (3-8) 
from which it is seen that the eigenvalues of each 0; b; are positive integers 


including zero. It is readily seen that the total momentum (2-32) is expressed 


in terms of 6;,’s and b;,’s as 


P(e) =P + > fk byt br. (3-9) 
If we take 
hh Bh? i] N Kh Be 1 | 3 
ee 2—v(k) +——— ; (3-10) 
e 2m V Ble 2m S(k)? 


| Hh (p,) is written in the form: 
Fy (en) = Eo+ Pere) by Ox, (3-11) 


where 
ee Nina) O41. Ee) eG) | a 
2 L 


V ey 2m. S(k) V 
and 
Woe Sora ae kd NS (a | (3-13) 
EW) = 2) | sap [24 S() + yay 


We may say that 4, (b;) 1s an annihilation (creation) operator of a phonon 
with momentum ik and energy E(k). Then H,(?x) can be considered to repre- 


€ 


i ORT ae et 
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sent free phonons. If we do not remain to the zeroth approximation, we shall 
obtain the Hamiltonian with terms representing phonon-phonon interactions. As is 
seen from Appendix A, such terms will depend on the distribution functions in 
sets of three particles or more. From such a point of view it may be said that 
the zeroth approximation adopted in the present section is the one to neglect the 
correlations among three particles or more in the basic state %(z). 

E, and E(k) are the ground state energy and the excitation energy spectrum 
of the system, respectively. If we put G=0 and S(k)=1 in Eqs. (3-12) and 
(3-13), these expressions coincide with the ones derived by Bogoliuboy and Zubarev” 
and also by the present author”. 

It is very difficult to know exactly the degree of approximations included in 
the above derivation. However, the applications (i) and (ii) in the following 
section may serve as a suggestion of the nature of approximations. 

In concluding the presesnt section, we shall derive the wave function of the 
system to the zeroth approximation. As is well-known, the ground state wave 
function and the excited state wave function of Hy(»;,) are written, apart from 
normalization constants, as follows: 


it 
D, (Px) ~ exp | Pray 2 2 (Pk + | 
‘k 


bed 


D;, (Px) =b;; D, (Pr) AES exp| — SS a Ck p-n |. 


Therefore we obtain the ground state wave function and the excited state wave 
function of the system to the zeroth approximation, with the aid of Eq. (2-13), 
as 


ol iL 1 
Pi~ — ) : . 
o~ r(x) exp| foo oe Si ) Purr | (3-14) 
and 
ig rite, Rok ( iS inicae! 
e~4(2)p-nexp] — 2S: MTSE a (3-15) 
where 
0 25 I Seni y 
BAN 


§ 4. Possible applications 


In the preceding section we have derived the expressions for the ground state 
energy and the excitation energy spectrum of the system. These expressions depend 
on the basic state ¥(x) which is the lowest eigenfunction of T(r) +v(r). There 
is nothing for it but to choose v(r) case by case. In the following we shall show 


| 
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possible applications of our theory to three cases: (i) a Bose gas with hard sphere 
interactions and other weak interactions, (ii) a Fermi gas with weak interactions 
and (iii) a classical fluid. It will also be shown that our theory gives Feynman’s 
relation for liquid helium and Tomonaga’s expression for a one-dimensional Fermi 
gas. 


G) A Bose gas 


We suppose that v(r) contains hard sphere interactions alone. Then 7(2z) is 


the ground state wave function of a Bose system of hard spheres. Such a system 


has been investigated and it is known that there exists a phonon-like excitation for 
small k." When we use Feynman’s relation (see Eq. (4-2)) for the hard sphere 
system, the structure factor S(k) can be written as S (k) =hk/2 mc, where c is 
the sound velocity of the hard sphere-system. Therefore we obtain, from Eq. (3-13), 


E(k) =nk,/ c++‘ yo) for small &. (4-1) ' 

Wee 2Vi 
Namely the boson system under consideration also has a phonon-like excitation. 
Since all the attractive interactions are contained in U(r), the sign of »(0) will 
be negative (cf. Eqs. (2-4) and (2-5)). Nevertheless, it will be probable that the 
sign of c+ (1/m) (N/V)¥v(0) is positive and, accordingly, that the excitation given 


‘by Eq. (4-1) is a real one. The excitation energy spectrum for larger & can also” 


be derived with the aid of the one for the hard sphere system and Feynman’s 
relation. ; 
Feynman’s relation” itself is derived from our theory if we take v(r)=V(r), 
that is, v(r) contains all the interactions. Then we have 4;=S(k) and Eq. (3-13) 
is reduced to 
En) =# /s), (4-2) 
2m 
which is Feynman’s relation. The correspondence of our theory to Feynman’s one 
appears more clearly in the form of the wave function. In the case under consider- 
ation Eq. (3-15) gives, as the form of the wave function for the excited state, 


N 
D,.~ (Sie*) (x), 
j=l 


which is the form that Feynman adopted in his theory of liquid helium. The 


theory of Feynman and Cohen” must also be derived from our general formulas 
provided that we use more accurate expressions for D(/;), A(k), and so forth, 


“than those used in the preceding section. 


(ii) A Fermi gas 


We shall take v(r)=0. Then %(x) represents the ground state of a non- 


interacting Fermi gas, that is, a Fermi sphere. As is shown in Appendix B, the 
structure factor for a Fermi sphere is written in the form 


| 
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ee ie i for OLR ee 
Ne gee EE 


==] {Or k > kes 


(4-3) 


where f, denotes the wave number corresponding to the Fermi top. Substituting 
this expression into Eqs. (3-12) and (3-13), we obtain the expressions for the 
ground state energy and the excitation energy spectrum of the Fermi gas. In 
particular, the excitation energy spectrum for small k has the form 


E(k) =hk | ( : ae zs ~»(0) for small k, (4-4) 


1 IL 


which shows that the system under consideration has a phonon-like excitation. 
Recently Edwards” has attempted to deal with the Fermi gas by means of auxiliary 
variables. However, he has not yet obtained such a definite result as ours.* 

It is of much interest to treat a one-dimensional Fermi gas from our standpoint, 
because such a system has been investigated in detail by Tomonaga”. In the one- 
dimensional case the structure factor for the Fermi sphere has the form 


S(h)=+ fore = Oke 
Ree (one-dimensional case), (4-5) 
=k for k>2k, 
which is derived in Appendix B. Therefore we obtain from Eqs. (3-12) and (3-13) 
Sgr 2X0) uel >| SE kp CaN | 
ie Seo NONI : E() — k 
: Bye We coe re oT re ra 


and 


27-2 2 22 ry 
E(k) ae ne ‘ | ee fs + * v (k) - (one-dimensional case), (4:6) 
where we have explicitly used length L of the system instead of volume V and 
written the expression of E(k) for 2k,-k>0O alone. We shall assume that the 
“set {k} consists of all the k’s so that k<k,. (It is to be noted that the set {k} 
has in general no connection with the Fermi sphere.) On the other hand, we have 
the relation N=Lk,/z, where we have ignored a spin weight. Therefore we may 
put Mnax=Lk,/22 in Tomonaga’s expressions. And also the quantities Dig, “ll ns Oe 
and J(0) appearing in his expressions can be written in our notations as 
CHPHE/m) (en/B), »(8) /L 5 (No (We) /L) (bey) and (v(0)/L)-+33(o(K) /L) respectively. 


Then our expression (4-6) is in exact agreement with Eq. (5-14) in his paper. 


* After the manuscript had been written, I noticed that Zubarev treated a Fermi gas by means 
of auxiliary variables. (D. N. Zubarev, J. Exp. Theor. Phys. U. S. S. R.. 25 (1953), 548.) His 
treatment seems to be similar to the one of Bohm and Pines®), that is, he used the individual 
coordinates as well as the auxiliary variables. I would like: to express my sincere thanks to 
Professor S. Ono at Tokyo University for his kindness in informing me of this paper. 
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It is seen from Eq.(4-4) that even without interaction there exists phonon- 
like excitation and the sound velocity is given by (2/3) (fk;/m). On the other 
hand the sound velocity can be calculated also by means of a hydrodynamical 
formula (1/m) (0p/90), where p and denote the pressure and the particle number 
density of the system respectively. It gives the sound velocity to be (1/1/3) (Hkz/m), 
which is different by a factor V/3/2 from the one determined above. In the one- 
dimensional case such a discrepancy does not occur. A similar situation has been 
found in Bloch’s method of sound waves™. 


Qu) <A classical fluid 


Auxiliary variables have been used to deal with a classical fluid by several 
authors™. We shall here apply the method explained in § 2 to such a system. 
When we decompose the potential energy into two parts such as Eq. (2-3), the 
Helmholtz free energy of the system is written in the form 


A=Q—xcT logQ, (4-7) 


where Cé is the free energy in the presence of v(r) alone, « the Boltzmann con- 
stant, T the temperature and Q is given by 


7 
O= \ apes ey | dr 2™) e- ber). (4-8) 


In expression (4-8) # denotes 1/«T. 
If we suppose as 


We Gey persis AI dr&’™ ee: (4 ‘ 9) 


fey (4-8) can be written in the form 


ep 


OQ= \ Le ig bug Aan ee (4-10) 


Eq. (4:10) has the same form as the numerator of Eq. (2-8) if we put 9(;,) =1 
in the latter. Therefore we obtain in the same way as in § 2 


c 3 » (0) N No Ona 
Q= | (ap) Dir») exp| 8 {ww-)2O-— ow + Se Wpee-at | 
(4-11) 


where we have used all the k’s except for k=0. bee 
D(p,) has been defined by Eq. (2-9) and, to the zeroth approximation, it has 

; . 
the form given by Eq. (3-1). We shall be content to remain to the zeroth ap- 


proximation. Q is written as 


1 v0) sip XN, 
Q.= | (ap) exp| —-} {anw— =O — aa) 


+ Sate = u(k) Pr 0-n+ logzS (k) | . 
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The integration on the right-hand side of the above expression can be readily car- 


ried out. We obtain 


& p egy OES ix Ne 2 (1 g NV ) 5(k))} |. 
exp 2 {wav 2 — Xa) +S Beg (148-4 SH} 
(4-12) 
Therefore we obtain as the zeroth approximation to the free energy 
Se 1 v(0) «TT BLN gy ee N | 
4=2++ nw—-y2O—F si[ a2) log {14-8 Yo(k) SH) )} |. 


(4-13) 


It should be remembered that S(k) is the structure factor for the system possessing 
the potential energy v(r). When we consider a system of particles interacting 
through strong repulsions as well as weak interactions, we may assume that v(r) 
contains hard sphere interactions alone. A knowledge of properties of the hard 
sphere system can be utilized in Eq. (4-18). 

A part of this work was supported by the Scientific Research Expenditure of 
the Ministry of Education. 


Appendix A. Calculation of D(;,) 


We shall here adopt Mayer’s notations’. The spatial coordinates of particle 
i are denoted by (z) and the volume element by d(i). The spatial coordinates of 
n particles are indicated by {m2} and the volume element by d {nz} =d(1)d(2)---d(n). 
The spatial coordinates of a subset of m particular particles of the set of particles. 
{n} are denoted by {y},. 

In our case the distribution function of the spatial coordinates of N particles 
is defined by (cf. Eq. (2-26)) 


e 


PrN} = \ (d0)4*(a)4(2), (A-1) 


where | (dé) means the sum over spin coordinates. Since %(x) is assumed to be 
normalized, Py{N} is also normalized such as 


Pr 


| PxtN}a{N} =1. (A-2) 
We define the reduced distribution function of 2 particles by 
P,{n} = \ Px{N}d{N—n}, (A-3) 
which is normalized as 
| Pa}d{n} =1. (A-4) 


We assume that the system under consideration is homogeneous. Then P, (1) 
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should be independent of the position of the particle, and hence we have 
Pye (A'5) 
Furthermore the distribution function should have the property that 
Pasmint +m} =P, {n}P,,{m} if {mz} and {m} are distant from each other. 
(A-6) 


It is convenient for our purpose to introduce the functions W,,’s defined in 
terms of P,,’s as follows: 


Py) = With, 
P,(1, 2) =W2(1, 2) + Wi(1) Wi(2), (A-7) 


k 
PyiN} Par oakimaan it Wm ( {7} y) ’ 
= 


where in the last expression a complete set of & unconnected subsets {772;' y(1 eee): 
k 
Sim,=N) of the set {N} is denoted by the symbol {k {7,;} y},, and the sum is 
t=1 


taken over all possible sets of such unconnected subsets. As is well known”, the 
inverse of Eq. (A-7) is written in the form 


Wid) OM 
Wal, DP, (1,2) Pie P, (2) h. (A-8) 


Z 
Wim} = Metra) 4) ! i Pj (4223} m) . 
2 
The above definition of W,,’s leads to the relations | 
( w.(1)d@)=1 and | Waal} d (1) =0 forte 8s Re 


the latter of which can be proved by means of a mathematical induction. With — 
the aid of Eqs. (A-5) and (A-6) we obtain 
W,(1) =1/V (AF 10) 
and 
Wrim{nt+m} =0 if {n} and {m} are distant from each other. (A-11) 


The property (A-11) leads to 


| Wont} exp (ihr, bikers t + ilemtm) d {mm} =0 unless hy hg + + Phin = . 
(A-12) 


We can write D(p,), which has been defined by Eq. (2-9), in the form 
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N N 
Dp) = \ PxtN} 11 d(on— 7 c 5) 8(=4— oe Si sinkr,) d{N}. 
{kh} Wi 


V WN j=1 VN j= 
(A-13) 
With the aid of the Fourier representation of 0-function 
NESS | exp Qniwx) do, 
Eq. (A-13) is reduced to 
-f 00 | l é 
D(Px) = \--| (IT’ da; dfx) | PrN) exp| 251 pai (on —- 7 cos kr) Xp, 
{ky thy \ / IN ja1 


il N 7 | 2 
fy tee SS St kr) Pp aNups 
ate ( k TG 2 S : Br {N} 
By the use of the variables w,=@,+7; and W_p~=a;,—if;,,, the above expression 
is written as 


+0 


D (en) = \ | aN da; d8,) [exp (iz 21 Pk on) |T(or), (A-14) 
where 
N 
ee [ Pin} exp| — SS) one “ters |d{N}. (A-15) 
V N tt 1 
Substituting Eq. (A-7) into Eq. (A-15), we obtain 
T(,)=N! SY UT G/n,'), (A -16) 
Bing=N 1 
where 
Ht f | 
b= | W,{} exp| — eae ey onetrs |d Uh, (A-17)' 


‘To calculate the integral on the right-hand side of Eq. (A-17), we expand the 
first exponential function into a power series in its argument and perform the 
integration term by term. Taking notice of Eqs. (A-9), (A-10) and (A-12), 
we obtain 


D1 mre +0(1/N) (A-18) 
and 


iL , 
b, =—_| (—in)’ NG i-1 
> Op, O j W 
S yee et Be les chy N viZ} 

1, M2, °°, a 


X exp|—k,r,—ik,r,— “iby —ik,r,|d{l\ oN (A-19) ; 
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As is seen from Eq. (A-19), 5, (2) is at most of order N~®*!, (It should 
be noted that the integral on the right-hand side of Eq. (A-19) is independent of 
N in the limit N->co while keeping the value of N/V fixed.) To the zeroth 
approximation we shall neglect the contributions of 6,s (J>3) to I(w,). Further- 
more we shall write 6, and 6, in the forms 


b=1+p/N and b,=q/N’, (A- 20) 


where and g are of order unity and defined respectively by 


T 
| scape >) On, One 
2 kitke= c 
{ka, QF 
and 
rT c : 
ip ae SI On, Ons | aby CN Walls. 2 erie hare (A-21) 
oor, 
VEL, Heo 


Substitution of Eq. (A-16) jeadk to 


i N/[2 N! p N-2n at 
Big ee (1+) (q/N?)". (A-22) 


Since we are looking for an asymptotic form in the limit N->oo, the above expres- 
sion can be replaced by 
Lita) ew (A- 23) 


which is the limiting form of Eq. (A-22) in the case of N>o. Eq. (A:23) is 
verified by making use of the Stirling formula on Eq. (A-22). It can be proved 
by a more rigorous treatment of the sum appearing in Eq. (A-22).* By the use 
of Eq. (A-21), [)(;,) is written as 


7 ; 
a (Wx) == exp| — >) S(k) OK on, (A: 24) 
2 Zz ‘Xky 
where 
can eel +N\j Babine Wes ee (A-25) 


Substituting Eq. (A-24) into Eq. (A-14) and performing the integration over 
a,’s and 3;,’s, we obtain, as the zeroth approximation to D(;), 
Sees tates jake log 7S (k i A-26 
Delon) =ex0| — 5-3 fg tart lowsS(h)} |. (A-26) 


When we assume two-particle distribution function P,(r,, r2) to be a function of 
the distance between the particles, P, (ri, r,) can be written such as P,(r, Tr) = 
(1/V?)9(r), where g(r) is the radial distribution function and 7 the distance. 


* T am. much indebted to Dr. T. Morita for his kindness to tell me a rigorous proof of 


Eq. (A. 23). 


ee SV ee 
A 


“IR: 


= 


ei Dk Sede Se ox ee, a ea Pe | 
eee Sa ae sy: 


a 


oe ye ee She ee 
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Therefore Eq. (A-25) is reduced, with the aid of Eqs. (A-5) and (A-8), 


foctoe (oe2). 
If we take account of the contributions from 0,’s (423), we can obtain a 


more accurate expression for D(@,) than Eq. (A-26). 


Appendix B. Structure factor for a Fermi sphere 


The structure factor S(k) can be calculated by the use of Eq. (3-2), because 
the radial distribution function for a Fermi sphere has been calculated by Wigner 
and Seitz. However, the integral appearing in Eq. (3-2) is in need of somewhat 
complicated calculations. We shall here show a more elementary calculation of S(k). 

Let us consider a state represented by 


X(t) = jae Sh)" Poh (as) Pa) «Par (En) (B-1) 


where the set of ¢#,’s is an orthonormal one and P denotes a permutation of 2;’s. 
The two-particle distribution function P;(r,, r2) which is defined by Eqs. (A-1) 
and (A-3) is written in our case as follows: 


Pal, 70) =p may EDI) ahr aasit Cad 4." Ca) (Heed ts ed) — Hela (2, 


(B-2) 
where \ do stands for a sum over spin coordinates. We may assume ¢;(x) to be 


a product of a spatial wave function and a spin function, that is 
Y;, (x) =¢, (7) 0, (0). (B-3) 


We substitute Eq. (B-3) into Eq. (B-2) and, after the integration over spin 


_ coordinates, obtain 


Palr, m1) = SEU 3 Bitten sa) Pls) P 


iF 


= 51 Si (71) Pra Wr) Px (2) sn(rs) | (B-4) 


where s denotes a spin of the particle (in units of #) and », the number of Pre 
appearing in Eq. (B-1). It is needless to say that there exists the relation 


(2s+1) 21 m= N. (B-5) 


By the use of ¢;,=(1/ V Ve Eq. (B-4) can be written in the form 


1 Ne 2s+1 ' 
ie. = Ss Ss Dee 
(ri, M2) y? Frew N(N—1) 7 Ta Te a aa 2 | Fe 


Taking account of Eqs. (A-8) and (A-25), we obtain the structure factor as 


a “ada aie tall ba 


: 
7 


A Formal Theory of Collective Behavior 59 


2s+1 
S(k) =1— _ 2 Niet Nyt + Ie « (B y B h 


The sum on the right-hand side of Eq. (B-7) may be replaced by an integral and 


then the above expression is reduced to 


Be 2s+1 Vote 
S(k) == il i AS Pane yer Nak’ . (B:8) 
For a fully degenerate case, that is a Fermi sphere, 

Ny, 1 for k<k, 


(B-9) 
a0) for k >\k,. 


Then the integral appearing in Eq. (B-8) has a simple geometrical meaning. It 
is equal to the overlapping volume of two spheres, each of which has a radius ky 
and the centers are at the distance of &. An elementary calculation shows that 
the overlapping volume is 


Ax Srey 1 Rave 
 eplt ( ) | fr ce Oe B-10 
cea Ge ae Nae Fe ogee ae i Ba) 


and zero for k>2k,. Taking notice of that 


2s+1 V 7 Are 
ky =1, B-1l 
|e Oa ed Co 


we obtain the structure factor for a Fermi sphere as 


3 
Cy) ne ae Be eS for OAS 2ke 
er PTS Ge bE 


aL FOL has 


(B-12) 


An expression for one-dimensional or two-dimensional case can be obtained if | 


only the sphere is replaced by a line or a circle. 


S(p) aa for 0<F Zhe 
uae (one-dimensional case). - (B- 13) 
=Air for k> 2k, 
eat Sees ee for 0O< kX 2k 
Sk) = zs sin 2k, + Eee tk S2Rp 
=] for k> 2k, 
(two-dimensional case). (B-14) 


It is seen that in all cases S(k) is proportional to & when & is small. 
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An attempt is made to discuss the dependence of the double and triple p-p scattering 
parameters on the 1S, 1D,, 3P9,,., 3/, phase shifts with special reference to the SM1 potential 
at 150 Mev. It is found that a positive depolarization requires a small or even negative °P 
phase shift thus favouring a strong spin-orbit potential. The parameters R and A depend 
chiefly on the 14S) and 1D, phase shifts. 


§1. Introduction 


The study of the proton-proton scattering has been carried out with a con- 
siderable amount of success by means of two main procedures viz., (i) Pheno- 
menological potential and (ii) Phase shift analysis of the experimental data. In the 
first approach, one starts with a phenomenological potential and calculates a set of 
phase shifts which finally enable one to calculate the scattering parameters. The most 
recent work along this line is that of Signell-Marshak”, Gammel-Thaler”, Otsuki”, 
Watari”, Tamagaki®. In the second approach, say in the work of Stapp et al.” 
and Moravcsik’ et al.”, one obtains several sets of phase shifts which fit the ex- 
perimental differential cross-section, polarization and some of the triple scattering 
parameters and the problem is that of discriminating among the various solutions 
on the basis of other experimental evidence. It has been found” however that the 
various sets of phase shifts converge to similar sets, yet there are some differences, 
e.g. in the depolarization at 150 Mev. 

The purpose of the present work is to investigate whether it is possible to 
identify the qualitative modifications which may be required in a phenomenological 
potential, so that disagreements with some of the parameters are eliminated. In 
order to do this we have expressed the scattering parameters P, DuRVAaKGeAS 
and the spin correlation parameters Cip and Cyn, where the symbols have their — 
usual meaning”, in terms of the phase shifts, neglecting all the coulomb effects 
and partial waves F (except 3F,) and higher. This is done in section 2. In 
section 3, we have worked in detail with the SM1 potential” at 150 Mev as an 
example and discussed whether the individual scattering parameters show any special 


* This work was supported in part by the International Business Machines Corporation and 


by the U. S. Atomic Energy Commission. 
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dependence on one or more phase shifts and thereby indicate the qualitative changes 
of the potential required to obtain better agreement with experiment. Assuming 
the fact that depolarization is mainly positive”, it is concluded in section 3 (ii) 
that a short-range attractive spin-orbit interaction is needed for the p-p scattering 
and it is difficult to understand how the attempt of Otsuki®, Watari®, Tamagaki” 
to fit the nucleon-nucleon scattering with central plus tensor potentials can succeed 
in this respect. 


§ 2. Expansion of scattering parameters in terms of phase shifts 


The antisymmetrized M/ matrix elements for the proton-proton system can be 
written as follows” 


M,, (6, g) pe GG) =F > {ayy (4, Q) aj,+ (a¥2,,(6, Q) a;_ yt 2215 (, QD) 5415) 
cars 


+a" (8, g) a7} + 21 i" (G) & (1) 


where (4, ¢) is the scattering angle in the center of mass, the index pair pg can 
take the values 11, 00, 01, 10, 1-1, ss and the appropriate coefficients a”? and the 
matrix elements of @ are defined in Table HI and Eqs. (3-12)—(3-14) of Stapp, 
et al.” The coulomb scattering amplitude £,"(@) is non-zero only for pg=ss, 11 
and 00. Expressing a in terms of phase shifts (Eqs. (3-12)—(3-14) of reference 
6) in Eq. (1), we obtain 


Mo (9, ) =f2"(4) + >} {Sharh (4, 2) <m'n, ®,,| 
j=0 
+fée;, B15, A413, a”?/2)<j—1), Fig? Gi8.8 (2) 
where mn take values jj, j—1j, j+1 j and j, and m’=m except when m= j-1, 
m'=j+1. 
(A, Bl] =2ie*?4*®®) sin (d,—0,) 
(3) 


F(€;, a, b, c)=acos’€;+b sin®€,+ ¢ sin 2e,. 
Thus 


M,, (9, g)M,¥ (8, ¢) =f) f.2°* (0) 


THEO) SA Si al (2y, OIF (En, airy, Qrip, @C/2) Bidet 8 Lee est Fs 
tHe OL SS ant nimn, Date Cbs. aye 1i> ata; > a”?/2){j—1j, j4+1y/}] 
+ Dt Danae" (m'n, @,| ly, Oy 


\ jj! mn, cy 


Sit 655 aye ies A545 KEY FE an Bi ~151 5 Dit +150 » art /2) 
G-1j, +1 5/7/17, 7’ +199} 
7 21 2 ar n(O, Q)F* (Ex, ay 1gl 9 Ait ayn 5 al” /2)(m'n, ®,,| 7’ he gg 


‘fF 21 aa" (6, DIFC Ens aye 159 Berg ar/2)\ 7-159, I gian ?,» (4) 
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where 
(A, BIC, D)=(A, BIC, D) +7{A, BIC, D} 
(A, BIC, D) =4sin(6,—4,) sin(d¢—6,) cos(04+6,—do—8,) (5) 
{A, B|C, D} =4 sin(0,—4,) sin(0e—4,) sin(04+6,—d¢—4,). 


We now use Eq. (4) to express the polarization P, the triple scattering para- 
meters D, Rk, A, R’, A’ and the spin correlation parameters C;,, and Cy», where 


all the symbols have their usual meaning®, in terms of phase shifts. Neglecting 


all the coulomb effects and partial waves F (except *F,) and higher, we obtain 


2 
is =v? Re {i(My— Ma) (Mu—M,-1-+Mw)*} (6) 
=) sin@ S$} A, (P) cosndé (6a) 
odd 2 


I,D=— Re{(Mu+M,_.)M.*+ (My—M,) Mot} —ReMyM* (7) 


(7a) 
Seas = ; Re {| Mn+ (cos — oe 2 hel My + M De 
cos 
+ | Mu+cosa¥ 2M et EN ae (8) 
né sin§ EN 
= S} A, (R) cos nd | | (8a) , 
Ib A = — 1 Re {[ Mfo+e0s0¥ 2 BAAD v2. Mo. | Mn+ Mi On 
sin@/2 > sin sind 
ei 
+| Mw 4 (cosd-+1)¥ 2 Mn | var (9) 
sind 
Be —<5 51 A, (A) cosnd (Ya) 
eee et Re {| M+ (cost+1)¥ 2M] (vy +M1)* 
sind/2 2 sind 
ye. Myo Os Mn) MA: * (10) 
+| Mm-+-cosd¥ 28 —¥ 


= S71 A, (R’) cosnd (10a) 
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La So 
Nhe pees Re {| Ma+cosd™ Z My Vv : | (M,,+M,_1)* 
cos 4/2 Z e sind sing 
‘x 
+ | Mo+ (cosd—1)¥ =e |e | (11) 
; s 
= 13) A,(A cosnd (11a) 
k 
i a 
Tp Cip= {| Moi? — |Mio|?} /2 sin F (12) 
¥ sind” sv 4, (C,,) cosnd (12a) 
Bh even 7 


1 2 
or |Moo|? + : |Mo|? + + |Mig|?—Re Mu My. ig a (13) 
4 2 


2 


1 
= i Ca Cosa (13a) 


RB? even” 


where 
1 i 
y= [Mu |? | Mel? + |Meal? + |Mool? + |Moil* + Ma? 
?, BY 


(14) 
and the coefficients A, are defined in the Appendix. 


§ 3. Scattering parameters for Signell-Marshak potential 1 


We mainly confine our attention to the SM1 potential” at 150 Mey in the 
laboratory and choose this potential as the basis for our discussion of the dependence 
of the scattering parameters on the phase shifts. The various phase shifts* at 
150 Mev are 


Oy=O. Sg) = 19.2" Psa) = 
Op OCE,) = 9.8", On= OCP) == ioe k925y Os 042) = I3ay Ons == OCP e) == — 2.0° 
and the mixing parameter ¢€,=—17.4°. 

(15) 


Using Eqs. (A-1)—(A-13) of the Appendix, the calculated values of the coefficients 
A, for the scattering parameters are listed in Table I. The curves for most of 
parameters are shown in Figs. 1-5. In the following we discuss the dependence 
of the parameters on the phase shifts and try tosee if they exhibit any special 
dependence on one or more phase shifts. We will then investigate if an adjustment 
of these phase shifts will improve the fit with the experimental data and what 


* I am thankful to Mr. R. Bryan for supplying me with the phase shifts for SM1 at 150 Mev. 
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Table I. Values of the coefficient A, for SM1 at 150Mev. The scattering parameters 
in column 1 are expanded into YA,,cosn@. The contribution from the P and F phase 
shifts is listed in the first row while that arising from the S and D phase shifts or due 
their interference with the P and F waves is listed in the second row. Dy and Ry refer 
to D and R when the SM1 phase shifts are modified. 


A. | A, | A, | ery Te | Ay 
fat 315 | 027 
sin § 
I, k2.D — 066 173 | 072 
.067 | .007 
| 
Ink? Dig 059 | 082" | —.086 
2 146 | | 026 
nok 025 015 05) 4 —.004 
"cos 6/2 — 543 | 699 —.360 204 074 
See oak 025 —.015 025 —.004 
°" cos 6/2 —.443 744 —.656 312 113 
reer als —.025 091 —.025 015 
o” sin 6/2 —.192 —.699 —.315 —.204 —.100 
C 537 | — 329 —.016 
1 nid De / 
sin @ 
432 | —.436 038 
RC. : 
Ih mn _.279 | | = BE —.069 


this implies in terms of qualitative modifications of the SM1 potential. 

i) Polarization: It is interesting to note here that from the fact that polari- 
zation in the p-p scattering at 135 Mev is positive, Wolfenstein’? has concluded 
that it is impossible to have a solution for which @(°P)) is large and_ positive. 
However, Tamagaki?, working with only central and tensor potentials in which 
case the 0(°P,) phase shift is large and positive, has obtained a good fit of the 
polarization at 150 Mev. Tamagaki’s phase shifts are 


0 (@P)) =28.6°, 9CP,) =—17.2, 0CP,) =7.4°, 0CK:) = —4.6° and «= —14.9°. 
(16) 


For this set of phase shifts we have obtained [,4’P=sin 4[.301 cos 6+.031 cos 36] 
which is in very good agreement with the corresponding expression for the SM1 
potential which has a strong spin orbit interaction. This indicates that the p-p 
polarization at 150 Mev does not distinguish between a purely central plus tensor 
interaction and the addition of a spin-orbit interaction to it. One can understand 


this quite easily by an examination of the coefficients A,(P) and A;(P) in Eq. 
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(A-1). Denoting the phase shifts for a purely central plus tensor ee by a 
superscript zero, the effect of an addition of an attractive spin orbit La ein is to 
make 0,=0% —24, 0,=09 —4, 0,=09 4+ 4, O,= 09) + 4’ where at and 4 are posi- 
tive and the changes in the phase shifts are indicated in Born approximation. If 
we observe that 0%, 0 are positive and 0{), of are negative, we find that {10|12, 
32} is decreased in value, {11|12, 32} increases while {12, 32/32} remains almost 
unaffected with the result that with suitable amounts of various interactions the 
coefficients A,(P) and A;(P) have the same values. es 

ii) Depolarization: As shown in Fig. 1 (Full curve), the depolarization aa 
SM1 at 150 Mev goes negative. This result is in agreement with the Harwell” 


Fig. 1. Curve (1) shows the predictions for, the triple scattering parameter Iyk? D(@) at 
150 Mev for the SM1 potential. Curve (2) shows I)#2.D(0) when the 3P 0.139 Phase 
shifts are modified to take into account an additional spin-orbit force. 


data but does not agree with the Harvard data in which D(@) is mainly 
positive. Let us try to see what qualitative modifications are needed in the 
SM1 potential so that D(@) would remain positive. It is obvious from the 
expression for A,)(D) (Eq. (A-2)) that the easiest way to make a change in 
I,k*D(@) by a constant amount will be to change the 0(°P)) phase shift by a 
suitable amount. In order to predict a positive D(@) we will need to reduce 6 (?P,) 
and even make it negative. This can be accomplished by increasing the attractive 
spin-orbit potential. Assuming Born approximation, the changes introduced by a 


Ss 
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spin-orbit potential in the 0(?P,), 0@P,), 0(@P,) phase shifts will be in the ratio 
—2:—1:1. The dashed curve in Fig. 1 is obtained by., taking ® 0,,=3.8°0q= 
=22.5°, 01,=16.1° and all the others as before. This indicates that a closer fit 
with the Harvard data is possible by the addition of an appropriate amount of 
spin-orbit poténtial. 

It is inferred here that the experimental requirement that D(@) is positive, 
favours the strong spin orbit potential for the nucleon-nucleon scattering. This 
follows from the need of a small 0(?P,) as discussed above. One can see this 
qualitatively in the following manner. In the Born approximation one can use 
the °P phase shifts to predict the ratio 


(Vrs) ee hae: 0(?Po) —$9?P,) +80C Ps) | 


. (17) 
(Vi) = [—49 CP.) +40CP,) —40 CP.) ] 
where 
iy Bee ar DUA VAD: 
; (18) 


(Vp) = EF | dr rir) Vel), 


0 


DR’ Rw 


Fig. 2. Triple scattering parameters Ink? R(6) and yk? A(6) for the SM1 porcaes “t 
8) Mev. The curve I? Ry(6) is obtained instead of [g&*R(9) when the 1S) an 
1D, phase shifts used are those for the Gammel-Thaler potential at 150 Mev. 
2 
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Fig. 3. Triple scattering parameters [)42.R/(@) and J,)k?.A’(@) for the SM1 
potential at 150 Mev. 


and a decrease in 0(°P)) increases this ratio. This point has a bearing on the at- 
tempts of Otsuki®) and Watari* and Tamagaki” to fit the nucleon-nucleon scattering 
at 90 Mev and 150 Mev by‘purely central and tensor potentials. They have used 
the one pion exchange central and tensor potential to obtain a set of phase shifts 
and have then adjusted these. phase shifts to some extent in order to obtain a fit 


of the cross-section and polarization. In the case of Tamagaki for the adjusted 


phase shifts, Eq. (16), the above ratio (Vzs)/{ Vr) is already ~1/3 (the value 
of this ratio for SM1 potential is ~1). Our analysis seems to suggest that such 
a large and positive 0(°P,) is very unlikely to give a positive depolarization and 
a fit of a positive depolarization with purely central and tensor potentials seems 


rather improbable. 


iil) The parameters R, A, R’ and A’: The curves for these parameters are 
given in Figs. 2 and 3. From Table I and Eqs. (A-3)—(A-7) one sees that the 
interference of the S and D waves with the P and F waves plays an important 
role in determining the values of the coefficients A,. Thus the experimental 
values of these parameters will give information mainly about the 4S, and 1D, 
phase shifts, the former one will in turn tell us about the core region. In 
Table II we have computed the values of R and A at 0=0, z/2 and =z for the 
SM1 potential at 150 Mev and 310 Mev by an actual calculation of the matrices 
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Table II. Values of R and A at 6=0, 2/2, z for SM1 at 150 Mev and 310 Mey. 


SM1 | (R2/4 Re[----- 1) (R2/4 Re[--+-+: 1) S 
i o | (M,, +M,-,) z (M,5)* ie 
a ox aioe 
| (ne eae} [— .070 + 4.170] | re .278 —7.009] 055 
— ae ee | as x : 
150 Mev ee at (—.278—7.009)*=.018 | (—.158+7.805)*=.037 
= | [—.056 —7.985] 
(ioe — 9/2 mere pe [ 1) (—.084+2.064)* —=-.055 
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Fig. 4. Spin correlation parameter yk? Cz, (0) 
for the SM1 potential at 150 Mey. 


Fig. 5. Spin correlation parameter [)k2?C),,, (0) 
for the SM1 potential at 150 Mey. 
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M,,, Eq. (1). The dependence of these parameters on M,,, where ik/2-M,,=3@o 
+5P,(cos@)a@:, is again obvious. The change in sign of R(z/2) and A(z/2) at 
150 Mev and 310 Mev is mainly on account of Im(k/2-M,,) being +.064 and 
—.466 respectively. At =2/2, 0(1S)) and 6('D,) act destructively (at @=0 and z, 
constructively) and a large positive R(z/2) is an indication that 0 (?D,) ~or > 0 CSo) 
(at 310 Mev 6(¢D,) =11.5°,0 ('S)) =1.3°), a large positive R(z/2) (negative A(z/2)) 
requiring even a negative 0('S,) thus suggesting a repulsive core in the singlet- 
even states. As an illustration, the curve [k’Ry in Fig. 2 shows the effect of 
modifying only the 1S, and *D, phase shifts; the modified values of these phase 
shifts are those for the Gammel-Thaler potential at 150 Mev, viz. 0(*S)) =11.7°, 
OCD) = 8:7". 

iv) Spin correlation parameters C,, and C,,:—The curves for these para- 
meters are shown in Figs. 4 and 5. It is interesting to note the dependence of 
A, (Cy), Eqs. (A-8) and (A-9), on the 0(?P)). For a very large (negative) 
O(@P»), the coefficient A (C,,) will become large and negative. This roughly 
explains why for solution 6 of Stapp et al, C,, is negative’? at @=2/2, which 
result is not in agreement with the measurement of C,, at E=380 Mev, =2/2 
at Liverpool™. 
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Appendix Expressions for the coefficients A 


n 


Using Eq. (4) and the values of the coefficients a’ as obtained from Table 
III of Stapp et al,” we obtain from Eqs. (6)—(13) the following expression for the 
coefficients A, occurring in Eqs. (6a)—(13a). We have made the approximation 
of neglecting all the coulomb effects and partial waves F (except *F,) and higher : 


A\(P) =9| 4. {10|12, 32} +2 (1112, 2} 22 (22, 32/82} | (A-1) 


A,(P) =— 22 9{12, 32/32} 


3 : 
As(D) = (1110) +2 (144 fi) (11/12, 32) +2 (11/82) 
+2 fall, 32/12, 32) + > (82/12, 82) + 57-2182) 


A,(D) =“ (11)0) +212) +-(8—A) (12, 32|0) 


= 
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+= (3—f) (12, 32]2) +~°- (82/0) poe =. (8212) 


A;,(D)= = (1+ a) (11]12, 32) san (11/32) +4 pean (12, 32|10) 
2, 32/12, 32) +2 (32|10) + 2 2 (8212, 32) +22 2. (82/82) 
(A: 2) 
A,(D) => -(11|2) + 2 (3—f,) (12, 322) + 2° (82]2) 
a 32) +2 > (32/32), 
A, (R) =b7 (R) +67 (R) (A:3) 
where 
"(R) =~ g(11|12, 32) +> gh (12, 32|12, 32) 
5 gnats 9 =p R 
+2(3 ih) (82]12, 82) =08(R)_ 
os (R) = 2 _(a1jo) +73 aja) —4 92, 82)0) 
Pete hc, 32|2) +2 (32/2) 
8 \2 ; 32 
08 (R) = (21/10) +S (+ hs) (11/12, 32) + 2(11/82) +h (12, 32/10) 
| 5 
42 (i, +-A) hy (12, 82|12, 32) +> (82/10) 
+2 (744 ha) (82|12, 32) +5 (82)32) 
39 
oR) = 9] 2, 32|0) += (2, 32/2) | (A-4) 


by (R) = a1 )2) —h;(12, 32|0) —2 (2 9+hs) (12, 32|2) 
+> (82/0) += 2. (322) 


B(R) =~ AUF 12, 32) +29 (1182) +hohi(12, 32/12, 32) 
3 4 i 
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nee (9++A,) (32/12, 32) +22 (32/32) 


32 
15 
a G5 We asa a les ea 
3 (R) 16 9 ( |2) 
15 18 
by (R) =0, BIR Teg ee 32|2) +35 2/2), 


An (A) = — {bn (A) +59 (A) } (A-5) 


where 
pit(A) =+-9| = ape, 32) +h, (12, 32/12, 32) +> (82/12, 32) |=08(A) 


3 


9 
a 


b# (A) = (100) — 2 (10|2) —h, (22, 32|0) — 2 (hi+ hs) (12, 32|2) 
5 275 
ui (S910) eu (Bae 
pe OS args [2) 
9 9 45 
b(A) =——? (1111) + 2h, (1112, 32) — 4? (1132 
1 (A) pa il) 
1 5 1 
+ (2-a-+hs) hy(12, 32)12, 32) + (4 -9+h.—h.) (32|12,32) 
— 25 (39/39) (A-6) 
16m a 
bY (A) =b7(R), 03'(A) = 65° (R) 


bi (A) = —hs(12, 32/0) — 2. Bh,+hs) (12, 32)2) —> (20|2) 
15 75 
——— (32/0) —~—— (32|2 
2 (82/0) 3 (a2i2) 
ay his “ 15 
P(A) =—\-ha(11|12, 82) > (11/82) +hyhs(12, 32/12, 32) 
+2. (hth) (82/12, 32) — 2. (82/82) 


be(A)=0, f(A) =—22 See, 

(A)=0, 67(A) : hs (12, 32]2) 6A (32|2), 
An (R’) = (—1) {bi (R) — 68 (R)} (A-7) 
A, (A’) = (—1)"{bn (A) —b3 (A)} 


BAG.) = {3 (Cy,) —b2 (Cy) } (A-8) 
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where 
01 de! 3 1 Si 4 
by (Cig) vogetd) ig esa ei 32) ++(49 + 2h; ) (12932/125-32) 
—2-hs(12, 32/32) +2 °.(32[82) 
b8 (Cup) = 2 (10|10) +2h, (10|12, 32) +—2(10/32) 


+5 (the +2h,) (12, 32/12, 32) 


+ Ch + Shy) (12, 32/32) +22 (32|82) 
5% (Cy) = — Bhs (11/12, 32) + 2° 2 (11|82) + ghs(12, 3212, 32) 
a<\5-9 (2, 32/32) (A-9) 


(C,,) =2h3 (10/12, 32) += © (10|32) +4h;hs(12, 32|12, 32) 


+2. Bh,+ hs) (12, 32/32) oe 


: 

b (Cp) =hs' (12, 3212, 32)—>-hs(12, 32/32) +2 2. (32|82) 2 : 
Ze r 

Bi (Cap) = ha (12, 82/12, 82) +=? he(12, 82182) +? (3282), . 
1 1 1 11,1-1 = 88 (C0 UN . 

An (C 7 (Can) +o (Can) Pe by (Cara ra (Coe) Tye ( in) | an ‘4 
tae : 

e 

B° (Cam) = + -(10|10) +, (10/12, 32) +2 © (10/32) a 
+ (k2-+h2) (12, 32/12, 32) . 
+>. (5k, +3hs) (12, 32|32) ee 2. (82/32), : 

B8 (Con) =| 684 (Cap) — 88 i De 


Com) =2_| (Cp) =P Cy) | 
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- 3 aD : — hx) (12, 32/12, 32) 
pit (Cm) = = hs (11|12, 32) +45 (11]82) +—2— his hs s) (12, 32/12, 32 


5 25 
—— (hy +hs) (12, 32|32) + (32/32 
src NOUR BS tear 32) 


9) 279 
63° (Con) = (0|0) +— (0|2) +— (2/2 
i (Con) = (010) +2- (02) +> (22) 


8° (Can) = 7 (10|10) + (y+ hs) (10/12, 32) +5 (10]32) 


1 
2 


+——hy (ki + 2hs) (12, 32|12, 32) 


45 (4+ 2s) (12, 32/32) + (3232), (A-11) 


2 (Cun) =| oe (Cy) ~88(Cy) — 3 oe (Cw) | 


(Con) =| BP (Cap) — BP (Cup) = BI (Cu) | 
bY1-1(C,,) = + hg (12, 32]12, 32) —>_ hg (12, 32/32) +22 (32/32) 
8 16 128 


b§! (Con) = 2. (0/2) +2 (2\2) 


b° (Cyn) =h5(10|12, 32) + = (10/32) 4+ By hg (12, 32/12, 32) 
+2. (8k,+5hs) (12, 82/82) +325 (a2]32), 


B (Cap) =| BC) Shab Cw) | 


7 
BP (Con) =| B°(Cu) — Cy) | 
BE1(Cyy) = BE (Cun), BE (Cag) = 212) 
where 
9 (€:) =o coset 9 sin 2¢ 
Fi (2) =sin?€,+7/6 sin2e, 


Fa (€2) = cos 2€, (3 cos26,+¥ 9 sin 26) +—_-sin'2e, 


} 
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; be 
h,(€2) me e+ sin" +S singe, (A-12) 


h,(€.) = 24 sin?€,—7/6 sin2e, 


hz (€2) a or E> eae V6 sin AS 
8 16 ‘ 


3 £63 
hi(€2) Saree cos’ €5 + oe sin’ €, — oa sin 2€, 


hs(€) = —. sin’ €,-+ =. V6 sin2e, 


kh, (€s) =2 cos? €, += sin? et 7 V6 sin2e, 


Fae Vee eae e+ -sin* e+ 2/6 sin2e, 


and 
(A, B\C, D) =4 sin(0,—40,) sin(dg—4p) cos(04+92—%¢— 2p), 
{A, BIC, D} =4 sin(6,—4,) sin(8e—4p) sin(04+02—%¢e—9s), (A-13) 


Oo; 03, O10; Oy > is O39 being the a0 °% Das wen > eee Baas °F, phase shifts respectively. 
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The optical potential, for a nucleon in infinite nuclear matter, is derived, all nucleons 
and interactions being symmetrically treated. The exchange effects are exhibited; a previously 
; neglected exchange graph, which has an important effect for the real part at low energy, is 
discussed and numerically computed. 


§ 1. Introduction and general formalism 


ea The present note describes a derivation of the optical potential for a nucleon 

propagating through infinite nuclear matter, all nucleons and interactions being sym- 

metrically treated. Such a formalism exhibits more clearly the exclusion effects, 
some of which will be expressly studied in the following. 

An S-matrix element for elastic scattering can be defined between states |k), 

consisting of the target in the state |0) of a Fermi gas without interactions (“ bare 

vacuum”), plus an incident particle in a plane wave state of momentum k. All 

interactions V are adiabatically switched on and off, producing both the scattering 

process and the building up of the real target with interactions (“real vacuum ’’). 

‘The S-matrix element is given by a series expansion 
/ ae 1 ,\” 
GA tatie 3 preererrne))) 
where K is the kinetic energy operator of the system, and E its initial value. (1) 


can be represented by a series of graphs,” some of which have unlinked parts. It 
is however well known” that 


(k'|S|k)=(k'|S|ke);, (0|S|0), (2) 


where L means that the sum is to be restricted to linked graphs in expansion 
(1) ; we also know that (0|.S|0) represents the vacuum to vacuum amplitude (it 
has a modulus unity), so that (k’|S|k), is actually the observed particle to particle 
amplitude when we do not consider the unphysical change of phase of the unperturbed 
target. 


The most general graph in ¢k’|S|k), is drawn in Fig. 1, and can be obtained 
by the iteration 
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k'|S|k),= ki! v 5 Bhi, U i k 8 
( | | ae ( | ol H— K-+ie | ) (3) 
of the irreducible part 
kD |ky=(R vs (— 2 _v)\"|n 4 
( | | ? ( | pa VE K +72¢€ | > ( ) 


where Q is the projector outside the one-particle states. Eq. 
(4) defines a one-body potential 1’ which produces the same 
elastic scattering matrix (3) as the complete interaction V. 
Therefore ?? is the optical potential. 

Because of momentum conservation in infinite nuclear 
matter, (3) is actually of the form (2z)°0(k—k’) UV (k). k 
is the wave number of the incident nucleon when it is already v 
inside the nuclear matter, and it is not evident whether & 
can be unambiguously related to the kinetic energy G of 
the incident nucleon outside the target. Here we just put 


GS =F?/2M+Re U (R) (5) 
where M is the nucleon mass. 
The first- and second-order graphs of (4) are drawn Tigsis ihe pense 


in Fig. 2. Graphs (la), (1b), (2a), (2b) depict the interac- term of ¢(k/|S|k)z. 
tion of the incident nucleon with one of the target nucleons. 


These graphs have been previously studied,® and their iterations, which are the 
Brueckner ¢-matrix, have also been considered.® On the other hand, graphs (2c) 
and (2d) describe modifications in the mutual interaction of two target particles, 


ee. NN a 


(1a) Cady b) 62/8) (2b) (2c) (2d) 


Fig. 2. The first and second order graphs. 


for which the incident particle state is no longer available as an intermediate state 
because of the exclusion principle. These latter graphs did not appear in the treat- 
ments*” which neglected the interactions between the target particles. The 
legitimacy of neglecting these graphs in the Brueckner theory has already been 
questioned.” It may however be noted that these graphs (2c) and (2d) contribute 
only to the real part of the optical potential, Re, because the energy denominators 
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cannot vanish: the energy of the excluded intermediate state under consideration 
is always higher than the initial state energy. 


§ 2. Practical computation 


We shall now estimate these graphs. The technique of the computation is 
the same as in Verlet.?? The Fourier transform of the two-body interaction is 
OJ(K), where © is a linear combination of the operators 1, P, (spin exchange), 
P. (isotopic spin exchange), P,P,. We now call ky the momentum of the incident 
nucleon. The contributions to ( (ky) of graphs (2c) and (2d) are respectively 


2 * (lex? — lex < 
ho (ky) = ee on a a |’ ky! SSeS se 0 (ky! +k'—ky—k) 
a tS aie ies x s 2 
(6) 
and 
Tro Pe Pag Ma { ; { Gat hove J (\ky—k’|) J \kw—ky’'|) 
(24) = cou d®k\ d*k' \ d*ky’ 
Be? (ky) ; Gn J | oat enna ae 
XO (ky' +k'’—ky—k), (7) 


where > and < mean integration on momenta above and below the Fermi mo- 
mentum fp. 
The exchange operator © was chosen so that 


Tr @?P, P,.=0, (8) 


. a . 
and consequently U® and U® vanish. To compute (°°, we choose as integra- 


tion variables K=ky—ky, k, k’; after having performed the integrations on k’, k, 
and the angles of K, we obtain 


kntko 


B& (ky) = Tr O2(M/2'n!) ky | dK K?C(K, ky) J*(K), (9) 


kn-ko 


where C(K, ky) is a function which is given in the Appendix. The integral (9) 
must be performed numerically. 


We used two types of nuclear forces, a gaussian force and a Yukawa force, 


with the same parameters as in Ref. 3).* The various contributions, including 
results from Ref. 3), are listed in Table I. 


* The parameters of the gaussian force as quoted in Ref. 3) (Nuovo Cimento) are inadequate 
because of some confusion in the units. The force which has actually been used both in Ref. 3) 
and in the present paper is CA exp (—a?72), where 4=72 Mev and a=0.674X108cm-1; the 


Fermi momentum was ky=1.2X10l8em71. We are indebted to Dr. Verlet for kindly clarifying this 
point to us. 


The exchange dependence, as stated in Ref. 3), involves an important Majorana part. 
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Table I. The contributions to Re () (Rk), in Mev. 


Gaussian interaction Yukawa interaction 
kiko | G(Mev) | (a)+(Qb)| (2a) (2c) (la)+(b) (2a) (2c) 
Lore 23 |  —44 Cee ot es, 8 —45 —13 7 
5 29-+1 28 Wi 1D 1.5 SO Tay tiles vel a La sepet 0.9 
2 90 OD cele HEALS) SAS op coat od aa eaee PU Se 


§ 3. Discussion 


It appears from Table I that, for a low energy incident particle, graph (2c) 

brings a correction to Re U ; although relatively small, this correction is comparable 
with the other second-order terms and should not be neglected in a consistent 
second-order calculation.* For an incident particle of higher energy, the exclusion 
effect (2c) becomes negligible, because, with the regular interactions which were 
used here the occurrence of self-excitations of the target to high momenta is unlikely. 
In real nuclear matter, there are however high momenta, due to the actual singular 
nuclear forces, and it is possible that graph (2c) and higher-order graphs of the 
same kind would be important at fairly high energies. 
_ In problems in which the first-order graphs vanish, the second-order graph 
(2c) may happen to be of extreme qualitative importance. Such would be the case 
in the calculation of the spin-orbit part of the optical potential, from a tensor force 
interaction.*” 


Appendix 
C(K, ky) is defined by 
F d*k 
2 a= : A-l 
am khC(K, ky) = d2x Were Re RG CA=1) 
|\K+kyl<ko |k-K1<ko 
k>ko 


— If ky—k,(K (2k, 
C(K, ky) = (1/12 kokw K*) [K*—4 (ko thy) K°+ (4ky + 8koky) K® 
+4 ho (ho — ky?) K— (ky — o’)*) : 
+ (1/3 kbkyK)[—K*+3 ky K? +3 (ky — Ww) K+ky—3 ke kv—2 Ro'| 
Log| (Ay +k) K— K?| 
AAI /24 kkx kh LK 1S hyt +9 kh?) K' +16 kK? + (hy +6 ko ky 
—9 k,*) K?— (ky? — ky?) *|Log| (— K? +2) K+ ky? ho’) /2| 


* A former estimate of graph (2c) in Ref. 5) gave 12 Mev, for a charge and spin independent 


Yukawa force. The result is very sensitive to the exchange dependence of the interaction. 
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eS, 4 (1/4 bok) (K?—4 hey K-+4 by?) Log| (K?/2) — ha K| 

— (1/4 kok K*) (Ry? — ka?) Log] (Au? — he”) /2| 

+ (1/8 Roky K) (— hy +3 he hy + 2h?) Log| (Ry +o) K| 

4 (1/24 by ky K*)[K° + (8 by? — 15 ho?) K*—16 he K? 

ae + (ky — he) (3 hy? — 15 hy?) K? + (kx? — ho’) *}Log| (K?+2k) K+hy'— ke’) /2| - 

| (A-2) 

TF 2h, (Kdky tho, 

i C(K) ky) = (1/6 ky K®)[—K* +2 (Ra? +e) K*— (hx? he?) 7] 

—-$./8 bo K) (bs? 3.23) Log| (Ry — ho) / Cer ha) | 
4 (2he/3hy K) Log] (By? — ho?) K?/[ (K?— 2 ko K + hy? — he?) (K?+2ky K + hy? — he?) | 
+ (1/24 kkyK*)[—K°+ (15k? —3 ky?) K*+ (—3 ky +18 ho’ hy’ —15 hy) K? 

_ = (hy?) |Log] (K?—2 hy K + hy — ke?) / (K? +2. K+ x? hi) |. (A-3) 
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Qualitative discussions are presented concerning the effects of the collective motion of media 
for the bremsstrahlung process in high density at high energies. The derived formula of the 
bremsstrahlung cross section has similar structure as the Nozieres-Pines’ cross section of 
Compton scattering obtained by taking into account effects of the collective motion of electrons. 


§ 1. Introduction 


In the past few years, much interest has been focused on the bremsstrahlung 
and pair production processes taking place in high density media at very high 
energies. As it is well known,” the characteristic feature of the bremsstrahlung 
of high energy electron is determined by the magnitude of recoil momentum 4, 
which defines an effective interaction range 7 as follows, 


%o— (24, iE E/ vk) (1) 


where £, is incident energy of the electron, k is energy of an emitted quantum, 
4, is the Compton wave length and yp is the rest energy of the electron. The 


energy of outgoing electron F is equal to A,—k. If k~E, the range r) becomes , 


of the order of magnitude of the radius of the K-shell for H)~137p/Z. Thus, the 
emission of the quantum is influenced by the outer electrons distributed in the 
region of the radius 7. In the usual treatment of the problem”, the effects of the 
outer electrons are taken into account as the screening of the Coulomb potential 
of atomic nucleus. 

Landau and Pomeranchuk” have pointed out that at an extremely high energy 
the range 7) becomes so large that the multiple scattering taking place over a 
distance of 7) may disturb the emission of the bremsstrahlung ; and lately Migdal® 
has developed a quantum theory of the Landau-Pomeranchuk effect. Experimental 
studies of the effect? appear to be in agreement with the theoretical prediction, 

Dyson and Uberall,” on the other hand, have discussed a possible crystal 
interference effect which may be observed in the spectrum of bremsstrahlung emit- 
ted from a single crystal. The effect may be appreciable even at the energy of 
an incident electron of several hundreds Mey, since the 7) covers a region involving 


several atoms of the crystal. Uberall,” using the Born approximation, has predicted 


; 


vy 
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the amount of the enhancement of the interference effect. The preliminary report of 
Panofsky and Saxena” has revealed that there is complete suppression of the 
expected interference effect. Recently, on the other hand, Frisch and Olson” have 
detected an enhancement of the bremsstrahlung emitted from a single crystal of 
germanium, and have assured themselves that the observed enhancement is the 
Dyson-Uberall effect, though the enhancement seems to be greatly reduced from 


the predicted amount of the effect. 
The purpose of the present paper is to discuss another kind of effect of the 


high density media for the bremsstrahlung process at high energies. The effective 
interaction range ry) is determined by the recoil momentum gq, and thence the 
process depends on details of the mechanism of momentum transfer between the 
incident electron and the target. In the usual theory of the bremsstrahlung process, 
the target is an isolated atom and it is treated as an external field to take care 
of the momentum q. In the high density media, the momentum q can be trans- 
ferred either to a single atom of the media, or it can be shared by many atoms, 
namely by a collective mode of the system. If the momentum transfer q is less 
than a critical momentum g,, the collective motion will be excited by the momentum 
transfer. In the following sections, we will discuss the inter-particle correlation 
effects for the. bremsstrahlung process taking place in high density media. 


§ 2. Interaction between collective mode of medium and electron 


Theoretical investigations on dynamical behaviours of the many-particle system 
have established various kinds of the collective motion of the systems. These col- 


lective motions will be excited by a suitable external disturbance. For the present 


problem, in which collision between the incident electron and heavy particle of 


the medium plays the fundamental role, the collective mode of heavy particles is 
an essential one. 


In a non-crystalline state of matter, whether it may be in a phase of gas, 
liquid or solid, the collective motion of atoms is determined through a short range 
interaction between atoms. In fully ionized plasma, the collective motion of heavy 


ion is determined through a screened Coulomb interaction. The general theory of 


the collective motion of many particle system can show that these collective motions 
of heavy particles interacting through a short range force can be described in terms 
of a collecton field, of which normal coordinate is the density fluctuation, having an 
eigen frequency w(q)=ug, where uw is the sound velocity of the medium. In the 
usual treatment of metals, the ionic motion is described by the lattice vibration 
around the equilibrium position. At the long wave-length limit, however, it seems 
to be justified to use the plasma model of metals, in which the ionic motion is 
described in terms of the density fluctuation. In fact, Zyrianov” has been able to 
develope a successful theory of the electric conductivity of metals on a basis of 
the plasma model of metals. (Appendix) 


According to the studies of the dynamical behaviour of many particle system,! 
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we can write down the interaction Hamiltonian between the incident electron and 
the target medium as follows, 


uA ; ; ; 
Hr 3) (Mav @) ager tater} + 3V(q) Selo (2) 
O5% 2Mw 0>%e 7 


where V(q) is the Fourier transform of the interaction potential of the incident 
electron and a single atom of the target. 7 1s the number density of atoms of the 


medium. JM is the mass of the atom. Here we are considering a unit volume of — 


the medium for convenience. a, and ay are the destruction and creation operator 
of quantum of the collective motion, respectively. The eigen frequency of the col- 
lective motion is given as 


w= (nU(q)/M)*"¢ (3) 


where U(q) is the Fourier transform of the interaction potential between atoms 
of the medium. The critical momentum gq, must be determined by detailed investiga- 
tions of the dynamical behaviour of the medium. For a solid, though relationship 
between the collective mode and the lattice-vibrational mode is not clear, it may 
be reasonable to take the g, as an order of the Debye cut-off («0™,/Ru), where 0, 
is the Debye temperature of the solid and « is the Boltzmann constant. For a 
completely ionized classical plasma, g, is determined to be the order of (4ne’n/«T,)*? 
where 7’, is the electron temperature, provided that the ion temperature is lower 
than the electron temperature. 


§ 3. Differential cross section of bremsstrahlung in medium 


Now, let us calculate the differential cross section of the bremsstrahlung in 


the medium. In the interaction Hamiltonian Eq. (2), the part of g>q, describes 
the individual collision between the electron and the atom. Thus, our main problem 
is to calculate the matrix element of the process using the part of q<q,. 

As discussed in the preceding sections, the bremsstrahlung process in the 
region of g<q, accompanies the emission and absorption of the collecton. A straight- 
forward calculation yields the following formula of the differential cross section of 
the bremsstrahlung per one atom, 


ABE oy ee, Eee VAG ogg, bak 


137 P, (4n")? 
| (UU) (0'* a), (UF eU") (UT) \F 
x {| E—E’ ” E,—E"+ho nq) 
i OU") (OU *al) (UO ¥aU") (Ue U) 2 1 } | 
+ E—E! p E\—E"—hw ) tela) i ‘ 


where U, U* are Dirac’s spinors, 7(g) is an occupation number of the collecton 
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in the initial state and R(g) is given by 
ee ee a | hw) (5) 


At the temperature T, (q) may be given as 
n(q) = {exp(Now/«T) —1}~. (6) 


In the denominators of Eq. (4), we can disregard the collecton energy ho, 
considering the fact that.«/c~10~°. Thus, we can finally write the effective dif- 
ferential cross section of the bremsstrahlung per one atom at T=0O as follows: 


db(k; gv=R(q)dbz_-nlks MD, W<4 (7) 


where dd,_7(k;q) is the Bethe-Heitler formula of the bremsstrahlung process. 
It is interesting to observe that the form of Eq. (7) has a similar structure as 
the cross section of Compton scattering in the electron gas obtained by Nozieres 
and Pines.” 


§ 4. Concluding discussions 


Obtaining the differential cross section in the region of g<gq, as Eq. (7), 
we may derive the energy spectrum of the bremsstrahlung. At the extreme 
relativistic limit, according to Bethe’s calculation, we get the energy spectrum. of 
the bremsstrahlung as follows : 


pe( hme Z (2) 2 meee 2) 
at OK By L375 Wp es. E\E 3 
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%e me 


x| | (1— F(q))?R(@)q'dq+ \ (1 F(@))*@t'dq+1|+1/9| (8) 
6 Ge 
where F(g) is a form factor of the atom. The term with the range of integra- 
tion between 0=(“°k/2E,Ec) to gq, represents the contribution of the process of 
bremsstrahlung accompanying the emission of the collecton. It turns out to be 
completely negligible as compared with other terms, since the factor R(g) is less 
than the order of magnitude of 10-*. The difference between our formula and the 
Bethe-Heitler formula for an isolated atom is apparent in the fact that the contribu- 
tion arising from the range of the momentum transfer between 6 and ge has been 
cut down completely. This effect, however, is not appreciable as far as we are 
considering of a solid, since the screening of atomic potential due to the outer 
electrons suppresses the contribution of the momentum range between 0 and q.. 
Finally, let us briefly discuss Uberall’s calculation of the Dyson-Uberall effect. 
Uberall has used for a whole range of q an interaction Hamiltonian 


AH) = >» V@ > (or Most (9) 
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where x; is the position vector of the atom at the 7-th lattice point. In the Born 
approximation, the interference effect appears through a multiplicative factor 
Ijexp (¢q-x,) 2. Using Eq. (2) instead of Eq. (9), we have recalculated the 
Dyson-Uberall effect and found that the effect of inter-particle correlation is not at 
all appreciable. Therefore, we have to seek for other effects to explain the possible 
suppression of the enhancement observed by Frisch and Olson. 

In conclusion, it is our great pleasure to acknowledge Professor M. Kimura 
for calling our attention to this problem and we are much obliged to Professor _ 
K. Nakabayashi and Professor I. Sato for their constant encouragement and critical 
discussions through our investigations. 


Appendix 


Here, we shall comment on the plasma model of solids in comparison with 
the usual treatment of the lattice vibration of solids. 
Let the inter-particle interaction be 


=% a U(%;—x,;) =4 = a U(qg) etri-*9, (And) 


In the plasma model of solids, according to the Tomonaga theory of the collective 


motion,” we can show that the normal coordinate Q(q), which is defined by 
1/2 ; 
O(q) = (**) Si Faas (A-2) 


executes a simple harmonic oscillation with the eigen frequency 
w= (nU(g)/M)"q. (A-3) 


If the interaction is a short range force, the density fluctuation Q(q) describes 
the sound-wave with the propagating velocity given as 


V.= (nU(g=0)/M)" (A-4) 


at the long wave-length limit. The interaction Hamiltonian Eq. (2) is derived 
by using the expression (A-2). ; 

Contrary to the above deduction of the sound velocity, in the usual treatment 
of the lattice vibration, the sound velocity is determined as 


Vi=(@ > U(g¢/(2M))" a: distance between atoms (A-5) 
q 


for the one-dimensional case. The expression (A-5) is derived under the nearest 
neighbour approximation. For the longitudinal lattice vibration, the sound velocity 
depends on the value of second derivative of the potential at the origin. While 
in the plasma model of the solids, the sound velocity is determined by behaviour 
of the potential at the far distance, and thus it is not sensitive to detailed features 
ofthe potential. In fact, assuming a screened Coulomb potential of the atom, 
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¢ : vi V(r) =Ze'r™ exp(—r/a), ax /me Zi), (A-6) 


eet 


, we get V.= (4anZe’a’/ M )1? which gives nearly correct values of the sound velocity 
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The effect of the tensor force on the spin-orbit splitting in He and N® is examined by 
using the meson-theoretic potential and the phenomenological Serber potential which are 
consistent with the experimental data of two nucleon systems. About a half of the experimental 
values of the spin-orbit splitting in the mentioned nuclei are obtained by the accurate com- 
putation of the second order effect in perturbation theory, whereas several previous calcula- 
tions of this effect have yielded the splitting of wrong sign or of too small magnitude. 

As is pointed out in the present computation, the deformation of the closed. shell core 
induced by the tensor interaction between the nucleons in the core is restricted so as to 
satisfy the Pauli principle with the outside nucleon. This restriction is mainly responsible 
for the present result of splitting energy. 


§ 1. Introduction 


The origin of the spin-orbit coupling in the nuclear shell model and the nucleon- 
nucleus polarization experiments seems to be obscure at present. The Thomas term 
due to the relativistic effect” and the spin-orbit force” induced from the many-body 


force haye been found to be too small. Recently, a rather strong spin-orbit force 


of the two-body type has been introduced phenomenologically in the analysis of the 
high energy nucleon-nucleon scattering.” In a certain approximation, such spin- 
orbit force of two-body type has been shown to lead to that of one-body type 
available in the nuclear shell model. The field-theoretic derivation of this force, 
however, is still unsuccessful, because the spin-orbit force predicted by the present- 
day meson theory seems to be very small.” On the other hand, it has been shown 
by Japanese group” that the meson-theoretic potential without the explicit term 
of spin-orbit force can successfully explain not only the low energy data of the two- 


nucleon system but also the high energy one. One of the typical properties of | 


this potential is that its tensor part is strong and has a Serber-like exchange charactor. 


Then, it might be expected that the spin-orbit force of the one-body type could 
be obtained from the meson theoretic tensor force or the phenomenological — 


strong tensor force of the Serber type. Indeed Wigner and Feingold” ‘* showed 
first that an appreciable part of the spin-orbit splitting in light nuclei could be 


* This work is based on a thesis submitted in partial fulfilment of the requirements for the 
degree of Ph. D. at Department of Physics, Faculty of Science, University of Tokyo. if 
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explained by the tensor force, but their tensor force was not so strong as the meson 
theoretic one. In the same spirit as above, several other calculations” have been made, 
some of which have contained undesirable approximations, leading to the doublet 
splitting of wrong sign or of too small magnitude. Recently, the appreciable doublet 
splitting was also obtained in the calculations using the Fermi gas model,””*” and 
in the calculations of the p-wave phase shifts in the m-He* scattering, by Sugie, Hodgson 
and Robertson, and by Nagata, Sasakawa, Sawada and Tamagaki™ who used the 
meson theoretic potential. The comparison of the present calculation with those 
ones will be discussed. 

The purpose of the present paper is to reexamine the second order pertur- 
bation effect of the tensor force on the spin-orbit splitting, using the procedure 
which enables us to compute with sufficient accuracy the second order perturbation 
energy, and adopting the meson theoretic potential and phenomenological one of 
the Serber type with the strong tensor part. It has been found that about a half 
of the experimental values of the doublet splittings in He® and N” can be derived 
by our computation. The main effect responsible for the present result of the 
doublet splitting is as follows. In the nuclei of the zeroth order configuration, 
closed shell + one nucleon (7/), the intermediate configurations of [closed shell ]~*- 
(nl)*- (n'l!) and [closed shell]~?- (7Z)* play a decisive role in producing the doublet 
splitting from the tensor force. In these intermediate configurations, one or two 
of the two interacting nucleons in the closed shell can jump into the z/-orbit (see 
Fig. 1c, d). A certain sub-orbit of (7/), however, is already occupied by the 
outmost nucleon, i.e., the nucleon outside the core, and then the jumping nucleons 
cannot get into the sub-orbit of (7/) on account of the Pauli principle. That is, the 
corresponding intermediate substates belonging to the above configurations should 
be forbidden. The effect of this prohibition is stronger in the J=/—1/2 state than 
in the J=/+1/2 state, as illustrated in § 3, so the depression of the state due to 
the second order perturbation is smaller in the former state than in the latter, and 
this fact gives rise to the decisive influence upon the final result of the doublet 
splitting. In other words, the closed shell core is deformed by the tensor interaction 
between the nucleons in the core, and this deformation is restricted so as to satisfy 
the Pauli principle with the outmost nucleon. This restriction is stronger in the 
J=I—1/2 state than in the J=/+1/2 state. A disregard or underestimate of the 
mentioned effect is the reason why many of the previous calculations® of the effect 
of the tensor force on the spin-orbit splitting gave the wrong results. The exchange 
effect'’’ in the -He* scattering corresponds to the above mentioned effect of the 
Pauli principle and has been responsible for getting the appreciable doublet splitting. 

In § 2, the method of the calculation is described, and the doublet splittings 
in He® and N” are calculated in § 3, and 4. In § 5 the comparison of the present 
calculation with the previous ones, especially with Feingold’s one, is discussed, and 
finally the conclusion and general discussion are described in $6. 
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§2. The method of calculation 


The total Hamiltonian of the nuclear system is given by 
2 
Ho Sia pat Vit V,, (2-1) 
1 


where m is the nucleon mass, and V,= => v.(ry) and Vo= der (ry) are the central 
t>j 

and tensor part of the two-body potential, respectively. Aes the zeroth order system 

in perturbation theory, we take the system of the independent harmonic oscillators : 


H,=— >? n Vet Dig me? Pe 


i 7 


H, Pr=En Pn (22) 


where w is the angular frequency of the oscillator, and E, and ¢, are the energy 
and wave function of the 7-th state of H). In H, the centre-of-mass coordinates 
are not separated, but this separation has an important effect, particularly in the 
light nuclei. Allowing for this situation, therefore, we have introduced Hamiltonian 
H1’ following the procedure adopted by Bolsterli and Feenberg ;” 


H’=H+imAa’ R’ 


h’ 
sy gs he ly weve be 
ai 2mA Ege 


=Hy+ 3) \velrs) + vr(re) — 24 _-0' rh 
— g5h 4 W, c a (2 in 3) 


where A is the number of the nucleons in this system, R the centre-of-mass co- 
ordinate and H, the Hamiltonian of the internal motion. In H’, the perturbation 
W cannot change the centre-of-mass motion, because W depends only on the re- 
lative coordinate r;,. Therefore, the perturbation energy of H’, i.e 


eis ) Won Wro / Wom We Wro 

ee er Gens. Gano) 
‘becomes equal to the perturbation energy of H, if the zeroth order wave function 
is taken to be an eigenstate of the centre-of-mass motion. 

Thus, Eq. (2-3) can be adopted for the calculation of the second order energy. 
It would be very difficult to get a closed expression for the second order pertur- 
bation series on the right-hand side of (2-4), after calculating each matrix element. 
Bolsterli and Feenberg™ proposed the interesting method which enables us to get 
a closed form for the second order energy if the harmonic oscillator wave function 
is used. However, this method has not successfully been applied to the heavier 
nuclei than Het. So we adopt another method for calculating the second order 


eS, (2-4) 
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energy with sufficient accuracy, which can be easily applied to the nuclei heavier 
than He’. 

Now, first, we reduce the matrix elements for many particles W>, in Eq. (2-4) 
to the matrix elements for two particles, and then the second order perturbation 
energy is expressed as a linear combination of a few terms as follows : 


AS 2 Ss (79 fo 4, TSL| Wt ba My l, TS! L’)|? 


Nalanyly (Ey + £1) ta (E, + Ey) 
a Ss |< 729 1971, TSL| W| 746,750, TS’ L’)|? (2-5) 
NE1 NgtBy-Eo-F\=2Nhw 2Niho 


where E;= {2(n,—1)+/,;}Hw is the single particle energy of the (7, /;) state, n; 
the principal quantum number, J; the angular momentum of the z-state of the 
single particle and 2Nfiw is the energy difference between the zeroth order state 
and the intermediate state. JT, S and L represent the total isotopic spin, the total 
ordinary spin and the total angular momentum of the two particles, respectively. 

There are many degenerate intermediate states whose excitation energies are 
2Nhw, and this situation makes the second order perturbation calculation very 
tedious. The summation over these many degenerate states, i.e., 


BS nal, TSEN Winton, GERI Pe eae) 
2Niiw Nalanpnly 


with the condition of 27,+1,+2n,+l—2m—l—2n,—l=2N, can be carried out 
through the following procedure. By transforming the two particle coordinates 
into the relative coordinate and the centre-of-mass one, the Hamiltonian of the 
two harmonic oscillators, i.e., 


= 


AG = 


pf + —mot rs! 7 
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can be rewritten as 


Meal Sopris Ceara ee nie 
c= Bp p pong ie aoe Saf te + 5M R’,:-- (r, R)-system, 


where p and P are the monenta of the relative and the centre-of-mass motions, r 
and R the corresponding coordinates of these motions, # and M express the re- 
duced and total masses in these systems. 

The wave function in the (r,, r,)-system can be expressed as the linear com- 
bination of the wave functions in the (r, R) -system, i.e., 


|7alamly TSL, MpM,M,) 
>} |aZNL, TSL, MpM,M,)(alNLTSL|nel, mly,TSLY, (2-7) 


n INL 


where 7 and N are the principal quantum numbers of the relative and the centre- 
ofmass motions, 74 and Lh the angular momenta of these motions, and M,, M, 


Spin-Orbit Splitting and Tensor Force. I 91 


and M, the magnetic quantum numbers of TJ, S and L, respectively. In the above 
transformation, the following quantities are conserved ;™) 
1) the total energy, 
2) total isotopic spin 7, total ordinary spin S and total orbital angular mo- 
mentum ZL and their Z-components, 
3) the symmetry of the wave function, 
4) the parity of the wave function. 
Furthermore, there are also the orthogonality relations of the transformation coef/ 
ficients ; 


SS Gia! la! my! ly TSL|AINL TSL) (HIN L TSL| glam l, TSL) 
ne VE 
=e =8n,n Nol 01, UP ne ny? On, lyr 
and 
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Nalanrply 


= 07% O77 OFF OFT. (2-8) 
Using the above properties, the summation (2-6) can be carried out as follows. 
\nolomd, TSLY and |nalaml, TSL) are transformed into the (7, R)-system : 
|olombTSLY= YS} _|itglNoLy TSL) (igh) No Ly TSL|mobomhTSL) | 
fin lo No Lo 
where the summation includes only one or two terms when J) and ,/, are 1s 
or 1p, and 


ltaleml TSL>= 3} |AINL TSL) (AINLTSL 
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Then, we get 
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where the summations must be carried out under the conditions, | 
2 (fg —1) + +2(No—1) +Lo+3 Bi. 
= 2. (fig —1) +0 +2.(No! —1) + Lr +3= (Eo +E) /hho ys 
2(#—1) +1+2(N—-1) +£+3 ig 
= 2(#! 1) +7 +2(N—1) + 1/4 3= (E.+ )/heo. 


After carrying out the summations over Nalay Noles awl’ and N’ L’ by the a of 
the orthogonality relations of the coefficients, we get 
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x Ufigh Ny Lo TSL| olor TSL) |. (2-10) 


Since the interaction W depends only on the relative coordinates, the centre-of-mass 
motion cannot be disturbed by it. Hence 


(Ny, Lo) =(N, T)= (Ni, Ly’). s (2-11) 
Furthermore, in the case of v,, the angular momentum is not changed, i.e., 
f= lay, (2-12) 
The energy conservation leads to 
f= fol and A=} (QM+h+2N—D S=mH+N. (2-13) 


Finally, it follows, in view of the above relations, 
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where the summation actually includes only a few terms and the matrix element 
CFigl)T Sly|\v\7thpT Shy becomes a simple function of N. Thus, the resulting second 
order energy is expressed as a simple series of N, which can be easily summed 
up for sufficiently large N so that the error owing to the neglect of the remaining 
higher N terms is sufficiently small. In the special case of the Gaussian form of 
nuclear potential, this energy can be expressed in an analytic form. In the case 
of vz, the number of the terms increases a little more. 

The similar procedure to the above mentioned one has recently been used by 
Eden and Emery” in the calculation of the Green function. Now, the effect of 
the Pauli principle in many-body system is not included in the above results. How- 
ever, this effect is important only in the intermediate states of the lower excitation 
energies, and the correction due to this effect can be rather easily performed in 
the actual examples as shown in the following sections. 


§ 3. The P-state doublet splitting of He° 


Although the P-states of He® are virtual states, the harmonic oscillator wave 
function is assumed to be valid, following Feingold?" In this case the induced 
deformation of He*-core by the outside nucleon can be easily taken into account 
and the qualitative features of the doublet splitting in the nuclei with the zeroth : 


order configuration of (closed shell + one nucleon) may be obtained by such pro- 
cedure. 
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The zeroth order wave function of He’ is given by 
| (1s)4(000) 1p, T=1/2(T.) S=1/2 L=1; JM), J=1/2 or 3/2, (3-1) 


where (TSL) expresses the isotopic spin 7, the ordinary spin S and the angular 
momentum L, respectively, and J is the total spin. The harmonic oscillator wave 
function is 


Puim=Nu 1’ exp(—4»7”) LE yr’) Yim (9, 9) (3-2) 


A 
where N,, is a normalization constant, Li%7/,,. the associated Laguerre polynomial 


and v=mw/h. The wave function (3-1) is the eigen function of the centre-of- 
mass motion, because there is only one unclosed shell.” As was mentioned in 
§ 2, therefore, we may forget the centre-of mass motion for the time being. 

Now, the intermediate states which appear in the second order perturbation 
are as follows: 


ci) |[(1s)?(010) (71,2215 1,) (012) (022) 1p, T=3(T,) SL; JM), (3-3) 
where n,/, and n,J, are neither 1s nor 1p. This configuration represents “ the self- 
deformation” of the He*-core induced by the perturbing interaction between the 
two 1s-nucleons. (see Fig. 1a). 

(IL) | (1s)°(440) (talamnl) (TIL), T=3(T.)S=% L; JM). (3-4) 
This represents “the induced deformation” of the He*core induced by the per- 
turbing interaction between the outside nucleon and one of the nucleons in the 
He*-core (see Fig. 1b). 

(IIT) (a) | (1s)?(010) {ul- (1p)*(TSL)} GS'L), T=3(T)S"L'; JM) 


(b) |(1s)?(010) (1p)*G SL), T=4(T.)S'L; JM) 


(3-5) 


(a) (b) (c) (d) 
(IIIa) and (IIIb) 


Fig. 1. Figures (a), (b), (c) and (d) show configurations (1), (II), 
in He, respectively. 


These configurations are a part of the configurations of the type (1), but they 
must be carefully treated because of the following reason. In these configurations, 
one or two nucleons in the 1s-core jump into the 1p-orbit. Since one of the 1p- 


orbit is already occupied by the outmost nucleon, the excitation from the core, 1.e., 
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the self-deformation of the He‘-core, is restricted so as to satisfy the Pauli principle 
with the nucleon. This restriction is important (see Fig. 1c, d).. 

As can be easily shown, the matrix elements with respect to the configuration 
(I) do not depend on the total spin J, and the matrix elements with respect to 
the configurations (II) and (III) become 


(11)° ((1s)#(000)1p, T=3(T.) S=$ L=1; JM| Vz] (1s)*G40) Ctalatols) (LIL), 
T=3(T,)S=3L; JM) 


ee Co igs ieee W (Q1IZL + J2) (1s1p 11S Lal, l,1L) 9,(T), 


(III)? ¢(1s)4(000) 1p, T=4(T.) S=4 L=1; JM|V,| (1s)*(010) {nl- (1p)*(TSL)} 
45/L’), T=3(T)S"L'; JM) 
= (USPS. OTL (25+1) 2L+1) 2S’ +1) CL’ +1) 28” +1) 
KW 1LS YD 52) WOT 5 2) 
x W(4d5S'; 1S) W(12S'S” ; 14) ¢ (1s) 710||S® Lud 1p 129, (0), 


where W (abcd; ef) and (ml,71gl,1 L||S°L'||n327l41L’) are the Racah coefficient and 
the reduced matrix element, respectively. %,(T)=¢T|I|T>, SS=[o,xo.] and 
Le 2472/5: Yom(G, ¢) V(r) are related with the tensor potential vp(r,;) =I Si: 
V(r) by the equation 


vp (Fy) =I (4, 7) S%-L, (3-6) 


where I(7,, 7;) is a scalar function of the isotopic spin operator 7; and 7, o; the 
Pauli spin operator, Y2,,(@, ¢) the spherical harmonics, V(r) the radial part of v7 (rj) 
and Sig=3 (04°) (05-1) (Ta (o;-0;). 

Using the procedure mentioned in § 2, the corresponding doublet-splitting 
energies induced by the various intermediate states with the excitation energy 2Nhw 


are given by 


1 
AdE yy UI =| hee (81)A. Vel eae at 
dE,y UL) No i, Ba (3-1) | Ve|Eq. (3-4) ) [5-3/2 


LL 


Sy |KEq. (8-1) | ValE9.(3-4)>[i-u| 


Nalarnly 
WE, 


= 3 (15| V(r) |Ndy*0,2(0) 


Ri ON 


9? y N P - 
— (te) {GB VOrievenay—calvn Infra, Q) |/2Nho, 


(3-7) 
and 
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ASE oe lr 
Bavtlld = 2Nihw zit ES (3-1) | V2|Eq. (3-5) D|r=312 


Bek Sy |(Eq. (3-1) | VelBa. (8-5) )[dar | 


TSL,SILISt! 
ni 


=|2. sa 151V() [Nd)*0,*(0) || 2Nho, (3-8) 


where the prime over the summation symbol means that 7,/, and ,/, are not to 
be 1s or 1p, and that m/ is not to be 1s. Then, the total doublet splitting energy 
becomes 


9 _¢15| V(r) |NdY?@2(0) 


ddE = 3) {d4E,y(IT) +44By(HID} = 33 
N=1 iain 24 


-(1-3,) = {BI V(r) |(N+D) BY —CALV (7) [NAY a) |/2nno, 


at 
where (3-9) 
AN OIND We yt eu es 
1p V()|(N+1) p)=,/-CNFOE SS (—yeCuile B10) 
ABV) INF) = /, CRESS (a 
and 
nae Al V(r) exp(—4r?) 1°"? dr. Gh. 


0 
Some details of the calculations will be found in the Appendix. In these equations, 
the terms including the factor 2~*” express the effect of the Pauli exclusion principle 


and decrease rapidly as N increases. 


It will be interesting to note a few of important features of the above results. 


(i) 44E,y(UII) >0, ie., the restriction of the self-deformation of the He’*-core 
due to the Pauli principle always favours the inverted splitting (P3)2< P1);)- 

(ii) The splitting due to the triplet even state (T=0) always has a good 
sign. On the other hand, the sign of the splitting due to the triplet odd state 
(T=1) depends on the shape of the two-body potential. The inverted splitting, 
therefore, is obtained, 
in the triplet odd states. 

These qualitative features can be more clearly illustrated as follows. The tensor 


operator Sj, can be written as 


if the tensor force in the triplet even states is stronger than 
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2 atest 
Sp= SS) <S Pee Yes 


m=—2 


from Eq. (3-6). For the sake of simplicity, we shall take a two-dimensional 


picture, i.e., m=—2 or 2. Here, for example, the operator S:“ Y2. decreases the 
z-component of the ordinary spin by 2/ and increases that of the angular momen- 
tum by 2H. 


(1) Illustration of the property (1) 

We consider the case where the resultant spin of the two interacting 1s-nucleons 
in the He‘-core, (1s)? (010)*, and the orbital angular momentum of the outside 
nucleon 1p are directed upward (see Fig. 2). By the operator SV Yeilin-oesthe 
zeroth order state (1s)’(010) is transformed into the intermediate states (7/,, ol») 
(012), where the ordinary spin (S=1) is directed downward and the angular 
momentum (L=2) is upward as illustrated in Fig. 2. Now, in the 2/w-excitation, 
(ml, Mol.) can generally be (1s, 1d) or (1p)*. However, (1s, 1d) is not allowed 
because the matrix element of the tensor force, ¢ (1s)*(44420) 1d, 012||/S°L||(1s)* 
(000), 000>, is zero. And (1p)* must be (1f12)?, since the spin (S=1) and 
the angular momentum (L=2) are antiparallel as shown in Fig. 2. In the Pyj- 


Zeroth order state Intermediate state 
(1s) 2 (010) 1p (nilinal2) (012) 1p 
oo en ay 
S Lea Shak Ss L Sey 
2 
ee ae ; 
Pip state a 1/2 — Sa n : 2 1/2 . 
SASSI E 
ee 
1 1 
P32 state . 1/2 —— > 1/2 
ib 


Fig. 2. S and L are ordinary spin and angular momentum, respectively. 


state, this intermediate state (1f,,.)?(012) is forbidden by the Pauli principle 
because the outside nucleon is already in the 1p1)-0rbit. On the other hand, it is 
not forbidden in the P,.-state because the outside nucleon is not in the 1 p1)2-orbit, 
but in the 1f,/.-orbit. Therefore the P,)-state is more depressed by the second 
order perturbation than the P,»-state. In the higher intermediate states, this 


* The resultant spin of (1s)? must be 1, because the tensor force ha 


$ non-vanishing two-body 
matrix element only between the spin triplet states. 
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tendency will be weakened. The effect of the operator S,° Y,_, is nothing, because 
the resultant spin cannot become larger than 1. In the case where the resultant 
spin of the core nucleons (1s)? (010) is directed upward and the orbital angular 
momentum of 1p is downward, there appears no difference between the P,).-and 
P3;9-state. 
(2) Illustration of the property (ii) 
The transition of the zeroth 
order state to the intermediate states 
in the induced deformation (T'=1) 
is illustrated in Fig. 3. The ordinary 


spins of 1s- and 1p-nucleon must be 
parallel to each other so that the ‘ 1 
resultant spin is 1. Accordingly, |” °° is 


Zeroth order state Intermediate state 


(1s1p) (111) (nilingls) (112) 


| 


1 
1 —1 
the resultant spin and the relative 
angular momentum are parallel in : 
= (2), 
the Ps)-state and are antiparallel Sia" Van 
in the P,,-state. Hence, by the ; 
operator S® Y.., the relative angular 4 1 
. Al 
becomes larger in the P3).-state, but 
becomes smaller in the P,).-state as 


| 


momentum in the intermediate state Pz state 


: Fig. 3. S and L are ordinary spin and angular 
can be seen from Fig. 3. Therefore momentum, respectively. 


the P3).-state is more depressed by 
the effect of the intermediate states with the large relative angular momentum than | 
the P,).-state is depressed by it. On the other hand, the P,).-state is more depress- | 
ed by the effect of the intermediate states with the small relative angular momentum 
than the P3,.-state. This property can be seen in Eq. (3-7), where the coefficient 
of <1f] Vin) |\NfY is positive and that of (1p|V(7)|(N+1)p>” is negative. 
Furthermore, the long range potential will be favourable for the correct splitting, 
because the contribution from (1p|V(r)|Nf)’ becomes larger than that from 
{1p|V(r)|(N+1)p> in this case. 

After such a qualitative discussion, we shall compute numerically the doubler 
splitting by using the meson-theoretic potential and the phenomenological tensor 
potential of the Serber type both of jwhich are consistent with the experimental 
data of the two-body system. 

Meson potential” for the triplet odd state : 

(12) i 
ve Ve (er) («r= 1.0) (3-12) 
(xr < 1.0) 


and that for the triplet even state : 
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(ix) pa, ORL 
GLb Vee e Bay bt (3-13) 
3V9"(0.7) (ane 
VE” (Kr) (xr = 0.7) 
or CD) 2 p= . (3-14) 
VE™ (0:7) (cr < 0.7) 
in which 


=} 


/ 


me ren he Ua ia {Tints \ beret (aie Song ee ae Ce) Hes eres 
Ve (er) = Fp {| Sie (1+ me 2) ) exp(—«r)/K7 ( ) 


4 


where V;"™ is the one-pion exchange potential, «’=h/ve the Compton wave length 


of a pion, and 0.08 is used for the coupling constant Ge / Art. 


Serber potential” : 
Vo= Vo{(1—11- 72) /4} - Sie exp (— [Teds (3-16) 
where Vi + 258 Mey, = 241% 107" cm, 


The parameter ¢(10-% cm) =(»/2)~'” which measures the extension of the har- 


monic oscillator wave function can be determined by Coulomb energy difference of 


the mirror nuclei” and the high energy electron scattering by nuclei,“ assuming 
the harmonic oscillator wave functions. For He’, the Coulomb energy difference of 
He’-Li? gives p~2.34 with some ambiguity, because of the rather large experi- 
mental error and it would be supposed that the above value corresponds to the 


radius of 1p-orbit, because the mentioned energy difference strongly depends on 


the wave function of the 1p-nucleon. On the other hand, the high energy electron 


scattering by He* gives e=1.80 which corresponds to the radius of 1s-orbit. As men- 


tioned above, the configuration (III) plays an important role in the calculation of 
the doublet splitting and the interaction of the two nucleons in 1s-core is responsible 
for this configuration. Then it would be reasonable to use 1.80 as an approximate 
value of ¢ in this calculation. 


The doublet splitting energies calculated by using the above nuclear potentials — 
_and the parameter p are listed in Table I. 


Table I. The doublet splitting energy in He® (in Mev) 


Configuration | (II) | (III) é | Total 
Mesca I ~3.7 | 11 4.0 
Meson II —2.0 | oa 22 
Serber | et | 4.2 | 21 


[Experiment : Several Mev20) 2D] 


We can see from this table that the effect of the Pauli principle on the self- 
deformation of the He‘-core always gives the positive contribution and is responsi- 
ble for getting about a half of the observed values and that the induced deformation 


~— se le 
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gives the negative contribution for our potential forms. Furthermore, we have ex- 
amined the dependence of the doublet splitting on the parameter o (for Meson (1) 
and Serber) and on the force range 7, (for Serber). These results are shown in F ig. 
4a, b. Finally, the results obtained in this section will be summarized as follows. 


(a) 
4 0.2 
Meson (I) x 
hh ares eS 
5 Serber os 
a 2 ciate k 
is ‘ 
xX s 
Seen “ 
0 0.0 3 
1.8 2.0 ee, 2.4 1.0 12 1.4 


e 


A= r:/0 
Fig. 4. Dependence of the doublet splitting energy 44 E in He, (a) on the parameter 0 
and (b) on the range 7. 


(A) The tensor forces, which are favourable for getting the inverted splitting, 
are of the following properties. 

Gi) Its range is long, 

(ii) The tensor force in the triplet even states is stronger than in the triplet 
odd states. 

This last property is important for the inverted splitting and, furthermore, it has 
already been shown to be consistent with the experimental data of the two-body 
system. 

(B) The small nuclear radius is favourable. 

(C) Self- and induced deformation of He’ core : 

(i) In general, the effect of the self-deformation of the He*-core, i.e., the 
configuration (I), does not contribute to the doublet splitting. However, when 
one or two nucleons in the 1s-core jump into the 1p-orbit which is already oc- 
cupied by the outmost nucleon, that is to say, when the self-deformation of the 
He*-core overlaps with the 1p-orbit, the above deformation must be restricted so 
as to satisfy the Pauli principle with the outmost nucleon. The restriction is 


stronger in the P,). state than in the P;,. state and always produces the favourable 


effect for the inverted splitting as has been illustrated above. 


(ii) The sign of the splitting energy due to the induced deformation, i.e., | 
the configuration (iI), is not definite and may be negative according to the nature — 


of the nuclear potential. 
It will, therefore, be concluded that the restriction of the self-deformation of 
~ the He*core due to the Pauli principle plays a decisive role for getting the correct 


splitting. 
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Now, we shall compare the present calculation with those of the 7-He’* scat- 
tering.” The 1D-state mixing in He* in the latter calculation corresponds to the 
configuration (III, b) in the present case and the higher D-states correspond to 
the configuration (III, a). Furthermore, the induced deformation of He‘ by an in- 
cident neutron corresponds to the configuration (II). Such induced deformation 
effect has not been included in the previous calculations of the -He* scattering, 
but it seems to have negative effect and to be not so small as inferred from the 
present calculation. For example, in the case of the meson theoretic potential (1) 
with e=1.80 the contributions of the 1D-state, the higher D-states and the induced 
deformation are +5.7 Mey, +2.1 Mev and —3.8 Mev respectively. The sum of 
the latter two contributions is about 30% of the first-one. 


§4. The P-state doublet splitting of N” 


The P-state doublet splitting of N’ has been calculated by the same method 
as in the case of He’, because the P-states of N” are bound states and it provides 
an interesting example of the configuration, closed shell—one nucleon. 

The zeroth order wave function is 


| (1s)*(000) (1p)"(G31), T=4(T.)S=3 L=1; JM) 
and the parameters ¢ determined from the Coulomb energy difference” and the high 
energy electron scattering” are equal to each other, being 2.34. 


The intermediate states, which are capable of coupling with the zeroth order 
configuration in the second order perturbation, are 


(1) | {(1s)*(010) (7a 207% 2) (012)} (022) (1p)"($41), T=3(T.)S=3 L=1; JM), 
(2) | (1s)*(010) {nd- 1p)” (000)} G32), T=3(T.)S= 3 L=1; JM), 

(3) |{(13)*G40) (ralermh) (LIL)} GEL) (1p) (TS'L!), T=4(T) SUL; JM), 
(4) |(1s)*(000) {(1p)*(TSL) (re lals) (L1L’)} GS" L"), T=3(T.)S"L"; JM), 


(Sy) =] (1s) G40) int- Up) * Gs} (FIL), T=4(L Sash; JM). 
and 


(6) | (1s)"(000) {xd- (1p) °(TIL)} GEL’), T=3(T.) S=8 L’; JM). 


The important contributions for getting the correct doublet splitting are pro- 
vided by the configurations (2), (5) and (6). In these configurations, two nucleons 
in ls- or 1p-orbit interact with each other, on account of which one of them jumps 
into the 1p-orbit, where the 1p-nucleons already exist. Then the jumping nucleon 
must be correlated with these 1p-nucleons so as to satisfy the Pauli principle. 
Thus, the same effects as those in He’ also play an important role in N®. Using 
the same procedure as in the case of He’, the splitting energy 44E is calculated 
and the results are listed in Table II, where the splitting energies due to the age: 
figurations of various types are given. 
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Table II. The doublet splitting energy in N15 (in Mev) 


Configuration | (2) | | | (5) | (6) | Total 
Meson I pagent}: Lae pers 2.3 | 1.8 3.1 
Meson II / 0.3 =04 | —0.6 1.3 1.0 1.9 

| | 


[Experiment : 6.3 Mev2] 


* The value in the previous note”), 6.4 Mev, should be corrected to 6.1 Mev. 


Very similar situations to those in Table I can be found in this table, and it is 
seen that at least about a half of the experimental value can also be obtained in 
this case. 


§5. The comparison with the other calculations 


We shall, at first, compare the present calculation with Feingold’s one.’ ™ 
The wave function used by Feingold is 
Pa= Po tAVo'! Lp ; (5-1) 
where ¢ is the zeroth order wave function of the harmonic oscillator, Vi— 
DQ/ v/2° ry) ”"vr (re) and 4, and m are the variational parameters. Varying the 
t>j 4 : i 
parameter 4, the minimum energy is given by 
ABB By= 20 Vel Verde (5-2) 
where 4 is approximately taken as —{ Vz Vp) o0/< Vr (op + Vr—Ep) Vio, if A is small. 
To make the comparison easy, Eq. (5:1) is rewritten as 


$a=Po+ SVR VE Den Vien (5-3) 
Using the approximate relation 4~ —( VzVp)0o/< Vr (Fy — Eo) V0, the corresponding 


energy is given by 
= (fas Va fa) E,t / V ptalos aye (5-4) 
ag as Jn) PE Sen 70 


where 2%,=A(Eo—En)< Vr>on/< Veo The graph of 2%%(2—2_) vs. (H,—E) 
shown in Fig. 5. 
On the other hand, the present calculation yields 


fy= Pot 9 secre ae as (Vor) on¥ Yn > (5-5) 
and 
(Pos Hy) w Ey + y2 —<Vn)on. (5-6) 
CEG ty) i 


From Eqs. (5:4) and (5-6) together with Fig. 5, it can be easily seen that 
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Feingold’s calculation underestimates the con- 
tributions from the intermediate states of the 
lower excitation energies. Therefore, the cal- 
culations of this type will underestimate the 
influence of the above mentioned Pauli principle 
on the doublet splitting. On the other hand, 
the contributions from the higher intermediate 
states are overestimated in his calculation. 
And the favourable terms for the correct 
doublet splitting in these states are the induced 
deformation terms as can be seen from Eq. 
(3-7) and Fig. 6, where the contribution from 
each intermediate configuration of the excita- 
tion energy 2Nhw is plotted as the function 
of N. Furthermore, in these terms, the triplet 
odd states are important. Therefore, it would 


Xn (2 — cE) 


Fig. 5. The relation between z,(2— 
Z,) and (E,,—E,) in case of m=0. 


also be expected that Feingold’s calculation 
would give the larger splitting energy in the 
case of the Wigner type potential than in the 
case of the Serber one. 

In the calculations based on the Fermi gas 
model, the previous papers” taking account of 
the induced deformation alone, have yielded 
the doublet splitting of wrong sign or of too 
small magnitude. The effect of the above 
mentioned Pauli principle, however, has re- 
cently been calculated by Takagi, Watari and 
Yasuno,” and Jancovici,’” and the reasonable 
results have been obtained. 


AAE (2Nho) 


§ 6. Conclusion and discussions 


It has b ; 
as been shown that about a half of Fig. 6. Contributions to the doublet . 


the experimental values of the doublet splittings splitting energy 44E in Hed from 
in He® and N® can be derived, using the various intermediate configurations, 
meson-theoretic potential or the Serber one, $f 8 tancHong oF bei eatiiaricn 
through the second order effect of perturbation Sg ee ae 
ki san Pe 2e. es a contribution from configu- 
theory. The splitting energies have been shown ration (II) (T’=0) 

to be mainly ascribed to the facts that (1) the —+-+++— contribution from configu- 
tensor force is strong and, especially, is en A eee 


—++—+-+— contribution from configu- 
ration (III) i" 
total contribution 


stronger in the triplet even states than in the 
triplet odd states, and (2) the deformation of 


; ~ aA due 
tte -h 
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the closed shell core induced by the tensor force between the core-nucleons is 
restricted so as to satisfy the Pauli principle with the outside nucleon. 

We shall discuss the approximation adopted in this calculation. Although only 
the second order perturbation has been used in the above calculation, we have 
actually solved the secular equation, allowing for all the configurations which 


include the states of the 2/w excitation energy and the error in the second order 


perturbation, compared with the solutions of secular equation, is found to be about 
10% for our potential forms. On the other hand, the rough estimation of the third 
order contribution from the higher excitation energies becomes about 30% of the 
second order one with a wrong sign. Therefore, the more accurate calculations 
will be desirable for getting the definite conclusion about the effect of the tensor 
force on the spin-orbit splitting. 

Furthermore, the mixing ratio of the higher configurations coupled with the 
zeroth order one becomes 20~30%. 

The detailed discussions about these problems will be given in the following 
paper where the D-state doublet splitting energy in O” will be calculated in co- 
operation with A. Arima. 

The author wishes to express his sincere thanks to Professor T. Muto and 
Dr. A. Arima for their encouragement and many valuable suggestions and dis- 
cussions, and also to Professor H. Horie and Drs. M. Kawai, H. Ui and R. 
Tamagaki for their helpful discussions. 


Appendix. The outline of the calculation of the P-state 
doublet splitting in He’ 


The splitting energies are expressed by the two-body matrix elements in the 


relative and centre-of-mass coordinate system, (i Z, N L) : 
AdEyy (IT) =[—3/80 {1—|(Nd1P011|1s(N+1) p011))?} 
x |C1S1 PLS” L®||Nd1P11)|? 0,2(0) 
—1/80 {1—0} - |(151P 11S L°\|Nd1 P12)*| 02(0) 


+1/40 {1—|{Nd1P013|1sN/013)|"} -|(151P11||S° L®||Nd1 P13) [29,2 (0) 


— 9/80 {1—|(N+1)A1S111)1s(N-+1) 111/33 
X |(1P1S11|S° L| (N-+1) P1811) |? 921) 
+ 3/40 {1 — | (NF1S113|1sNf113) |?} 
x |C1P1S11|S® L°|NF1S13) |? 02 (1) //2Nho - 
and % 
A4E,y(II1) =[3/80|(Nd1S012|Np1p012) |?— 1/40|(Nd1S012| (N—1)f1p012)|"] 
x (1+6y.1) «C151 S10|$® L®||Nd1S12) |? 0,2 (0) /2Nho. 
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The two-body matrix elements are calculated as follows : 
(AINL1L|S° L® wl! NEIL) = (—)"-** 
XV OLE) CL/+1) WULVL’ ; L2)<ni, S=1L=i|S° L®||"'V, S=1L=1), 


in which 
Gil, S=1L=i|S L|\a’V, S=1L=N=V 120 (2l’ +1) (#200)20) (H2| V(r) |w'L) 


where i 200|Z 0) is Clebsh-Goldan coefficient, 


(aI V() |W IY= | RA) VO) Ran (7) dr 


0 


and R,,(7) is the radial part of the harmonic oscillator wave function. 


~~ma 


The transformation coefficients <77NL;/|1snl;1) and cal 1S; l l\ yl ynols ; : 1) 
are given by 


(nINL ; I|1snl : D= (eet: Quads Z—31)—n4+1 


(ZL 0020), 


x | (n—1)! GLI) GLY1) + Git2n—HN 
(A—1)!) (N=1)! (224-1) - (214-271)! QL +2N—1)!! 


and 


(n118 ; iin, Liste: D= Ce ymtnath—n+1 " QUACa+lo-32)—n +1 


x (A111 24-1"! CLADE LT) 


x (Z,1,00| 20). 
(m—1)! (m—1)! (2h +2m4—1)! (2h+2m—D! (2741) 


The transformation coefficient iN Lal ; TSL|ml,ml,; TSL) of the antisym- 
metrized wave function |7/;7l,; TSL) can be obtained by the following relation, 
(AINL ; TSL| mh mh ; TSLY 


mys (—)?tste 
2 

apne (—)ttstt 
yy 


. V2(AHINL; Ll mhmis; ED for mi il 


. (aINL ; L|nIn1: Be for, 74,74 le == Le 


The general derivation of the transformation coefficients will be discussed in 
the following paper. 


1) 


2) 
3) 


4) 


5) 


6) 


2) 
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Fine structure constants of Mn** ion are calculated by using overlap and covalent models. 
The results are compared with Watkins’ and Tinkham’s experiments. From the sign of D 
and E determined experimentally, it can be shown that in the case of Mn** in alkaline 
chlorides covalency is dominant, while in the case of Mn*+ in ZnF, the overlap effect 
predominates. It is also shown in each case that our model gives a correct order of magnitude 
of fine structure constants. Our model also accounts for the fact that the magnitudes of D 
increase from LiCl to KCl. 


§ 1. Introduction 


Recently, the electron spin resonance spectrum of Mn** ion incorporated into 


ionic crystals has been extensively investigated by several workers.” The results 
of these experiments give us information about the electronic structure around the 
Mn** ion as well as dynamic processes involving the Mn** ion and the vacancy 
of positive ion which is also incorporated into the crystal to restore the charge 
neutrality of the crystal. Especially the fine structure constants of D, E and a 
(in usual notations) are the subject of theoretical interest. In free state a Mn** 
ion is in °S state and there arises no anisotropy with respect to its spin direction. 
When it is incorporated into a crystal, there arises an anisotropy energy which 
depends on the spin orientation relative to the crystal axes. This may be 
accounted for by deformation of Mn** ion, by overlap effects between Mn** ion 
and the surroundings and by an admixture of excited configurations in which the 
Mn** ion accepts an electron from the surrounding ions. Watanabe” , has 
calculated D and a by taking account of deformation of Mn** ion, but he replaced 
the effects of surroundings by a crystalline field. His results are, however, 
smaller than experimental values of D by a factor of about ten.” Although it is 
— desirable to include overlap effects and covalency in the crystalline field, the de- 
formation model cannot account for some experimental facts on Mn** in alkaline 
chlorides (see §3 (iii)). We shall here show calculations of fine structure con- 


stants D and & of Mn** ion arising both from covalent model and from overlap 
model. 


§ 2. Fine structure constants 


We consider the system of one Mn** ion and six negative ions surrounding 
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the Mn** ion in nearly octahedral arrangement, as shown in Fig. 1. We assume 
that the 2-, 4— and 5-Cl- ions occupy corners of regular octahedron at the distance 
a from the Mn** ion, but that the positions of the 1-, 3~— and 6-Cl- ions deviate 
slightly from regular positions. The 1-Cl- ion lies on the positive z axis at the 
distance a’ from the Mn** ion. The 3— and 5— jons lie on the z-y plane apart 
from 2 and y axes by the angle p at the distance a” from the Mn** ion (Fig. 
1). We assume that the negative ions have a closed shell structure (mp)® and 
that the Mn** ion has its maximum spin 
which is directed to z’ axis (Siv=6/2): 
We will calculate the energy of this system 
which depends on the direction cosines 
of the 2’ axis (J, m,n). We shall cal- 
culate terms only of the second’ power 
of 7, m and m. As the atomic orbitals 
of these ions we take the Hartree-Fock 
solutions of free ions, and we take account 
of overlaps between the manganese 3d 
orbitals and the outermost mp orbitals of 
the negative ions. We take account of 
only the largest overlaps, that is, those 
between those orbitals which have axial Fig. 1 e Ma OCS a : 
symmetry around the axis joining the \ / } 
Mn** ion and the negative ion (M.=0). The maximum overlap integral between wag 
the 3d0 orbital and p0 orbital of the i-th ion is denoted by S, (here 0 means zero Oe 
of the component of angular momentum with respect to the line joining the Mn** . 
ion and the 7-th ion). We take account of covalency also. Suppose that the Moe) 
ion has @ spin direction. Then the mp electrons of negative ions which have bee 
spin can transfer to the empty 3d) orbitals. We take this effect into consideration a : 
by replacing the atomic orbital ¢,,. of the mp’ electron of the i-th ion by NG npo, is 
+4030) where /; is the degree of covalency arising from the 7th ion and WN is a | i 
normalization constant. We assume that the six ¢,,9 orbitals of six negative ions Re 
are simultaneously deformed in this way. Thus, we can write down our total wave 
function in the form of a single Slater determinant. ry dai a, 

Now let x=(r, 7) be the spatial and the spin coordinates of an electron. We tos 


take as perturbing Hamiltonian 


H=H,+H,, (1) y t 

ay 2) 1 Vy, (2) Nya 

t+j i 

H,= DS F(rilis;, (3) hk * 

7 » 


Vo=g rp’| ($1 $2) r13— 3 (8:T12) ($2712) |. (4) Bee) 
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Here f# is the Bohr magneton, y=2 for electron, s; and J, are the spin and orbital 
angular momenta of the i-th electron devided by h and 7rj is the distance between 
1 and 2 electrons. H;, is the dipole-dipole interaction between electron spins and 
H, is the spin-orbit interaction. The perturbed energy is 


W= Wit+ Wire (5) 
W,= (0|,|0), (6) 
W,=—,!| (0|H,|7) |?/ (En— Eo); (7) 


because the zero-th energy of H, vanishes. We first calculate W3. 


( (0 (x1, %1) (%y', X2) 


Wi= | FHP dxy-dey=4)| Was ax, aX, (8) 


(0 (%2!, %1) 0 (%2!, Xe) 
? Cas x4) =N| * (x,!, Xo, °*", xy) P(x, Xo, °°", Xy) AXy:*-AXy. (9) 
In (8) Vy: operates on the unprimed arguments of , and then the primed argu- 


ments are set equal to the unprimed arguments (x;/=.x;).” Since our total wave 
function is expressed by a single Slater determinant, ¢ can be written in the form 


P(%', %) =P. (rior) a (71') a(7:) +P. (r1’, r;) Nig: (71') 8 (q) : (10) 
Then substituting (10) and (4) into (8) and integrating over spin coordinates, we 
obtain 
E= (1/8) 9° "|| (13 cos* 0) [4p (ri, m1) dp (rs, m2) — do (rr, 12) dp (rs, rm) ]dridr, 
| (11) 
4o=.— Ps, (12) 


where @ is the angle between the spin direction (z/ axis) and r,. vector. A general 
scheme of obtaining ¢ from a wave function is given by Léwdin. When we 
assume that 4 and S are small quantities and retain up to the second order quan- 


tities of them, we obtain from our wave function ‘ 
4p=232,9;6.+ (3/2) (u +H") (b.br+b22) + 46: bi — 4’ bo dy 
+ 4’ 543+ (4/2) (6145 -+45 61) 5 (13) 
A=! — b> (HB), 
d= (3/2) pw” sin’ 2p, (14) 


A" =//3 p!' sin 2p, 

P= SP, pla=Sr—I?, p= S12 — HP 
= 195 = Semon pemas Sty See Sie Sgt (15) 
A=/,=/,=2,, N= At = A,=A,, 
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d~ (1/3 ) (327— a) > b~ xv? — y?, bs~2xy . (16) 


In (13) we retained only those terms containing 3d wave functions of the Mn*+ 
ion. Substituting (13) into (11) and retaining only the second order terms of S 
and A, we obtain 


W,= (1/4) oe \\ Via [Po(T1; T1) 0’ (2, F2) —Po(t1, T2) 0! (Ta, 71) |ari drs, (17) 


Vi2= (3 cos’d—1) rin’, (18) 
fo= 316064, (19) 
p' = 4, 6,— 4! br b.+ 4’ b3b5+ (4/2) ($193 + $1) - (20) 
When integrations are carried out, we see 
Wi=— (3/14) 9? 2? (R.—#R,)[4(382?—1) —2/3 4” Im], (21) 
Rex \dr. P,2(17) | Pg Garcdr (22) 
0 0 


where J, m and n are direction cosines of the spin direction z’. This, anisotropy 
energy arises from non-spherical spin distribution of manganese ion. Non-sphericity 
comes both from overlap effect and from electron transfer. Overlap effect increases 
charge density near the nucleus of 3d orbital which has non-orthogonal overlap 
with negative ions, while transfer effect introduces electron density of the opposite 
spin direction. Thus two effects have opposite tendency to non-sphericity of 
the manganese ion. This can be seen from (15), where p’s are given as the dif- 
ference between S? and #. Next we calculate W,. If we replace E,—E, in the 
denominator of (7) by some average (4H), we have 


W,=-— (0|H,’|0)/(4E), (23) 
Tig 2 C7) (8,8;)? + 272.56 (Te) F (rs) (1,82) (1;s;) : (24) 


Since H,? is the sum of one-electron and two-electron operators, we can calculate — 
(0|H,?|0) in the same way as we calculate the kinetic and Coulomb energies of 


many-electron system.” The result is 
W, = C2 (4E>) \\ 5 (11) g (172) Lye baer Po (Tia. I) we (r,!, r;) dr; dry ’ (25) 


— — {(€)?/2 (AE)} [4(38n*—1) —23 4" im], (26) 


OE no) P(r) dr. (27) 


0 


Hence, 
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2 ae 
ys ales Noto *( Seat .) PV ant—1) —2V3 4 Im). 
Wa Wit Wi=-|= 9 (RR Leveray ( 
(28) 
In the usual experiments the spin Hamiltonian is assumed to be of the form of 
DS2+E(Si,—Syr), (29) 


where x” and y" axes are shown in Fig. 1. Taking the expectation value of (29) 
and comparing it with (28), we get finally 


D=— (9/70) 4P, (30) 
E= (9/70) ” sin2p P, (31) 
P=9' 8? (R)—8R,/7) +7¢€°/3 (AE). (32) 


Watanabe” estimated R, and R, as Ry>=3.06 a* and R,=0.54 a*. Then the first 
term of P becomes 28.6cm~*. As the value of (€) we take Kotani’s value of 
395 cm~! determined from spectroscopic data.” The choice of the value of (4E) 
introduces an ambiguity. But the term value of 29250cm™', which is the energy 
of the excitation °S—>*P, may be pertinent. Then the second term of P becomes 
10.6cm-?. Since this is about one-third of the first, the error introduced in the 
choice of the value of (4E) may give rise to only a small ambiguity in the fol- 
lewing discussion of each experimental data. Using above values of parameters, 
we have 


D=—5.05 4 cm", (33) 
E=5.05’ sin2p cm. (34) 


§ 3. Comparison with experiment 


In this section we shall compare above results with experiment. In (i), (ii) 
and (iii) we refer to Watkins’ spin resonance experiments on Mn** in alkaline 
chlorides,” and in (iv) we refer to Shulman and Jaccarino’s experiments” on F™ 
nuclear resonance in MnF, as well as Tinkham’s Mn** resonance” in ZnF,. In 
(v) we shall give a brief discussion about anisotropy energy of a Fe*** ion in 
hexagonal oxides. . 


G) Mn**: NaCl, II, spectrum. 

This is the resonance spectrum of the Mn** ion in the NaCl crystal, which 
is accompanied by a cation vacancy in the next nearest cation site. We assume 
that the vacancy lies on the positive = axis. Then from Symmetry consideration, 
we have p=0, and hence E=0. Since the 1-Cl- ion is attracted by the Mn*+ 
ion and repelled by the vacancy by virtue of electrostatic field, the 1-Cl~ ion app- 
roaches to the Mn**ion, hence S’ is larger than other five overlap integrals ; but 
we assume approximately that the latter may be nearly equal to each other. Now 


#’s should be determined so as to minimize the total energy of the system. If we 


Cah net 
Ea eS ae 
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assume /’s to be small quantities, the problem is similar to that we have treated in 
the theory of superexchange interaction.” Then #=(b/B)?, where b is the trans- 
fer matrix of an mp electron to the 3d orbital and B is the excitation energy ne- 
cessary to transfer the 2p electron to the 3d orbital. Let us denote by B; and 4, 
the excitation energy and the transfer matrix of the np electron of the i-th chlorine 


ion to the Mn** ion. Then, following Mott’s procedure, we have B,=3.3 ev, . 


B.=6.5ev, B,;=---=B,=6ev. We see that B, is very small and B, is nearly 
equal to B;, ---, Bs. Then we may approximately assume that 4, to 4, are nearly 
equal to each other. Then from (14), we have d=y’—y. From experimental re- 
sults, D= +130 107* cm™, and from (33), we have v/—v=—0.0026. Since S’>S, 
the overlap model gives a wrong sign of D in this case. We must, therefore, 
invoke of the covalent model. If we assume tentatively that all the transfer mat- 
rices have the same value b(/’=6b/3.3, 4=b/6.5), we have b=0.2 ev from 4?—#? = 
0.0026. The value 0.2 ev of & is a reasonable one*. Since , may be larger than 
the other b’s, we can get to 4?—/?=0.0026 from a smaller value of b than 0.2eV. 
If we take account of overlap effect simultaneously, the value of b must be larger, 
but the qualitative feature may not be altered. Then we conclude that the D term 
of the III, spectrum can be led from the covalent model in a reasonable way. We 
note that this is ascribed to the smallness of B,. 
(ii) Mn**: NaCl, IL, spectrum. 


This is the resonance spectrum of the Mn** ion in the NaCl crystal which is 
accompanined by the cation vacancy in the nearest neighbour cation site. Let the 


vacancy lie on the first quadrant of the z-y plane. Then the 3- and 6-Cl” ions 
should be distinguished from others. When we assume //=/4, we get d= — (#”—#). 
From experiments, D=—135x10~*cm™ and |E|=40x10~'cm™. Since the | 3- 


and 6-Cl- ions are éxpected to be repelled by the vacancy and attracted by the 


Mn** ion, we may expect S’>S. Then from the overlap model we have D>0. 


We must, therefore, invoke of the covalent model in this case also. From Mott’s | 


procedure, B,=5,=4.3 ev, B,=B,=6.5ev and By=B,;=Tev. Since B; and B, 
are nearly equal to B, and B;, we may set 4?=F as assumed. Then from the 
covalent model, 4=//7—7??, From D=—135xX 10~* em and 4”=b/B,, 4=6/ Bz 
we get b=0.3ev, which is also a value of a reasonable magnitude. We now de- 
termine the angle p from E term. From the above result, we have p//=— (b/B,)?= 
—9.0049. Then from |£|=40x10-*cm™, we have |p| =5.4°, which is also not 


. . 4 
unexpected. We notice that the sign of EF cannot be determined from usual re-— 


sonance experiments, that is, we cannot know whether the easy axis in the zy 
plane is the line joining the vacancy and the Mn** ion or it is at right angle to 
this line. Since from the consideration of the electrostatic energy we expect p 1S 
positive and our covalent model says that y’” is negative, it is our theoretical pre- 
diction that the easy axis is the line joining the vacancy and the Mn** ion. 


* In the case of MnO), our calculation gives 1 ev for 0. 
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Gil) Mn? =) LiChaKCL 

These cases are similar to the previous ones and we expect that the same 
qualitative conclusion holds in these cases. This can be most clearly seen from 
the fact that the absolute magnitude of D increases from LiCl to KCl. The de- 
formation model, such as used by Watanabe, cannot account for this fact, because 
the crystalline field decreases from LiCl to KCl. In our model this fact may be 
explained by the following facts. First, since the Madelung energy and hence the 
transfer energy decreases from LiCl to KCl, the degree of covalency may increase, 
when the decrease of transfer matrix b, in going from LiCl to KCl, is slower than 
the decrease of B. Secondly, since the overlap effect becomes smaller from LiCl 
to KCl, the negative contribution to 4, that is —S*,.becomes smaller and hence 
4d becomes larger. 

Gv) Mn**:: ZnF,. 

Tinkham® experimentally determined the parameters of the spin Hamiltonian 


1 EAIO SE Ao RR +H, ae 


ase =21< 00 “em i 124 K 1074em—* and: hy=103.% 104m, .escinee metre 
case the distances of six chlorine ions from the Mn** ion are nearly equal, we may 
assume #=//=p", From crystallographic data we see sin 2p=—0.22. Since in 
this case the 4— and 5-Cl- ions are also rotated from octahedral positions in the 
z-y plane by the angle p (Fig. 2), the 
numerical factor of the right-hand side of 
(34) must be doubled. Then we have 


i= Oh (35) 
E=10.1p¢sin 2p cm”. (36) 


Tinkham’s data yield an approximate value 
ome Ovand Hh, =f. 110 107 *em: =. 
Hence we have —10.1 #(—0.22) =110x 
10° and this gives 


p=S?—2?=0.005. (37) Fig. 2. @Zn** OF- 


Thus we see in this case that the overlap effect is larger than the covalency effect. 
This is as expected, because the transfer energy B amounts to 15 ev in this case. 
Now, Shulman and Jaccarino” observed hyperfine interactions between Mn** spin 
and neighbouring F” nuclei. From analysing the results, they have concluded that 
the effective fraction of 260 orbital which is mixed into 3d0 orbital is 0.6+40.3%. 
From (9) and using our wave function described early, we can see that the part 
of which includes ¢?,5 is [1+ (S+A) "]Pnpp@*a+G7598*8 up to the second order 
terms of 4 and S. Then we can set (S+/)?=0.006. From this and (37) we have 
S=0.07, 42=0.006. From A= (b/15) =0.006 we have b=0.09 ev, which value is 
also not unexpected. Using the Hartree-Fock solutions of free ions,’ we have 
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calculated S=0.07. The agreement is satisfactory. Since the experimental error 
of Shulman and Jaccarino’s result and the error introduced in analysing Tinkham’s 
data are large, the agreement may be accidental, but this may not alter the qua- 
litative conclusion that the overlap effect is larger than the covalency effect and 
that, the totally ionic model (4=0) using the Hartree-Fock solutions of free ions 
gives correct order of magnitude of fine structure constant in this case. 

(v) Casimir et al.” have measured magnetic anisotropy constant K, of he- 
xagonal oxide BaFe,.O,. This anisotropy energy arises from dipole-dipole inter- 
action between Fe*** ions and from one-ion anisotropy such as discussed above. 
From measured K, and calculated contribution to K, from dipole interaction we 
are left to one-ion anisotropy of?” 


W=D'? per molecule 


where D’=—8cm™ and 7 is the cosine of the angle between c-axis and spin 
direction. The value of —8cm~! of D’ is very large compared with those found 
in usual resonance experiments. This may be ascribed to the presence of Fet** 
ions which are surrounded by five oxygen ions, as Casimir et al” pointed out. 
Three of the five oxygen ions lie in a c-plane which involves the Fe*** jon and 
very close to the Fe*** ion (at the distance of 1.70A). The other two lie above 
and below the Fe*** ion at the distance of 2.32A. One-ion anisotropy of this Fet*+ 
ion can be calculated in the same way as in §2. The result is D’ =2(/2850r4 
where we took account only of three oxygen ions in a c-plane, since they are 
much closer to Fe*** ion than the other two. It will not introduce a serious error 
to ascribe the origin of the anisotropy energy of —8cm™! mainly to the Fe*** ion 
surrounded by five oxygen ions. Since D’ is negative, the covalent effect is larger 


than the overlap effect. If we neglect S and assume tentatively v0.1, we have | 


P=80cm"', which is twice as that of Mn** ion. Since a Fe*** ion is smaller 
than a Mn** ion, it is natural that P is larger in Fe*** than in Mn**. In any 


1 


way #P=8cm™ is not unexpected. 


° 
§ 4. Discussions 


Since the fine structure constants of the Mn** ion contain S?—/?, we can draw 
a definite conclusion about the dominant mechanism giving rise to fine structure 
constants of the Mn** ion, when we can determine experimentally the sign of D 
or E&. This is contrasted with the fact that the experiments of hyperfine interaction 
between the spin of the Mn** ion and the nuclear spins of negative ions can give 


only information about (S+4/)* and that this cannot decide purely experimentally. 


whether the covalent effect or the overlap effect predominates. 

Usually the hyperfine interaction between the spin of Mn** 
spins of negative ions is immediately related to the covalency and hence to the 
superexchange interaction when the Mn** ions are not diluted by eee ne) 
As pointed out by Yamashita e¢ al.” and by Mukherji and Das”, not only the 


ion and the nuclear 
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covalency but also the overlap effects are responsible for this interaction. Both these 
effects are also responsible for the superexchange interaction. This is pointed out 
by Yamashita and the author,” but it is a very difficult problem both in theoretical 
and in experimental aspects to know the dominant mechanism of superexchange 
interaction. The author has pointed out the importance of the Slater mechanism 
in the case of MnO. Since the Slater mechanism may give only a small con- 
tribution both to D and E and to the hyperfine interaction between Mn** spin 
and nuclear spin of negative ions, we cannot say much about superexchange in- 
teraction only from these resonance experiments. 
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General formulae of the second order perturbation energies due to the tensor force are 
given in the case of the closed shell+one nuclei, and useful formulae for calculating the 
two-body matrix elements are also derived. Using these formulae, the D-state doublet 
splitting in Ol” is estimated and it is found that about a half of the observed value is ex- 
plained in terms of the second order effect of the tensor force as in the case of He5 and N®, 


§1. Introduction 


In the preceding paper [I],” one of the authors (T.T.) has estimated the 
second order effect of the tensor force on the spin-orbit splitting of He® and N,” 
using the meson theoretic potential and a phenomenological Serber one with a 
strong tensor part. , 

In this paper general formulae for the second order perturbation energy due 
to the tensor force are given in the case of the closed shell-++one nuclei, and also 
useful formulae for calculating the two-body matrix elements are derived. These 
formulae are adopted for estimating the D-state doublet splitting of O” due to the 
tensor force. It is found that the strong two-body tensor force can qualitatively ~ 
explain the origin of the one-body spin-orbit force in the nuclear shell model, but 
quantitatively this force gives about a half of the observed value of the doublet 
splitting. It is mainly because the deformation of the closed shell core induced 
by the mutual tensor interaction among the core-nucleons is affected by the presence 
of the outmost nucleon so as to satisfy the Pauli principle. This situation is the 
same as in [I]. 

In § 2, the general: formulae giving the second order effect of the tensor force 
are derived in the nuclei of the zeroth order configuration, closed shell (in LS- 
coupling sense) +one nucleon. In § 3, assuming the average field to be a harmonic 
oscillator well as in [I], the two-body wave functions are transformed into the 
wave functions in the system of the relative and the centre of mass coordinate. 


* Now at Argonne National Laboratory, Lemont, Illinois, U. S. A. 
** Now at Department of Nuclear Physics, Japan Atomic Energy Research Institute, Tokai-mura, 


Ibaraki-ken. 
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And formulae for the transformation coefficients are obtained when the state of 
the centre of mass coordinate is (1s), (1p), (1d) and (2s). Also, the recursion 
formula for the transformation coefficients is derived. The second order effect of 
the tensor force on the doublet splitting in O” is calculated numerically in § 4, 
and the discussions are given in §6. 


§2. The second order effect of the tensor force 


Throughout the present paper, the nuclei of the zeroth order configuration, 
closed shell-++one nucleon, are treated. In these nuclei the first order perturbation 
energies due to the tensor force vanish. Therefore, we have computed the second 
order perturbation effect of the tensor force. 

The zeroth order shell model wave functions for these nuclei are given in the 
LS-coupling scheme as follows, 


y= | (mL) *!1** (000) (722 L2)*2** (000) +++ (704.24) ***** (000) nl, T=4(T.)S=ZL=1; JM ) 
(2-1) 


where (000) means all of the resultant isotopic spin T, ordinary spin S and angular 
momentum L are zero, and m,/,, --:, 2,/, are principal and azimuthal quantum numbers 
of the closed shells respectively and m/ those of the outmost nucleon. The excited 
configurations ¢/,, ;which can mix with the shell model wave function (2-1) in 
the first order perturbation, must not have more than two single particle orbitals 
different from the configuration (2-1). Furthermore, only the excited states which 
have the total spin S=3/2 or 5/2 can have the non-vanishing matrix elements 
of the tensor interaction with the shell model wave function (2-1). 
Now, the second order perturbation energy due to the tensor force is expressed 
as follows, 
4h= sy Pal Velo)? : (2-2) 
7m E,—E,, 
where F, and E, are the energies of the zeroth order state and of the excited state 


n, respectively. The tensor potential, Vr= > }vr(ri;), is written as 
i> 


Ur (55) = la brs: T;) ] Sig V (re) (2-3) 


where a and + are constants, rt; the isotopic spin operator, V(r,;) the radial part 
of the potential and S;;=3(o;-r,;) (6;-rs) /ré— (o;-@;), with the Pauli spin operator 
a; In the following computation, it may be convenient to rewrite SV (ry) as 


eg Vi = SLE, (2-4) 


where S;, is [o; Xo], and LS is proportional to the product of V(r) and the 
spherical harmonics Y>,,(0, ¢), in which (r, 6, ~) are the relative coordinates 


between the particles 7 and 7. Through the usual method, the matrix element of 
the tensor potential becomes 
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ESL? I ValTSL : JS tt WSS SL: J2)¢S'L"|S®-L®|SLY O.(T), 
(2-5) 
where T, S and L are total isotopic spin, total ordinary spin and total angular — 
momentum of the initial state, T, S’ and L’ those of the final state, J total spin 
and @,(T) is the expectation value of a+6(7,-T.) in the state of the isotopic 
spin T. W(S'L'SL; J2) and (S'L"|S°L®||SL) are the Racah coefficient and 
the reduced matrix element, respectively. 
| In the following part of this section, the excited configurations of various types 
will be presented and the contributions to the second order perturbation energy 
will be calculated. : 
(1) The first kind of the configurations are 


Pran= |[(7 481" (000), -++ (71; L,)°(Ti1L,) +++, (1,)8’*** (000) (1! li nL!) (Ty1L,) } 


(022) nl, T=3(T.)SL; JM) (2-6) 

and 
P10.n= |L(L:)*™* (000), --- { (70524) 944 1.) (n4j0,)°9 (GEL)} (TL), (714, 1,)°1¥* 
(000) (re¢'Z,' 2," L) (T,1L+) }(022) nl, T=3(T.) SL: JM) (2-7) 


which are graphically shown in 


Figs. 1 and 2. In these configu- mili 
rations two nucleons are excited nil, 
from the core into other unoccupied uy 
orbits than w/-orbit, i.e., m/,lini/ Ly 

and nl, cannot coincide with vl. MH nile 
Both the total ordinary spin and cs na, 
sere Ses ae eran ie oe Fig. 1 Configuration Fig. 2. Configuration 


cited core must be 2, because the rs aL 

tensor force is a scalar product of 

two second rank tensors S® and L” as can be seen from Eq. (2-4). These 
configurations interact with the shell model wave function (2-1) and give the 
same correction as that of the self energy of the closed shell nuclei in the second 
order perturbation. And these corrections cannot give the energy difference between 
‘two states J=/+ 1/2 and J=/—1/2. By the method of the tensor calculus, the | 
contributions 4# due to these configuration mixings may be easily estimated and 


result into 


FY NP el 2T, +1) 
dE ya rx Boe Put LA 25 Dee noe Le ( 1 


ng ly 


x | rte! Li! mg!" 1,!1L4||S° L™ || (n; [;)?1L,) t #,(T\) (2:8) ° 


and 


118 A. Arima and T. Terasawa 


4E y= est i Ee aa ad ON st) 
mg bg m5 lj (ai Dye T1179 
ngl Lyf n j/ 1 j/ 
edict: 


x [Cri Li nj Lf 1L4||S° L |\70; 1,751, 1L1)|? 8, (13) (2-9) 


where JE,, is the zeroth order energy difference between the states (2-1) and 
(2-6) or (2-7), and all two-body wave functions \telaNgleI SL) should be anti- 
symmetrized. 

- Mixing percentage of these configurations is rather large as discussed in § 5, 
but it should be noted that these configuration mixings do not influence the 
expectation value of any single particle operator except for a scalar one. The 
deformation of the closed shell core due to these configuration mixings is caused 
by the mutual interaction between core-nucleons and then it will hereafter be briefly 
called ‘“‘ the self-deformation of the closed shell core”. 

(II) The second kind of the configurations are 


Pram = \ (7 b)°™ (000), + (ted) 9? BSL) 2+ (rel) (000), (72/L/ nn’ U) (TAL), 
T=1(T,)S=3L; JM) (2-10) 


in which one core nucleon is excited by the interaction 
with the outmost nucleon (see Fig. 3). The resultant 
spin of (7;l;n'l’) is restricted to one, because the tensor 
force has non-vanishing two-body matrix element only in 
the spin triplet state. The second order perturbation 


energies due to the configuration mixings of this type 
result in 


Fg. 3 Configuration II. 


1 1 
dE — to Sp eee | Ss 2 / 
ian a Ta Nye eS pp eT 


x [Cnt dé nl TLLS® L|\n,1-nl1 LY? O2(L) 


SiGe EW AAT 1h) Pope (—)itin 

x (2T/+1) V GL" +1) QL" +1) WLLL; LE) WU L21 ; 22" 
x (nd Ln! ULL SL |\n, l:AL1L") 

X (nj! Lin! VAL S® L|\n,tnd1L"). O2(T)]. (2-11) 


_ In the brace of Eq. (2-11), the first term gives the common energy shift for 
both states of the J=/+1/2 and J=/—1/2. The second term gives the energy 
difference between these states. It is very interesting to note that this term has a 
factor (—)™**7W (i411; 1J), which appears in the expectation value of 


(31; JM|s-l|31; JM). nil, and n'l’ can be any orbit as far as the Pauli principle 
is not violated. 
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Only the second order effect of this type has been considered by Kisslinger” 
and Jancovici,®* whose calculations have shown this contribution to be small or 
of wrong sign. Brueckner et al.) have estimated more accurately the one-body 
spin-orbit force induced by the tensor force between the outside nucleon and the 
closed shell core, and have got the negative result. The present calculation and 
the preceding one” have also led to the same conclusion. Therefore, it may be 
said that the configuration mixings of this type cannot explain the observed doublet 
splitting. The mixed configurations considered here will be called “the induced 
deformation of the closed shell core”, because the mixings of this type are induced 
by the mutual interaction between the outside nucleon and the closed shell core. 

(IH) In the type I, it is not taken into consideration that the core-nucleons 
excited from the closed shells by the mutual interaction 


jump into the outmost orbit w. Bee es 
If the Pauli principle does not work, also in these cases Prey ee mil 

the contributions are same for both spin states J=/+}3. — nl 

However, it has been shown in [I] that this exclusion effect ome Ey 

is important for the doublet splitting. Therefore, these 

cases will be considered in this paragraph. There are several 


configurations in which the nucleons jump from the closed Fig. 4 Configuration 
shells into the most outside orbit /. The first of them is IIa. 


P ittan= (72, Z,)°71** (000) ova (n, 1.) (T; S,L)) --- ES eae (000) 
Arig ty (7b) ( VasSed2)} (Dg Se ls); T=4(T,) SLs JM), (212) 
which corresponds to Fig. 4. The energy shift caused by these configuration 


interactions becomes 


\ 


iat 1 Lae 1 Dre tet 
JE y= — > ae Be Oe pt) 


x |m,! 2, nl 1L,||S° L|| (1; £,)71L,)|? O,*(T,) 


3 ba + Ts 
+ (—)#*IW7 (2211; 1d) - Fears (Ae OT 1) 


Ole Ie YUE Led oll) i LAD = 2hs) 
x (1; 1;)°1L,||$® L® ||, '1;/ nl LL) 
XC (gh) *1L4||S°L|Inf ln, Oe (Ty) |. (2-13) 


The second is 


* Recently, Takagi et al.12) and Jancovici!) have calculated the other effect which is discussed 
> ' 


in the next paragraph, using the Fermi gas model. 
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Pi n— | (m4 Lets (000) sins { (7; l;) ste! (3 3 L,) (n; Leas (3 4 L;)} (T; S; I) aioe 
(ple) ®*** (000), {22;"L;/- (nl)? (T2S2L2)} (L353 Ls), T=4(T.) SL; JM), 
(2-14) 


which is shown graphically in Fig. 5. The contribution coming from this type 


is given by the equation 


nl 
- mili 
| <7 yl; 
Fig. 5 Configuration IIIb. Fig. 6 Configuration IIc. Fig. 7. Configuration Ild. 
ae me are hee anata 
: X |r; dinyly 1Ly||S® L®||n/ L/ nl1L, 2 O2(T)) 
+S Gdlt WI) Sa GOR tY 
% UAL, HI(2h tT) Wy Lis 1) 
| x W(L, L421 ; 2L,) -(n,l;njl1L,||S® L® ling Ll,’ nl1L,) 
X (mel mj 1Ly||$® L® || L! nl 1.) 02(T,) |. (2-15) 


In the brace of Eqs. (2-13) and (2-15), the first term gives no splitting between 
J=1+4 and J=/—4 states, and the correction 1/20(2/+1) in this term and the 

_ second term are due to the Pauli principle. It should be noted that the sign of 
the second term is opposite to that in Eq. (2:11). Now, the two particles ex- 
cited from the closed shells may also jump into the same orbit /. There are 
two possibilities whether both of the two particles come from a certain orbit or from 
two different orbits. Then, the third configuration is 


Pr1tem= | (dr) *2* (000) , ++» (70,0) 9? (Ty S, Ly) ++ (ra Le) ® #4 (000) , (nl)? (T. So L2), 
T=3(T,)SL; JM). (2-16) 


Fig. 6. shows this configuration schematically. In this case the calculation of the 
second order perturbation is rather complicated but the result is 


—— 
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i 1 1 
SE y= > | —— Fe St 42 
a ag JE» 5 10(27+1) es a 


X |¢ (al) *1L,||S° L || eee 0? (T1) 


A at a ees AT) 


23 221+1) 2L,+1) 
x W(L,11 ; 1L;) W(L, 1421; 2L,) 


\ 


XC (nl)? 1L,||S° £|| (n;2;)? 1L,)|? 0:(T,) |. (2-17) 


Some details of this calculation are given in Appendix I. The last configuration — 


(Fig. 7) which can be mixed with (2-1) and which can give the second order 
contribution to the doublet splitting is 


Pr 1an= | (7; 2,)°’"** (000), --- { (1; 2,)87#* ($42;) (n,1,)°°9" (34 L)} 
CTS li), -+> tats) 2 *-(000),; (722)? (Trg Sa La), THT SL Jan 
; (2-18) 


By the same procedure as in Eq. (2-17), the second order correction due to these 
configurations may be calculated and becomes as follows, 


tee | i. | 2T, +1 
a= — >) ee 5 10(27+1) moni (20 


X | (nL)? 1Lg||S° LI} 700, eas 02(T,) 


He Wg ells kd) * Dt (27 4+1) (2L,+1) 


fue Th La Le 
ROA (Sheen he) W Cia dn OL 32s) 


x [C (nl)?1L4||S° Ll] 2,n,0,1L1)? 02(T,) |. (2-19) 


It is very interesting that, in Eqs. (2-17) and (2-19), the fractional parentage t 


coefficients such as (2TSL {|?(T"S’L’)Z> do not appear although they are inevitably 
used in the course of calculation. 

In this section no special assumption about the average field has not been 
made, so that these formulae for the second order perturbation energy can be 
applied to any unperturbed system of independent particles. It is only neces- 
sary to estimate two-body matrix elements, for example, (7:/:7,/,1L\|S°L ||nilin LL’). 
However, these matrix elements are not easily calculated except by using the 
harmonic oscillator wave functions. If the harmonic oscillator wave functions are 
used and the wave functions of the two particle system are transformed into those 
of the relative and centre of mass coordinate system, the summations over the 
degenerate intermediate states of a same excitation energy can be carried out as 
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in [I]. However, the matrix elements for the states which are excluded by the 
Pauli principle should be subtracted. This can be done by using the transforma- 
toin coefficients between the wave functions in the two coordinate systems mentioned 
above. Then, the general formulae for the transformation coefficients will be 
investigated in the next section. 


§ 3. The transformation coefficients between the wave functions 
in the two-particle coordinate system and the relative and centre 
of mass coordinate system 


Two-body matrix elements can be easily evaluated, if the shell model wave 
function of the two-particle system can be expressed in terms of the wave functions 
of the relative and centre of mass coordinate system. If the single particle wave 
function is a plane wave, the wave function can be transformed very easily into 
the new coordinate system. And also, when the average field is taken to be a 
harmonic oscillator well, this transformation coefficient may be calculated by an 
elementary method, although it is not so easy.”* In this section, the recurrence 
formula for the transformation coefficients between the wave functions in the two 
different coordinate ‘systems is derived, and this formula is used to obtain the 
coefficients in the simple cases. At first, the spatial wave function of the two 
particles, (7,/,) and (/,), is expanded into the wave functions of the relative 


coordinate (r=r,—r,) and the centre of mass coordinate (R=4(r,+r,)), and vice 
versa, that is, 


Jnibml; LM >= 3) |NLAal; LM)XNLAI; L|mhmbh; L) (3- 1a) 
: NL, nt 
and 

INLAl; LMY= SY |mhmh; LM) (mlm; LINLAZ; L), (3-1b) 


nyly, gle 

where (NLil ; L\ nln, sie cand |. ruditiats L|NL al: L» are the transformation 
coefficients, (7,7) are the quantum numbers of the relative wave function and 
(N, L) are those of the centre of mass wave function. And it has to be borne 
ain mind that the total energy in these two different systems must be equal, 
2m, +1,+2n,+1=2n+14+2N+L: 


In this equation (3-1), the radial wave functions for the r; and r. coordinates 
are given by 


Raji (7s) = Nnjt; (Y) exp (—y77/2) - 1) -Un, “(5 / (3-2) 
where 


Nea) =| Qtome8. (21,4. On, — 1) I phe HP 
ng ly — i 
gril. (n;—1)!- {(22;+1) I}? | 


* Lawson and Mayer have rec 


ently made a similar calculation to that in this section (private 
communication). ; 
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and 


Ng-1 
Pan ye DORN art 
=0 k!- seep 1) (20-P Ib)! eri)", 
The radial wave functions Riz(r) and Rysz(R) for the relative and centre of mass 
motions are also written in the form of Eq. (3-2), but the » in this equation 
must be replaced by v/2 and 2», respectively. 
Now, the # component of the operator p=(sr—y)/;/2y brings the wave 
function Rnz(7) Yim (8, ¢) into 


Pe Ru(r) Yin, 9) = [ey ay (1 mp\l+1m+yp) 


(21+ 
x TK. Ar) Yoes. maa Os @) 
coe 
4 fb 20 _. (mp\l—1m+/) Rosrea(T) Yicimin (9). (88) 


I 


Therefore, by Eqs. (3-1b) and (3-3), the following equation is- obtained, 


-|NLal; L,M,) 


1L,uM,\LM) - 2¢Rea Po 
> ( 1 1 4) - 5 Tee 


a 


/ eT ——S =a ae. a pe, i ~ 
=/ (L+)) @L+2N+1) @L,41)-WQLL; L+1L)-|NL+1, al; LM) 


Sa oN Cie) <W lL iis —11,) -|\NFIL—1, Al° EM) 


2h4+1 \Vi- CL ten) OV AL, 


2 nly, nals 
x (mh—1; mi da|NL, al; L,) 
ee (By Cn, 2) -WOLLVLA: Uia)-im 1 b+) mis LINE, al; Ly) 


=f (Sy 1,- (22,+ 2n,—1) : WG44-1L1 > L, ly) 
xX (mb, Ns la— 1s LING, al; 15-y) 
4+ (—)¢2-2.5/ (41) 2m—2)-WEb+1L1; Lb) 


BO Ce Se ee Ly} elon DNL. (3-4) 


In this derivation, the relation 


QR —V ew lor ey 


2Vy 


was used. By using the ortho-normality of the Racah coefficients, the following 


recurrence formulae are derived, 


DG fan ee tay = — we 2, aye 
“Fe (Pint Pry) ( ; 


Fan ee 
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tile, Rats} LINL+1, al: 6, 


tg SAAC Tare): — =) (21,41) WALL; L+1L) 
V2(L4+1) 2L+2N+) 


x {Vi @h-+ 22-1) W(14-121, > 1,11) <m L—-1, mh; L,|NL, nl; Ly) 


VAT) (Ome 2) WAPI LE eh L) im — 1h Fly hp LN Lp 


ao = )1t2- 24/7, (21, + 2m; 1) W 2-143 LL) 
X (mb, tel—1; TANTS nl: iy 


Ben yas Pint (711) (Qrig= 2) Wi Pt Ly Pilg dg) 


X (mh, m—1h_+1; L,|NL, al; Ly}. (3-6) 


Next the transformation coefficients for NL=1S and 2S are necessary to be 
computed for starting the calculation with the recurrence formula. This can be 
easily done as follows. The directions of r; and r, are assumed to be same, and 
this implies that 

6,=0,=0=0 (3-7) 
and 
¢,=¢= 9=¢ (3-8) 


in the case of 7,)7;. Then, on account of the identity, 


S) Ghmm,|LM) Yim (, 6) Yigmg (0; 6) 


— / (2441) 2441) , 


Eq. (8-1la) becomes 


Nn, ty (y) Nyy 12 (v) z Tie ( Un ty (1) i ree 7 Une lg (12) % VA (21, a 1) (22, + 1) z (Z, be 00|L0) 


= 3) Nwz(2v) Naz(v/2) -R*-vez(R) +1? vain) -W (2L+1) (2741) 


NT, nz 
x (L100|L0) -<NL, a7; ian nae Ts (3-10) 
where the common factors are omitted. From Eqs. (3-7) and {3 -8), 
m1=R—r/2 (3:57) 
and 
r=R+7/2. (3-12) 


Then, in the left-hand side of Eq. (3:10), 7 and 7, can be replaced by R and r. 
After expanding the left-hand side of Eq. (3-10) in terms of, R and r, and com- 
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paring the terms of R®-7°"*’? in both sides, the transformation coefficient 
CLS, 21 ; Z|ml,, nl, 31) are obtained as follows, 


Ghd 201 lye, Cte d 5 2 (et QUID rR s)—oe 


/ (i—1)!- (M+ 24—D"NQL+D Qh+)) 


1,1,00|Z0), 
<a (9 —1)! (1 —1)! (2h; +2, — D2, + 204 —1)!! (27-41) See 


(3:13) 
where Onl =2n, 1, + one ly = 2: 


In the right-hand side of Eq. (8-10), there are two terms that have factor 
R?.r™™4, and one of them comes from |1S, #7;7) and the other from |2S, 7—1/; i). 
By fee Eq. (3-13) into Eq. (3-10) and comparing the terms of R’*:7 Seed 
in both sides, the transformation coefficients 


28, al: \7sl1, Nala ; l= (—) CINCH Wa), OUIA Ua tia—8b—” 


(n—1)!- (214+ 27—1 )MN (24-1) (26-41) 
sy 3: (%—1)! (—1)!(24, +2,—1)!!- (2i,4-27,—1)"- (27+1) 


12 (m,— 2)? +2(m,— ne) (1,—1,) sie (112+ 2,—2) Sheed 44) +L 
x (4,,00)70) (3-14) 


are derived. These procedures may be applied -to obtain the transformation coef- 
ficients (NS, al: Z| mls, Nels 3 1). 
For (NL) =(1P), Eg. (3-13) and the recurrence formula (3-6) give 
(1P, nl: [+1\nh, Nal = i+1) 
=— Lf 41) (m—m) + G4+44042) L—-A)] 
(2743) x 741 


X (L,L,00|2+10) -C(mh, mbar; 22), 


i 


al 1P, nl: I\n ye ix la"s 1) 


I, 444+7+2) (+h—1+1) CC ALIAD: Gave: 
~A (Pee Clty 


X (L,+1,00|Z0) -CQmbh, mls; #2), 


and — 
(1P, nl; Jeliged.; Ny lo me, 
Bee a Sa (m—m) —(+h—1+1) (Z—4) | \ 
(2l—1) V2 
x (44,00|2—10) «Cb, mala; Hl), 


RR oe perry at eS ge oS 
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where 


al T+ i—lat) 9 (1/4) +la+1—82)—n 
CS GEhL Tit aL Vet Cas) Se ge Oa 


ee Cea (21+ 28—1)"!- (2h +1) 2h +1) 
N Ga—D! Ga)! @h4+2u—D! 2h+2m—1)! 
Further the transformation coefficients for (NL) = (1D) are derived as 
CD; al: I42|m 4; Moly, i+2)= = = = = 
2.(21-+5) 9 (21+2) (2143) (27+4) 


x [{27+) (On—m) + L+h+l+) (4—-4)} 

x {20+2) (m—m) + (+4143) —4)} 

— (42) (+4241) 4+ht+it+3) —404+) G42) Gurtm—2) 

—2(4—h) (m—m) (h+h—1—1)] xX (44 00|2+20) -K Gh, ma; 2), 
(1D, #1; 7+1|mh, mb; (+1) 


a (th 4042) h—btl+) (b-h+I +) G+h—)) 
SISTA (OT) (OF 3) (21 eay 


x (lan, =m) +b) Ftp (L000) KGa moan: 
(1D, al; U\ml,, mb;ly= 1 Z £ 
/ 2-3- (27-1) 27- (27-41) (27-42) (2743) 
S12 Gn ta) LL) 48 GE) olds RD ee ee) 
x {=3(4—2)? +2704} +4(m—m) 1 E+) —4(m+m,—2)104+D] 
x (L,,00|20) -K(m,, nly; 71), 
(1D, nl: i—1|mh, Tie Loe fa 


— | Gthtl+)) -b+) G—-b4) Gth-14+) 
(21-2) (211) of (IA 1) 14-2) 


x {20+1) (m—m) — (A—b) (a th—D} - (4400|20) -K(mh, ml; #0), 


and 

1 
: 2 (218) (I 2) (21-year 
x [{—22(m—m) + (th—l (,—2)} 
x {—27—-1) (m—m) + 4 +h—14+2) (4—-1)} 
+@=1) G+h-) &+4—142) 40 21) Geen) 
—2(L—b) (m—m) (4+h4+) ](400\/2—20) -K (mh, a al), 


CD) nl: [= 2lte Myla [2a 
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where 


Ki(nh, mls: al) = (—) Ware raz) _ QCA) a +282) +1 
> 


é ie G1) er On Dl (2h, 41) (24-1) 
N (m—1)!- Qm—1)!- (24 +22,—1)!!- (22,+22,—1)!! ° 


By these methods, other transformation coefficients may be calculated. However, 


in the present paper, the above coefficients are enough for estimating the second 
order effect of the tensor force. 


The transformation coefficients used in the following section are tabulated in 
Appendix II. 


Finally, some remarks are given on the relations between the transformation 
coefficients. By the transformation of the coordinates r, and r, into the coordinates 


== 1/2R= (r,t+r.)/)/2 and »=r/)/2= (r.—r,)/)/2 we obtain the relation, 
(NL(R)AU(r) 5 L|rl rs) mabe (ra) 3 LY 
=(—)-nh(X)mh(x) ; LINE («Al (a) 5 L) 
where X= t)ne and (x= x, — xj. 


The transformation coefficient (NLAL ; TSL|n bral, ; TSL) of the antisymmetrized 
wave function |7,/,7l,; TSL) can be obtained by the following relation : 


(NLAl; TSL|m1,mbh; TSLY 


T+Stl Be me, ee, 
i V2(NLAL; L\mhrol; L) for mb > mls 


~~ 


1 (2) SaaS) : eae ] 
; (NLal; L\nint;L) for 2,4,=mbL=nl. 


§ 4. Numerical calculation 


In this section the general formulae are applied to the case of the D-state 
doublet splitting in OY”. The numerical results have been obtained using the two 
kinds of the potentials as in [I]. One of them is the phenomenological tensor 
potential of the Serber type,” 

\ op=h(1—11-T2) “Sn Vo-exp(—1?/r?), (4-1) 
where V,)=—25.8 Mev, m= 9.41 X10" cm and 5S, is the tensor force operator. | 
The others are the meson theoretic tensor potential” for the triplet odd state ; 

Vans (ce) (xr =. 1.0) 


mils (4: 2a) 
Me 0 (cr < 1.0) 


and that for the triplet even state: 


Say ol 


TT ip Se ee 
: as Rie 
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(4-2b) 


Ve (er) («r= 0.7) 
ay ees (O7)E cP 


In the above equation, the one pion exchange potential is given by 


Vs (cr) ae “pc? NTT ge, (1 eS a 2 -exp(—«r)/Kr, 
An 3 Kr 


Kr r 


where rt is the isotopic spin operator, «’=H/cy the Compton wave length of a 
pion, and 0.08 is used for the coupling constant g./4z. 


The calculated splitting energies, 


4AE, are graphically shown in Fig. 8. as é 

the function of the parameter ¢(107~cm) ers 
==(v/2)~'? which measures the extension 4 

of the harmonic oscillator wave function. > Meson 
Now, can be estimated from the Coulomb 3 3 

energy difference” between O” and F”, g - 

and also from the high energy electron Sy 

scattering experiment,” if the wave func- 1 

tion of O” is assumed to be a shell model 

one. From these experiments the follow- 4 Z Py ae a4 
ing numerical value is obtained, p= 2.37. p 


In the case of the Gaussian potential Fig. 8 Dependence of the doublet splitting 


(4-1), the doublet splitting energy corre- 


sponding to this value of ¢ is about a half of the observed value (5.08 Mev), while 
the splitting energy is too small in the case of the meson theoretic one. However, 
the results are rather sensitive to /, as can be seen from Fig. 8, and the splitting 
of the correct magnitude can be obtained, if ¢ is some 20% smaller than the above 


energy 44 E in O! on the parameter op. 


value. There appears to be some reasons for using a smaller p value than the 


above value, ¢=2.37. At first, the numerical calculation shows the large mixing 
probability of higher configurations into the zeroth order shell model configuration, 
and the wave functions of these higher configurations spread out more than that 
of the zeroth order configuration. Therefore, if the effect of the mixed higher 
configurations is taken into account, 0 should become smaller than the above value. 
Next, the effects of the strong correlation in the closed shell core are very impor- 
tant. The main effect of the correlation on the doublet splitting seems to come 
from the change of p, for the effect of the short range correlation function 
taking care of the singular repulsive core potentials is much reduced. It is because 
of r* or higher power of r in the integrand of the tensor matrix element which 
comes from the radial wave function, as the matrix element vanishes between S- 
states. Dabrowski" calculated the binding energy of O” using the variational 
trial function in the form 
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f A 
(1, hate] A) =N- Hf (re) 2 (1, ay A) (4-3) 
t>j 
where N is a normalization constant and 


0 for %;<a 
Ft (ris) = (4:4) 
1—exp[— {(ri/a)?—1}] for r,>a 


are the short range correlation function and 
P(1, --, A)=(A!)~*?-det (4, ()}, (4:5) 


with single particle orbitals ¢,(2)’s. By this method he determined p=1.57 for 
a=0.2X10-"cm which is rather small. Sawicki and Folk” used this result in 
their calculation of the effect of the two-body spin-orbit force on the doublet split- 
ting in O”. If we also take this value, the calculated doublet. splitting becomes 
larger than 5 Mey for both potentials, as can be expected from Fig. 8. Furthermore, 
for example, if e=2.37 and 2.00 are used in cases of the induced deformation 
(II in §2) and the self-deformation (III in §2), respectively, we can obtain 
44E~4 Mey for both potentials because the positive contribution from the self- 
deformation becomes larger. From these considerations, it may be said that at 
least a considerable amount of the observed doublet splitting can be explained in 
terms of the tensor force. 


§ 5. Discussions 


Through the present calculation it has been found that qualitatively same situa- 
tions as those in He’ and N” also hold in the case of O”, ie., the important 
effects on. getting the splitting are that (1) the tensor force is strong and (2) the 
deformation of the closed shell core induced by the tensor interaction between the 
core-nucleons are restricted so as to satisfy the Pauli principle with the outside 
nucleon (see Table I). Therefore it may generally be concluded that at least a 
considerable part of the experimental spin-orbit splitting is explained in terms of the 
second order effect of the tensor force on account of the above mentioned effects. 


Table 1. The doublet splitting energies due to the configurations (II) and (IID), 
in case of p=2.00. (in Mev) 


wes aS a a a eS EL 
Configuration | (IL) | (IID) 
Serber —1.6 | 52 
Meson —5.5 | 7.5 


(02 ee eS ee 


Some problems should be solved for obtaining more definite conclusion. 
Numerical calculations show that the mixing percentage of the configurations of 
the higher excitation energies into the zeroth order configuration is very large 


be obtained in good accuracy, it might be 


130 A. Arima and T. Terasawa 


and becomes, for example, about 50%. However, the major part of the mixed 
configurations comes from the self-deformation of the closed shell core and does 
not contribute to the moments, i.e., magnetic moment, quadrupole moment, etc., 
because the total spin of the closed shell part in these mixed configurations 
is zero. On the other hand, the induced deformation of the closed shell core 


and the effect of the Pauli principle on the self-deformation induce only small 


mixing of the higher configurations as can be seen from Fig. 9, where the mixing 
percentage (P) of the configurations of the excitation energy 2Nfw is plotted as 
a function of N. From these results, if the 
wave function of the closed shell core could 


expected that the effects of the outside nucleon 

added to the closed shell core could reasonably = _ 
be treated by the perturbation method. And & 
such calculation would be useful also for 
settling other problems, i.e., (1) there are 
some ambiguities in the determination of the 
parameter ~, as discussed in § 4, and (2) 
the effect of the higher order perturbation 


seems to be not so small. 

In the present paper and [I], only the 
doublet splitting in the bound states has been 
calculated. Then finally, we shall briefly 
discuss the spin-orbit coupling in the high 
energy nucleon-nucleus scattering. In this 


Fig. 9 Mixing percentages of various 
configurations. 
—_—_— — Configuration I and III 
without the Pauli principle. 
eR eAS ad Configuration II 
Var or Effect of the Pauli prin- 


: sO. ciple in configuration III 
case, the effect of the Pauli principle men- 


tioned above is much reduced. The reason for this is two-fold; first because the 
overlap of the self-deformed closed shell core with the incident nucleon becomes 
much smaller, and second because the corresponding energy denominator in the 
second order perturbation becomes larger. On the other hand, as has been shown 
by several authors,” the effect of the induced deformation can reasonably explain 
the spin-orbit coupling in the high-energy nucleon-nucleus scattering, although its 
contribution is very small or negative in the case of the bound states. Therefore, 
the spin-orbit couplings in these two cases seem to be caused by the different effects. 
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and Professor T. Muto for their kind interest and encouragement throughout the 
work and also to Professor S. Yoshida and Drs. M. Kawai, M. Sano and H. Ui 
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members of the Research Institute for Fundamental Physics for their kind hospitality. 


Appendix I. 


According to the usual method, the matrix element can be expressed as follows, 
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€ (215 £1) °1* (000) ,-++ (70; ,) 84? (Ty Sy Ly) ,-++ (rte la) ®***4 (000), (nl)®(T'sSo Ls), 
=2(T.) SL ; JM| Vo| (ts) 8! (000) ++ (70,2, 87" (000) ,-++ (722) 84" (000) nl, 
T=} (T.)S=} L=l; JM) 


jaunt 
Se (—)erPit ht ta-Ls-7, / 3 
te 


2 
XV (2T2+1) (25.41) @L,+)D 28+) (2L+1)(PT2S, 1. {|P(Ty1L;) 
x W(SL3L; J2) W*(11SK ; 2S.) W(L, Ls Ll; 2L5) 
X (al)? 1L||S° E® || (n;2,)?1L,) @,(T,). Cac) 


The corresponding second order energy is 


4Ej=— a (273 +1) (25,41) (2L.4+1) (2S5+1) (2L +1) 


x W* (SEAT J2). WACAS#2S,) WL, Lghl 3 20.) WL LT: BT) 
WET sede ECL in) LP Toe bP (TIO 
XC (nl) IL al|S® L® | (1,)*1L1) ¢ (nl) 1E||8° L| (2:1)? 1Ls) O2(T,). 
(A-2) 
Using the relations 
“W?(SL4E1; J2)= 3) (—) 8747 *- (224) WE; Jz) W (Liz; 12) 
x W (S252; 32), 
S (2S+1) W7(11S4 ; 2S.) W(S2$.2; 42) =W(1122; 21) W(S,142; $1) 


and 
St (2L +1) W(L2lx ; 12) WL, Ly L1; 212) WL, Ey LL; 21) = W (LL lar ; IDs) 
DL 

XW (L,Ls2x ; 2Ls), 


and summing over S and L, we obtain 


Maes, SS (2T, +1) (2S,+1) (2,41) - (—)*: 22 +1) 


pag ta 


x WRAL; Jz) W (1122; 01) W(S14.0: 41) W(Lalale; Ey) 
xX WL, Ls2z ; 204) (PTs SLs {\0 (Ty 1Ls)l) (P T2S2La {\P (Ti Ls) 2) 
X (Cn)? 1L gl] SL (1:2 1L1) < (nl)? LL3||S° L® || (244)? 1L1) O.2 (Ts) 
1 1 (2T,4+1) (2S,+1) 2L.+1) | 
ee un... Bron (QL, 41) 
CP Py Sp Ln {[2 (Ts UL) 2 |< (nll)? 1L5||$° E || (;,)?1L1))? 9,2 (Ts) 


ee ae ere eee Ne 
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—(—)!-7W Glial; JY)» = - SOT14+1) 2541) 244+) 


AY5 
(PT So Ly {\2 (Ty 1L) 2? W (S.141; $1) W(Le Lgl 5 LL) WL, L521 ; 2L5) 
x |C Gul) *1L5||S° L || (n¢2,)?1L,)? OP (Ty) J. (A-3) 


Combining the relations, 


(82+2) (27, +1) (2Ls+1) 
(2T,+1) (282+1) 2L.+1) 


CU (TG Ly rs A ade ee 


gS ae (falls) Ly 


and 
(PT, 1Ls|| Sh 8,- Lill"? T,1L,) =3- (82+2) 33 (2Ls+1) W(S,1915 4D) 
ay la ee La LL) (4||s||4> CZILZ) agin iu OE igi @ Bpo re es Sie 


Eq. (A-3) is rewritten as 


1 (8/+2) 2 (2) 7) 2 2p) 2 ; 
4h5=— | * a (alae LC Cb) LL SS LW Gale) as 02(T;) 
y TE, | 20214 D (2T,+1) «|< (ml)? 1L,| | 1)| 1 


q C1847 Lia Te, beled ea a 
Sar 2T,4+1)- a 

4/5 CED Gallsiid)- COED 

x WL, L921 ; 204) |< (nl)? 1Lal|S°L®|| (1)? 1L,) 02(T,) |. (A-4) 


Tater). W(dlal; Jl): 


Since 
ie a vi s|| >> sb, PT, 1 Ly — CF P, 11 DS s,-L,|| PT 1L3) 

= —2(2L,+1) W(Lg/1 ; ILs) (4 || s||$> CZI|LI|D, 
Eq. (A-4) reduces’to Eq. (2-17) in § 2: 


Appendix II. 
Table of 2% (NLAal; Li mlm; LY 


The transformation coefficient multiplied by “2a, 2NLAL ; L|,Lptelys LY, as 
minus or plus the square root of the entry in the table according to whether this 
entry is, or is not, preceded by an asterisk. Here, it should be noted that, for 
example, the square root of (#wN+/)? means not |aN+ | but (#N+ 8). 


NL Gh nl 2 NAL; Lim lyral,; LY? 
TSN 2eeisie sng ae ate 
1PONs 315 50Np all 2(2N+1) /3 


1P Np; 1s (N+1), 5:0 2N 


‘ 
\ 
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LP IND isi Na Ser 


> 


IP Nd 31s (N+1)p:1 7 


IP Nd: 1s Nf 3 
LENE iss( NE) td 19 


DEIN ES. 1st) Ne i 
iPLNG T's (N+1) f:83 
iP Nets" - Nh 0 


1D Np; 1s (N+1) p31 
EEN SO on NF 3 
1D Nd ; 1s (N+2)°s 20 
“AD Na< is (NV d2 
1D Nd;1s Ng 4 
LDN G sis CIN 2-2 )apxse1 
1D Nf ; 1s (N+1) f;3 
LDP eds Np a5) 
2S Np ;1s (N+1) p31 
25 Nf ;1s (N+) f:3 
1F Nd;1s (N+2) p;1 
1F Nd; 1s (N+1) f ;3 
TPOING SIs) Nk ee 
Is Nd sip! iNp phe, 
GS UNGS Ip (Ny) feo 
1S Ng;1p (N=1) h;4 
LS Nh; 1p (N—-1) i:5 
LPN tp Np jad. 
LPNS 1p NG 5a 
LP Np; tp-GN=1) fF 32 
1P Nd; 1p (N+1) s;1 
LPG Les Nd eat 
LdeONe Sige MINA 32 


2(2N-+3)/5 

2N/3 

3(2N+5)/7-2 

3N/5-2 

(2N+7)/9 

N/7 

5(2N+9)/11-8 
2(2N+3)N/5-3 
3(2N+5) (2N+3)/7-5-2 
(N+1)N/3 
(2N+5).N/7-3 

(2N+7) (2N+5)/7-3-2 
(N+1).N/5+2 
(2N+7)N/9-5 


5(2N+9) (2N+7)/11-9-4 


(2N+3) N/3-2 
(2N+7)N/4-3-2 
(2N+5) (N+1)N/7-5-2 
(2N+7) (2N+5).N/9-7-5 
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5(2N+9) (2N+7) (2N+5)/11-9-7-4 


*2(2N-+3) /5 
*6 (N—1)/5 
*5 (N—1)/9-2 
#3(N—1)/11°2 
4 
*16 (N—1)?/5? 
*122N +3) GV—1)/5" 
*2(2N+3)N/9 
#2 (2N—3)?/9 


9 
a 


eT 


ae eee, C5 orate ene os 
Peers Fives o> 


See PO > VS 
— 


Nave. ie AR oye pe aes 


Se = 
Shoo ees 


t a - 


> 


Stee ROS Rae a aS en ek oe he om 


liek os go Be tte Bape 3 2h ema te ot 


Sk 


oe 
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LPiNd; 1p,-Nd io 
1P Nd;1p (N—1) 933 
LOIN fe G apy AN Kae 205 
UF AN FSR ING. 3 
iil Ney Lites ING ae 
IAIN Gs Lp RN Lye ay 
LPiNg vip CN—1) 235 
1D Ns: 1p Np 32 
LDNs<s lp CNL) if 42 
LDN Dsl poh Ds 3 
1D Np; 1p (N—1) 9; 
' 1D Nd;1p (N+) p; 
1D Nd: 1p (N+) p; 
1D Nd;1p (N+1) Bb; 
1D Nd:1p Nf — ; 
1D Nd:1p Nf; 
1D Nd:1p Nf -; 
LD NST p AN -Pey ioe 
LDANF 5 1p) NG OS 
LDN, + 1p Ng : 
BION GS LPR ING KT 
1D Nf :1p (N—1) i; 
1D Ng; 1p (N+2) p; 
1D Ng; 1p. W+1) f ; 
ID Ng; 1p (N+1) fF ; 
1D Ng; 1p (N+1) f ; 
25 Nps lp” Ndon ; 
2S Nd ;1p (N+1) p; 
2S Nas lp aN ge 


to 


tae CO ml pt 


bo 


Oo) Se > 2 Se © OS) 


bo 


to oR Se OO ND: 


bo 


. 
> 


25 Nf ;1p (N+1) d;3 


*(6N+1)?/7-2 

#12 (2N-+5) (N—1)/7 
#(3N—5)2/6" 

*(4N-+5)?/9? 

*10(2N+7) (N—1)/9? 
*15(2N+9) (N—1)/11?-2 
*2(2N+1) (2N—7)?/5?-3 
*2(2N+38) (2N+1) (N—1)/5' 
*2 (2N—7)?N/5: 3? 


*12(2N+5) (2N+3) (N—1)/7°-5 


*2N(N—1)?/3 
2N 
*8N(N—1)?/7-5-3 
*2(2N-+5) (N—1)?/7-5 
2(2N-+5)/7 
*8(2N+5) (N—1)?/9-7-3 
*(2N+5) (N+1)N/5-3-2 
* (2N+7) (4N—5)?/9-7-5-2 
(2N+7) /3-2 
*(2N+7) (10ON+1)2/11?- 4-3? 
*5(2N+9) (2N+7) (N—1)/11?-3 
*3(2N+7) (N+1)N/7-5? 
* (3N—7)*N/7-5? 
5N/7-2 
*5(4N-+7)?N/11-9-7-3-2 
*2(2N-+3) (N—2)?/9 
*(2N+1)?N/5-3:2 
*(2N+5) (N—2)2/5-2 
*(2N+38)?N/7-4-2 
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25 Nf;1p Ng _ ;3 
LENG: Lp Boy sd 
IF Nd; 1p (N+1) d;1 
lf Nd; 1p (N+1) d;2 
1F Nd;1p (N+1) d:3 
1F Nd;1p Nog se 
1F Nd;1p Ng 5; 4 
1F Nd;1p Nog LS, 
1F Nd ; 1p (N—1) 7;5 
2P Nd ;1p (N+2) 531 
2h NGG ip (NAL ds 1 
2P Nd ;1p (N+1) d; 2 
2P Nd ;1p (N+1) d;3 
ak Na Ip Ng 33 
1S Ns ; 1d (N—2) d;0 
LS aN 17 Ns ne 
1S Nd ;1d (N—1) d;2 
1S Nd; 1d (N—2) 9 ;2 
LS No sids Nd nid 
1S Ng ; 1d (N—1)9;4 
1S Ng ;td (N—2) 2.34 
LP Nd sddx NP = oi. 
1P Nd;1d  (N—1) f;1 
UP Nae la Np ie 
VPING >? td CN 1) 2 f3:2 
LPN fid ys ANGE cee 
Rw; ta(N=1)f 33 
1P Nd; 1d (N=2) h33 
1D Nad;1d Nd ef) 
NG = Lae. NG sd 
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*(2N-+7) (N—2)*/7-3 
* (2N—9)?(N-+1) N/7-5-3-2 
*2(2N-+5).N*/7:5-3 
4(2N-+5) N/7-5 
*(2N-+5) (2N—5)?N/72.5-3 
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*2(2N+3)/5 
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1D Nd td Nas wre 16 {(N—1)?2— (N—1) +7}2/77-3? 
1D Nd: 1d (N+1) s;2 (2N+3) (2N—9)?N/9-7-5 
1D Nd; 1d (N—1) 9;2 8(2N+5) (N—1) (N—2)2/77-5 


1D Nd;ld Nd ;3 *16(N—1)?/7? 

1D Nd; 1d (N—1) 933 *20(2N+5) (N—1)/7? 

1D Nd;1ld Nd ;4 fat 1)? AN) oles 

1D Nd; 1d (N—1) 9;4 80(2N-+5) (N—1) (N—2)?/11-72-3? 

1D Nd; 1d (N—2) i;4 10(2N+7) (2N+5) (N—1) (N—2)/11-9-7 
2S Nd;1d(N+1) s;2 (2N+3) (2N—3)?N/9-5-4 
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The multiple meson production in pion-nucleon collisions is investigated by the field 
theoretical method. By introduction of the interaction time and assuming that the free 
Hamiltonian can be approximately put as a C-number during the calculation of the effect 
due to the interaction Hamiltonian for the interaction time-interval, it is shown that the multiple 
meson production is caused by the pseudoscalar type interaction. The numerical results are 
obtained for the relative cross sections of ” pion production, the angular distribution, the 
momentum distribution of final nucleons, etc. These results are compared with the experimental 
date in Bey and cosmic ray energy regions. The covariant phase space integration is carried 
out with the saddle point method and its final expression is comparatively simple. The 
probability distribution of charge states in the statistical theory is derived by an approximate 
formula instead of the tedious combination of Clebsh-Gordan coefficients. 


$1. Introduction 


As regards the multiple production of mesons a great deal of works has been 
carried out both on theoretical and experimental aspects.’ Recent experiments with 
accelerators have detected the multiple production of mesons not only in nucleon- 
nucleon and pion-nucleon collisions but also in antinucleon-nucleon annihilations. 
The mechanism of the multiple production in a high energy region is one of the 
most interesting problems because one may be able to explore the behaviour of 
the field in the very vicinity of a nucleon or to check the validity of field theory 
in this small region. 

About twenty years ago, Heisenberg” pointed out the possibility of multiple 
production of particles based on the non-linear interaction which is different from 
the quantum theoretical interaction at low energies. In subsequent papers” he 
investigated this process as the collision of wave packets, turbulence or shock 
waves. Contrary to this somewhat classical approach, Lewis, Oppenheimer and 


* On leave from Osaka University, Osaka. 
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Wouthuysen®” (LOW.) have made a more straightforward attack on this problem 
from the field theoretical standpoint. They employed the Bloch-Nordsieck approxi- 
mation® because of the fact that the low frequency part of photons interacts 
with an electron through an effectively strong coupling and that the multiple pro- 
duction of mesons can also be considered as due to the similar strong coupling 
between mesons and a nucleon. Subsequently Fukuda and Takeda” refined the 
calculation of the above authors by using the covariant formalism and separated 
nucleon-nucleon reactions into various charge states. 

Fermi® has developed an ingeneous theory based on the statistical equilibrium 


which is similar to some extent to Heisenberg’s. The phase space calculation in 
his theory has been improved by some authors, and widely utilized in the analysis 


of the multiple production of particles.??””"” But this phase space integration has 
not a covariant form under Lorentz transformations and the basis of his theory is 
not always clear. Pomerancuk™ pointed out the possibility that a strong final state 
interaction can considerably affect Fermi’s results. Furthermore Landau” modified 
Fermi’s theory by emphasizing the role of secondary interactions among produced 
particles and treated these highly excited particles as a kind of hydrodynamical 
flows. 

On the other hand, one of the most fascinating formalism for the theoretical 
physicists is quantum field theory. It has given remarkable agreement with 
experiment in low energy regions, especially in quantum electrodynamics, although 
concerning the divergences quantum field theory is suffering from the difficulties. 
The validity of field theory in high energy regions is more or less doubtful and 
must be investigated. In this respect, the multiple production of mesons seems 
to be quite of use for checking the above mentioned validity. Some authors’ have 
tried to check the hydrodynamical description and to derive the phenomenological 
quantities introduced by Heisenberg and Landau from the conventional quantum 
field theory. It is, however, not clear whether such phenomenological concepts’ as 
temperature and coefficient of friction are still well defined in extremely high energy 
regions with which we are concerned. 

According to our opinion, it may be rather good to apply directly the con- 


_ ventional field theory to the present problem with some suitable approximations 


and modifications of field theory, no matter what the correspondence may be be- 
tween the phenomenological and quantum field theoretical quantities. One of our 
aim is to obtain the numerical results which are capable of being compared with 
the experimental data in high energy phenomena and consequently we must be sub- 
mitted to use some assumptions, as we cannot derive the cross section of multiple 
production of mesons exactly by making use of the present field theory. 

The differences of the present treatment from those of LOW. or Fukuda and 
Takeda’s theory are that in the present work the interaction between nucleons is 
not replaced by a potential, the nucleon recoil is taken itnto account and its self 
energy part is also considered. Furthermore, it will be seen that, contrary to 
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Fermi’s statistical theory, we evaluate the matrix element from the view-point of 
meson theory and the integration over the phase space is covariantly performed. 
In connection with the latter point Srivastava and Sudarshan” independently gave 
a fully covariant formulation. 

In the following sections we shall treat pion-nucleon collisions which are sim- 
pler than other ones. In the case of nucleon-nucleon collisions or pair annihilations 
the calculation is tedious but we can also obtain quantitative results. Detail of these 
two cases will be reported in near future. In the next section we shall give the 
cross section of multiple meson production under a few adequate assumptions. In 
§ 3, the covariant phase space integration is performed with the saddle point method. 
The numerical results are compared in § 4 with experimental data obtained from 
accelerators and cosmic rays. 


§ 2. Formulation of the cross section 


Consider two incident particles whose mutual interaction can be neglected be- 
cause of their large distance in the initial stage. At a certain moment ¢’ these 
two particles begin to suffer a disturbance due to the interaction with each other 
which lasts until a time 7”. One may call t=¢’’—?’ the interaction time. The con- 
cept of the interaction time was already considered by Koba™’. If two incident 
particles are described as plane waves the interaction betweem them continues 
during an infinite time interval. In order to introduce the interaction time and 
to keep the energy conservation law, the collision of plane waves has to be 
reconsidered as a sum of collisions between a couple of various wave packets with 
average momenta p and P, and average positions r and R respectively at some 
early instant. wh 

The first assumption is that the interaction between a nucleon and a pion 


effectively takes place only for a definite time interval t=¢’’/—/’, namely no inter- — 


action exists for —co to ¢/ and ¢/” to oo. The instant ¢’ when the interaction 
between a couple of packets begins depends on p, P,r, and R and in general can 


range from —co to +co while the interaction time ¢ depends on the shape of the 


packets and is assumed to be constant in the present case. The matrix element 
‘corresponding to the collision of the above stated plane waves is 


M=(iF, U(co, — 00) %s)/CLo*, U(o, —00)%), (2-1) 


whe %;, % and % are an initial, final and free vacuum states, respectively, and 


U(co, — co) is the transition matrix.* \Z4;) consists of two plane waves with their 


momenta k and K, and is written down as follows,” 


* In the present paper the interaction Hamiltonian gives a non-vanishing contribution only for 
a finite interval ¢. Therefore, before and after this time interval the Schrédinger and interaction 
representations have no difference from each other. All the expression in what follows will be 
given in the interaction representation at ¢’ which agrees with the Schrédinger picture. 
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er 


t= |\ar dR dp dP |p,r ; P, R)<p, r ; P, RZ), (2:2) 


where |p,r;P, R) represents the state corresponding to incident packets. Eq. 
(2-2) is valid under the assumption of the completeness of wave packets. In Eq. 
(2-2) the two average momenta, p and P, can be chosen to be nearly equal to 
k and K respectively. As the incident state involves a pair of independent waves 
with no mutual interactions, the coefficient (p, r; P, R|%) can be factorized as 


(pr; P, Rit.) =Fi* (kh, p, r) F.* CK, P, R), (2-3) 


where F,*(k, p, r) and F,*(K, P, R) are zero except for pwk and P~K respec- 
tively owing to the above mentioned remark. As was already stated, ¢’ is a function 
of p, P,r and R, then we can choose ¢’ as an integration variable in Eq. (2-2 

in place of one of the variables p, P, r and R, say x. Accordingly, if we perform 
the integration of Eq. (2:2) with respect to coordinate variables y, z and R, we 
may get 


I4)=(1/T) | de |dpdP G (p, ks P,K)\p, Pt), (2-4) 


where the factor 1/T has been introduced in order to make the expression under 
the ¢’ integration have the same dimension as that of |7%;>. Of course, T may be 
dependent on k and K but not on the number of mesons which will be produced 
after the collision. The state vector |p, P, i!) appearing in the integrand of Eq. (2-4) 
means an assmbly of states describing the packets having average momenta p and 
P, and colliding with each other at ¢’ without regard to the location of collisions. 

Now the particular character of F,* and F,* allows us to replace Eq. (2-4) 
with 


t= 1/T) \ae' lk, K, v’y. (2-5) 


The matrix element (2-1) can be written as 


M=(1/T) (xf, U(, — <0) \di'|h, K, 1')/()*, Uo, — 2) %) 


= (1/7) \ a, U(0o, — ©) lk, K, t! dt! /(Lo*, U(@, — 00) Xo). 


Owing to the character of wave packets |k, K, ¢/) and to our assumption on the 
interaction time ¢, the U-matrix undér the //-integration differs from unity only 
for the interval (¢’, /+t=7). Accordingly, we can rewrite as 


co 


M=(1/T)\ deat, U(e’, 0) |e, K, 2/C16*, U(co, — 0) %) 


—-o 


=(1/T) \ae'(az, UW", tk, K, 2Y#U-(@, — 00) ), (2-6) 
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where the familiar relations (stability of the vacuum state) 
(%o*, U(co, — cw) %)=e* (a: real) (2-7a) 
te (to, U-* (co, — 00) Hp) =e-*, (2-7b) 


have been used. In this stage of argument it may be plausible to replace the com- 
plicated expession of the state vector |k, K, ¢/> with the plane waves with momenta 
k and K as |k, K, t’)—>|k, K) (=plane wave) =*(k)u*(K)|%,) because the state 
|k, KK, t’>) has quite a similar appearance as that of the plane wave state |k, K) 
and the characteristic property of the wave packets, that is, the fact that the in- 
teraction between the couple of packets takes place only for a finite interval (¢’, 
t’’), has already been exclusively utilized in reducing U(co, —co) to Ue", ips 
In the above equation g*(k) and w*(K) represent the creation operator of the 
positive meson and the nucleon with momenta k and K respectively. Following 
our fundamental postulate that the interaction takes place during a finite time in- 
terval t, U-*(co, —co) appearing in the second factor of Eq. (2-6) may be 
substituted with (7%,*, U~'(t, 0)%,, since the instant when the interaction is switched 
on gives no difference. 

Here it must be remarked that the assumption of the finite interaction time 
interval ¢ does not necessarily mean the sudden switching on and off of interactions 
but this assumption should rather be regarded as follows; the interaction is to 
some extent gradually switched on or off and the mean interval is the finite ¢. 
The law of conservation of energy is, of course, more or less violated. Accordingly, 
it may be possible to expect that the interaction is so gradually inserted or removed 
that the magnitude of the violation of the energy conservation, |H;—E,|, is smaller 
than the error JE of the measurement of the energy, where #; and E, are the 
energy of the initial and final states respectively. This expectation may be satisfied 
if the interaction time is regarded as the time interval during which the packets 
of the meson and the nucleon overlap each other. Under this expectation, the 
matrix element (7*, U~'(¢, 0)%) for %A% can be neglected by virtue of the ap- 
proximate conservation of energy. Consequently our matrix element becomes 


M=(1/T) | ae (zp, UW", 1) g% (yuk K) Ut, 0). (2-8) 


By inserting the definition of CLC) 
GNEe ,) =eily i’ e—i(Ho+ Hy) @/—t/) e—tH if 


=eity)t U(t, 0)e-*#o” 


into Eq. (2-6) and taking into account the replacement |k, K, t’)>|k, K) (=plane 
wave), Eq. (2-8) becomes 


M= (1/T) \deter(es— 20" (HF, U(t, 0) 9% (k) ut (K) U*(Z, 0) Zo), (2-9) 
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or equivalently it reads 
M= (2n/T) (1, U(t 0% (k) ut (K) U-M(t, 0)%)0(E,-E), (210) 
with j 
U(t, 0) =et#ote—*(Hot Hz)t, (2-11) 
where H, and H, are the free and interaction Hamiltonians respectively. 

The production of many mesons in a high energy region seems to show that 
the interaction Hamiltonian H, between a nucleon and a meson may be very strong. 
As we shall see in Appendix I, if we expand U(¢,0) into a power series of ¢, 
we have 

U(t, 0) =e-*#n (1+ (2/2)[ A, Hi]+:::). 


Accordingly, the contribution from the term exp(—iH,t)-f-[H, H,] can be ne- 
glected in comparison with that from the first term exp(—iH;t) provided that the 
interaction time ¢ is moderately small. In other words, during the interaction time 
the contribution from H, is so predominant that the quantum fluctuation due to 


_ Hi, can be neglected. Thus we may put 


U(t, 0) ~exp(—7H;2). (2-12) 


Some discussions will be made in Appendix I on the validity of (2-12). The in- 
determinate factor 7’ need not be given explicitly as we are interested only in the 
relative cross section of » pion production, accordingly the factor 1/7 does not 
appear in the final result. The creation operators y* and u* are given as* 


gt (k)ut (K) ae (K, k, x, x’) d* (x/, 0) 4, (x, 0) %)dxdx’, (2-13) 


where 


ti (K, k, x, x) = 9/27 (2:7) Et ee Grr ta aaoee az (K) (2 y 14) 


and a is a Dirac spinor. Here ¢*(x/, 0) and b,. (x, 0) are operators at ¢=0 in 


the interaction representation and will later be written as d*(x’) and ),(*) re- 
spectively. 
The symmetrical pseudoscalar interaction Hamiltonian is taken for H 7, that is, 


H,=ig| F(x) sta (%) ba (x) de. (2-15) 


This interaction Hamiltonian seems to be well established in a low energy region 
and perhaps will also be applicable to high energy phenomena. Recently it has 
been shown by a perturbation method that the angular distribution of final mesons 


in one pion production at extremely high energies is better interpreted by means 


* The same reduction can be made for a negative or neutral pion only by replacing g,* with 
+ OF g3 respectively. \ 
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of the pseudoscalar interaction than the pseudovector coupling.”” 


By virtue of the symmetrical pseudoscalar interaction Hamiltonian, we get the 
following simple expressions,* 


e~ tit §* (x) ect = (x), (2-16) 
a a ?, (x) et 1 =i, () {es T5T4 Fata (*) } p!p 
=~, Ce ae (2-17) 


The latter equation is derived as the solution of the following differential equation, 
d,p (x, t) /dt=—ie—*#1t[H,, ¢, (x) Jetta 


=P 51 (%, 9 (T51s) pry Paha (%). (2-18) 
By using Eqs. (2:13), (2-16) and (2-17), the matrix element becomes 


M= (22/T)| CU, b* (x’) (B(x) ent *54 t0%« (2) 4.) 


Xf, UK, k, x, x’) dxdx'd (E,—E,). (2-19) 


The similar matrix element as the above expression was drown out by Sawada, 
Takagi? and Glauber.” It must be noticed that in deriving Eq. (2-19), the 
curious restriction on the magnitude of masses of pion and nucleon pointed out by 
Glauber is unnecessary although the expression (2-19) has a similar appearance 
as that of Glauber. 

After a troublesome calculation shown in Appendix II, the exponential factor 
in Eq. (2-19) can be written down as follows, 


ny ne no 
est Ts T4 Taba (X) Ea Da kOtieki) : b* (x) ---, d(x) tee, ds (%) +> : 
xX F(n,, n_, No) G(n, No) 5 (2-20) 


where 


ria ke § (119 + Ong +1) /2) ((n—1)+ 9n— no) /2)! D 9-7 (2-21) 
F(n., 1M) — P'((a+0n+3)/2) ne! n_! 1! ven 


and . 
G(n, 1) = {1—9n,(1 =n) } {1—20, 0, P} (2-22) 
with 
0) n=even 
ee for 
1 n=odd. 


* The authors got the hint of the use of these relations from the lecture given by Prof. R. 


Utiyama concerning the anti-interaction representation. 
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Here Z is a renormalization constant which comes from the meson propagator 
4* (0), the symbol : : represents Wick’s S-product, P is a projection operator to the 
neutron state and the final meson number is n=n,+n +m where n,, n_ and 
are the numbers of the positive, negative and neutral mesons respectively. 

The matrix element for the final state which consists of a nucleon with its 
momentum K’ and its spin state 7’ and m mesons with their momenta ky, hy, ---, Kn 


is as follows, 


1 (ir iI ( n il ) e n 
M,=( ) 2 JP 3) 0(K tke 
TE gni2 (27) 8n/2 V ko oe V Fan 0 ( + Dak, 


X 0 (Ky +ky— Ko! — a hy) @” K’) (sr"*"7, a UK) 


X {n.!n_! ml}? Gin+1, m) F(n., n-+1, m) (m-+1), (2-23) 


1 


where the renormalization constant and some numerical factors are omitted. Here 


the last two factors come from the fact that an initial meson is positive in charge. 
If it is a negative or neutral meson these factors are F(m,+1, _, m)(2.+1) or 
F(n,, n_, 2% +1) (+1) respectively. The differential cross section for the definite 
final nucleon momentum and the definite number 7 of the final mesons (7= 
n.+n_+m) is reduced from Eq. (2-23) as follows, 


Gone Gi) aC en Wanaka (A=) CK mn Jy 
AR eg a> (2a) Ta Koko: Ko! 


(Fn, 2 +1, m) (2 +1)}" 


led eT dysa)} HT the OKT RK’ S,). (2-24) 


“0 


Finally one finds the relative cross section of m meson production as follows, 


fuel ge i i - FONDS 3h 


162° ey 
dK 
x | K Kol + (—)"*1(K- K’-+m’)} 
->( 
x II dk, 0 IG aid = N n 
fing, } Bet bo Ki— Bike) 8 K+ K' Stk), (2-25) 
= 40 t=1 ist 
where 
a 2onnt!((n+1+0 )/2)! 2 
Fin) =| Ae 
(n+2+06,41)!((2+1—6,,3) /2) t (2-26) 
and 
S(n, ) [aie 
nN, No) = ES 6 ie 2 18 an ; 
\ (to — Sng) /2 ) es Ose Orca) (2-27) 
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The last two equations are obtained by simplifying Eqs. (2-21), (2-22) -and (2:2) 
in order to evaluate easily the different charge states. ; 


§ 3. Covariant phase space integration 


In Eq. (2-25) the covariant integral with respect to the phase space appears, 
which in the center of mass system reads . 


1K) =| it SE 9 (K+ 34k.) 3(W— Sky), (3-1) 
t= =1 t=1 


io 
where W=K,+24,+K,’. This integral has recently been derived from some recur- 
rence relation.” Since the cross section given by Eq. (2-25) contains the integration 
with respect to a nucleon momentum, in order to obtain a simpler form of the 
above multiple integral we shall here evaluate the integral I,K’) by using the 
same saddle point method as that used by Fialho. We start with the following 


integral derived from Eq. (3-1), 


Riis | dae‘ | aren IT pase (3-2) 
(27) * —w-—4€ =o i=1 ° 2, 
where ; 
=| dk; exp [7Ak; —iakio | : | Re 
Rio {We 
= ely i dk, exp [i(Aki— VR +/# )]. (3-3) 
1A J—= Rig 


The J; can be derived with a similar method to that of Lepore and Stuart.”  Put- ae 
ting k;=psinh@ and ky»=/ cosh 6, we obtain ~ +f 


J=—2apt-<\"do exp [7#(A sinh 6—a@ cosh @) ]. 
A J-o 
By the transformation of variables the above equation is changed as follows,* 


Feudai ("a0 exp [—zz cosh 0’]} 
z dz \J-« 


= Oty Ha (2) with z=(a’—/")'?, (3-4) 
z 

itt 
where the definition and the relation between Hankel functions have been used. u 
The Hankel function in Eq. (3-4) has the first rank owing to the hehehe yea 
1/k», whereas those appeared in Lepore and Stuart’s formula is of the second rank. — 
Substituting Eq. (3-4) into Eq. (3-2) and integrating the angular part of 3 i 
(3-2), we have . | ie 
A 


* Throughout this paper the pion mass 4 is put to unity. 
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2071)” 20 ee iow es 5 AK! 
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(2) 
x exp| log eat (3-5) 


Tf n is a large positive number, the integral with respect to / may be evaluated 
asymptotically with the method of steepest descents. The asymptotic expansion of 
exp [n:log (H,® (z)/z)] are performed in the vicinity of 4=0 which is the root 
of the following equation, 


d[log (H,” (z) /z) ] =0 
OA 


By this method it is led to 


(2) 
(22/iK’) jai. -he™'* exp E lope ve &) | 


—o 


= (27) vf He) n~*?5(a)—3? exp eae , (3-6) 


where s(a@) =—H, (a) /a H, (a). (3-7) 
whus Eq. (3-5) runs to 


= (27/iK’) [2-@ | az Jetk™® e-ns(ayl2 
a 


ioe Ca 3/2 mae \ -3/2 | —K? | 
SEN oa) gets ter laeee eee eee 


(2) 
x exp n Pope ae 
a 


+iaz, (3-8) 
where W/n has been replaced by 7 which is the average energy of mesons. 
The above integral can also be performed in the same way at the saddle point 


defined by 


fe) {log H,® (a) +iar| =0, (3-9) 
a a 
or equivalently 


2. —iH,” (—iz) 
a : =), 3-10 
x —H,?(—iz) ff ( ) 


where —ix=a. It is seen that Eq. (3-10) has a real positive root a since the 
value of —iHf?(--ix) and —H?(—izx) are positive when zx is positive. The 
covariant integration with respect to the phase space of Eq. (3-1) finally becomes 


1,(Kt) = 22)" ,-2 (a/1)™ 
(27)* NiG@es 
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Berne ayy ye ; 
x exp| m{log Hy" (=i) +ra|—-<2 | (Gea hd) 
L a 2ny 
where a is the solution of Eq. (3-10) and 
= 2 +3 (7H)? (sa) | 2 | —7H,® (ia) \2 
J(a)=14+—-— +}. : —; ad 
( ) a —H, ® (—7a) | —H,” (—ia) | D (3 12) 


Eq. (3-11) is simpler than the corresponding one given by Fialho, for we are 
concerned with the system of pions and the factor 1/Rio exists in the definition of 
I,K’). If the mass of z-meson and the conservation law of momentum are ne- 
glected in an extremely relativistic case, the following equation is easily obtained 
( Ty 2k 9 

Rio 


vt=1 


oC We >) hea) = erat) COW = aes oni) (3-13) 


From Eqs. (2-25) and (3-11) we can obtain quantitative results which are the 
relative cross section of the » pion production, the angular distribution, the mo- 
mentum distribution of final nucleons and so on. These quantitative results of this 
theory will be compared with experimental ones in the next section. 


§4. Comparison with experiment 


A. The weights of various charge states 

We consider in the first place the weights of charge states. If the number 
nm of final mesons is fixed, the value of S(7, 1) /S%n,S (2, m) defined by Eq. (2-27) 
means the probability of the charge state given by 7 and mm. ‘This probability is 
represented by 


C(n, 1) =S(n, No) eel Cs No)» (4-1) 


In general » and 7 determine the numbers of charged mesons and the charge state 
of final nucleons in pion-nucleon collisions, for example, the charge state with n=5 
and m=2 means (pata x°x-2-) in a a -p or a x-n ‘collision. The factor 
{1—0,,(1—0,.1)} contained in Eq. (2-27) shows that the transitions to the states 
with m=odd and m=odd are exactly forbidden. This circumstance is very different 
from the ordinary one led by the combination of Clebsh-Gordan coefficients. In 
our case this forbidden rule is due to the fact that different Feynman graphs* 
corresponding to a final state have the same expression in the matrix element apart 
from the factor depending on t-spins, accordingly, when all the terms are summed 
up, the contributions from the factors involving t-matrices cancel out owing to the 


* Strictly speaking, owing to the fact that the present representation of field quantities is diff- 
erent from the conventional interaction representation, the process under consideration cannot be 
schematically shown by Feynman’s diagram. However, if remotely compared, our process corresponds 
to a Feynman’s diagram in which every meson line is emerged from a single world point (x, ¢=0), 
contrary to our expectation, since every field variable is represented by those defined at t=0. 
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commutation character of these matrices if both » and m are odd. In Fermi’s 
theory, on the other hand, we neglect in the cross section the interferences between 
different terms of the matrix element which in some sense correspond to our various 
Feynman’s graphs. 

In our opinion, the Fermi theory allows Feynman’s diagrams in which the 
isobar states of nucleons can occur, whereas, owing to the charge independent in- 
teraction, the present theory involves only those intermediate states which have the 
same <z-spin as that of the initial state and the isobar states are excluded. This 
difference is a part of the reason for which gives rise to the above mentioned 
forbidden rule. When x is large, the probabilities. of charge states, however, are 
derived after very troublesome calculations in his theory. One of us and Kakudo™ 
have calculated these probabilities (we represent them as C’(7, 7) hereafter) until 
n=6 in z-N collisions. 

Let us consider, now, to make the approximate formula for C’, although a 
more roughly approximate one has been given by Kwon and Kakudo.” When a 
final state is designated by n=n,+n_+m, the number of Feynman’s diagrams 
corresponding to the final state is (“%")-(2,+1) in a xz — collision. One gets 
this product by the following considerations that the factor ("%,") shows the location 
of z-spins and the factor (7,+1) means the number of ways by which the initial 
mz is absorbed in the diagram. Since we have the value (,/2)"*'” for each 
diagram and in Fermi’s theory we neglect the interference terms, we get appro- 
ximately 


C’(n, m) =S!(n, 1) [> nod’ (n, No), (4-2) 


where 


71 


Sin, ma) =( MET \amerm in, 41). (4-3) 


_In Table I, we tabulate the approximate values C’(n, 2) given by the above equation 


in comparison with the correct values derived from the combination of Clebsh- 
Gordan coefficients for n=5 and n=6 in a z7-p collision. One will find in this 
table a fairly good agreement between the approximate values and the correct ones, 
especially find a good correspondence of relative size of each charge state. 

From the experimental view-point the probability having some fixed number 
of charged prong is more interesting. The values of S%,,C(n, m) for a fixed n 
and p+ (=1+n—m for the final proton and =n—m for the final neutron) is 
shown for the case of a z~-p collision in Table II. The corresponding pro- 
babilities $%,,C’(m, m) having fixed p+ given by Fermi’s theory are tabulated 
in Table III. The latter for <6 are derived by combinations of Clebsch-Gordan 
coefficients and ones for n>6 are obtained by Eq. (4:2). In order to compare 
the quantitative results predicted by the present theory with the experimental data 
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Table I. Comparison of the approximate values of C’ (m, 2) derived from Eq. (4:2) with the 


correct ones derived from the combinations of Clebsh-Gordan coefficients for n=5 and n=6in a 
z~-p collision. 


C’(n, 7) C5: 79) 
2=5 yar i Se ea n=6 pe |- Raye 
| C-—G Approx. | C—G approx. 

n nnn 070 0 0.008 0.007 sn n%n%n%x nn | 0 . | 0,003 | 0.002 
P nnn ne | 2 0.042 0.087 | p nnn %%-) 2 0.018 0.015 
n rtp 07 Z 0.183 0.195 n rte nnn 2 0.095 0.099 
PD naz 4 0.302 0.293 | prin nz] 4 0.205 | 0.198 
nntrtnn-n- | 4 0.337 0.351 | aatatnn nn 4 | 0.337 | 0.357 
| Se a ST Tie ae 0.129 0.117 | Pri nn an 6 0.249 | - 0.238 
| watntnta-nn| 6 0.094 | 0.091 


Table II. Probabilities for charged prongs (p+) emerged from a z7-p collision in the case of 
m final mesons according to the present theory ; SnpC (2, mp) with the fixed p+. 


Ge eet | 0 2 | 4 6 8 
1 0.000 | 1.000 | 
2 0.053 0.947 | 
3 0.000 0.200 | 0.800 | 
4 0.004 0.289 | 0.707 
5 0.000 / 0.030 | 0.485 0.485 
6 | 0.000 0.053 | 0.518 0.429 
7 | 0.000 | 0.004 | 0.147 0.588 0.261 
8 0.000 0.008 0.176 0.582 0.234 - 


Table III. Probabilities for charged prongs (p++) emerged from a z7-p collision in the cases of 
n final mesons given by combinations of Clebsch-Gordan coefficients for nm <6 and by Eq. (4-2) 
for n>6. 


es WP 0 2 4 6 8 
1 0.444 0.556 
2 0.156 (0.844 
3 0.061 ° 0.662 0.277 
4 0.021 0.411 | 0.568 
5 0.008 0.224 | 0.639 0.129 
6 0.003 — 0.112 | 0.543 0.342 “4 
7 0.000 0.07750. 24) 0.658 0.263 0.002 
8 0.000 0.028 0.491 0.460 0.021 


ye ee 


in cosmic energy regions we must calculate the probabilities having a given p+ and — 
a large n. In Table IV these probabilities for ~=7 are shown when the initial 
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Table IV. Relative probabilities with normalization 2 of that the charged prongs (p+) emerge 
from z+-p and z*-n collisions according to the present theory. 


a joe Te a cae 3 | rer RMI rs age Ic 7 enh 

~ 6 | 0.007 | 0.046 | 0.156 | 0.506 0.506 | 0.449 | 0.331 | 
7 0.004 | 0.004 | 0.147 | 0.147 0.588 0.588 0.261 | 0.261 | 
8 0.001 | 0.006 | 0.044; 0.165 |- 0281 | 0.584 | 0.498 0.245 | 0.176 
9 0.001 | 0.001 | 0.033 | 0.033 0.300 | 0.300 | 0.533 0.533 0.133 
10 0.001 | 0.010 | 0.040 | 0112 | 0.312 | 0.376 | 0.522 | 0.412 
1 | 0.006 | 0.006 | 0.103 0.1033) O42 4 ote 0.412 
12 | 0.002 0.008 | 0.036 | 0.110 | 0.198 0.417 0.417 
13 0.001 0.001 ~=—0.028 «= (0.028- | 0.200 | 0.200 | 0.450 
14 0.002 | 0.009 | 0.031 | 0.081 | 0.207 | 0.279 
15 | | | | 0,007. | . 0.007 0.073 | 0.073 0.294 
16 | | 0.002 | 0,008 0.027 | 0.077 0.142 
17 | | 0.002 | 0.002 | 0.022 | 0.022 | 0.139 


m-meson is incident with the equal abundance with respect to z* and =z and at 
the same time the targets consist of the same number of protons and neutrons. 


B. Multiplicity 

In § 2, we have formulated the relative cross section of 7 final mesons. Eq. 
(2-25) contains an unknown factor ¢ determined by the character of two incident 
wave packets. Since the determination of the magnitude of ¢ is, however, difficult, 
we consider ¢ as a parameter. If we apply Eq. (3:13) with t=constant to col- 
lisions in extremely high energy regions, the most probable value of 7 is given by 


Hy OCTa as (4-4) 


where E is the total energy in c. m. system. This relation seems to be supported 
by experimental facts especially in pion-nucleon collisions. It might be curious 
that the value of ¢ is independent of an initial energy. From our view-point stated 
in §2 the incident particles have been represented by two mutually non-interacting 
wave packets with some average momenta. The width of the packet depends not 
on the magnitude of the momentum or energy but on their uncertainty owing to 
the Heisenberg principle. Therefore the interaction time ¢ can be regarded .as 
independent of the initial energy contrary to the customary picture of the meson cloud 
of the incident nucleon. We determine the value of ¢ so as to agree approximately 
the multiplicity predicted by Eq. (2:25) with the experimental one, that is 


t=0.68. (4-5) 


We can obtain the relative cross sections o, after a numerical integration with 


respect to K’ by using Eqs. (2-25), (3-11) and g’/4z=15 which seems to be 
well established in low energy pion physics. 
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Table IV. (continued) 


Gc 0193 | | | 
10 0.126 | 0.090 
ca 0.412 | 0,066 | 0.066 | | | 
12 0.402 | 0.304 | 0.063 | 0.044 | 


13 0.450 0.288 0.288 0.032 0.032 

14 0.449 0.402 0.281 0.207 0.031 0.021 

15 0.294 0.423 0.423 0.188 0.188 0.015 0.015 

16 0.298 0.336 0.419 0.350 0.184 0.132 0.014 0.010 


| | 
| | 0.357 0.117 0.117 0.007 | 0,007 


Zee le O99 = = ON857 alt 0:357-|4'0:357 
u u 


| 
Table V. Relative probabilities of producing (m—1) secondary pions and of producing p+ 
charged prongs, the angular distribution of protons predicted by Theory Iand Theory II in z--p 
collisions with 5 Bev and the experimental distribution of charged prongs. 


n | oe ho Pears Dane | 5 | 6 | oe ji 


wn 0.004 | 0.059 0.453 | 0.251 | 0.207 | 0.920 0.006 | 3.68 


rl eeeeeeeeeeeeeereeeeeeeee ee 


| 


inelastic p+ 
Opt elastic 
0 we 4 | 6 8 
| 
Exp. | 0.017 0.077 0.547 | 0:833 | 0.026 
3 ae f 0.004 0.004 0.227 0.651 | 0.112 0.002 
; 1—0.185 cosé 1—0.263 cosé 
Th. II 0.002 0.046 0.504 0.414 | 0.034 0.000 
: 1+0.051 cosé 1+0.036 cos6 


Employing Fermi’s statistical theory some authors”? have calculated the 
relative probabilities of 2 final mesons and of p+ charged prongs in a 2 -p 
collision with 5 Bey.. In Table V, the present theory with the above ¢ value is 
compared with the experiments” in z--p collisions with 5 Bev. Because the 
distribution of multiplicities cannot be directly compared with experimental results, 
the charged prongs distribution o,, is also tabulated and compared with experi- 
mental one. The notation Th. I represents the results derived from the theory in 
which >\,,C(2, 2) tabulated in Table II has been used as the probabilities of 
charged prongs, and in Th. Il S)n,C(m, m) has been replaced by SingC’(n, 19) 
shown in Table III. In the case of Th. I the theoretical values of o,, are rather 
larger for large p+ than experimental ones. This fact is caused mainly by the 
factor (7,+1)? in C(m, m). If final state interactions exist and have only an effect 
on final charge states without giving rise to any change for o,, Th. II seems to be 


me a 


a 
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justified. The similar numerical results in 7 -p collisions with 8 Bev are shown 
in Table VI. In Table VII, comparison is given of the numerical results predicted 
by Th. I with the experimental ones” in cosmic energy region: its average energy 
is about 200 Bev. We treat all events of secondary particles as pion-nucleon col- 
lisions and the fourteen events cited there have been selected by the following 
three criterions, a) the number of gray and black tracks<4, b).the inelasticity is 


known, and total energy in c.m. system <50 mc’. 


Table VI. Relative probabilities of producing (m—1) secondary pion and of producing p+ 


is charged prongs and the angular distribution of protons predicted by Theory I and Theory IL in 
¥.3 z-p collisions with 8 Bev. 

i. eee 
: Te) i ar diet a a Ben pore oecinp as i 

x on | 0.001 | 0.026 | 0. 0.290 | 0.339 0.001 


é ; inelastic p+ 
, Opt: elastic 
y 0 2 docs Ah etc aerate 
ae i \ pete AD 
ji é at 0.001 0.002 0.174 0.613 0.204 | 0.006 
He | 1—0.218 cos@ |1—0.283cos@ 1—0.330 cos @ 
pe ae 0.001 0.029 | 0.399 | 0.501 | 0.071 | 0.000 
i ; | | 140.048 cos@ /1+0.093 cos 0 1—0.092 cos 6 


Table VII. Relative probabilities of producing (#—1) secondary pions and of producing p+ 
charged prongs, the inelasticity predicted by Theory I in z+-p and z+-n collisions with 200 
Bey and the corresponding values in cosmic ray events. 


Ce (3 <—-° a 


= 
“J 
| ©O 
ico) 
pe 
Oo 
he 
=" 
H 
bo 


ee OS Sore 


0.003 | 0.007 0.173 0.111 
Pe ee © | 13 | 14 15 16 ps P£exp | K Ke . 
‘ P : 
e Tp 0.073 | 0.030 | 0.014 | 0.004 | 0.001 | 9.0 9.3 | 0.88 0.85 } 


*  C. The mon, istributi 
L € momentum distribution of a nucleon 


x With respect to the momentum distributions of nucleons and z-mesons we can 
i see its rough tendency from Eq. (2:24): In Fermi’s statistical theory these distribu- 
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tions are symbolized by dK’ and dk, for a nucleon and a meson respectively. The 
corresponding ones in Eq. (2-24) involve, on the other hand, dK’ and dk,/ky as 
factors. The latter case shows that nucleons are inclined to have larger momentum 
but mesons have lower momentum compared with ones predicted by the statistical 
theory. This is a good tendency to fit the experimental distributions. The com- 
parison of the experiment and the theory has been shown in Fig. 1 and Fig. 2 
with respect to the momentum distribution of protons in m~-p collisions with 5 Bev 
in the case of 2 prong events and of 4 & 6 prongs respectively. In these figures 
the curves are predicted by Th .I but they are scarcely affected by replacing Th. I 
with Th. I. Fig. 5 shows the same distributions for the cases of 2, 4 and6& 8 


[Ne of events 
20 


No. of events 


» Experiment 


- 


15 fa ares 15 y Experiment 
/ 
10 10 
5 5) 
02° ~O4 Ob" 08 SAO 1214 Bar ye 0.2 0.4 0:6; 0.85% , 4:0!" 271.2 Revie 

Fig. 1 Momentum distribution of protons Fig. 2. Momentum distribution of protons 
from 2 prong events of z--p collisions from 4 and 6 prong events of z~-p colli- 
with 5 Bev. sions with 5 Bev. 


prongs with 8 Bey. In Table VII, the inelasticity is compared with experiments i 


with 200 Bev and its agreement is fairly good. Although some of the experimental 
inelasticities exceed unity, we took the mean value of these with no corrections. 


D. Angular distribution 


The angular distribution of mesons in the present theory is isotropic just as _ 
LOW.’s if the momentum conservation is neglected or m is large. By considering 


Eq. (2:25) we find that nucleons essentially have its angular distribution represented 


as follows, 


SWOG etc (oa) ah eosd.. with OLa,< 1, - (4-6) 


dQ ; 
where @ is the angle between the direction of an initial meson and of a final 
nucleon, and the factor (—)” shows the effect of the recoil of a nucleon. In order 
’ . . . . 
to compare the theoretical angular distribution with the experimental one we 
must recombine some states of the same prong as has been done in the above 


£% 
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parts. Using Th. I and II we tabulate the angular distributions of final protons 
with some type of prongs for the cases of the initial energy 5 and 8 Bev in 
Tables V and VI respectively. The comparison of the former result with experi- 


mental data is shown in Figs. 3 and 4. 


No. of events 


20 


ke Experiment 


10 


eee 1—0.19 cos @ 


—1.0 0 cos 6 1.0 


Fig. 3. Angular distribution of protons 
from 2 prong events of z--p collisions 
with 5 Bev. 


Because the final states having the same 


No. of events 
20 


a Experiment 


10 


Theory: 1—0.26 cos 4 


Sale) 0 cos 6 1.0 


Fig. 4 Angular distribution of protons 
from 4 and 6 prong events of z-p col- 
lisions with 5 Bey. 


prong consists of states with various n’s and the factors (—)"a, almost cancel out 
with each other, the angular distribution with a fixed prong is nearly isotropic 


contrary to the experimental distribution. 


The above fact seems natural from a 


consideration that under our assumption we have neglected the contributions from 
the internal nucleon line which in the conventional field theory is expected to give 
rise to sharp angular dependence. Namely, in an ordinary perturbation method, 


arbitrary unit 


5 


Ca 6 and 8 prong 


10 ue 


Fig. 5 Momentum distribution of protons from 2, 4 and 
6 & 8 prong events of z~-f collisions with 8 Bev. 
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this nucleon line is replaced by S, function having the character of 1/(1+a cos 9,) 
thanks to which it may be possible to show the backward peak of the angular 
distribution of nucleons. Taking the ps-coupling in the latter case we must, however, 
meet a following difficulty that the direction of an internal nucleon is very changea- 
ble owing to its recoil due to the creation of mesons and // 1/ (1+; cos 6;) may be 


almost isotropic just as in the case of the present theory. In the high energy 
region the angular distribution of nucleons is one of the most interesting problems 
and remains open for theoretical physics. 


§ 5. Summary and discussion 


In preceding sections we have consistently studied the pion-nucleon collision 
problem in high energy regions by introducing the interaction time and assuming 
that the quantum effect of H, can be almost neglected during the interaction time 
interval. In § 2 we have formulated the relative cross section with 7 final mesons. 
By observing this cross section we can roughly investigate the momentum distribu- 
tion and the angular distributions of both nucleons and mesons. The covariant 
phase integration has been done in §3 and obtained as a simpler form than 
Srivastava and Sudarshan’s. This phase space integration derived by the saddle 
point method has been estimated to have an error of about 10% even when the 
energy is 5 Bev and »=2. This error is, of course, more strongly depressed at 
higher energies and larger ». By using this form and an approximate Eq. (4-2) 
of the probability of the charge state we can easily establish a modified statistical 
theory apart from the present theory, to calculate easily the relative cross sections, 
however large 2 may be, is 

Phe UAC GL. Fas) jane 2 (Rk Sh 
40 

where the factor F’(m) corresponds to the weight of the states with different 
resultant isotopic spins in the original statistical theory. If F/(7) is given the 
same weight, (7, m) will give the large multiplicity. Comparing Fermi’s theory 
with Eqs. (2:24) and (5-1) one finds that the interaction volume 2 in the former 
theory is replaced by 1/k. This point of view is more or less similar to 
Pomerancuk’s. 

A more resemblance of the present theory will be found in LOW.’s 
theory. The pseudoscalar type interaction gives too low multiplicity in their 
treatment. We cannot make the same formulation of cross sections by our pro- 
cedure stated so far in the case of the pseudovector type interaction because of 
the occurrence of the 0¢/Azx in H, which makes it difficult to compute Eq. (2-16). 
Contrary to LOW.’s theory, however, we have seen that the strong ps-interaction 
can give a high multiplicity. In the present theory the magnitude of cross section 
depends not on the separate and ¢ but on the product of these parameters. If ¢ 
is restricted by inequality (A-1-6) in order to justify assumption (2-12), namely 


: 
: 
‘i 
j H 
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if we take 
t<2/Cki); (5-2) 


where (kiy) is the mean energy of final mesons, then g’?/4z becomes too much 
larger than 15 when the multiplicity is fixed to agree with the experimental data. 
Concretely stating, since 2/(kio) is about 0.2 in z-N collisions with 200 Bey we 
have g?/4x>172 in order to get a suitable magnitude of multiplicity which gives 
(gt)?/42=7.0. Inequality (5-2) as shown in Appendix I comes from the fact that 
we have taken no account of the effect of pair creations in the [f, H;]. The 
matrix element with a final state in which pairs of nucleons are included must 
be calculated by ‘this term. The pair effect might also be neglected when g’/4z 
is very large, or equivalently ¢ is sufficiently small. The above mentioned circum- 
stance in the present theory is different from LOW.’s. Because the nucleon recoil 
is neglected from the latter theory and this recoil is quite effective in the ps- 


interaction, the cross sections of many meson production seem to be supressed in 


their theory. In our case, on the other hand, the nucleon recoil is taken into 
account and the assumption (2-12) is essentially valid in the case of the strong 
interaction. Which is more appropriate ps- or py-coupling seems to be an open 
question in high energy physics. We would rather elect ps-type interaction on 
account of its renormalizability. 

The. predicted numerical results with (gt)?/4x%=7.0 are compared with experi- 
mental ones in § 4. The momentum distribution is in better agreement with ex- 
perimental one than that of the ordinary statistical theory. The theoretical curves 
as shown in Figs. 1 and 2 seem still to be slightly depressed at high energies. 
With respect to the angular distribution of z-mesons the experiments even with 
200 Bev show it almost isotropic and this is also predicted by the present theory 
as well as by LOW. and Fermi’s theory. Concerning the nucleon angular distribu- 
tion one finds the remarkable difference between the experimental and predicted 
one in z--p collisions with 5 Bev as shown in Figs. 3 and 4. As already men- 
tioned this comes mainly from the neglect of contributions of internal nucleon 
lines. If this line is replaced by S, function we have no compact formulation for 


the symmetrical theory and it would be difficult to derive the backward peak of 


the nucleon angular distribution even though the S, functions had been taken into 
account. 

The difficulties in the present theory so far mentioned might be caused partly 
by final state interactions. Many authors”) have pointed out the possibility that 
fal state interactions have effects fairly on the multiple production. -Tables V 
and VI in $4 give the comparison between the experimental data and the results 
of Th. If which is derived from the assumption that final state interactions change 
only the probability of charge states. It is seen that Th. II is more favourable 
with respect to prong distributions than Th. I. Final state interactions have, of 
course, the possibilities of changing other quantities. For example, it may happen 


_ 
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that the interaction time interval t is lengthened by its effects, hence the multi- 
plicities become large. Some authors” have proposed that a collision of two 
energetic nucleons gives rise to two fire balls in which no nucleon is contained. 
If a z-N collision also creates such fire balls, although in this case there appears 
only a single fire ball and its velocity is small, it seems to be possible to show 
the backward peak of a final nucleon and the small momentum of final mesons. 
We could not, however, establish such a model only by means of the interaction 
between a nucleon and mesons. It may be necessary to consider other kinds of 
interactions, for example z-z or more complicated ‘interactions. ' It may be said 
that the necessity of unfamiliar strong couplings, such as z-z, is reflected in the 
fact that in the present paper we had to take a very large coupling constant. 

The authors are interested in the same problem for the cases of a nucleon- 
nucleon collision and an annihilation of a nucleon pair. In spite of the complexity 
due to the t-matrix for the former case, a further approximation besides the assump- 
tions of this paper leads to the expression for the differential cross section. A 
sharper distribution and a high elasticity of a nucleon will be expected compared 
with the case of a meson-nucleon collision. 
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Appendix I. 


A rough investigation with respect to the validity of assumption (2-12). 
The validity of Eq. (2-12) will be roughly investigated below. As well 
known” the following relation is satisfied for the operator H=H,+H;, 


ei(Ho+H7)t = etH yt etl it ecs/2 eg see, (A-1 4 1) 
where 6g ldo, side Jot 
and Cs= (4/3) [e2, Hi\t+ (/6) [Gy Fo |e 
If the following inequality, 

(al Hy|bye> Cales|)/2, (A-1-2) 


is well established between an arbitrary initial state |b) and final state (a|, Eq. 
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(2:12) is easily derived from Eq. (2-11). Here we roughly estimate the right- 
hand side of (A-1-2). Let us assume that |a) and |b) are eigenstates of 7 
with eigenvalues E, and E,, then we have 

(a|[ Fh, H,)|b)= (£,—£,) (a|Hi|6). 
For the sake of simplicity it is also assumed that |b) shows a state in which one 
nucleon with the energy E,=6, exists, while |a) represents a state in which one 


meson with the energy w exists together with one nucleon of its energy &,, namely, 
we put E,=w+6,. In this simple case, (A-1-2) gives 


(a| H,|b)t> (2/2) (€.+0—&) (a| Hib). (A-1-3) 

From this relation we have 
t€2/ (+08), (A-1-4) 
if (a|H;|b)0. (A-1-5) 


The latter condition shows that at least one of the states |a) and |b) should be 
virtual, accordingly we cannot get any information about the magnitude of ¢ from the 
relation (A-1-3). However, if the change of energy |€,—6,| of the nucleon is as- 
sumed to be not so large as compared with the meson mass and, further, if # may 
be put equal to the average energy of the emitted mesons, we have a relation on ¢ 


t€2/<w). (A-1-6) 
Appendix II. 
The derivation of Eq. (2-20) 


The exponential factor can be written as 


est 5 T4 7a $a(X) =) S} (Wtrsts)" (gt)" “AGT yet Tg S) 
nm s;even (n +s) ! 


‘ Rs 7a No 
x (47 (0) 99 sO (x)=, B(%)-++, by (0) +2. (A-2-1) 
Here hin, 22, % s)=>) Gr, m) bac ( n+ (s~ $9) /2 
So ; even \ So— My — Ono) f? ay 
re ly .. Sn 
agent el S+ 1 \($=*)) (so—1)!! V2 s— sop tn—ng, (A-2=2) 
n_ No 2 


where s is the number of c-matrices at the ends of internal lines, among which 
there are s) tsmatrices. n,, n_ and respectively mean the numbers of 7_, 7, and 
Tsmatrices at the ends of external lines. In order to get this expression, it is 
helpful to consider the diagram in Fig. 6. (cf. §4, A. footnote) The first two 
factors come from the variety of the location of z-matrix for fixed numbers of 
T_,7, and 7, vertices. The last factor comes from the transformation of meson 
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fields from real to complex representation. The other factor n uot 
is the number of diagrams for a fixed location of t-matrices. arg 
Each internal nucleon and meson lines are represented as 1 7? [~~ oS 
and 4*(0) respectively. In (A-2-1) the singular quantity — T-/{” ' 7 a 
4*(Q) is in practice infinite but we may regard this as a finite mi 1 1a 
constant however large it may be, since this quantity will be Wise. 
eliminated from the last expression by considering a relative a Oe ae 
cross section. It may be seen that among the terms of the ss tates i ee 
right-hand side of (A-2-1) the main contributions come from a es ra 
those with is Se ' 
s>n and s>m. (A-2-3) ipo ne 
This situation greatly facilitates the following calculations. 17+ ' Me aN 
Eg. (A-2-2) becomes ag \at 
h(n, 2; My S) Y 
=G(#,%h) >} (s/2)"(s/2) REBT AS = 58) fet) Fig. 6 A diagram of 
govern (5/2)! (9/2) 0-80) /2 ((s= 59) /2)! ee : eS: 
T 
2 ( 55/2)" (s—sy/2)! so) y/ Bt terP 7 ek ee 
((s— 59) /2) @r0-Fntn)/2 nm, ! nm! mg! (59/2)! 22/2 m-=1 and =I. 


Ts Tia no! Via So;even 


GS G(n, No) V/ 28t*n0 (5/2) ! Ss! (5/2) (no n9-1) /2( (s— So) ie) (n-ngt8,—8n9) /2 (s/2) (Sn) /2 


Here the following two approximations have been used. 
P'(a+1)2a’e 22a ~~ for a>, GN 2e4) 
[P'(a+b)=I(aja for a>b. (A-2-5) 


The summation as to s) can be replaced by an integration and its result is 


G(n, m) P(t +901) /2) (n= no +On— Sno) (2)! y/ 2" 
n,! n_'! m! ['((n+0,+3)/2) 


h(n., N_, 10, s) ae 


ov s ! ries 
Gyo) cere 


Thus we can get the following expression, 


s! s ies 
HF (ie, My MICO) rr aae gy — (A28) 


egt T5T4 Te $a, (x) = Se egtA()) gid (0) \ 8/2—1 
TERE LINN de, N) G(n, No) m seven (s/2—1)! 


x (reragt)” > BF (x), Oe), Pol): 
=Z3 (reregt)”: OF (x), BCX), BCH) (A-227) 
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where 
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Za a2 Gt) A+ (0) et a"), (A-2-8) 


The factor Z can be considered as a sort of renormalization constants for a state 
vector and Z has a similar form as Glauber’s. Eg. (A-2-8) leads easily to Eq. 
(2-20) which have we intended to get. 


13) 
14) 
15) 

. 16) 
17) 
18) 


19) 
20) 


21) 
22) 
23) 
24) 
25) 
26) 
27) 
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Direct Capture of Slow Neutrons by the Nuclear p States 
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Cross sections for the capture of a slow neutron by unfilled bound p states are calculated 
with the p-state wave functions and slow neutron wave functions for a square well and a 
Woods-Saxon type potential in the case of Ca40, The results are in good agreement with expe- 
riment. This allows us to suggest the possibility of obtaining minimum possible neutron 
cross sections for nuclei with given A. Also, neutron cross sections may give a sensitive test 
of nuclear potentials. 


§ 1. Introduction 


The slow neutron capture process is usually understood as a succesion of two 
processes, namely, the formation of a compound state and its subsequent decay by 
the emission of gamma rays. Such compound state formations are pictorially seen 
in the energy dependence of the capture cross sections as one or many resonance 
peaks. When sucha peak comes close to zero energy, the capture cross section 
for thermal neutron takes a large value. 

When there is not a resonance very close to zero neutron energy, neutron 
cross section usually becomes very small but still takes various finite values. Some 
of them are explained as due to the tail of nearby resonances. 

If the concerning compound state is of complicated nature, as is usually the 
case, or if the statistical theory may be applied to the concerning state, the number 
of the first capture gamma rays and also the multiplicity of the gamma rays must 
be rather large.” Experimental results, however, are not always so. Sometimes, 
especially when the cross sections are not large, only a few strong gamma-rays 
contribute to the capture process. In such cases multiplicities are usually low. 
One may well suspect, therefore, that a direct process rather than a compound 
state formation may be governing the neutron capture in those cases when the 
neutron capture cross section is very small or the number of the gamma rays and 
their multiplicity is small. 

In order to examine the situation in detail one had better use a rather clear- 
cut example. Fortunately, we have some. 

One of the best examples is the case of slow neutron capture by Ca’. The 
cross section is rather small, 220 mb. It is the basic condition that we can 
suspect that the capture may be of direct process type. The neutron capture gamma 
rays have been measured by a few authors. It is found that there are only three 


re ee an! 
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strong first gamma rays accompanying the capture, among which two are far 
stronger than the third.” They are the gamma rays leading to the excited states 
of Ca‘! at 1.95 Mev and 3.95 Mev. ‘These states are also characterized by their 


outstandingly large width in the (d, p) reactions and /, of the states is 1? By 


now, there seems to be no doubt that they are fairly good 2 states split by the 
spin-orbit interaction by two million volts, the lower one corresponding to the 2f3/. 
state and the upper one to the 2). state. Gamma-rays selection rules and system- 
atics in other nuclei*) near A=40 support this assignment. The neutron capture 


gamma-rays are therefore of El type. 
Assuming that the above assignment is correct and also that the states are 


pure, one may obtain the radial transition matrix elements from the experimental 
intensities of the gamma-rays. The radial matrix element for low energy transition is 
higher than that of high energy one by a factor of ~3. Since we do not see many 
other gamma-rays in this region of comparable intensity, it will be difficult to 
attribute this large difference in the magnitude to the configuration mixing which 


affects on the transition probability in small extent. It is more tempting to attribute 


this large difference of radial matrix element to the small difference of the 2p 
wave functions. In the following section we shall see if the magnitude and the 
ratio of the radial matrix element could be explained by the direct capture of slow 
neutrons by slightly different 2p state at experimentally observed energies. 


§ 2. Calculation of the capture cross section 


The radial Schrédinger equation for the wave function of a neutron under the 
influence of a nuclear potential with the spin-orbit interaction of the Thomas type is 


get te (+ dy eis Vir) 4 1G+D 


2m r dr dr 2m r 
rg i 1 dV(r) ( l )| 
ea | h— Ed 
Amc or dr he be Fee (1) 
for j=/+i, 


where / is the orbital angular momentum of the neutron, V(r) is the nuclear 


potential and / is the spin-orbit coupling constant. The neuton capture cross sec- 
tion due to E1 transitions is given as 


2 A hes ( e EP 
ae YS (je, 1, 3) || Oe rdirtdr? 
Fang eg) SS SGe Lil Gerertare, (a) 
where, ¢; is the normalized wave function for the incoming neutron and ¢, is the 
wave function of the state to which the gamma transitions take place, and E, is 
the energy of the latter state. The summation should extend over all the states to 
which the El transitions can take place, but because of the reason stated in the 


former section, we take only two states, the 2ps2 and the 2p,). state. S(j,, 1, iD) 
is the statistical factor and 


=> Cpe 
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5 1, for s—> py). transition, 
C75 i Tt) a Wis 
2, for s— fs. transition. 


A . . . . ie wae 
The factor Z*/A® comes in since this is a neutron transition. 2/\/mv, takes caré 


of the averaging of the neutron cross section over the thermal energies under the 
influence of the 1/v law. 


A. Square well potential 


In order to see what kind of results we would get with a simple potential, 
we tried a square well potential with R,=1.3A"*x10-"cm. The depth of the 
potential was adjusted to find the 2f state without spin-orbit splitting at. —5.74 Mev, 
which is the center of gravity of the experimental pair of the p states. Then, a 


surface spin-orbit interaction of 0-function type was added to find the experimental | 


splitting correctly. The corresponding parameters are 
Vo=49.6 Mev, 4=24.1. (3) 


The capture cross section and the ratio of the radial matrix elements thus obtained 
are 


| | Sonus rY, rair|\* 
C= = St GALOD mb. (4) 
|? 


| \ Pons /2 ry, r? dr 


A rather large difference in the radial matrix elements is already seen but the 
cross section is only one tenth of the experimental value. 


B. Woods-Saxon type potential 


As a more realistic nuclear potential, a potential of the following type” was 


assumed : 
Uy 
V)= (5) 
(7) 1+exp[1/a- (r—R;) ] 
Here, a and R, were fixed as é 
a=0.65X10-" cm: R,=4.55X10-" cm, (m=1.32 x 10-* cm), (6) 


and U, and 4 were taken to be the adjustable parameters. The PACE analogue 
computer at Japan Atomic Energy Research Institute was used for obtaining the 
necessary wave functions for this potential. Function generators were used for gene- 
rating the potential U, and the Thomas type spin-orbit potential. Initial conditions 
(the binding energy, the value and its slope of the wave function) were set at 
r=0.5X10-" em. It was assumed that the wave functions are spherical Bessel 


functions at r=0.5 107" cm. 
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For the bound 2/ states, the following parameters were obtained : 
UJ,=471 Mews. A=25. (7) 
This value of Ais about one half of the value by Ross, Mark, and Lawson.” ‘The 
same parameters were used for finding the solutions of the zero energy s state. 


The results are shown in Fig. 1. 
It was noticéd that the 3s re- 


sonance appeared at 12 Mev up in 

case of the square well potential, but 

in the diffused potential used here it 

was bound by about 4 Mev. Experi- 
r(x1l0-%cm) — mentally, such an s state is not esta- 
blished for Ca“, but by extrapolating 
from the larger A  nuclides,® this 
value of the binding energy seems to 
be too large. One of the reasons may 
be too large a diffuseness. Actually 
the analysis of the low energy neutron 
scattering by Feshbach, Porter and 
Weisskopf shows that a=0.5710-* 
cm.” The cross section and the ratio 


Fig. 1. Wave functions of a diffuse potential 
for the p states in Ca‘! and of zero energy of the radial matrix element using 


neutron state in same potential. V(7) is these wave functions are 
the diffuse potential of Eq. (6). 
p=3.1, o=550mb. (8) 


(fprys) r? 


8 12 
(x 10-8 em) 


Fig. 2. The integrands of the radial matrix elements. 
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Here, the cross section is rather overestimated but the ratio is given correctly. 

The integrand of the matrix element is shown in Fig. 2. It is interesting to 
see that the main contribution to the matrix element comes from outside the nucleus. 
This is the reason why the result was much improved compared with the case of the 
square well potential. However, the error introduced by the computing machine 
is increased at large distances. So, it was assumed that the wave function becomes 
the spherical Hankel function of the first kind at 7 larger than 7.0X10-% cm. 

The result seems to be very sensitive to the s wave function. It was found | 
that the value of the cross section is reduced to 110 mb if one reduces the nuclear 
radius to R=4.23X10°-%cm (™m=1.23X10-"cm). The ratio becomes 8.5 instead 
oF Sei: 

The calculated transition probability and the ratio of the radial matrix element 
must be said to fit very well to the observed values. Here, again, the value will 
be improved if a slightly smaller diffuseness is employed. . 


§ 3. Minimum neutron cross sections 


The good fit of the calculated cross sections to the experimental results in the 
case of Ca* suggests that the neutron capture with small cross sections may be 
largely due to such direct capture of thermal neutrons by bound p states. Of 
course, when the cross section is small, other types of radiation than electric dipole 
radiation, such as magnetic dipole or electric quadrupole radiation may contribute 
to the cross section in appreciable extent. But they will become important only 
when the cross section is very small. 

In other cases than Ca‘, situations are not so good for theoretical analyses. 
In most cases, the experimental energies of both members of pure / states are not 
known. In a few case, like Si®, S”, and around, A=40 to 60° both members of 
the p states are known with good certainty. But if one wants to discuss more in 
detail, the fact that they are not closed core nuclei may be disturbing. 

The more interesting thing seems to be a qualitative feature of the present 
result. If such a mechanism as suggested determines the minimum possible neutron 
cross section, there must be a rather smooth envelope or a lower limit in the 
plotted neutron cross section against the nuclear mass or the neutron number. It 
is because the height of the p states and the wave functions of a slow neutron 
changes smoothly with A or N. These p and s states are fairly safely obtained 
from the realistic nuclear potential.” 

The experimentally measured neutron cross sections plotted against the neutron 
number is shown in Fig. 3. The points were taken from W. H. Sullivan’s Tri- 
linear Nuclear Chart.” Neutron cross sections are not always measured, but by 
now there are not very many unknown ones. Also, when it is not measured it is 
usually not because of their smallness. Therefore, in the following discussions the 
fact that this plot is incomplete is unimportant. 
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A point with a circle on 
the figure is the case of Ca”. 
It is actually on the lower 


envelope of the points. There ‘- 

is a point below. But this — (bam) 
corresponds to S*, which has 20 
a smaller nuclear radius. Be- 

cause of the sensitivity of cross 10 


sections around here (near the 
s resonance), it is not strange 
at all that the cross section 
becomes quite smaller. 

There are three places 
‘where the neutron cross sec- 
tions take extremely small 
values. They are around V=8, 
50 and 126. They are magic 0.5 
numbers but also the place 
where 1p, 2 and 3p states 
fill up. At other magic num- 
bers, 20, 28 and 82, like the 
case of Ca*’, neutron cross sec- 
tions do not take extremely 
small values. This is considered 
to be due to the unoccupied 
bound *p states. (At N=2, 0.02 
the p state is unfilled but there 
is no bound state). 


oT 


1.0 


0.2 


0.1 


0.05 


QOL atime 
5 20 40 60 Fs) 100 120 *: N 
According to the calcula- : . : 


tions using a diffuse well,® fie ig. 3. Thermal neutron capture cross section as a 


function of N. 
next Pp state does not become 


bound when a / shell fills up at N=8, 50 or 126. The / states start to become 
bound at around N=15 and 70. Therefore, between 8 and 15 and between 50 
and 70 there is no definite single particle p state. Indeed, the minimum cross 
sections are small in this range but are not extremely small. It is probably due 
to the fact that being not at the closed core, the single particle p state may easily 
mix into the bound state when it is possible. At around N=82 relatively small 
cross sections are seen. Here, probably, the 3/ states are almost bound to prevent 
the very small cross sections to appear. After 82, no small cross sections are observed. 
It may be partly due to the deformation of the nuclei, but certainly it is due to 
the 3p unfilled bound states. 


SS ne 


Direct Capture of Slow Neutrons by the Nuclear p States 167 


The s state, or the state of the incoming slow neutrons, has also influence on 
the cross sections. Especially, when the s state is bound, the cancellation of the 
integrand of the matrix element may occur. The cancellation, however, can not 
take place for both the fj). and fs). state at the same time. Therefore, an ex- 
tremely small cross section may take place only for nuclei close to the filling of 
the p,,. state, that is, 8, 50, and 126. But at these places the s state, will not cause 
such an anomaly. 

It is interesting to mention that the minimum possible neutron cross sections 
can be predicted. Very small cross sections can appear only in certain regions of 
A. Also, from theoretical aspects these small cross sections give, sometimes, a 
very sensitive check of nuclear potentials, especially of its diffuseness since the 
capture takes place almost entirely from outside the nucleus. 


We should like to express our gratitude to Dr. M. Hara of the Japan Atomic } 


Energy Research Institute for his help during the course of the machine calcula- 
tions and to Prof. M. Kawai for discussions concerning this calculation. 
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Meson Thecretical Potential and 
Nuclear Properties 


Tatuya Sasakawa 
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Brueckner et al.” gave a comprehen- 
sive understanding of the nuclear satura- 
tion and pointed out that the effect of 
the repulsive core is particularly im- 
portant. Iwamoto and Yamada” showed 
also that the hard core is essential to 
the saturation. In the present note, we 
will see explicitly and simply how the 
meson-theoretical potential® is related 
to the nuclear properties. 

We assume that the nucleus contains 
an equal number of neutrons and protons 
and that both groups have an equal 
number of nucleons with spin up and 


‘down. Then the tensor force does not 


contribute to the binding energy in first 
order. The properties of the central 
part of the meson-theoretical potential 
are as follows. (i) In the region I 
(722.0), the one-pion-exchange potential 
is effective. (ii) In the region II 
(2.027r21.0) the singlet even state 
and the triplet odd state contribute 
mainly. The potentials of these states 
are strongly attractive. The contribu- 


tions in this region come mainly from 
the two-pion-exchange potential. (ii1) 
If we have such potential in the outer 
parts, it is quite probable that there is 
a hard core in the inmost region (7< 
0.5). (iv) A suitable phenomenological 
potential is assumed between 1.027 
=> 0.5, which is forced by many am- 
biguities in the potential derivation. 
Then we can express the two-body 
potential as 


V= (41-7) (61-03) V 


Se 3+ (71° T2) {3+ (o1-¢2) V® (30) 
4 te 


1— (o,-¢2) 7 (2) (1 
eae ae CE)}. (1) 


V™ represents the central part of the 
one-pion-exchange potential in the 
region I and 


Vor (9°/ 4:2) (uc?/3) ue (ere 


where 9°/427~0.08 and c=h/pco=1.4: 
10-*em. y is the pion mass. In V® 
in the expression (1), we understand 
that the phenomenological hard core in 
the short distance (r<0.5) and the 
potential in the region 1.00>7>0.5 are 
included together with the potential in 
the region II. 

Now we evaluate the energy matrix 
in first order in the Born approxima- 
tion. The method of calculation is given 


Pe oe 
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in the: text book by Rosenfeld.” We 
get the following result for the potential 
given by (1): 


D=— (9/8) D® 0) — (3/8) D® CE) 
be (OPA A COVE (3/4) CE) 
= (9/2) X®, (2) 


Here D means the direct term and X 
means the exchange term: 


DO =| dry\ drs 3 du (rm) dnl) VO 


3) Yad) ar (7) 


and 
X= \ ar, ar. St ba* (11) ber) VO 
k 


x 3) ont (72) te (r)- (3) 


Now it is important to note that we 
can take V®CE)~3V(O), without 
introducing a serious error. See Fig. 1 
of our previous paper.” Then the main 
contribution to the exchange term comes 
from the one-pion-exchange potential : 


5 =— (3/4) D®— (9/2) X®. (4) 


As is well known, if the potential 
does not change sign as function of 
distance, the direct term cannot give 
the saturation. However, V™ is not 
monotonic. Inside the main attractive 
part, there is a hard core. Also it can 
be easily seen that the exchange term 
in general does not give any large con- 
tribution at high density. Then this 


hard core included in V™ is responsible — 


and essential for the nuclear saturation. 
Thereby, the outer part of the two-body 
potential resulting from the one-pion- 
exchange is not significant to the satura- 


tion. 


On the other hand, the exchange term 
in general gives rise to the velocity 
dependent potential seen by a nucleon 
in the nuclear matter. The expression 
(4) shows that the velocity dependent 
potential results from the one-pion- 
exchange part, the outer part of the 
two-body potential. In what follows, 
we shall estimate its effect. 

The velocity dependent 
modifies the mass of. nucleon in the 
nuclear matter. If we express the effec- 


potential 


tive mass M* in the nuclear matter as 
M*=M(+8)7 
B is given by - 
B= (2M/h’) (3/42r,°) (22/«*) 
X {8 (ka +1)K?+ (4/3) ca? + 4a’ e7** 
x (9/16) (9°/47) (pe*/3), (5) 


when the one-pion-exchange potential is 
effective for r>a. Putting a=2-10-% 
Cm, «7 =7,,.. we get? § = 2.2 9 Tniseis 
very close to the estimated value by 
Weisskopf,” @=1.42. 

Finally, it can be shown that the 
surface energy is directly related to the 
exchange term.” Then at the surface, 
the contribution to the energy comes 
mainly from the one-pion-exchange 
potential. 

The author wishes to thank Professor 
M. Kobayasi for his interest in this 


work. 
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Possibility for or against 
the Existence of a Neutral 
Sealar Meson 


Keiji Igi 


Department of Physics, 
University of Tokyo, Tokyo 


September 23, 1959 


Recently there have been various 


attempts” to determine such physical 


quantities as parities, coupling constants, 
by making use of the conjecture that 
dispersion relations exist in momentum 


transfer variables and that in the im- 


mediate vicinity of a pole the scattering 
amplitude is dominated by this pole 
term. 

If an unknown pole term exists in 


nature, predictions can be made about 


it in principle by its extrapolation pro- 
cedure. Now, the possible existence of 
a neutral heavy meson was speculated 
by several authors.” In this note we 
wish to discuss the possibility for or 
against the presence of such a pole term 


with use of extrapolation analysis. 

If there exists a neutral scalar meson, 
which we tentatively call m/, a pole 
contribution comes from the z,’ meson 
intermediate state in the process 7 —p 
scattering : 


ay omnes cs 2) (1) 


As to the z)/ meson mass /’, we assume 
that 


ppl <2p. (2) 


Because if p/>2y, the z’ meson will 
decay into two z mesons very rapidly, 
while if v/<, one can expect that the 
incoming p-waves of z~ on the proton 
will lead mostly to an outgoing s-wave 
of z,/ in the low energy region. 


py 


Fig. 1 A possible pole contribution for 
the process z~-+p—n-+p. p, ~p’; ky g 
are respectively protons, and pions 
momenta. 


From the analyticity conjecture? .we 
can write the scattering amplitude for 
the process (1) of Fig. 1 as 


M(cos@) eran (p+k—p’—4) 


M1 fhu(p’)u(p) 
2poky) 2k? a@)—cos@ 


+ T (cos @) (3) 
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where @ is the angle 
between the incoming 
a= meson and the out- 
going z meson, and k 
is the z-meson momen- 
in the center-of- 
mass system. / is the 
renormalized and un- 
rationalized 


tum 


F\cos 6) 


coupling 
constant arising from 
the possible (PPz,’) 
interaction, and 4 
defined as the coupling 
constant of the (zzz)’) 


is 


interaction. In this case 

the matrix element as 

a function of cos@ has 

a pole at 

_ 2h +e 2p 
2k? 


(4) 


a 


where y’ is the 7,’ 


At 270 Mev lab. energy, for example, 


meson mass. 


(1.125 (if p/=/)* 
a= | (5) 
OTA SO AE ae a2 i), 
Let us define 


F (cos@) = (aty— cost)? 2. (6) 


Then in the neighbourhood of a pole, 
we get the result 
wa We af 
(2m)? 32k! 


F(cos@) ~- 


pi —k’ cos0 + M”* 
(Po+ ko)” 
Using the experimental values” of 


do/d2, we have plotted in Fig. 2 the 
curve of F(cos@) in the region 1 a 


(7) 


* We coinsder the two extreme cases in the 


interval (2). 


cos 6 
(a) the case of w’=p, a=1.125 


NOL 


(b) the case of w’=2y, a=15 


Fis. 2. Plot of F(cos 0) = (ap—cos 0)2do/d2 for x~—p elastic scat- 
tering at 270 Mev. 
sumption that the pole term is dominant. 
Compton wave length. 


The straight line is obtained on the as- 
The unit is meson 


cos @ = 0 for the two extreme cases, 

pl=p and p/=2u. We see that the 

curve is very close to a straight line, | 
but it does not cross the transversal 

axis at cos 9=a, for both two cases. i 

For other energies the situation was 

similar to this case. This seems to- 
show that the pole contribution is not 

zero, although the experimental data 

are not accurate enough to conclude 

anything about the existence of 7’. 


However, it is possible to estimate 


the upper limit of the coupling constant 
f of the NNz)! interaction. To this 
end we calculated the effective coupling 
constant 4 as shown in Fig. 3. 


PURSE Ab, (Sin 


na al M*—# oe 


A 
M 


{ 


oe | 
( M?— A?) 2 
where g is the renormalized, unrational- — 
ized ps(ps) coupling constant and / is 
the cut-off parameter. 
(8) and Fig. 2, we have 


+ log (8) 


From (8) (eee 
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kp, J 


Fig. 3 Effective (xzzo’) interaction. 


f?/4z<0.03 (scalar coupling) (9) 


where we used the nucleon mass as the 
cut-off parameter A. We can carry out 
similar procedures at other energies, 
with the result 


f?/4n<0.03, at 240Mev, (10) 
bf) Axe —0.07;'> at” 915, Mev," (11) 


respectively. 

These values are very small com- 
pared with the 7—WN interaction. For 
instance, the scalar coupling constant as 
large as f?/42~0.4 could only bind the 
two nucleons into a bound state. The 
neutral scalar meson, even if it existed 
at all, would play only a minor role in 
the world of strong interactions. 

The author wishes to express his 
thanks to Professor H. Miyazawa for 
suggesting this problem. 
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Polarization of Proton Scattered 
from Li’, Be’ and B” 


Yoshiyuki Sakamoto and 
Toshinori Takemiya 


Department of Physics, 
University of Kyoto, Kyoto 


October 3, 1959 


Bethe and others” pointed out the 
validity of the direct interaction model 
in the high energy nuclear reactions by 
analysing the data of nucleon scattered 
from C” with use of the nucleon-nucleon 
scattering phase shifts. Moreover they 
tried to discriminate the suitable sets 
of nucleon-nucleon scattering phase shifts 
from the available ones.” Also one of 
the present authors (Y.S.) tried to dis- 


-tinguish the sets of nucleon-nucleon 


scattering phase shifts by comparison 
of the experimental data with calculated 
results in the impulse approximation for 
the nucleon scattered from D? and He’%.” 

If one uses the even-even nuclei like 
He* or C” with spin zero and isotopic 
spin zero as the target, the expression 
for the polarization and the differential 
cross section will be very simple. And 
the amplitudes of nucleon scattered from 
such target nuclei are the simple sum 
of p-n and p-p scattering ones, so that 


p-n and p-p scattering amplitudes inter- | 


fere in equal weight. 

However, if one uses the even-odd 
nuclei such as Be® or B", or odd-odd 
nuclei, such as Li® for the target one, 
the expression for the differential cross 
section and the polarization of the 
nucleon scattered from such nuclei are 
somewhat complicated, and the ampli- 
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tudes of scattered nucleon are not merely 
the sum of p-m and p-p scattering 
amplitudes. They are composed of the 
terms of some weighted sum of p-n 
and p-p scattering amplitudes and the 
terms of p-m or p-p scattering ampli- 
tudes alone, or the terms of the sum 
of p-p and p-n scattering amplitudes. 
In the present note, we discuss these 
effects. 

We write the scattering spin matrix 
as 


M=A+C(oe,+¢,)n+B(o,n) (o,n) 
+E (ok) (o,k) +F(o,P) (o,P) (1) 


where A, C, etc. are the functions of 
the scattering angle and of the energy 
of incident particle, and n, p and k 
are the three mutually perpendicular 
unit vectors, chosen so that m is normal 
to the scattering plane. 

Using the spin wave function con- 
structed according to the coupling rule 
of the shell model for Be’® at the ground, 
state, one finds the following expression 
for the polarization of elastically scatter- 
ed nucleon, 


P() = 
2Re(A*C+B,x Cyn) 

[APH ICP [Bynl? + [Epnl?+ |Fonl? + |Con|” 
fe (2) 
where A=5An+4A,, and C=5C,, 
+4C py, Am and Cyn, etc. are given by 
(1) for p-n scattering and A,,, Cy», etc. 
for p-p scattering. In Eq. (2), A and 
C are the contributions of non spin 
flip of target nucleons, while. By Cyn, 
E,, and F,, are the contributions of 
spin flip of target nucleons. 

Using the spin wave function similar 
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to the case of Be’, one finds the ex- 
pression for the polarization of the 
nucleon elastically scattered from Li®, 


P(0)= 
2Re(A*C+2C*B’) 


JAP+ICP+3 (CP + EP + [FP + [B/) : 


(3) 
where A=3(Anp+ App), C=3(Crp + Cop), 
WCC, fete Ai Gaps ame 
Alves Cop, etc. are given by ‘(ir for 
pn and p-p scattering, respectively. 
In Eq. (3) the non-spin flip of target 
nucleons contribute to A and C, while 
the spin flip of target nucleons con- 
tribute. to. C’, Bl; E’ and FF". 

One also finds the expression for the 
polarization of the nucleon elastically 
scattered from B™ in a similar manner, 


P(#)= 
2Re(A*C+B,* Cy») 


[AP Oe ae (EPA ee Leenks neh ae Boa 


(4) 
where A=6Agn+5App C=6Cyn+9Cpp- 
Eqs. (2), (3) and (4) are diferent 


from the equation for the polarization 
of scattered nucleon from He* or C”,* 
1.€., 

2Re(A*C) 
Pil) 

ve |A}?P+CP 


(9) 


where A=2(Ajn+App) and C=2(Con 
+C,,) for the He‘-target, and A=6- 
(Agn+App) and -C=6(Cyn+Cop) | fOr 
the C”-target. 

However, Eqs. (2), (3) and (4) are 
composed of the spin flip terms and 
the non-spin flip terms of target nucleons, 
while Eq. (5) is constituted only of 


the non-spin flip terms. The contribu- 


\ ing 
at 


—<— 


oe 


rien hee 


yom ee 


‘a 
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ons of the non-spin flip’ terms are, 
however, dominant for the polarization 
of the nucleon scattered from the 
light nuclei. Then the calculated results 
for Be’, Li® and B" are very similar to 
each other. In calculations of the 
present note, we use both the nucleon- 
nucleon scattering phase shifts of 
Gammel-Thaler and Signell-Marshak” 
at 180 Mev. 

The next interesting thing is the 
comparison of the polarization of elasti- 
cally scattered proton with inelastically 
scattered proton. In the present note, 
we consider the polarization for the 


_ B"-target. The expression for polariza- 


tion of nucleon scattered from 4.6 Mev 
level of B” is given according to 


Egardt,” by 


P(0) 


2Re[ (7A +4 App) * (TC +4 Cop) + Bro Con] 


P(?) 
1.0} 


0.87 
0,6, 
0.4; 
0.2 


Ors 


Fig. 2 Polarizations of 181 Mev protons elas- 
tically scattered from lithium. Experimental 
points are those of Uppsala group.® 


tered from light nuclei such as Be’, Li® 
and B" depends on the character of 
nucleon-nucleon scattering rather than 
on the character of the nucleus, that is, 


(6) 


where A=3(A,,+A,.) and C=4(C,, 
+Cyn), and C,,, H,,, etc. are the same 
as those in (4). 

' The polarization of the nucleon scat- 


P(9) 
1.0 


‘ 


t 10° 20° 
—0.2t x Rochester, 220Mev, 2 -|2t v 
* Uppsala, 181M ev. 


30° ia: 


Rochester 


Fig. 1 Polarizations of 181 Mev protons elas- 
tically scattered from beryllium. Elastic 
polarizations (Uppsala) ® of beryllium compar- 

_ ed with asymmetries of Hafner (Rochester) ”), 
and calculated valuses. 


 \TALF App? +/7C+3 Cool? + |Cool? + 4 Epol? + | Fonl? + |Bopl® 


sae 
elastic polarization 


Fig. 3 Elastic polarization and inelastic polari- 
zation of 180 Mev protons elastically and 
inelastically scattered from boron. The solid 
curves represent the calculated results for 
elastic polarization and dotted curves re- 
present the calculated results for inelastic 
polarization. Experimental points are those 
of Uppsala qroup.®) 
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it does not almost depend on the struc- 
ture of light nuclei. This seems to 
suggest that the impulse approximation 
is valid. 

The polarization of inelastically scat- 
tered nucleon from low-lying levels of 
light nuclei depends little on its struc- 
ture. 

It is to be emphasized that the above 
conclusions are always subject to the 
limitations contained within the impulse 
approximation itself, that is, the calcu- 
lated results have its validity at small 
angles. 

The authors would like to thank 
Prof. M. Kobayasi for his discussions 


and encouragement. 
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Theory of Classical Fluids : 
Hyper-Netted Chain Approximation. 
IIIa 


—A New Integral Equation for 
Pair Distribution Function— 


Tohru Morita 


Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 


October 14, 1959 


I will briefly report here on that the 
pair distribution function in) the hyper- 


netted chain approximation is found to 


satisfy a new integral equation which 
is simpler and expected to give better 
results than the Yvon, Born and Green 
integral equation. 

I have found some errors 
prevous calculations of the hyper-netted 
chain approximation.””® In I and I, 


in my 


some graphs that should have been in- — ne 


cluded were neglected and the results — 
were obtained in a solution of a tedious 
recurrence equation. Those graphs are 


Fig. 1 bi 


in Fig. 11 of I. Then we must change 
the second row of the recurrence equa- _ 
tion (30) of I to 


fOO() HLF (7) HAOP ED 
x exp {dh™(r)} —1-AM (7) 5) 


As the result, our recurrence equation 
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reduces to the form* 

FOr) = (f(r) $1} exph™ (7) 
=1-h(r) (2) 

H® (k) =oF(k)*/ {1—pF™ (&)} (3) 


and the equation for the free energy is 
shown to be 


(- Al =f #0) 
NET / eg (BO) +R) 2 


1 a _ Rm) 
0V In( l= ple (e)) 


—pF™ (k) —4 0° F™ (k)*} 


— 2 | def (rh (1) 


— 


—£l are (ryt (4) 


OF, 


A’ 
(ane Sy (BO) + RO)) + Bort) 


=? AMG 
(0) 


1 F n 
“2oV) > tes Or (R)) 


—pR™ (k) 3° F™ (h)} 


+ 


5) fa 


<5 Jar (AM (r) 


— ark) (5) 
The equation for the pair distribution 
function is 

[9 (7) Jamo* = {fF (r) +1} exph™ (r). 
(6) 


-* The notation and terminology follow those 
‘used in I. Especially, Fm) (k), H™) (Rk), ¥(A) 
and $(k) are Fourier transforms of f(r), 
A™ (r), f (r) and § (7), respectively. 


Then the equation for the free energy 
and the pair distribution function in the 
hyper-netted chain approximation (7— 
co) are found to be expressible by 
means of f(r) and 6(r) which are 


defined by 
f(r) =limf™(r),  §(7) =lim hA®™ (r). 


(7) 
‘Eat 1s, 
BaD ON bot Sa 75 
( Pe 2 § (0) 
+p 1-8 ®) B® 
-“ [Fe +5@7| (8) 
and 


[9 (r) Junc= {fF (r) +1} exph(r). (9) 
Moreover, the f(7) and (7) satisfy a 
set of equations, 
FD ={F() 4. AM 1-H) 
(10) 
D(k) = (2)7/ {1—eB(A)}. = A) 
These are the integral equation for the 
pair distribution function in the hyper- 
netted chain approximation. 
Now, if we neglect the second and 
higher powers of §(7) in (10) : 
1 GI Es ea) 


and replace (7) in this equation by a 
suitable mean value : 


e==1*Ehr), (13) 


then this integral equation is linearized 
and solved as 


9 (2) =e F (k)?/ rl —p&EF(k)}. 
(14) 
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This is just the linearized Born-Green 
integral equation for the pair distribution 
function.* 

The comparison with the Born-Green 
integral equation” shows that more 
graphs are correctly considered in our 
formula than in the Born and Green 
one. 

Because of its simple analytical form, 
this integral equation will be convenient 
for practical computation of the distri- 
bution function and thermodynamical 
functions, especially when some com- 
putational machine is available for the 
Fourier transformations. 

In conclusion, it should be noticed 
that Mayer’s cluster expansion formulae 
in terms of /§?=exp{—¢(rz) /kT}™ 
have been reduced to cluster expansion 
formulae in terms of the hyper-netted 
chains: fy +hy=[9(r)]uxc—1. The 
leading terms of these expansion formulae 
are those in the hyper-netted chain ap- 
proxmation and each of the remaining 
terms is corresponded to a graph which 
has no identifiable part, among the 
graphs in Mayer’s expansion formulae.” 

Detailed accounts of this note and 
the errata for I and II will be published 
shortly. 

The situations are similar in the case 
of multi-component systems: the dis- 
cussions on this case will be retained 
to another occasion. 
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3) .H.. S. Green, The Molecular Theory of 
Fluids (North-Holland Publishing Co., 
1952), Chap. Ill, §6. 

4) Ref. 1), §4. 


The New Viewpoint of the High 
Energy Elastic Scattering of 
Nucleons from Nuclei 


Tatuya Sasakawa 


Department of Physics, 
Kyoto University, Kyoto 


October 22, 1959 


In the previous notes,’ we showed 
that the scattering of nucleon by deu- 
teron or He* can be obtained by the 
superposition of the nucleon-nucleon 
scattering amplitudes multiplied by the 
sticking factor. Others”~® also reached 
this conclusion. 

This important conclusion is obtained 
by the experimental checks of light 
nuclei, lighter than C. In heavy nuclei, 
however, the multiple scattering effect 
will be important. And it is supposed 
that we cannot derive the same con- 
clusion from heavy nuclei as got by 
the light nuclei. 
form tedious calculations to reproduce 
the experimental data of the scattering 
by heavy nuclei. In fact, if we cal- 
culate the high energy elastic scattering 
under the assumption of the direct two- 
body collision, we get the results some- 
what larger than the experimental 
values, though we can reproduce the 
main feature, as stated in the previous 
note.” This is seen in the dotted line 
of Fig. 1, in the case of the elastic 


scattering of 95 Mev protons from typi- 


cal nuclei. 

We take the Saxson-type density dis- 
tribution as described in the previous 
The parameters are R=1.32 
a=0,49 xi0n¥ cm. 


note.” 
SAMA Se 107 coy 


Then we must per- . 


eae ee Oe Se 


is 


- nucleon p. 


a 


178 Letters to the Editor 


In this calculation, the Coulomb effect 
is negelcted. But it is proved that the 
Coulomb effect cannot reduce the cal- 
culated value to the experimental value, 
except, in the case of carbon. 

The purpose of the present paper is 
to point out the following interesting 
theoretical finding, in relation to the 
above discussion. 


Ei ee) Gol 33 Vol bef) ) Gel*s) + 33 Fil Pm) Pm 
A= c p mn 


Theoretically, we can derive the fact 
that in the high energy elastic scattering 
where the effect of the binding can be 
neglected in the multiple scattering pro- 
cesses, the main terms of the multiple 
scattering together with the direct two- 
body interaction can be represented as 
if it were the direct interaction with the 
reduced strength.” After a long calcula- 
tion, the reduction factor / is found to be 


pa VolPn (p) ) (n| 7) 


(Gl 3) Vorld BD) +S Elem) nl SS Vorl fa 69) (PulF0 


ot 

Here V, represents the interaction in 
free space of the incident and the target 
nucleon specified by p. 1/N- (¥:+¢,) 
is the wave function of the initial state. 
N is the normalization factor. 
presents the product of the incident 
free nucleons and the correlations be- 
tween the nucleons in the target nucleus 
in its ground state. We assume that 
the correlation in the target nucleus is 


cs Te; 


described at least by two-particles-jump 


from the Fermi sea. g; is the product 


of the wave function of the incident 
(free) nucleon and that of the cor- 
relation free part (under the Fermi sea) 
of the target nucleons. Here the target 
nucleons are distorted by the average 
potential, but the incident particle is 
not distorted. |%,(~)) describes the 
collision of the incident and the target 
|¥,,(p)) is the solution of 
the following equation, 


lon (p)) a |Pn) 

° bin ae ig 
B E,t+in—(K+U) 
oe : the total kinetic energy operator. 
{7: the sum of the single particle po- 


~Valen(p)). (2) 


tential that the target nucleons feel in 


the nucleus. 
It is expected that the value of 4 be- 


comes smaller and reaches some con- 
stant value with the increasing mass 
number of the target nucleus, because 
in light nuclei the target is appreciably 
different from the Fermi gas and because 
in heavy nuclei it is expected that only 
a limited and a definite number of 
particles can have an appreciable cor- 
relation to the representative particle p. 
Thus in heavy nuclei the mass number 
dependence of both the numerator and 
the denominator of / is linear to A. 
Then 4 is independent of mass number 
in heavy nuclei. 

In comparison with the experiments 
we can confirm this expecation. In 
fact, we get that the value of 1/|A)? is 
1.00 for C, 0.75 for Al, 0.55 for heay- 
ier nuclei than Cu. With this reducing 
factor we get the solid curves in Fig. 1. 

This result will present the very im- 
portant knowledge as we treat the other 
high energy nuclear reactions. The 


details of this note will be presented 
in this journal. 


. 
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The author wishes to express his 
gratitude to Professor M. Kobayasi for 
his encouragement. Thanks are also 
due to Mr. Y. Sakamoto who aided the 
work in some numerical calculations. 


1) Y. Sakamoto and T. Sasakawa, Prog. Theor. 
Phys. 19 (1958), 745; 21 (1959), 879; 22 
(1959), 299. 

2) J. Sawicki and S. Watanabe, Nucl. Phys. 
10. (1959), 151. 

3) L. Gatillejo and L. S. Singh, Nuovo Cimento 
XI (1959), 131. 

4) H. A. Bethe, Ann. Phys. N. Y. 3 (1958), 190. 

5) S. Ohnuma, Phys. Rev. 111 (1958), 1173. 

6) A. H. Cromer, Phys. Rev. 118 (1953), 1607. 

7) T. Sasakawa, Prog. Theor. Phys. 22 (1959), 
(to be published) 

8) T. Sasakawa, Prog. Theor. Phys. (to be 
published). 


A Variation Principle in the Theory 
of Transport Phenomena 


Huzio Nakano 


Department of General Education 
Nagoya University, Nagoya 


October 22, 1959 


It is possible to make use of the va- 
riation principle recently suggested in 
the problem of calculating the electrical 
conductivity” also for the purpose of 
calculating. various kinds of transport 
coefficients in various irreversible pro- 
cesses. We shall here consider as an 
example the case of the thermoelectric 
phenomena, taking for brevity the sys- 


tem that has one kind of charge carriers. 


In order to investigate the system in 
the presence of the electric field and 
the temperature gradient, it is effectual 


to solve the Schrédinger equation for 
the density matrix p of the system in 
the electric field in regard of ¢,=p—/x, 
where /, represents the local equilibrium 
and expressed as 


px=K exp[—\4E@, t) n(r) 
+8(r, u(r)} dV] (1) 
in terms of the operators of local densi- 
ties jn(r) and u(r) of number and 
energy of charge carrying particles. K 
is a normalization constant, dV repre- 
sents the volume element in the system, 
the integration is taken over the total 
volume of the system we take as unity 
and use is made as usual of the local 
parameters ¢(r, 7) and f(r, 7¢) in place 
of the local temperature and local chemi- 
cal potential. The Schrédinger equation 
can be written in the linear approxi- 
mation of the external disturbances as 
: Op, : ( 2 ( os uae 
One Tare Pee pi}+ipo|dé\ dVe 
0 

xX {Xi(r, 2) - J) 

GT t) WAT) ear (2) 
with use of the equilibrium density 
matrix /¢ representing the grand canoni- 
cal distribution, the Hamiltonian H of 
the system free from any disturbance, 
the operators of local current. densities 
J(r) and W(r) of charge and energy of 
carriers and the generalized forces 
X, (r,t) and X,(r,t), and by making 
use of the conservation law edn (r) /dt= 
—div J(r) and du(r)/dt=—divW (r). 


The generalized forces are expressed as 


ree! a oa 
X,(r, ) =E— 4 d(), 
i(r, ft) > Bra fe 


X,(r, =-= grad T, (3) 


——— 
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where E, T and ¢ are the electric field, 
the local temperature and the local 
chemical potential, e is the electric 
charge of the carrier particles and « is 
the Boltzmann constant. By assuming 
in the same way as in I, 


X4 (r, t) =X, (r) exp (+ st) (A=1, 2) 


(4) 


and 
6 

(a(t) =exp( + st)pe| diet U\ e--2 (5) 
0 


respectively in t<0O and ¢>0 with a 
parameter s which real part is positive, 
Eq. (2) reduces to 
8 
po| die {4 90 +i[H, psy 


— | J@) Xi) 
4W(r) -Xi(r)}dV}¥e%7=0. (6) 


We can can now suggest the variation 
principle, which is as follows. 

Let & be the solutions of Eq. (6). 
Then of all state operators 0», ~~ 
are those which make the functional 
of unknown operators @” and 0 
an extremum : 

8 
0 (VID) = | daTr{O poe” 
0 


% (sO 4i[H, OP] eo 
4 (MO— >) p.e™"| {X(r) I(r) 
+X,(r)-Wir)}dVe*™, (7) 


and the extremum value 0=0(¥", 
Ww) is equal to the entropy produc- 
tion in the system. 

In the case that the generalized forces 
are constant over the whole space in 


the system, the expression (7) reduces 
to 

8 
6(D-, MY) = | Tr I poe 

0 


(sO+7[H, D+) Camas (Oo 
— O) pce" (X,-J+X,-W ye, 
(8) 


where X, and X, are the constant 
values of generalized forces and J and 
W are the total currents or the current 
densities 


J=\Fayav, w=|woyav. a 


Let us take, in place of the expression 
(8), the dyadics which is the functional 
of unknown vector operators ®™) and 
DP) 
B 
Las (BP, @) a | dats {oO oe f 
0 
-(s@ +7[H, 8 ]—1,) ee" 
ey & Ope Hey Der : 


(AS 125 BS12) (10) 


where the notations I, and I, are used 
for the currents J and W in (9), and 
then as its extremum as to ®? and 
® we get the dyadics of transport 
coefficients in the limit s>+0 


eee | dt| di Tr {L40¢ exp AH —iH?) 
i et 


I, exp(—4H+iH)}. (11) 


The entropy production which is ob- 
tained as the extremum of (8) is written 
in terms of Ly, in (11) as O= 21 Xa: 
Lp: X,. In ‘the: caserthat the desc- 
ription is possible in the one-body pic- 
ture and in effect the operators are ex- 
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pressed in the form as in (9a), (9b) 
in I,* we can rewrite (8) and (10) as 


foo} 


A¢~, o) aay. lim | deen 
x Tr ffo((9>O @ —6 (2), 9 
+i[h, dT] +[0 (t) — 4 (<2 


ar PA) +4 (—2), X,- J+ Xz: Wi}, 
(12) 


foo} 


Lin, 6) =, lim | dee“ 
; ao 30. 
0 


x Tri feo? ® -—¢° (—d, so 
+i[h, 6 |—iz] 
—[i1, EP O-G(-DY}, (18) 


where the small letters represent the 
respective matrices in the one-body pro- 
blem and ¢*(¢) means exp(zht)¢ 
exp (—iht). 


1) H. Nakano, Prog. Theor. Phys, 22 (1959), 
453, refered to as I hereafter. 


A Variation Principle for Calculating 
General Susceptibility Tensors 


Huzio Nakano 


Department of General Education 
Nagoya University, Nagoya 


October 22, 1959 


We have recently investigated some 


* The expression (9c) in I is erroneous and 
it must be read as (m|fo|m) =Tr(ocan*a,). 
Here we should like to correct another mistake 
in I as to the charge of carriers; viz. e in the 


third line in p, 453 is to be read as —e. 


variation principles in the problem of 
transport phenomena.” We can make 
use of the variation principle of the 
same sort in calculating different kinds 
of susceptibility tensors, e. g. the electric 
and the magnetic susceptibility tensors. 

For the present we here take the 
electric case. As we have seen in I 
the Schrédinger equation for the density 
matrix, 


29) =[H, »O1-[EO -P, 00] 
(1) 


is to be investigated under the conditions 
that in the one case the applied electric 
field E(t) goes in from t=—co to t=0 
as Eexp (st) and in the other case it fades 
away in t>0O as Eexp(—st) where 
s is a complex number with positive 
real part. In Eq. (1) P is the operator 
of electric polarization vector. The 
solution of (1) is obtained in the form 


p(t) =Pot F™ exp(t+st) (2) 


i 


in each case, where /¢ represents the 
equilibrium or the grand _ canonical 
distribution 


(o=K-exp(—BH—E€N). 
By substituting (2) into (1) and taking 
the direction of E as v-axis, we get 
tis =(AL = 1 EPS eo! 
(v=, y, 2) (3) 


in the linear approximation concerning 
the electric field. Instead of taking the 
form (5) in I or (5) in IL we put 
Foe as 


PS 78 | 06; D>) (4) 


and the variation principle is suggested 
in regard to this state operator @*, 


PALS UNCOTe hit 
} 
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which is equal to the time derivative 
Uehara (5)! Of 1: 

Let @~* be the solution of (3) substi- 
tuted by (A), they make the functional 
of unknown operoatrs 


EQ) an ex- 


tremum : 

ae 5) 
STr{E™ ([¢o, [H, 8°] —isF] 
+i [O¢, Pal tS pes Py]} > (5) 


and the extremum value %u(P™, 
@™) is equal to the electric suscepit- 
bility of the system. 

If we take as s=+0+iw, we can in- 
vestigate the frequency-dependent sus- 
ceptibility %.(@) =Zi.(w)—i%(o). We 
can also discuss the magnetic suscepti- 
bility by taking the operator of magneti- 
zation vector M instead of that of elect- 
ric polarization P. If we take the func- 


tional 
Y(EO, EO) 
=Tri{f@Ofpo, is2O—LH, 3° ]] 
—1(E 4+5)(po, E-P}}, (6) 
the variation principle is that the ex- 


tremum of (6) is equal to the electric 


internal energy. 
In the case that it is possible to 
discuss in terms of the one-body 


problem, the functional (5) reduces to 
Pater AS cD 
=Tr {| fo, Lh, EH] — 156] 
4€[fo, peltEC He, put 
and (6) also does to the similar one, 
where operators appearing in these are 
all in regard to the one-body problem, 


viz. they represent the matrices in the 
right-hand sides of the expressions 


the Editor 


and 


and 


of this kind. 
The extremum of (5) and that of 


(7) 


susceptibility tensor, are 


VP ph) =Zuy 


uv Gg, go?) =u : : A 
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H= oa (m\h\n) a an, 

m,n 
Bt) =! >) (rE |) ant Sons y 
min 


La > IM Dyan) Cine py 
(v=, y, 2) ‘ 


(m| fel) =Tr (Pe an* Gn) 


Tr means the traces of the matrix oa 


, which are both proved to be the, __ 


o 


=1 | deTr {[Pe, Pu) Pa} ? 


0 


ee aS Ee a CR 


- ee 


sildtTri{po, Ole) 


H. Nakano, Prog. Theor. Phys. 22 (1959), 
453, referred to as I hereafter; ibid) “23. 
(1960), 13, referred to as Il hereafter. 
These letters I and II and the present 
letter are abstracted from the papers in 
Japanese, Busseiron-Kenkyu (mimeograph- bettie 
ed circular) 2nd Series, 5 (1959), 729; Gers 44 
(1959), 34, 164, 174. ch 


On the High Energy Protons 
Inelastically Scattered from 
Cc” and O” 


Yoshiyuki Sakamoto rite 


of Kyoto, Kyoto 


October 24, 1959 


Tyrén and Maris” measured the ener- . ~ 


wh 
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gy distributions of the high energy 
protons inelastically scattered from C”, 
O", etc., and observed the broad re- 
sonances with several Mev width in 
the neighbourhood of excitation energy 
19~22 Mey. And they concluded that 
these ‘giant resonances are related to 
the excitation modes of photo-nuclear 
reactions through the Coulomb interac- 
tions between the incident proton and 


the protons in the target nucleus. Kawai 
and Terasawa” used the Born approxi- 


mation for the electrostatic interactions 
between these protons, and they re- 
placed the reduced matrix elements by 
the experimental values of photo-nuclear 
reactions in the course of their treat- 
ments. Then, they could compare their 
calculated results with the experimental 
data having the characteristic peak of 
photo-nuclear reactions without referring 
to any special model of photo-nuclear 
mechanism. And they obtained the 
results which are smaller than the ob- 
served by a few factor for various target 
nuclei. Then they concluded that these 
discrepancies are owing to the neglect 
of nuclear interactions between the in- 
cident proton and the nucleons in the 
target nucleus, or to the ambiguity of 


experimental data for the photo-nuclear 
reactions. 
In the present note, we use the ¢& 


matrix in order to take into account 


that the incident proton acts on the 


nucleons in the target nucleus through 
the nuclear interactions and these in- 
teractions contribute to the excitation 
mode of 19~22 Mey regions. 

For brevity, we consider the even- 
even target nuclei with spin 0 and iso- 
topic spin 0 at the ground state such 


as C” and O'8. If one uses the ¢-mat- 


rix expressed by” 
t(i) =a+P(o, to, n+7 (oon) (o:n) 
4.0 (ok) (ck) +€ (oop) (o:p), 


where n, p and k are three mutually 
perpendicular unit vectors, chosen so 
that nm is normal to the scattering plane, 
the energy distribution of the high ener- 
gy proton inelastically scattered from 
the levels of 19~22 Mev region is, after 
some calculations, given by 


do 2 ke al? Dl2 
a + 
dQdE PE. ky {lal 


+A(BP+1FP+IEP)}B (2) om Bo) 


(1) 


where k; and &; are the initial and final 
wave numbers of the proton, respecti- 
vely, and @=$(Gpp— pn), B=4 (Pop 
—Pm) etc., here app, Ppp, etc., and pn, 
Bon, etc., are the coefficients of p-p and 


_ p-n scattering matrices, respectively. / 


is the ratio of the spin flip to the non- 
spin flip reduced matrix elements, and 
does not depend on the momentum 
transfer hky—k,;=k.  p,(Eexc) is the 
cross section for excitation of the nu- 
cleus by energy E.x. through the ab- 
sorption of electric dipole 7-ray. 

The value of 4 is determined by the 
measurements of the polarization, be- 
cause the polarizations of the nucleons 
inelastically scattered from the levels of 
19~22 Mev regions are very sensitive 
to the values of 4. Thaler et al.” ob- 
tained’ 4=0.1 for C? andA=1 for: O* 
in order to explain the polarizations of 
the nucleons, for the nucleon of incident 
energy 156 Mey. It would be expected 
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that the value of 2 does not change 
rapidly in the difference of the incident 
energy of the nucleon between 156 Mev 
and 180 Mey. 

Recently, many ‘sets of the nucleon- 
nucleon scattering phase shifts have 
been available”, then one can obtain 
the amplitudes of the scattered nucleon 
from various levels of the nucleus by 
the use of the direct interaction model 
for nuclear reactions. 

When a, f, etc., are determined by 


ae (mb. sterad~ Mev~’) 


Scattering angle 3.2° 


: 20 22 24 ray (Mev) 

Fig. 1 Energy distribution of 182 Mey proton 
scattered from the levels of dipole 7-giant 
resonance region of CY. 

In the calculations of @, B, etc., we use 
Gammel-Thaler and Signell-Marshak phase 
shifts at 180 Mev.» For op, (Eexe), we 
USE OyA (Eexe) =a(7; n) +o(7; ie) and the 
data of Barber et al.® for C” (7, n), and 
the date of Cohen et al.” for CEG Je 

In present note we assume that the con- 
tributions of « (7, “P) and others to ¢y, 
(Bexc) are very small. 


2 
(oy 
ae d Fmd. sterad~' Mev~’) 
Scattering angle 5.5° 


S.M. 


()--—-—-—+ 


== + | (so Salt 
20) 22 24> (Mey) 


Fig. 2 Energy distribution of 177 Mev proton 
scattered from the dipole y-giant resonance 
levels of O18, 

In the estimation of o,, (Eexc), we use 
the data of Katz et al.8) for O18 (7,7) and 
the data of Stephens et al. for O%8 (7, ). 


the use of the nucleon-nucleon scattering 
phase shifts, the magnitude of the ener- 
gy distribution of the proton inelastical- 
ly scattered from the levels of the dipole 
giant y-resonance region is a function 
of o,,(Eexe) and 4. Therefore one can 
determine the value of 4 through the 
experimental data of the energy distri- 
bution of the proton, if Pp:(Hexe) 18 


measured. Or, one can determine the © 
magnitude of o),(Kexe), if 2 is deter- 


mined. 


Also, the measurements of the energy 


distributions of the inelastically scattered 


protons provide a tool to decide the ex- 


citation energy Ex. which gives the 


maximum value of o,,(Eexc) in the . 


Se Ia 
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dipole giant 7-resonance. 

If experimental values such as d’o/ 
dQdE, Fp,(Eexc), and 4 are available, 
one can verify the validity of Eq. (1) 
by making use of these experimental 
data. And, the fair agreements of the 
calculated results with the experimental 
data for C” and O” show the validity 
of Eq. (1). (See Figs. 1 and 2) Then 
one can determine another value through 
the other two experimental values by 
Eq. (1) for even-even nucleus such as 


i Ne”? 


In a forthcoming paper, we shall 
give the details of the above discussions, 
other results and estimates of the con- 
tributions of o(7, 2p), o(7, 2n), etc., 
to 7, ,(Ex.), of the effects of the nuclear 
distortions for the incident proton, and 
of the contributions from the levels in 
19~22 Mev region which are not ex- 
cited by the dipole j-ray, etc. 

The author would like to express his 


gratitude to Prof. M. Kobayasi for his 


kind encouragements. 

The author would like to express his 
sincere thanks to Dr. Y. Nishida for 
many discussions. Thanks are also due 
to Dr. T. Terasawa for discussions. 
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Ground State of a System Consisting 
of Two Oppositely Charged 
Particles in Coulomb Field 


Mitio Inokuti, Kanji Katsuura 
and Hiroshi Mimura 


Department of Applied Physics 
Faculty of Engineering, Uuiversity 
of Tokyo, Tokyo 


October 26, 1959 


Whether two oppositely charged par- 
ticles form a bound state in the Coulomb 
field is an important problem when we 
discuss the annihilation process of the 
positron in matter” or the interaction 
of the exciton with a charged imper- 
fection in crystalline solid. 

Let r, be the position of the particle 
1 with charge —e and mass m, and ry, 
be that of the particle 2 with charge 
+e and mass 72, then the Hamiltonian 
of the system consisting of the two par- 
ticles in the Coulomb field generated 
by a static charge +e at the origin is 


iin, ae =. 


nla fee i oh 3 | 
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(1) 
where we use the unit AR=e=m,=1 
and put «=m,/m,, ry=\|ri—T.|. We 
choose the following trial function for 
the ground state to perform variational 
calculation, i.e., 


¢ =exp (—€r;) r2” exp (— 772) 
Xexp(—fri), (2) 


where £, 7, @ and m are parameters to 
be determined so as to minimize the 
energy E=(¢, 26¢)/(¢, #). Since the 
energy of the state where only the 
particle 1 is near the origin while the 
particle 2 is at infinity amounts just to 
—1/2, the binding energy B of the 
two particles at the static charge is 
B=-—1/2—E. Evidently a_ positive 
value of B corresponds to a bound state. 
All the integrals appearing in the ex- 
pression for the energy & can be eva- 
luated analytically as far as 2m is a 
positive integer. Numerical calculation 
has been carried out exclusively on the 
TAC, an electronic computer. 

For «=1, no positive B was obtained. 
In other words, the positron affinity of 
the hydrogen atom turned out to be 
negative as far as we adopt the trial 
function (2). This result naturally was 
unaffected when we replaced the posi- 
tive static charge at the origin by the 
proton with a finite mass in order to 
consider the effect of its motion, which 
proved to contribute less than a percent 
to the energy. 

Further we estimated the minimum 
value «,, of « which can give a bound 
state. The result was Kn~=7.8. It is 


a remarkably rigorous estimate as com- 
pared with Ore’s value, «,,~20”, ob- 
tained by a simplified treatment. For 
example, the effective masses of a con- 
duction electron (7,) and a hole (77) 
in InSb crystal are known to be 72,= 
0.02 m, and m,=0.3m, respectively, 
where m, is the free electron mass”. 
Since «=7,/m,=15>K,, we conclude 
in the approximation of the effective 
mass theory that the exciton in InSb, 
if it ever exists, can form a bound state 
localized at a positively charged im- 
In fact, B=0.02099 in our 
unit for «=15, the values of variational 
parameters being (€=2.19765, 7= 
0.728095, §=0.566542 and n=4.5. 
When we use the dielectric constant 
16.8 for InSb.” this binding energy 
corresponds to 4.04107’ eV. | 
Extention of the trial function to a 
linear combination of the terms like 


perfection. 


(2) is now being attmpted. The result 
will be reported in a forthcoming paper. 


together with a fuller account of the 
present work. 


Finally, we appreciate the kindness. 
of the members of the Electronic Com-_ 


puter Laboratory of the Faculty of En- 
gineering who gave us facilities for 
numerical calculations. 
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Electric Multiple Transitions in the 
D(yp)n Reaction at High Energy 


Masahiko Matsumoto 


Shiga University, Otsu, Ishiyama, 
Shiga 


October 27, 1959 


Recently the photodisintegration of the 
deuteron at medium energies (20~100 
Mev) has been investigated by many 
authors.~” It has become rather con- 
vincing that one can explain the main 
features of the photodisintegration at the 
medium energies in terms of the elec- 
tric transitions, if one assume-a large 
D-state mixing in the deuteron and the 
strong positive tensor potential in the 
triplet odd final state. Both of them 
are the natural consequences of the pion 
theory of nuclear forces.® 

Most of the authors, however, confined 
themselves to the calculatson of £1 
(and £2) transition, and, further, they 
took up only the first term in the powor 
series expansion in terms of «,r of each 
multipole interaction. The present author 
and his collaborator have performed 
exact calculations for £1 and E2 transi- 
tions, and found that the breaking up 
of the power series is not justified even 
at the energy as low as 80 Mey.”* 
Therefore, it seems worthwhile to in- 
vestigate the effects of the higher power 
of «,r in a more general way. 


Concerning the disintegration at 


_ higher energies, it is clear that one 


cannot reproduce the hump in the obsery- 
ed excitation function around 280 Mev 


* For the importance of the multipole of E 1 
transition, it has been reported by Hsieh. 


in terms of the electric transitions, be- 
cause the latter predicts a smooth 
energy dependence of the excitation 
function. Of course, the hump is due 
to the resonance production of the virtual 
meson by the incident photon. The 
recent investigation, however, suggests 
that the virtual meson effects give ap- 
preciable contributions only to the spin- 
flip M1 transition within the narrow 
range of energy around the observed 
hump.” Then, it is rather interesting 
to see whether one can reproduce all 
the data by just adding the contributions 
(the mesen effects and so on) to the ex- 
citation function due to the electric 
transitions. 

In the present note, we shall show 
the results of our calculations in the 
energy range of 80-300 Mev in which 
the complete expression for the electric 
interaction is used. One can reduce 
the full electric interactions into the 
following form.” 


a 


1 

dL 
| ds~ er|exp lisse rr] zn 
0 


+o exp(—i-S e,r) |. (1) 
Here the integral over s takes account 
of the so-called retardation effects and 
if one simply puts s=0 in (1), then 
one will get the conventional expression 
for the electric dipole interaction. Since 
k,R (Ris the deuteron radius) is almost 
unity for 90 Mev of photon energy, it 
is not legitimate to invoke such an ap- 
proximation in high energy region. 

In our calculations, we kept the full 
expression of (1). For the sake of 
simplifying the calculations, we approxi- 
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mated the final state wave function by 
a plane wave which may be justified 
at high energies. For the deuteron 
state, we adopted the poin theoretical 
wave function,” which has about 7.1% 
of D-state mixture and reproduces the 
quadrupole moment of 2.6 X107*%cm’. 


do /d2 (1b/sterad) 


30%) GH? 6:90% + 120° 150: 
6 (degree) 


Fig. 1 Angulur distribution of the D(yp)n 
reaction at Ey=80 Mev. The solid curve 
represent our exact calculation. The dotted 
and dashed curve represent the case of 
s=0, E1+E2 respectively. 


In Fig 1. we have plotted the dif- 
ferential cross sections given by our 
exact calculations and s=0 approxim- 
ation at 80 Mev photon energy. For the 
sake of comparison, we also plotted the 
differential cross section given by our 


previous calculations” in which we took 


into account the final state interactions 
making use of the full expression for 
El and E2 interactions. It is readily 
seen from. Fig. 1 that the s=0 approxi- 
mation gives rather poor results. This 
means that the «,r expansion is not 
justified in the energy region L,280 
Mev and gives an underestimate for E1 
cross section.*'** The comparison of 
our exact curve with £1 +2 curve 


‘shows that the effects of the higher 


multipoles than E2 are not appreciable 
and that the approximation of the final 
states wave function by a plane wave 
is not too serious. In Fig. 2 we have 
plotted the excitation functions given 


100 


Total cross section (//d) 


eefe poe eS | 
50 100 200 300 400 
E;(Mev) 


Fig. 2 Excitation function of the D(rp)n 
reaction. The solid curve is our exact 
calculation. 

------ is the case of s=0. 
__._-— is the case of the deuteron d-state 
wr) =0. 


by our exact calculations, the s=0 ap- 
proximaton and the case of the zero D- 
state mixture of the deuteron. 

The prediction by the exact calculations 
follows up the observed results fairly 


* This conclusion is in contradiction with 
that of Nicholson and Brown.» This might be 
due to their rough estimation of the retardation 
effects. 

** These conclusions have been reached also — 
in reference 3) on the basis of less extensive 


calculation. 
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well except in the hump region. 

The auther would like to express his 
appreciation for Dr. Iwadare of the 
discussions throughout the course of this 
work. He also wishes to thank Pro- 
fessor M. Kobayashi for helpful discus- 
sions, 
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A Note on the Polarizations for 
_p-He’ and p-T’ Scattering 


Yoshiyuki Sakamoto and 
Toshinori Takemiya 


_ Department of physics, University 
of Kyoto, Kyoto 


November 7, 1957 


In a previous note? we reported the 
polarizations of the high energy protons 
scattered from Li’, Be’ and B"™. The 


amplitudes of these scattered protons con- 
sist of the contributions of non spin flip 
and spin flip terms of the target nucle- 
ons.However, the contributions of spin 
flip terms are much smaller than those 
of non spin spin flip ones, and the former 
are masked by the latter. And, general- 
ly, when there are no contributions of 
spin flip terms to the amplitudes of the 
nucleon scattered from the nucleus, 
these amplitudes give rise to a large 
polarization.” Then, the polarizations 
are expected to be large for the nu- 
cleons scattered from nuclei such as 
Li®, Be’ and B", in agreement with 
observations.” 

Now, the most interesting ratios of 
the contributions of spin flip terms to 
those of non spin flip ones would be 
those in nucleon-He* and _ nucleon-T* 
scattering amplitudes. That is, in the 
polarizations of nucleons scattered from 
He® and T°, the contributions of spin 
flip terms to the scattering amplitudes 
play important roles since those of non 
spin flip ones are relatively small. 

In the calculations in the present 
note we use the impulse approximation 
and neglect D-states of He* and T*, as 
the probabilities of those states are very 
small, i.e., 2~3%. 

We express the two-body scattering 
spin matrix as follows,” 


My=BS+[C(o,+e,)n 
+N(o,n) (o;n) 
+ (1/2) Gi (ork) (o:k) 
+ (o,p) (o:p)} 
+ (1/2) H{ (o,k) (o;k) 
— (op) (o;p)}\T (1) 
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where the coefficients B, C, N, G and 
H, depend on energy and scattering 
angle @ in the center of mass system, 
and S and T are the respective sieglet 
and triplet spin projection operators. 


n, k, p, are unit vectors in the direc- 


tion of k;Xk,, ky—k; and k,+k;, re- 


spectively, here k, and k, are the final 


and initial center of mass monenta of 
the particles. For the sake of clarity, 
for the singlet and triplet state interac- 
tions of two-body we use the scattering 
spin matrix containing the projection 
operators S and T. 

The expression for the polarization 
of proton elastically scattered from He’ 
is given by, after some calculations, 


2 Re 1 (2a,, er fait) ig (27 pp ate fos) + Bek ‘pat (2) 


|2@ p+ Q@pnl? + |27 pp +7 pn\?+ [Ton |Bon|?+ [Osn|?-+ Reta 


and also that for T° 


P(#) = 


where a, #8, etc., are related to 
a=(1/4)(B+N+G), 
B= (—1/4) (B+G—3N) 


—— 


hiss ° 
d= (—1/4) (B+N—G—2H) 
€=(—1/4)(BEN—G+2H) (4) 


and Qi, Ppp» etc-, and apn, yn etc., are 
the coefficients of p-p and p-n scattering 
spin matrices given by Eq. (1) through 
Eq. (4), respectively. 

When the polarization of p-p scat- 
tering is compared with that of p-n scat- 
tering, it is evident that the latter is 
larger than the former, so that it would 
be expected that the polarization of 
proton is large for scattering by T° than 
by He®. However, if the calculations 
on Eqs. (2) and (3) are carried out, 
the polarization may be obtained as 
being large for the scattering by He* 


than by T°. 

Since the two neutrons in Tat the 
ground state will be bound in the 
singlet spin state, these neutrons do not 


give rise to the spin flip, then the am- 


2Re{ (2apn yp) * (27 pn ige) ach int (3) 
[2a pb pp? 27 pnt Tool’ + l7pol?+ |Foel? + Snel? + |Enel” 


plitudes of protons scattered from these 
neutrons are related to 2a, and 27pn, 
and other terms in p- scattering spin 
matrix cancel out. The proton in T° 
gives rise to the spin flip, so that all 
the coefficients of p-p scattering spin 
matrix contribute to the amplitude of 
proton scattered from T*. On the con- 


trary, in p-He’ scattering, the roles of | 


two protons and a neutron are contrary 
to the roles of two neutrons and a pro- 


ton in T*. The contributions of non 


spin flip terms to the amplitudes of 


protons scattered from T° and He’® 
are related. t0 20a Aye, 27'on tien ane 


2p» t+ Ayn, 21 pp pms respectively. On 
the other hand, the contributions of | 


spin flip ones to p-T? scattaring ampli- 


tude are related to Ypp» Opp» Epp» and Pa 
while those to p-He® to Pon, Tpm Opn and ~ 


Ey. These contributions of spin flip 
terms play the relatively more impor- 


tant role than those of non spin flip 


ones. This is a main reason why the 
polarization for p-He' scattering is larger 


‘ 
ii 
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Fig. 1 Polarizations of 180 Mev protons elas- 
tically scattered from He? and T°. 
G. T. and S. M. indicate Gammel-Thaler® 
and Signell-Marshak® phase shifts for nucleon- 
nucleon scattering, respectively. 
than that for p-T° scattering. 

The calculated results shown in Fig. 
1 have been carried out with use of 
Gammel-Thaler” and Signell-Marshak” 
phase shifts at 180 Mev. 

Since very different results for the 
absolute and the relative magnitudes 
of polarizations of nucleons scattered 


from He’ and T® are obtained by using 


available sets of nucleon-nucleon scat- 
tering phase shifts, it seems that there 
are some possibilility of choosing the 


reasonable set of phase shifts if it is 


measured, the absolute magnitudes of 
polarizations of nucleons scattered from 
T’® and He’ and also the magnitudes 
of differences of these polarizations. 
The authors would like to express 
their sincere appreciation of kind en- 
couragement given by Prof. M. Koba- 
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On the Charge Distribution of 
the Proton 


Kichiro. Hiida*, Noboru Nakanishi** 
and Takanori Shiozaki** 


*Research Institute for Fundamental 
Physics, Kyoto University, 
Kyoto 


**Department of Physics, Kyoto 
University, Kyoto 


November 11, 1959 


It seems to be generally believed 
that the experiments on high-energy 
electron-proton and_ electron-deuteron 
scatterings and low-energy neutron-atom 
scattering indicate 


Gaal) (1) 
<r*)1 »=[ (0.80 £0.04) X10-" cm? (2) 
= om 2,p =< rye. 


for the mean square radii of charge and 
a.m. m. of the nucleon.” But from 
our previous theoretical investigations,” 
we feel it rather unlikely that the cur- 
rent meson theory predicts such large 
mean square radii as shown by (2). 
However, before we doubt the validity 
of meson theory or quantum electrodyna- 
mics at short distances, we must of 
course examine the adequacy of deriy- 
ing the results (1) and (2) from the 
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experimental data. (1) is the result 
which was obtained by a shape- 
independent method and also it is free 
from the ambiguity of the a. m. m. 
form factor, while (2) is what was 
estimated by using very special models 
for the proton under the assumption 
F\=F,.. Therefore we will for the 


present rely only upon (1), ie., 
eer). (3) 
We also believe in the cross sections 
obtained by the Stanford experiments 
and the validity of meson theory in the 
outer region r21/#. We will further- 
more assume that 
i) the charge distribution of the 
isovector part is positive definite, 
ii) that of the isoscalar part is 
negative in the inner region and 
positive in the outer region, and 
iii) the a.m. m. distribution of the 
proton is positive definite (see 
Fig. 1 (b)), 
these being conjectured from our pre- 
vious analyses.” If we assume that the 
radial distance for the region mainly 
contributing to (7°) is roughly propor- 
tional to the range of the distribution 
(i.e., the reciprocal of the threshold 


energy), we shall roughly have 


kr fap)? -e/2 (4) 
(1/31)? Qe< 


Lr yy 


4rr’pilr) | Anr2po{r) 


(b) Proton’s a.m. m. 


(a) Proton’s charge ons 
distribution 


distribution. 
; Fig..1 


where Qe stands for the amount of the 
positive charge in the isoscalar part. 
We get. O=1.0 . from. (3). and. “4)" 
Then the neutron’s charge distribution 
will take the form suggested by Schiff,” 
and the proton’s charge distribution 
will be such a form as in Fig. 1(a).* 
(For simplicity we have assumed Z,,=0, 
but this is not essential.) It may be 
imagined that the inner negative part 
would be owing to virtual anti-protons. 
At any rate, if it is true that the proton’s 
charge distribution is negative in the 
inner region, then we can expect that 


F,/F, will behave like Fig. 2, as is 


(O51) a) 
F, 
(0, 0) PE ee 


(a) -Therease 47 )y, 35422759 
(b) The case (72)1, ,247?)2, p 


Fig. 2 F,/F, diagram 


easily seen by comparing Fig. 1(a) 
with Fig. 1(b). It is of some interest 
to notice that Karplus’ analysis” of 
F,/F, seems to exhibit somewhat such 
a tendency as the case (a) of Fig, 2. 


* Such a possibility was suggested by one of 
the authors (K. H.) in the preliminary meeting 
(in Japan) for Kiev Conference. Independently, 
a similar form was considered as a trial model 
by Katayama et al. 
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Therefore the experiment more precise- 
ly determining F,/F, is highly desirable. 

Finally, we remark on the value (2) 
for (r®),. If we assume such a charge 
distribution for the proton as in Fig. 
1(a), we can construct a simple model 
which is consistent with all the Stanford 
data and gives a rather smaller value 


me for C7 ag than “(2):: 


Detailed accounts will be reported be- 
fore long. 

The authors wish to express their 
sincere thanks to Prof. H. Yukawa for 
his kind interest. 
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Proton-Antiproton Annihilation 
and Nucleon Structure 


Shigeo Minami 


Department of Physics, Osaka City 


University, Osaka 
November 14, 1959 


As is well known, the observed 
multiplicity of pions in proton-antiproton 


annihilation process, (n,)=4.7+0.4, is 


to the Editor 


in contradiction with the theoretical 
value obtained by a simple straight- 
forward application of Fermi’s statistical 
model. Recently Koba and Takeda” 
have obtained the result (7,)4.8 by 
the calculation based on their model. 
In this note we also intend to study 
this problem with the object of pursu- 
ing some knowledge about the dynamics 
in the region smaller than 107” 

Let us now consider the case in which 
the 'proton-antiproton annihilation pro- 
cess takes place at the distance 7 from 
the center of the proton and 7’ from 
that of the antiproton.* The produced 
pions will undergo both z-7 interaction 
and z-N interaction until they will be 
observed. In this case we assume the 
following relation between the magnitude 
of mean momentum of ¢he observed 
pions <k) and the place where the col- 
lision takes place. 


{k)=1/<{r>, where (r)=(r+r’)/2. 
(1) 


Then the average multiplicity of poins. 
n,(<7r)) can be estimated by the follow- 
ing relation (2) if the kinetic energies 
of both proton and antiproton are 
neglected. 


n,({r)) =2M/(e,), 

CeQ=V CRY +E, 
where / and are the masses of es 
and pion respectively. 


Now let us take into account the 
effect of nucleon structure. We show in 


(2) 


* Hereafter, as the unit of length we ‘adopt 
1/M instead of 1/y from the viewpoint that the 
former may probably play the more important 
role than the latter in our approach to the 
Sac, 
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Fig. 1 the ‘charge distribution for proton 
which has been obtained by Hofstadter.” 
This distribution may be interpreted 
in such a meaning that it represents 


0.5 + 

It “Zero” cut-off (B) 
ost |i 

| e Finite cut-off (C) 
0.3 r vt \ 


1 
> 
1 


0.2 


(x) in units of proton charge 


Oe 


Ax’ p(2) 


dt bet —- 1 4 4 4 r 
2 4 6 8 NOS le 
— 2\=Mr) 
Fig. 1 


the probability amplitude with which 
the electromagnetic interaction is realiz- 
ed. Basing on the charge independence 
of the interaction in 7-N system, we 
assume that the situation in 7-N inter- 
action is the same as that in electro- 
magnetic interaction. Namely the 
distribution function 472’o(x) =¢(z) 
shown in Fig. 1 is also regarded as an 
expression of the probability amplitude 
with which the interaction in 7-N system 
is realized in the place r, where z= Mr. 
In the case of antiproton there exists 
the same situation as in the case of 


proton. Therefore, when we denote the 


distribution function for antiproton as 
¢)’ (a'), the function d(x) $/(x’) means 
the probability amplitude with which 
the annihilation process takes place 
in the ‘distance r+ from the center of 
the proton and r’ from that of the anti- 
proton. Thus the average multiplicity 
of pions is expressed by using the 


notations of (1) and (2) as follows, 


a || Cede oy bo 
i.) 


> 


\ PG ae dx 


P(x, x')=[¢(2)*$'(2)Y. (3) 


In the discussion about the pion multipli- 
city, we can use the following relation, 


Ate eae ei ae Oo) (4) 


because the structure of the antiproton. 
is identical with that of the proton ex- 
cept for the sign of charge. 

Hofstadter has given the following 
three forms as the charge distribution 
for proton (cf. Fig. 1), (i) Exponential 
model (A), (ii) “Zero” cut-off model 
(B), (ii) Finite cut-off model (C). 
Adopting these froms, we calculate (7,) 
by Eq. (3) and obtain the following re- 
sults. 


In case (A); (n,) 5.0 

In case (B) ; (7, ) 24.3 (5) 

In’ case (C) 3 (ny) 22 49 | 
Every value of these ee fairly aah 
with the experimental one (7,)= 


4.7+0.4 
Finally let us examine our assump- 


tions recalling the experimental results. he 


for the other pion phenomena. The 
most remarkable fact in low energy — 
pion phenomena is the (3/2, 3/2) wel ta 
sonance in z-N interaction., Since the ae 
pion momentum in 7-N scattering at 
190 Mev is £1.15 X 10cm" ", the impact 
parameter 7 which is responsible to the 
p-wave resonance turns out to be nearly 


equal to the mean radius of the charge 


distribution. The phenomena for the _ 
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(3/2, 3/2)-resonance may be closely 


connected with the nucleon structure. 


We now pay our attention to the 
pion phenomena in high energy region. 
In our study for the proton-antiproton 
annihilation process, we have seen 
Ce) =7/ (ky? + 2380 Mev, where (e) 
is the mean energy of emitted pions. 
When z-N collision* or N-N collision 
at high energy is examined along the 
same line with this, we may also expect 
that the value of mean energy of pions 
will be a similar one with the (e) 
owing to the effect of the nucleon 
structure. In other words, the pions 
of energy (¢€) will be emitted with 


* In z-N collision the <7) in Eq. (1) must be 
reinterpreted as the distance between the center 
of the nucleon and the place where the collision 
takes place. 


large probability. Then the cross sections 
for z-N scattering will have the maxima 
at the energies where some number of 
pions of energy ¢€) are produced. 
These maxima may correspond to the 
ones at 0.9 Bev and 1.4 Bev which have 
been established by experiments.” 

Thus it may be expected that the pion 
phenomena at high energy as well as 
those at low energy can be explained 
to some extent by taking into account 
both the nucleon structure and the as- 
sumption (1). 

The author should like to express his 
thanks to Dr. Y. Munakata and Dr. K. 
Hiida for their helpful comments. 
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A Method of Approximate Second Quantization in the 
Theory of Superconductivity 


Zygmunt GALASIEWICZ* 


Joint Institute for Nuclear Research Laboratory of Theoretical 
Physics, Dubna, USSR 


(Received August 17, 1959) _ 


The Hamiltonian of a dynamical system of Fermi-particles is transformed by means of 
the general unitary transformation proposed by N. N. Bogolubov. From this Hamiltonian 
we obtain the approximate second quantization (a. s. q.) Hamiltonian, introducing the Bose- 
amplitudes with two indices. This Hamiltonian is diagonalized and the collective oscillations 
considered, especially for the pairs of particles with parallel spins.’ For the forced collective 
oscillations the paramagnetic term in the Hamiltonian is also taken into account. This term 
leads to the additional “spin” current, connected with the elementary excitations with spin- 
moment +1. If the transfer momentum tends to zero, this current vanishes as the terms 

_ omitted in obtaining the Meissner-Ochsenfeld effect. 


§1. Introduction 


In the paper of N. N. Bogolubov” using the self-consistent field method, among 
others, the problem of collective oscillations of a dynamical system of Fermi- - 
particles and the problem of electrodynamics of superconducting state are studied. 
It is proved that in the approximation used, the collective oscillations split into two 
independent branches: a) for the elementary excitations with spin moment 0, b) 
for the elementary excitations with spin moment +1. The collective oscillations 
of the first branch are investigated (see also the monography of the theory of super- 
conductivity N. N. Bogolubov, V. V. Tolmachov, D. V. Shirkov”), and the results 
are applied to the electrodynamics of superconducting state, obtaining the Meissner 
effect. 

In this paper the problems investigated in the paper quoted above are considered 
with approximate second quantization method”. The collective oscillations of the 
second branch, connected with the elementary excitations with spin moment +1 
are studied. Moreover, the additional term in the Hamiltonian which gives the 


energy of magnetic spin moment in a magnetic field is taken into account. This 


leads to the additional “spin” current. 

In order to usé the approximate second quantization method, the products of 
Fermi-amplitudes aa, are replaced by the Bose-amplitudes (,,. It is proved that 
the secular equation for the energy of collective oscillations obtained by means of 


this method is identical with the equation obtained in paper 1). Furthermore the 
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forced collective oscillations for the case of weak external electromagnetic field are 
considered. In the Hamiltonian besides the terms that depend linearly on the 
vector-potential of the external field (see also 1)) the paramagnetic term proportional 
to the product s- 4 (where s is the spin vector of the particle, and $ the magnetic 
field vector) is also taken into account. This additional term of the Hamiltonian 
depends linearly on the operators f,,. So we introduce new operators /,,+C(y, /), 
where C(x, #2) are c-numbers. We determine them from the condition that in the trans- 
formed Hamiltonian, the terms linear in the operators §,, must vanish. It is shown 
that current and particle density are expressed by the functions C(», 4). Thereby, 
from the approximate second quantization method like in the self-consistent field 
method” we obtain the electrodynamics of superconducting state and especially the 


Meissner effect.—The paramagnetic term in the Hamiltonian leads to the “ spin” 
current, connected with the elementary excitations with spin moment +1. 
§2. Approximate second quantization Hamiltonian 
Consider a dynamical system of Fermi-particles with a Hamiltonian 
Sgn LAL) G an + >) Uf, fa Se! Ar) Of. Of, Uy Ap =, + A, 
ANA! 
IM oral ge sO) (1) 


where J is the Hamiltonian of the particle, U—the interaction energy, 4A—the chemi- 
cal potential, a,, a; the Fermi-amplitudes and f is a set of indices characterising 
one-particle states; in particular f=(p,o), where p is a wave vector and o a 
spin index. 

Similarly as in the paper 2) we transform the Hamiltonian changing to new 
amplitudes 


a= 2 (up eytvupyay). (2) 


To secure the canonical character of transformation (2) the functions {a, v} must 
be connected by orthonormality relations : 


Sun uft, top vps} =8 ff), 
> {etpy Very + Uyry Vypy} =ai()) (3) 


We find the functions {w, v} from the additional equations obtained from the 
compensation principle of dangerous graphs,” 


(a, a, H))=0. (4) 


The expectation value corresponds to the vacuum state C, in the a@-repre- 
sentation : 


HG =0; C.* ra em) (5) 


‘cca heal (liable 
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In the paper 1) it has been shown that the equations (4) are equivalent to the 
equation 


> CA DOH A) +A. AAA} +S(A.A) 


TF RASS A) + FG A)S(A, f)} =0 (6) 
where 
CA. S)=TA, SP) + OG Sf" ie Ge OSES OT Os 
S(t; fr) Fier LCR A, Ai OH, fi’), (7) 


FF, f)= > Up Vytv; b(fi, fr) as ps UpvUfev> 
The transformed Hamiltonian has the form, 


H=H,+H,” +H,” + H,! (8) 


where 
> TAS) DS Gunes yop vpy Uys tuft vpy at af +04 upp ay), 
? By 


HOH} SUG fs fl A) SS eatharth sry treats a dy 
p.d 


1f2 
Si! fol 
* ek * * et ae 
HUF u VpgyVporp VpseXy Ay A, Ag Up, y Vfsv Vjorp Ups Uy ea, As 
tut, ut a, af a as tut UX Upp Vp 6 Ue Ay aA as 
UR p Ufo v Ufal p Uf6 Ay ty p45 Fis “fav Afalp Uf s we wp s 


* ok + wt 
HUA, w Ufo v Ufa p Ups My Hy a, as } ? 


Hy =4 3) UK, fas fi A!) DS en Uv Oar Upre Ue WS Ap OS 
f ery 


1L,J2 ‘ 

All fot P, 
gts yh. 119.) tyra y By Uy Let 
fie Cfav Afalp Afrrd Aw Av Op ss > 


: , , * * at a ce 
Fy! =4 > UA, hi ’ ta ? ti ) 2 {eef u Ups v Vparp Unrre M Ay, H, Xe 
ay | psd 
- 5 Vt + * * to ae 
ut UA vVsforp Ups ie aya, as + V4 p Ufa Uforp Upis Ay, Ay a, as 
i yt at * * mi 
pup y UpfivV pare Uys ay, Ay a, as H+ Vp, p Ufa v Vforp Ups Uy, My X, Xs 
* 4% Fs 
Uk OX yUpar p Ups Me By Hy Ag+ VA Ufa rv Ufarp Ups My Ay Hp Os 


e 
+ Uf yp Vp vUfarp Up's Hy Aya, as} : (9) 


Now we want to obtain from the Hamiltonian (8) the approximate second 


quantization Hamiltonian (a. s. ¢. Hamiltonian). Similary as in the particular 


case?) we make use of the results of papers of Gell-Mann, Brueckner, Sawada, 
Brout and Fukuda? This means in order to obtain the fundamental approximation, 


one may restrict oneself to the summation of only those graphs of the form of 


the complex, given in Fig. 1. 
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Big. 2 


Fig. 3 


In the exact Hamiltonian (8) the terms grouped in H,“ and H,‘”’ correspond 
to these vertex parts. In the approximate Hamiltonian thus obtained we omit the 
contribution from H,’. 

The second term of H,‘”’ corresponds to the vertex parts a) (Fig. 3), the first 
term of H,” to the vertex parts b) and the terms of H, to the vertex parts 
c). To obtain the a.s.g. Hamiltonian we consider only H,“ and H,'. Now, 
instead of the products a,,@,, of Fermi-amplitudes, describing the particle-hole com- 
plexes, we introduce Bose-amplitudes Py... (S..=—Pr..,)- This means that from 
the Hamiltonians H,“ and H,‘”? we must take out pairs of operators a,,a,, and 
(a,,@,,)* and substitute them by Bose-amplitudes f,,,, and Pyy, Also we must 
find in H, the coefficients of the products (a@y,@,,) (a@,,@,,) and (a@y,a,,) + (a, a,,) 
These coefficients are given by formulae 


. 


On. ay: a, a, velEy > (ay, ay, A, ay ass . 
So we finally get from H, 
Ah= Be A», M4301, Vi) isvePuiva +E Da By, 3 3, Yi) Bis veP tava 
V1, v2 


V1, v2 
v3, v4 v3, V4 


+3 > B* (4, Yo > v3, DIN eee (10) 


v1,¥2 
v3, 4 


® Pepe Ata (he tA 
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where 


Als Ye; =—1 9+ : 
gy Ye Vr, Ye) =F H. —— CA eee 
» M2) = (Prov HaBr vado=3 (Any, LL as, a= ES) Ui, fas fr AD 
J1,J2 
Ful fa! 
ES (in Soave us ne 
{( fi va “fava ‘fi vs Uf a) (CES Upyrvg — UpstrvgUfarvr) - (Uprvs Vferva— Upstve Vpatvs) 
x ut (de org ee yk Koy * * 
( fi v1 Ufa veo Uf, mC) = (uj, vs Vay Uf vs Ufa Es) (Unreal parva— Ciatva ere) 
* * * * 
Uu VU — pots , 
BE ( fa va Ufi ve MA, va Ufs ve) (Ups Ufotyy Vary Uparvs) a= (Cs vs UA ve piv Ore ) 
X (uv Up ry,— Week) sae one 
( Salva Ofiva UprrvaUfarrr) tt (Ujrva Vf, va Ups va Vfavi) (Vparvs Upve— VUfitrs Ufatvo) $ ’ 


BA, v2 > ¥3, V4) =F (Bye ve Privette oF (Ove Csr Or, Ay =F Py UO Ga, f3 aha ti) 
Sus 


fil fal 
* ¥oE Tie * 

x { (207, v2 Ujs vw Uy, Vu Usa “9, (Vyarva U vs Ufstys Dy7va) ait (ujt va ujs ve Up, vs uj. )) 

ec * ; 

x (parr, Vp Usa Vyrrve) “ (tf, vo Uja vo ur, v2 uy, vs) (Vyarva Uni Ufervi Upyra) 

* i ae ee, * 

=F (207, ya U fov. — Ufivittfe of) (Vyatvs Vfirva— Vfalva US s1vs) a i (2e7, vw UP va— Uf, ve Ufa ve) 

x (Vyatva Upitve — Vyfatva Vyyva) 5 Cs wid etn uz, ve urs ) (VyrvsV pm — Vpn Vers) $ 2 (11) 
The expectation value corresponds to the vacuum state C, defined by (5). 
The matrix elements A and B have the following properties, 

A (v3, Y43 M15 Ye) =A*(%, 25 Ys, M4), 
A (23, Y43 ¥15 ¥2) =A (Ys, Yas Ye, ¥) =—A(%, ¥s5 1, Y2), 
By, v3 43, Ys) =B(rs, ¥45 1, Ys), 

BY, 25 Ys, Ys) = B(v,, 45 Ys, Ys) = — B(%,, 4; Ys, Y%)- (12) 
(Owing to these properties and to the fact that Pyr.—=—Ryy, we should have 
written the coefficient 1/4 in the definition of A and B). 

Now in order to obtain the complete Hamiltonian 7 we must add the part H,— 
self-energy of the particle-hole complex. In order to obtain the correct energy 
denominators, the same as in the correct Hamiltonian, it is necessary to choose 


H,=4 [2 1) +2») [Boi Pare (13) 


vi,v2 


where 
2(%) =(a,, Hay, o= p> AC RIID) (uh, Usri— VpnrVym) eee UGK, ha tei 


flife! 
x [O( fis fi) (téjrrva Vin — Vpn Up) +6* (fo, fa) (Up Vpn — Upon APO ere 3326 
FG PHT + UG ta I~ UE Se SAAIF A fil): 
(14) 

The terms neglected in (14) do not depend on 4. 
Thus the complete Hamiltonian in the method of ap 


zation has the form 
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H=% > [2() +2 (r2) | Py, iy: Pras pa A (v3, Ys5 M5 Vaio ite agin 


v3, v4 


+4 > Bs, Y45 V5 Da) Breve oud +4 D>) B* (v3, 45 41> Vo) Piineuts (15) 
v1,¥2 vi, v2 
va, v4 v3, v4 


This Hamiltonian is a quadratic form in the Bose-operators /. 


§ 3. The diagonalization of H and the collective oscillations 


In the monography of 3) it was proved that the diagonalization of a quadratic 
form of the type (15) may be reduced-to solving’ a system of linear homogeneous 
equations with respect to the c-number quantities €(%4, ¥»), 7 (41, 2) 

EF (v4, 9) =[2(») +2 (v4) ]F (1, ¥%) +2 1A, 25 3, v4) (vs, v4) 
v3, v4 
+2 >) Bly, v25 Ys, ¥4) 7 (v3, Ys)5 
V3, v4 (16) 
—y (4, Y2) =[2(») +2 (r%») |4 (nr, Yo) +2 >) A* (4, 25 Ys, Ys) 7 (v3, Ys) 
+2 > B* (4, V2 3 3, v4) F (v3, v4); 
v3, ¥4 


with the normalization condition 
>> {|F Qu, ve) |?—|n (1, v2) |"} =1. (17) 


The homogeneous equations (16) lead to the secular equation for determining 
E. When EF, are the roots of this equation and ¢,, (14, ¥2), 7, (1, ¥2) the corresponding 
functions, we can perform the diagonalization of Hamiltonian (15) changing to new 
Bose-amplitudes 6,, 6; by means of the canonical transformation 


B(x, oe) — > {Fn (4, oe) bn +an(r, Py) bn} . (18) 
We obtain the Hamiltonian (15) in the form 
H=— S)E, S17" (4, 2) 9 (41, 2) + 3S) Ende bn (19) 


The functions €,, 7, must obey the following normalization condition, 
SFP lnal?t =1, (20) 


When in (16) and (11) we denote the coefficients 2A=X, 2B=—Y, formulae 
(16) and (11) are identical with the formulae obtained in paper 1) with the self- 
consistent field method. The normalization condition for functions €, 4 gives the 
positive sign of E. This is the advantage of the method of approximate second 
quantization over the self-consistent field method. 

From equations (16) we obtain 


EEG(n, oe) —4(n, V2) ) =[2 (1) +2 (rm) |(F(r, oo) +7 (4, V2) ) 
+2 BS [A(y, bo 5 Ys, v4) sae al es 5 Ys, Ys) | 0%, v4) 


V3, V4 


“2S LA* (yy ies age) +BY, Y25¥3, ¥4) 17 (5, %4), \ (21) 


v3, V4 


oe ee Ee 
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EE (x, be) +7(y, v2) ) =[2(»,) +2(r%)1(F, my) —7(%, v2) ) 
+2 >) [A(, Ye 5 V3, V4) = B* (5 153 V3, v4) |F (vs, V4) 


¥s,v4 


—2 SHAK, ¥ 3 Y3, 4) —B(y, v9; v5, v4) |9 (v3, 4). 


v3, v4 


We assume that the matrices A and B are real. For the types of interactions 
investigated, this assumption leads to the requirement, that the functions {u, v} 
must be real, which does not violate the conditions (3). After these assumptions 
we can introduce new functions ’ 


O(n, v2) =F (ny, 2) +7 (%4, v2), O(, Ys) 55 9) —7(, Vp). (22) 
For the functions 6, 7 we obtain the equations 
EG (v,, v2) =[2 (%) +2 (v2) ]d (1, v2) 


+2 >) [A(y, Yo; ¥3, ¥4) +BY, ¥95 Ys, Ys) |O (rs, %4), 
eres (23) 
Ed (,, v) =[2 (»,) + 2 (22) ]¢ (21, 2) 
+2 3 [A(y, 25 Ys, 4) —B(y, v2; vs, Ys) |4 (vs, v4). 
These equations are more convenient than equations (16), because the right-hand 
side depends either on functions % or on functions @. Equations of this form are 
obtained in a form more general than in paper 1). 


Let us consider equations (23) in the case of a simple form of the transfor- 


mation (2), used in the theory of superconductivity”’””. One may determine the 
corresponding functions {w, v}, putting 


up=Uu(pd(v—f), wp=v(p, Oth), 3 3 
v(p, +)=v(p), v(p, —) =—v(p). : 


Moreover, we take 
If, f!) =E(p) A f-f) 
Uf fasts fi) =I (Pi, Pas ba!, Pi!) 9 (Pit Pa bi! — pr!) 8 (01-01) 9 (Ga 9’) - 
(25) 
As one can see, the nonvanishing matrix elements of (15) are of the form 
Aq. s (fis Pas Puy Pl) H Anne), Arete’) =A C9, 
Bid (ph Pav Pi Pie Da) Bene tere) Be Ce (26) 


The spectrum of collective oscillations is divided also into two branches. For the 
first one the oscillations take place for pairs of particles having opposite spins 
(elementary excitations with spin 0), for the second one for pairs of particles 
y excitations with spin +1). Let us note that the 


having parallel spins (elementar 
ding to (24) and (25), go over into the equations 


compensation equations (6), accor 
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of compensation for pairs of particles having opposite spins. These compensation 
equations are used for determining the lowest superconducting energy state in the 
theory of superconductivity?*. The collective oscillations of the first branch are 
investigated in paper 1). Now let us consider the spectrum of elementary excitations 
for the second branch. From (11), (24) and (25) we get 


E&,.. (pr, Pa) =(2 (pr) + 2 (bas + (Pr, Pa) 
+2 DS Asses Pr, Pp» 3 pi, Pe sae Pic po) 


pi! ,p2 


OSB Sip, pre Pie Po 9 Pa (27a) 


pil pal 


—Ey..(—pi, — pr) =[2 (pr) +2 (b2) 944 (— be, — Pd 
+2 Di As +++ (Pr, Po; pi, PD Ps — pr’) 


pi! po 


2 SUBe 28 Gis Passpi apis Pre Pak (27b) 


pi! pe! 


Heme (pi, p») =| 0 (pi) +2 (po) |F_- (pi, po) 
255) Als SP pair, Pe Gis PD) 


pi! ,pol 


a2 2 Boake PG po; py, Pras, — py’) (28a) 
ES C—p — pr) =[2 (pi) +2 (ps) ]y-- (—p:, — pi) 
+2 >} A__,-- (pi, po; pips!) 9--(— bi, — fy’) 


pi! pol 


2 31 B-.++ (Pi, Pri Bi’, pi )€.4 (py, p) (28b) 
where | 
As+,+4+(Pi, pas pi’, po!) SA__,-- (C= AC) 
=p Pit Pa Bil Pe) A(T (Pas Pas ils PL) —I (Pas Pras Br’, Be) 
x [u (pi) u (ps) u( pi’) u (pa!) +0 (pi) v (ps) v (pr') v (py) 
+J(p2, — pba! s — pi, pr’) Lv (pi) u (po) u(pr' Yo (po!) +a (pr) v (pr) v (py) u (ps!) J 
—JI (pr, — pis — Pi, fa!) [v (pi) up.) v (pi) u (py) +u (pr) v (p:) u (pr) v (p,/) J}, 
Bia ( pi, prs Pi’ Py!) = Bio C= BC) 
ip Oba Pa i'— PL) {LI (Pr, Bas Pil, Pe!) I (bas brs Bats Bod] 
X [w(p1) u (pr) v (pr’) v (pa!) +0 (pr) v (pr) a (py) u(r’) J 
+I (Pay — pal 3 — Pr, br’) [v (pr) u (ps) v (pr!) u (pr!) +a (pr) v (ps) u(py) 0 (py) 
—I (br, — pi! s — pr, pi!) [v (pi) u (pr) u (py) v (py) +u (pr) v(p.) v (py) u (py) J}. 
(29) 


oi Mee Oh el 
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2(p) is the same as in 1) 
2(p) =VC'(p) +C'(P), 


£(p) =E(p) A+ SI, PsP, PV —I(d, #3 Bs PY). (80) 


The function C() satisfies the equation 


1 C(p’) 
C( ) +— wf Pe Ab os ie t =()! 
Pp V x CBs 2 P's P’) 2.0(p') 

For a change of the spin direction from (+) to (—), equations (27) go into 
equations (28) and vice versa. These equations do not separate into equations for 
functions €,,, <4 and for functions €__, 7__. Moreover, these equations connect / 
only the functions with fixed p,t+p,. Therefore we may put 


Pi=P, Pi=—pta, p'=~', pi =—p' +4. 
Then we obtain (29) in the form 

A Pag; p< —p +g) 
= 5 Ip +4, Bs BY, —P' +a) —I(, —P +4; P', —P/ +9] 
x [u(p)u(p—q)u(p)u(p’—9@) +v(p)v(p—-9) v(P') 0 (P'—-9)] 
pete Po — a5 “Psp ) 
x [v(p)u(p—g)u(p’)v (p'— gq) +u(p) v(P—Q) v(P) u(b’—) J 
—J(—p+q, —P'; —b, —P'+9) 
x [v(p)u(p—q)v (p)u(p'—q) +u(p)v(p—gu(P)v(p'—-9 J}, (31) 

BP —p+9; Pp’, —p' +9) | 
= We, —p+q3 P', —P' +9 —J(—PtG b3 P', —P'+9)] 
x [u(p) u(p—g)v(p!)v(p'—-@) +v(p)v(p—-Dulp)uce’—)] 
+J(—p+4q, P'-49; —P: P’) 
x [v(p)u(p—g) vp) ub'—® +u(p)v(p—Qu(p)v(P'-D] 
—J(—p+q —2's —b, —P'+D 
x [v(p)u(p—gu(p)v(p'—@) +u(p)v(p—-DvP)ue’—D]}- 


The solution of equations (27) and (28) leads to the diagonalization of the 


Hamiltonian 


FT =4 S1[2 (ps) +2 (pr) 18k Pr Ps) Ba (Drs Pd) 
+ 3} A(pis Pas Bi’, Bal) Bis Dis Px) Bas CY pd!) 


P1,p2 
pi! , pe! 
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+E 2 [2 (pi) + 2 (p2) |P2- (pi, Pr) B-- (hi, 2) 
fe 23) A(pi, pas pr’, Po!) B2- (fis ps) B-- (hy; Pr’) 


oH bat B(Ppi, fas Pi’, Pa!) (BT. (Pi, Pa) B2-(— by’, — Pr’) 
hen Ps) Pia pis — p,!)]. (32) 


Hamiltonian (32) describes the elementary excitations with spin moment +1 which 
interact with each other.. Therefore equations (28 a, b) do not split into the 
equations for the two independent branches. If we group equation (27 b) with 
(28a) and (27a) with (28b) we obtain two independent systems of equations, 
but for the functions with sign (+) and (—) simultaneously. Then we define 
new functions : 


$_-(Pi, Pr) —9+4(— pr, — Pi) =95-” (p) =9, (2), (33) 
€__ (Pi, Po) +9+4(—br, — Ps) =8, ? (~) =9, (2), (Pit pr=bi +h! =9). 
For the functions 4, and J, we obtain equations in the some convenient form 
as (23) 
E6,(p) =[2 (p) + 2(p—G) 14, (2) 
+2 SA, —P +4; PL —P' +9) + BD, —p +4; P', —P' +9] 9 (1), 
Ed,(p) =[2(p) + 2(p—4) 4, (2) 
+2 3,[A(P, —P +4; b', —P' +9) —B(b, —p +4; bP’, —P' +9) ]6,(P+). 
(34) 


' We note that the functions €, 7 and consequently the functions @, % are odd 
functions of ~,, p, variables, this means for g=0 


§.(p) =9(p) =—4(—p), %(p)=0(p) =—0(—p). (35) 

We consider equation (34) for g=0. We get from (31) 
Alp, Pf: B', mie eer Tao By Pel: RY TIP, Pe Pa Pe 

 [u? (p)u* (p!) +0? ioe (p.)] 

ad DOA Ges aP ceo ee hs b's P» P') lu(p)u(p)v(p)u(p)}, 
DAEs CPD oiteeP Nera lt Or — PP Spy rea tee —p’')] 

x [u’(p) 0" (p!) +0? ae (p')] 

+LI(—b, b's —P; b')—I(P, P's P, pv (p)u(p)v(p)u(p)}. (36) 


ee ee | ee 
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If we restrict ourselves to the case in which the interaction may be replaced 
by a constant inside a thin layer in the neighbourhood of the Fermi-sphere (#,+) 
and by zero outside it, we get ‘ 

A> b=: (37) 

(Hamiltonian (32) is obtained also in paper 5) where it is stated that in the 
case of interaction which is constant in a thin layer, we do not obtain the collective 
oscillations with reversed spin. Then the temperature dependence of paramagnetic 
susceptibility obtained in paper 6) is not altered and remains inconsistent with Reif’s 
experiment”). 

For small g from (27), using (37), we get 


Eb, (p) =[2(~p) +2(p—-g) ]%(p); 
Ed, (p) =[2(p) +2(p—-G) 4, (P)- (38) 


To show that E>0, as solutions of (38), we take the antisymmetrical 
functions 


4, (p) =S[0(p— po) —9 (b—-4+ Po) J, 


J, (p) =S[0(p— po) —9 (p—4+ ho) J. (39) 
Thus we get the continuous spectrum 
E=2 (po) +2 (Po—-) (40) 


separated by a gap. With the given q the energy E depends continuously on the 
momentum fy. Hence the simple model of interaction of particles leads to elemen- 
tary excitations which have a continuous energy spectrum. We next consider the 
case in which the interaction J is effective only in a narrow layer near the Fermi- 
surface (E,+«) and has the form 


J (pi, pa; Pi’, pr’) = —9P(pi-—pi’), Pi + py= pi! + pi. (41) 
After introducing (41) into (36) and taking (35) into account we obtain 
Ed (p) =2.2(p)4(p) — 39 (\p'— Pl) 9(P), 


C(p)C(p) = ODED) -9(P’). (42) 
2p) 20) : 
These equations are identical with the equations obtained in 1) and 2) by 
considering the collective oscillations of the first branch. But in our case the solution 


EO (p) =22(p) 9(p) + 39 (p'-P) 


must be the odd function of p whereas in the former case, following the compensa- 


tion relations, it had to be the even function. 
We change to spherical variables taking the direction of the p vector for the 


spherical axis. In this case 
g?(|\p'—pl) =P, P', PrV 20. — cose) ), 
J(p) =0(p, cosa), 4(p)=4(p, cose), (43) 
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where a is the angle between the vectors p and p’. If the angle @ takes on the 
value z, the functions # and @ change the sign. Then in the expansions of the 
functions 7% and @ we have only the terms with odd spherical harmonical functions : 


G= 3 don 1 (Pp) Paes (COSA fe, d= > bon+1(P) Pons1(COS@), 
n/0 n 


o 


Git, > Ga PsP ) i 4 (COs a). (44) 


n/0 
Putting (44) in (42) we obtain the equations for the separate terms of the ex- 
pansions. We consider the equations for the first term only, writing them in the 
integral form 


co 


eI + 
Fe \ a Cae de’, 


—o 


Bb () =22()aile)—— 
(45) 


+0 


dn { COCR —Ce 
dE 2(C)2(C') 


—-—o 


1 
Ea, (0) =22 (©) +3 IG OC) AL’ 


where 


dn i pe 


dE 22 E'(p;y) 


At first we consider the collective oscillations’ in the superconducting state 
when C is a constant different from zero in a narrow layer near the Fermi-surface. 
We define 


+00 


ibn Byah 
Qi | a £, oN a(t) de", 


—-o 


len i COON Ge) Pee 
C6) rE 3 dE J Q(e') Ae ) dé > 
beta Li anee7t ve TACHGS pay 
From (45) and (46) we obtain 
‘i CE C 
1(C) =—_—__——____| 22 (€) Ci (€) — C; = 2 : 
0 = FE ap OCO- FE -OO +7E Be | of 
eet ea ne 
a C= 10°) EB LEC, (€) —2CC,(€) +2¢C,(0)]. 


The first and second term on the right-hand side of (47) are even functions 
of ¢, the third term an odd function. Then we get the following dependence : 


ie baie rae 
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+0 


EC,(¢) =2CC,(¢) ~C 2-2 ( 2E©) © en ger 
(6) =2CC,(¢) —C> sera mes 


and the following equations for the determination of E: 


+0 


— 1 dn 291 (C, a) ass 
Ci) = or & JS 
eS ak | OC) [42 (0) —E") 


-o 


Ci (C!) de’ 


+o +0 


+o ie) | TO UEC) A || wee Cenac Jae, (48) 


ao 


Cha ‘i 29: (C, CE" 
~~ 3 dE) Q(C)[42°(C) -EF] 


—-o 


C2 (¢/) de’. 


For 9:(¢, €/) 9 (0, 0) =9:( Py) equations (48) lead to the expressions 


= 2 ms —& 
{Pin o V1 g arctg ase 1} =0, 
Cc € i 


Y1-& 
. (49) 
DD) & 
ined e) ( \- ya 
tee eee ee at 
where 
a wal dn E 
=o a ee é= " 


From (49) we see that the stability conditions for the collective excitations 
of the second branch in the superconducting state are the same as the stability 
conditions for the first branch for transversed waves, obtained in 2). Eq. (49) has 
a single root, for ? in the interval 


—1<p< (50) 


ates 
In 20/c 

That is, the interaction (41), different from the interaction formerly considered, 
leads to the spin-wave like elementary excitations. These excitations are stable if 


the interaction is not too strong. 
Let us now consider the collective excitations in the normal state. Putting 


C=0 in (45), we finally obtain 


ti uda ot 4¢! 
© =3 aE | (Arm Ae (61) 
which leads to the asymptotic formula 


we Te 


which means that the normal state is unstable. 
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§4. A.s.q. Hamiltonian in the case of weak external fields 


Let us consider the dynamical system of Fermi-particles under the action of a 
weak external fields. We assume that this gives rise only to a variation I(f,/”). 
Thus instead of Hamiltonian (1) we have 


H+0H=H+ S\4OI(f, f!) af ay. (52) 
Pid! 


Applying the transformation (2) to the additional term in (52) and—in the same 
way as before—to the Bose-amplitudes f,,, we get in the approximate Hamiltonian 
(15) the additional term 0H 


H’=H+0H=H4+4 DOGS) DX Uh vpn— Uh. Vy) Biv 
tS! Vi, v2 
+3 p> ol* Cr Ff) So (Uepvg UE oe Ur Ujive) Bu, vo* (53) 


It is seen that the a. s.g. Hamiltonian now contains terms linear in the ope- 


-rators fy,, which leads to the forced collective oscillations. In the Hamiltonian 


(15) we do not have terms linear in the operators f,, due to the compensation 
relation (4). 

In order to remove the terms linear in f,, in the Hamiltonian (53) we can 
use the method of translation of the Bose-amplitudes, 


Pos Put OO) li ie Bier pe a, (54) 


where C and C* are c-numbers. They are to be determined from the condition 
of the vanishing of the linear forms 


0H’ /98%,=0, 9H’/28,,=0. (55) 


We now write the Hamiltonian (53) when the transformation (2) is defined 
by the formulae (24) and the interaction may be replaced by a constant. In the 
approximation used, we have the sum of three terms, according to the spin of 
quasiparticles : | 


, pe FC ae ey (56) 


We write the perturbation terms caused by the external weak fields in the form 


— (PAC) + AG p)} 08 (7) (57) 
2 m 
where +e, m are charge and mass of electron, 0% the magnetic field vector, A 
the vector-potential of this field, p momentum operator of particle, spin vector, 
the components of which are the Pauli matrices. 

By means of the functions 


b(r, s.) —e >) apse" So (5) (58) 


and using the formulae 


iS, a rel ti 
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O,Se=S_, SySg=iS_,sgna, o,S,=S,sgna, (59) 
we change the Hamiltonian (57) to the second quantized form as follows, 
e . % 
0H,= 4 Days ~ eit (Px— Pr) A(~i + po) (ae ph tay at apne apaels (60a) . i: 


0Hs=— 2 >) {[0D. (1+ 2) — 10H, (Pi + p2) Jato + Apo 


2 pi+p2=¢ 
te [o9, (Pi + po) a7 0, (pi + pa) ] @o.- Apo+ +09, (pi + pa) [ae he Ang + Ap, - Gaal } z 
(60b) 
(The Hamiltonian (60b) for 0§=0, has been used in paper 6) in order to obtain 
the temperature dependence of paramagnetic susceptibility in the B. C.S. theory®.) 4 
Finally we get in the approximate Hamiltonian (56) the following terms linear _ 
in the # operators : a 


oH, Goren oe : >) (P2— pi) A (pi + po) [wv (pi) u (po) —v (po) u (pi) | d 


2m pitp2=9 oa 


x [P_..(P1, P:) —B2.(—Ps, Ps), ; 
bHg(— +) =— mS oO. (:t py) [0 (bi) u(hr) — 0 (Ps) u (A) : 
xX [B_. (Ar, po) —B24(—- pr, —p;)], 4 


6H(+4+)=—-—— BS [vp u(p) —v (pu (p) ] oa 


4m pi+p2=9 : 5 E: 
x {[69, (pit pr) +i0Dy (fit pr) |P++ (hi, ba) . 
—[0%,(pi+ pr) —i0 By (i+ h2) |Pi.(—Pr, —Pd}, 


dH(——) = 3) [v(au(e) —v)u(p)] 


xX {[0D. (pit po) — 109, (pit Pe) |B-- (hi, Pa) 
—[0%, (pi + pr) +10 Dy (Pit pr) |82-(— Ps, — Pd} - (61) 
Thus the Hamiltonian (56) is the sum of the Hamiltonians 


Al (—+) = SS[2 (pd) + 2G) 1B. (hi, Pa) B-+ Pre Po) 


43) Bos (py, ba bi, PY (BE Dus Pd Bia (— BY, BY) , 

ae Np) Sie “a 

4: Box (Pry Pr) Bane (— Pi’, — Pi) +0 Ha (— +) +0Hg(— +), | (62) 

where an 
A_. (Pry Pas b's BY!) =—8 (pit pa— bi! — bi!) {I (Ps Pos Bas BD) ; 


Z. Galasiewicz 


bo 
per 
bo 


x [ec (pr) (pa) w(pr’) @ (pa!) +0 (pr) v (po) v (py!) 0 (p2’) ] 
+J (pi, — pr! 3 pol, — Pa) (u(r) v (pr) 0 (py) u (pa!) +0 (pr) u(P:) u (py) v (By) ] 
+[J(—pi, bi 3 — py’, P2) —I (bY, — P13 — y's Pa) ] 
x [v (pi) u (po) v (pi) u (pa!) + (Pi) v (po) u( pr’) v (p2’) I}, 
Bu. (Pry Pai Pils Pl) =O. Px P= Bs) {I By Bas Pals Pr) 


x [te (pr) u (pr) v (pr!) v (pa!) +0 (pr) v (pa) u (py) u(py’) J 

+J (pi, — pi’; pa’, —P»)[v (pi) u (px) v (pr’) u (pi) +: (pr) v (po) u (py) v (py) J 

+[J(—p1, bo ; — pr’, P:) —J (bh, — fi; — hi’, Pa) 

x [ (Pr) v (pa) v (pi') u (pr!) +0 (pi) u (pa) u(py’) v (P2') J}, (63) 
H'(++)=4 S3[2 (er) +2) 1BE. Pus Pd) Be (Pas Pa) +0H(++), (64) 
H'(——)=4 S1[2(p) +2(p:) 182, #2) Bas Pr) +0H(——). (65) 


(The first terms in (62) lead to the secular equation for the collective oscillations 
of the first branch, investigated in 1) and 2)). 

The perturbation in (62), (64), (65) linear in # are given by (61). Thus 
we perform the translation of # amplitudes 


Neh (pi, P2) > B-+ (pi, po) +C_. (hi, Pi: 
Bis (Pr, P2) > Bas (Pr, Par) +C44 (Pi, prado (66) 
and according to (55) the equations for the function C are 


[2 (p:) +2(p.) ]C*.. (pi, ps) ue As (pi, pa3 Pr’, Pao!) C™, (hv, pr!) 


+ 31 B-. (pi, Pr; pi’, Po!) C_. (— pl, — py) + ‘ A(p,+ po) (P2— P1) 


2 
x [v (pr) u (pr) —v (pir u (po) |=0, 


[2(p:) +2 (p2) JC_. (p10 Py) + 2 As (pi, Pas fr’, po!) C_.(—pa!, — fr’) 
4. >) Bie (Pu, p15 Pil Pl) C®, (bi, ps) — A (pi ppp 
pi! po! 2m 


X [v (pr) a (pr) —v (pi) u (ps) J=0 (67) 


or 
[2 (p1) +2 (pa) J[C*.(p1, p2) —C_. (Paes 
+ > f4.. (PE Ps Psy P) = BS, (pi, p25 pr’, pr’) | 
Xx (Cr GANS Pp?) ie CrP; pi’) a ——_@.- pA (fi + po) 
X [v (p2) u(pr) —v(pi)u(p») ], 


ae tee Te 
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[2 (pi) +2 (p2) |[C*, (1, pr) +C_. (—p:} =p) ] 
ar SS [A= (fi; Pes pi’, D2!) of ae (pi, p23 pi’, Dp!) | 


CS Gee aCe (—p,’, — pi) t= 0: (68) 


Similarly we get 


Ci. (is Ps) 1 OSA ps, — pi) =C__ (pi, ps) ae esol Gaye? — p1) 
=— "09, (—p.— Pdf lr, p>), 


n 
ec (fi, p2) pote (—Pi; ps) = =A Lone (pi, P2) SAO (= py, —p,) | 
OO pi—P»)f (pr, P») (69) 
where 
1 
2 (p1) + 2 (po) 
Equations (68) connect the functions C, C* only with fixed p,+p,. In these 


equations, for the time being, we do not take into account the term OH». When 
we denote in (68) the functions 


res. (pi, Pp») a Cal (= pil, — p')|> 9, (2p), 
Lee; (pi, 2) 2p OP Cree 2 —P IPA), (70) 


equations (68) are identical with equations (81) and (117) solved in paper 1). We 
shall apply the results of this paragraph to the investigation of the electrodynamics 
of superconducting state. 


i @rs pd) = [v (po) u( pr) —v (pi) u (pr) J. 


§ 5. Electrodynamics of superconducting state 


Let us consider the change of the lowest superconducting state due to the weak 
external electromagnetic field. We want to obtain a current as a function of vector- 
potential A and a magnetic field OX). 

Considering the Hamiltonian whose mean value is given by 


A= |" (r5)| + eA) — é 7% (r) |r, (71) 
e772 


2m 


we obtain the current as coefficient of the variation of A in the formula 


r 


OH=—\joAadv. (72) 
Thus the current averaged in addition over the spin variables is 


a 2 
HD = DIE DEO —F OSHS) —AOP DIG SD 
Sz \ 


i 


= x curl ¢* (7, 5,.) 6 (7, Sz) NHAC Ga (73) 
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where j,/(7) denotes the last term of (73). In the Hamiltonian (71) we do not 
write the interaction energy of particles because this term gives no contribution 


to the current. 
Let us consider the Fourier-representation for the current j,’(7), 


7 é 1 i 7 + a 
ji (r) = 9 a a (P2— P) "ei ee (Ze gee Apo + me ee ig.) 
2m  V~ »pi.ps 
2 
ée / 4 
——=A(r)[Po+ Ss) PH (ato, Ams + Om In) | (74) 
m pit+p2=q+0 


where 
9 
Poe 2 vy (p) d 


In the same approximation in which we have obtained the Hamiltonian (62), 
(64), (65) we express the current j,/ as a linear function of @_. and §*,. Then 
we introduce the new translated Bose-amplitudes §_.+C_.. The functions C_. 
are given by (68). 

Let us cosider the current 


hr) =( il) po- (75) 
Taking into account that 
CB Came C3, (76) 
we obtain j,(7) as a function of C_., 


sf ee 2) (po— pr) e'"*””" [uv (p;) u (po) —v (po) u(p,) | 


2m  V m+p=0 


Re) Jr) 


es Cast ORO B: ~p)|-£[DA@e] 
x herr, vies 3 e (pi) u(p2) art (po) u (pi) ) 


CK iA Pe Ps) PCA ebay pi) Let rye (77) 


Similarly we obtain j,(7) as a function of C_,, C,., C__. In the formula 


_ (77) we can use the notation of (70) and make direct use of the results of paper 1) : 


O,(p) =0, 9,(p) =e (g)=(p, 9) (78) 


where 2€(g) is the Fourier-component of the transverse part of the vector-potential 
A, the g-dependence of the function 7(, g) can be emphasized by writing t(p, q) = 


@ (p,q. The Fourier-components of (77) are 


A 1 
i@ = es ay 2 Cp—a) lv (p—a)u(p) —0(p) u(p—9) 16, (0) 
26° 
7 A®@ Sep). | (79) 


Following 1), for sufficiently small g 


nT Aart > 


softs & 
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2 
FAC te Po Qt, (80) 
m 


we obtain the Meissner effect®”. To obtain (80) we consider the collective ex- 
citations of the Bose-type only. In papers 1), 9) it is proved that in order to satisfy 
the Buckingham relations (or, what is the same, the gauge invariance of the 
Meissner-Ochsenfeld effect), only the contribution from the Bose-type collective 
excitations is essential for small g. 

Now, let us consider the last term of (73) 


é 


Ri n= curl 5} ¢* (7, s,) o¢(17, s,). (81) 
2m Sp 


ji’ (r) is the current of elementary excitations with spin 0, and j,’(7) is the current 
of elementary excitations with spin 0, +1. This means that we obtain an ad- 
ditional term to j, and, moreover, the “spin” current, current of elementary ex- 
citations with spin #0. The components of (81) in Fourier-representation are 
Jux(— +) = = ae 4 CAL Dik Pag hd pes Cuz Oo et) 
2m V m+p2=0 


* = 25 e Sie saad (fi + pe) % Caen Ans + ae ange ce ? (82) 
M1 pit+p2=9¢ : 


é 


1 ors 
yay Sat el (Pitpa)r (pi + po). (2B (Apo— re Ge Apia 


2m  V mitm=e 


Re Pe Niciegs See) las 


[ je’ ( a =6) ofa as ) is ae : a CEL pt + po) (ast Apo— Dinas em) ? 


2m V pit+p2=q 


7 Bigs ae ec LAR aS eitprtpa)r 
[al (+ +) + Hal Ik 2m Vino, 


x {Z (fi + p2) x WE Apo ae Bans Ce) + (fi + po) y (aoe Lp — a aarte Apa +) } ° 
(83) 


In a similar way to the formula (77) we get 


Fin +4) = se Sh er (ate al (pi) u(po) —v (pr) u(pr) | 


x [C_. (pi, Pa) —C*, (= Pa; —p)], 


- jy(-—+)=- te LS ptr (p, 4 p,).[v (pi) (po) — 0 (pr) u (hy) J 


2m Vi opitp2=a 


X[C_. (pr, Pr) —C*s (— Px, — Ps), (84) 


OPA cr Os 3 a >> itor” (p, +p). [v (ps) u(ps) —v (pr) u(Pr) ] 


4m  V m+pa=a 


x[C.. (pi, Pa) + CT (Pas —p)], 


en See > ep 


. 


ee eae Ss hee 


= $3, 


Sib we 4-_- 


aye 


AEE, Vea 


ea ee tae eee | A ioe ae ead ov 
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Jay (+ +) =e : rhe hada (pi + po) 2[V (po) u(pi) —v (pi) u (p2) | 


Am Serie 
x Gorin, Bo) — Cr Ps, —p,)], 


Jel ++) = # - SD ef)” (p+ po) . |v (po) u(p1) — v (pi) u (pr) J 
M1 pP1i+p2=9 


xX [Ci+ (fi, 2) +CE. (— Pa, —B1) ]— (Pit Ps)» 
x Lv (po) u (pr) —v(pi)u (pe) J[C.. (fi, Pp») Go (— po, — pi) } ae (85) 


We do not write the components of j,(——) to be equal to those of j.(-+ +). 

Let us consider the current (84) representing an additional term to j,(— +) 
which arises in the (X, Y) plane. In order to obtain the exact functions (C_, 
—C*,) one must in equations (68) take into account the term 0Hs too. This 
gives also a small correction to j,. We want to investigate the current j,.(— +) 
in the zero approximation only. We take equations (68) as our basic equations 
and consider the term arising from dH» as a perturbation. According to 1) the 
equation without perturbation has the solution of the form 


Cae (pi; p2) PCL (P23 24) =e. (gq) q=(p, q)- (86) 


Putting this solution in (84) we obtain j,.(— +) in the zero approximation : 


9 


jne(— 4+) = Se gy 8h. @) = AEE 


2m 2m “Oy 
or % (87) 
jo (= tye ee Shere Qe ha 
Die WY 2m Ox 
where 
QW, (q) Ala) ag 21 7(p, — |v (p)u(p—q) —v(p—g)u(p) ], 
A. (r) =) A. (ge. 
7) 
Introducing the vector (7) = (05-0; 1), we get (87) in the form 
: hate = ee Ail 
=+)=— "= curl A= ont 
jul 2m oxi Phige «MA = 88) 


As we see from (87), for small q j2(—-+) vanishes like g’, that is, like the 
terms neglected in obtaining the formula (80). Thus j,(—-+) does not give rise 
to the Meissner effect. 


Let us consider the “spin” current of elementary excitations with spin moment 
+1. From (85) and (69) we get : 


‘ 


; feed Me = ae iilatiants fue 

sb) SIC? oS (q) ee 

J2 ( ) Am? V 216 g. Dy (q) 4 2 yr de Dy (7), 

eager iee bre a 
ee ee ema ees 

jul +t) Sie 0) 


sia ii Bilal bie hdl 
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. de ie" 1 —igr = = 
ju(+ +) = a ue Lae Dy(q) —g 9. (q) | 
2 eee WiC Ee bean 
i +|< $0) 8.0) (89) 


where 


ees [ 2 
$.(@) =9.(q) SLO O+™ —vbt+ gu)? gs (g_V 
Z Dp 2(p) + 2(p+q) 9.(@) 9 F(q). (90) 


The factor F(q) is obtained in paper 2) in connection with screening of the 
Coulomb interaction, 


45. Folk) AnH) | 


EG) = i E(k!) 
YO eV since F(R) eG) 


where E(k) is the energy of the electron elementary excitation and 0g, 9, the 
solution of the compensation equations for the normal state. 


From (89) we see that the z-component of “screened” magnetic field  pro- 
duces the currents in the (Y, Z)-plane and the y-component in the (X, Z)-plane. 


After introducing the vector S by (90), we get (89) in the form 


jai++) ae a curl Hea See curl curl (1). (91) 
Vi An? cS Vi 4m? 
The same formula we obtain for j,.(——). After changing in (91) to Fourier 


expansion we obtain the Fourier coefficients vanishing like g’. Then the “spin” 


current does not give rise to the Meissner effect. 
It is a pleasant duty to thank Prof. N. N. Bogolubov for proposing this pro- 
blem and giving helpful advice and D. V. Shirkov, V. V. Tolmachov and V. G, 


Soloviev for valuable discussions. 
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Removal of Ghost-Pole and Unitarity of S-Matrix 
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Department of Physics, Osaka University, Osaka 
(Received October 19, 1959) 


Consistency of the method of removing the ghost-pole proposed by Redmond and Bogo- 
liubov et al. is investigated. In conclusion, it seems to us that their method contradicts with 
the unitarity condition for the S-matrix or is nothing but to show the well-known fact that 
it is possible to remove the ghost-pole of the propagator by using a suitable cut-off. 


I 


Recently Redmond” and Bogoliubov et al.” proposed a curious method by 
means of which it is possible to get the expression for the propagator which does 
not contain the so-called ghost-pole. The propagator acquired by them has the 
following interesting properties : 

(1) As the function of the square of momentum, it has the same analytical 
behavior as that given by Lehmann” and others. 

(2) It has an essential singularity at g’=0, when considered as a function 
of the coupling constant. 

(3) The constant of renormalization of the wave function is finite. 

It may come into question, however, whether their method is self-consistent within 
the framework of their theory. 

We shall investigate this consistency by using the.Lee model. Although there 
are such special situations in Lee’s model that the model has an exact solution 
which contradicts with the result. obtained by Redmond et al., our argument will 
‘ have nothing to do with these special situations in Lee’s model. We shall be able 

to give the similar proof to the actual case, though it will become much more 
complicated. . 


II 


| Let us first evaluate the propagator S,,(E) of the V particle according to Re- 
dmond e¢ al.’s line of thought. The new propagator is of the form 


i atoms) ¢ I(w) 

pbs cymes ‘p 
Gs) cok plea are ed ol 
I() . ahve {1 (M, wg | de (z—M,)? (z—o—ie) if (2) 


™ 


= Ata Be ipa 
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where M, is the observable mass and J (2) is the cut-off function. The expression 
(1) together with (2) also immediately represents the function 


a 1 rs 2 a4 
Dy, Ol) Se (MZ Be? ie tf () tg MA 
(E) Wok E (M, E)P\d ee eS | ee 


™m 


Here —A is the zero of the square bracket and Z is the residue of the first term 


at H=—4. The propagator (1) or (3) has no ghost-pole. Now we calculate the 
S-matrix for the N—@ scattering : 


Spp= Opn 2710 (Ey— Ey) f (Ep) f Es) 9’ Soo). (4) 


Inserting (3) into (4), we can easily examine the validity of the unitarity con- 
dition for the S-matrix, and that the condition is really violated, therefore it is not 
possible to eliminate the ghost-pole by their method in a consistent way. 


iil 


It should be emphasized that our argument is concerned essentially with the 


method of derivation of non-pathological solution from the solution obtained in the | 


customary fashion in the case of some given cut-off function (or some explicitly 
given Hamiltonian). On the contrary, as Medvedev and Polivanov pointed out,” 
the result given by Redmond e¢ al. can be reproduced by suitably changing the 
cut-off function and making use of the familiar method in place of the somewhat 
tedious method of Redmond et ai. From this fact, we can interpret the method 


proposed by Redmond e¢ al. to be equivalent to eliminating the ghost-pole by 
changing the cut-off factor. If we take this standpoint, all the cut-off functions 
appearing in the S-matrix should be replaced with the modified f(#). In fact, it 


is possible, in the case of Lee’s model, to determine the cut-off function so as to 
retain the unitarity condition for the S-matrix.” Consequently this view-point 


becomes to show that Redmond’s method is nothing but to prove by an indirect 
way the well-known removability of the ghost-pole of the propagator for some 


well-behaved cut-off function. In addition, if we apply this standpoint to the actual 
covariant local theory, the local interaction may be replaced with the non-local one 
(see Appendix), and this will be unfavourable, as long as we do not know how 
to deal with the covariant non-local theory. . 

In conclusion, it may be said that the method of Redmond e¢ al. will not 
give any new progress in the theory of quantized fields. BS | 

We wish to express our very sincere thanks to Prof. R. Utiyama for his guidance 
Mr. N. Mugibayashi for showing us reference 4 and 


and encouragement and to ef et 
Thanks are also due to Mr. G. Konisi for critical 
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Appendix 


As an illustration, let us calculate the new meson propagator by considering 
only the lowest order proper diagram, a nucleon-antinucleon loop, and show that 
the unfavourable feature mentioned in the end of III really occurs. In this ap- 
proximation, the ordinary perturbation theory leads to the usual expression involving 
a ghost-pole : 


aes eee oy “a8 2 9 (") eo 
4, (p) = (p+ ie) ‘2 (p Tee Pues cory pon 
gf m(m’—4M’)'P 
Ag” (m?— p?)? 


=0, Sn? SAM". 


, om > AM, 


Po(m") = 


(6) 


Let us now give the new propagator 4)(p?) which has~no. ghost-pole, according 
to Redmond e¢ ai. : 


~ 1 ¢ I(m?) 
d / a ee aed ering Se ES vt Sete Vee ee 
yr (p’) pit ie + \ dm TES (7) 
where 
I(n!) == *) = og (m®) /Da(m’), (8) 
Dy (in?) =1 +27? (mm? — p?) eo (an?) — (m°— ”) P \¢ p (9) 


4M2 


The expression (7) is also obtained by Se ey Po(m*) in (5) with fy (m") given 


by (10): 


Paton) = palm’) ee . 
x : (10) 
Py 2 io e Dy LF 2 2 2) 72 
jit (m+ 4 ral dl ieee | +2" | )(m?) /Dy(m’) | 


As the term corresponding to the lowest order proper diagram of the self-energy 
of the meson is (m") in the case of the point interaction, we see that in order 


to obtain the expression ~(m) from the above diagram the interaction must be 
non-local. 
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Selection Rules for Interaction Types in Quantum Field Theory 
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The Dirac equation is generalized to the form involving the 7; term, which is reduced 
to the Klein-Gordon equation when it is iterated. Such a generalized quantum electrodynamics 
is proved to be equivalent to the usual quantum electrodynamics so far as we are concerned 
only with the usual vector coupling. If we adopt the principle that the Fermion must obey 
the generalized Dirac equation and that the equation including interaction is invariant under 
the similarity transformation, by which it is reduced to the original Dirac equation, it is pro- 
hibited to introduce the Pauli term into quantum electrodynamics, because the Pauli term in 
the generalized Dirac equation violates the parity inversion and time reversal invariance. 
It is also found that only the interaction terms of types A and V are selected in the universal 
Fermi-interaction and in the case of hyperonic decays into a nucleon and a s—meson only 
the interaction types of A and V are allowed by using the principle mentioned above, but 
in these cases the parity inversion and particle-antiparticle conjugation invariance do not 
hold. If we adopt the invariance under P, T and C transformation in the case of strong 
interactions, only one of the interaction types A and V remains for Fermion-Fermion, or 
Fermion-Boson interacting systems. 


§ 1. Introduction | 


In quantum field theory, the interaction Hamiltonians are usually introduced 
so as to fulfill the proper and improper Lorentz invariance, Hermiticity and particle- 


antiparticle conjugation invariance. In quantum electrodynamics, we further require © 


the gauge invariance and charge-current conservation laws more severely than in 
other cases in addition to the conditions mentioned above. Recently, in the case 
of weak interactions” the violation of parity inversion (P) and particle-antiparticle 
conjugation (C) law was verified experimentally, while in the case of strong 
interactions the conservation laws for P, C and T transformations are believed to 
hold within the limit of the present experimental accuracy. From this point of 
view, we investigated the possibility of generalizing the Dirac equation so as to 
include the P and 7’ non-invariant term and also to be reduced to the Klein-Gordon 
equation when it is iterated. If we construct a generalized quantum electrodynamics 
with use of such a generalized Dirac equation, the equations of motion for the 
electron and photon field and their commutation relations can reduce to the usual 
one by a similarity transformation which means to reduce these equations to the 
original one. In this case, the introduction of vector coupling violating the P and 
T invariance, ie., iey, exp (c7s) A,, breaks the charge-current conservation law” 
even in the generalized quantum electrodynamics. Of course, there exists another 
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method found by M. Sachs” to introduce the P and T non-invariant vector potential 
without any change of the Dirac equation, which satisfies both the charge-current 
conservation law and Lorentz condition. Although the theory can be constructed 
so as to introduce the Pauli term which fulfills the charge-current conservation law, 
this Pauli term does not obey a similarity transformation. Therefore, since the 
Pauli term violates P and 7 invariance, we cannot introduce the Pauli term into 
quantum electrodynamics so far as we believe in the P and T invariance law 
within the limit of the present experimental accuracy. This theory which requires 
the invariance of equations of motion for the similarity transformation corresponds 
to the so-called Gell-Mann’s minimal electromagnetic interaction rule.*) Adopting 
this principle, the selection rules for the interaction types in the case of weak 
interactions are obtained. Namely, as the P and C invariance does not hold in 
the case of weak interactions, only A and V type interactions are possible due 
to the maintenance of the similarity transformation. These results are consistent 
with the recent experimental results concerning the Fermi-interactions for # decay 
of nuclei and the #-meson decay and also. concerning the hyperonic decay. Since 
the types of interactions are not yet well established’ in the case of strong interac- 
tions except in quantum electrodynamics and mesodynamics, the question whether 
baryons obey the generalized Dirac equation shall be postponed -to future. 


§2. Generalized Dirac equation and commutation relations 


The general linearization of the Klein-Gordon equation can be achieved as 
follows. If we express the Klein-Gordon equation as the product of two operators, 


d(9)A(9) P=0, (1) 
, where 
AO) =117,0,+eA,, d(0)=ly7,0,—KA,, (2) 
we have the following conditions : 
| iy. 037.9,9,=0, Tit, A= AT yt, Ay h=1. (3) 


If we put /\=/',=1, the conditions (3) are satisfied by the following 4, and 4A, : 
A,=exp(—ajs), A,=exp(a7s), (4) 


where a is an arbitrary c-number. 
Then the generalized Dirac equation is written as follows: 


{7,9, +« exp (—a7s)}¢=0, (5) 
d(9) =7,0,—« exp(a7s). (6) 


If the condition A,=A,=1 is adopted, 7, and [, are given by the following ex- 


pression : 


P.=0,=exp (a7). | (7) 


and photon fields,” which inc 


ie sae ths mre 


my 
Mi 
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Then the Dirac equation is generalized to the following form : 

{exp (a7s) 7,9, +} $=, (8) 

d(0) =e€xp (ays) i 0,—K. (9) 
Even if we have another case different from (4) or (7), the generalized Dirac 
equation thus obtained can be reduced to (5) ; e.g., Eq. (8) can be obtained from 
(5) by multiplying it by a factor exp(a7;). Therefore Eq. (8) is not independent of 
(5) and the important point is to include a P and T non-invariant +; term. The 
equation to which ¢ obeys is obtained by the requirement that the Lagrangian 


density is Hermitian or the equation for ¢ is the same as the one for ¢ except 


for the sign of «. In the case of (5), . 
0,97 ,—«f exp(—ays)=0, g=¢*7,exph(a+a*)7s], (10) 
while in the case of (8), 


0,9 exp(a7s)7,—«P=0, P=$*7,exp[3 (a*—a)7s]- (11) 


Eq. (11) can be obtained from (10) by redefining ¢. The commutation relations 


for ¢(x) are set up as follows. In the case of (5), 

{ha(x), Palx!)} =—t{7.9,—« exp (47s) } ae 4(a— 2’), (12). 
while in the case of (8), 

{ba(x), Gp (x!)} =—iflexp (475) 7,9.—*} aa 42-2’). (13) 


The commutation relation (13) can be obtained by multiplying (12) by a factor 


[exp(—a7s) ]ey and summing up over fg. 


{ba (a), [P* (x!) exp} (a*—a) 75h} = — i {exp (475) 7p 94-4} ay 4-2). 


Since the cases (5) and (8) can be proved to be equivalent to each other including 


the commutation relations, we need not discuss both cases separately. 


The equivalence of the generalized quantum electrodynamics to the usual one ~ 


can be easily proved as follows by using the relation 
exp (07s) 7, EXP (47s) =Tn- (14) 

Putting a=a/2, we get 
exp (@75) exp (— as) exp (ays) =1. (15) 


By performing suc 
lude the apparently P and 7 non-invariant terms, 


{7,(0,—ieA,) +« exp(—a7s)} $=0, (16) 
tet (Ort ie Ag) en exp(—a7s")} $=, (17) 
(ED, -0)9,) A,= oe [¢, Vu ¢), (18) 


ae te 


h a similarity transformation, the following equations for electron _ 
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g=$*7,exp[4(ata*)75]=¢" exp[3 (ata*)7s], 


can be reduced to the usual ones: 


{v,(0,—ieA,) +x} 9=0, (19) 
17 PCE 16A,) ky Oa; (20) 
(23,,—8,9,)A,= 2 [9 7.9), (21) 
respectively, where 
p=exp| ——4 79. (22) 


Furthermore, the commutation relation (12) transformed to the interaction represen- 
tation for spinor fields 


{ha(x), [¢* (2) exp3 (a +a*) js]e} =—717,0,—* exp (G75) aed (a—x') (23) 


can be reduced to the usual one by multiplying (23) by factors [exp(—a75/2) |oa 
and [exp(—aj7;/2)],, and summing up over @ and §. Namely, we get 


{Ga(x), g* e(x')} ad On eRe ee Je 


§ 3. Selection rules of the interaction types 
in quantum electrodynamics 


S. N. Gupta” proved that the impossibility of introducing P and TJ non- 
invariant vector coupling into quantum electrodynamics is due to the incompatibility 
of Lorentz condition and charge-current conservation law. M. Sachs” proposed a 
P and T non-invariant quantum electrodynamics, in which the P and T non- 
invariant vector potential fulfills both conditions compatibly. However, even if we 
introduce P and T non-invariant vector coupling term into the generalized Dirac 
equation developed in section 1, it is proved that such a P and TJ’ non-invariant 
vector coupling term does not satisfy both conditions compatibly. 

The interaction Lagrangian including a P and T non-invariant vector potential 
is written as 


L'=—ite \ ¢* exp[3(a+a*)7sl7, exp (b75) A, ¢d* x, (24) 


which is Hermitian if we take 5 as real. The equations for electron and photon 
fields are written down as follows: 


{7,(0,—ie exp (7s) A,) +« exp(—azs)} ¢=0, (25) 


(0 -0,0,) Ap = [¢*, exp {3 (a+a*)7s}7, exp (7s) #]. (26) 


Jicih Mules ibaa! 
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By making the transformations in (14) and (15), (25) and (26) can be trans- 
formed into the following forms : 


{7,(0,--ie exp (67s). A,) +x} o=0, (27) 
{7, (0, +e exp (b75") A,) —%} o* =0, (28) 
(EO cen ed oky a es om x [¢*, Vp exp (b75) |. (29) 


Multiplying (27) by ¢* from the left-hand side, and (28) by @ from the right- 
hand side and summing up both equations, we get 


On(P 7.9) =0. (30) 


If we apply the differentiation 9, to (29), the left-hand side vanishes identically, 
while the right hand side does not due to (30). 

Next, we shall introduce the Pauli term into the generalized quantum electro- 
dynamics. However, the interaction Lagrangian involving the Pauli term can be 
Hermitian only in the case of imaginary a, because 


&d exp[— (at+a*)7s]o,F ¢.- (31) 


@ az e 
a cape ciate ¢*= QK 
Then if we put a=ib, where b is real, we get the generalized quantum electrody- 


namics involving the Pauli term as follows: 


\ra(8,— ieAy) — 58g, Pv +H exp (— ibys) | $=0, (32) 
(i? @,+ieA,) +2407 Fee exp (— ib7e) | F=0, (38) 
(ale == 2205) ees (34) . 
where 
j.=- E18, Ti), Ondo 9 (35) 
G2 = FOG, OH» Onn =O (36) 


and & is any real parameter. 
Here, by performing the simi 
equations are transformed into 


ilarity transformation in (14) and (15), the above 


\t» (0,—ieA,) — sae exp (ib 7's) Tw Fy» +n} g=0, (37) 


ue (0,+7eA,) J ioea exp (ibys) Fur" Pas x Gece Shy: 
K 
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jon = [F, 729], 3. = £3.18, exp Gb7s) on]. (39) 


These equations are not evidently invariant for P and T transformations except 
for the case b=0, while C invariance holds, because by transforming the electron 
field function ¢ in (33) as 


Y=Ch, C7=—C, 7,7=—-C77,€, 
Cre Creare Co AC = —Ounvs 
we have from (33) 


é 


\7-@,+ieA,) + oy Fy te exp (ibys) | =0. (40) 


2K 

As far as we believe in P and T invariance laws within the limit of the 
present experimental accuracy and accept the principle mentioned in § 1, the introduc- 
tion of the Pauli term into quantum: electrodynamics is not allowed. This is 
another principle of the so-called Gell-Mann’s minimal electromagnetic interaction 
rule.” 


§ 4. Selection rules of the interaction types in the case 
of weak interactions and quantum mesodynamics 


In the case of Fermi-interaction, for example, in § decay of a nucleus and + 
decay into an electron and neutrinos, it is well-known that the P and C invariance 
breaks down. The similarity transformation as (14) holds only in the case of 
vector and pseudovector 7 matrices : 


exp (a@75) I, exp(a7s)=L,, for 7, and 7s7,, (41) 
while for 1, 75 and 7,7; 
exp (a75) I"; exp (ays) =exp (2a75) I. (42) 


If we accept the principle mentioned above, by which the similarity transforma- 


tion of the generalized Dirac equation including interaction restores the original 


_ Dirac equation, it is shown that only the vector and pseudovector interactions 


remain in Fermi-interactions. Namely, the following equation, 
17.9, +« exp (—ars)} Pp ($,) + DIT Ox Pel, (GTi Geh,Ts$,) =0, (48) 
is transformed into the following form by (41) and (42) : 
{Hp Ppt} Poth Px Tp Pein Pr +92 Ons. PersTn Pv + Is Pn exp (ars) P.%, 
+94 hx XP (47's) 7s Peis H, + 9s Px EXD (G7) 147 PeT nT, G,=0. 


The allowed interaction. Hamiltonian H’ is rewritten as follows with use of wave 
function (1 +75) for a neutrino and the universal Fermi-interaction constant O98: 


tial 5 fet i OF" Ta 
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=, burp PrPern(Lt7s) Pr +9eOwr stn PrPerst.l+7s) %, 
=9:bn7p(1+7s) Pp Ger ,(1t+7s) Y,- (44) 


These results are well established by recent experiments.” Also in the case of 
Fermion-Boson system, i.e., a hyperonic decay into a nucleon and a z-meson and 
p-mesic decay of z(K) meson, only the vector and pseudovector couplings are 
selected on the basis of above principle and this result seems to be consistent with 
the recent experiment.’” 

In quantum mesodynamics, the pseudoscalar (PS) and the pseudovector (PV) 
couplings of the pseudoscalar z-meson wave field function seem to be adequate at 
the present stage. Although particularly, PS coupling is accepted by many workers 
on account of its renormalizability," the renormalizable condition is not the final 
selection rules determining the interaction types. Presumably, the future theory 
will give the finite renormalizable mass and coupling constants. Judging from this 
point of view, if P,T and C invariance holds, the interaction type of quantum 
mesodynamics seem to be the PV coupling from the principle presented here. 

As to another interaction types of baryons, we have no definite knowledge 
so far. 


§ 5. Conclusions 


By generalizing the Dirac equation so as to include the P and 7 non-invariant 


term and retaining the original form by the similarity transformation even if we | 


‘introduce the interaction with another Fermion or Boson, we get the selection 
rules of various kinds of interactions which satisfy only Lorentz invariance, Hermi- 


ticity and particle-antiparticle conjugation law. First of all, since the severe condi- 


tions are required in quantum electrodynamics, so far as P and T invariances are 


accepted, the introduction of the Pauli term is prohibited. This is the selection é a 


principle obtained by the view-point different from Gell-Mann’s minimal electro- 


magnetic interaction law. In the weak interactions, only A and V interaction types: 


are selected from others by using P and C non-invariance law. But the profound 


reason why P and C invariances are violated in the weak interactions will be 


postponed to future. 
theory will give the finite renormalizable constants, the result is obtained that 


only the PV coupling of PS z-meson is admitted in quantum mesodynamics. — 


However, these selection rules in the case of strong interactions may not hold if 


P, T or C invariances break down in future experiments. | 
another paper will be written by the author and S. Sasaki later on. Especially, 
a substantialistic explanation of the phe 
ness conserving or non-conserving law for baryon and heavy meson systems may 


require a more profound foundation than the one presented here. 
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A theory of line shape of I. M. O.-absorption is developed with use of the two complementary 
approximations, one of which is an approach from the strong magnetic field and the other 
is that from the weak field. The interaction between carrier and phonon is taken into 
account after the method of generating function. The results for the scattering probability 
and the self-energy are shown to be in good agreement with the observed values. The 
calculated line shape which corresponds to the minimum photon energy can fairly explain 
the observed behavior. 


§ 1. Introduction 


Burstein et al.” of N. R. group and Zwerdling et al.” of M. I. T. group showed 
experimentally that in the presence of a magnetic field there appeared many peaks 
as well as the shift of absorption edge in the line shape of light absorption which 
corresponds to the electronic transition from v- to c-band of semiconductors. By 
analyzing the inter-peak distance and the shift of absorption edge, we can deter- 
mine the energy of band gap of direct transition between v- and c-bands and the 


effective masses of carriers near the top of v-band and near the bottom of c-band, — 


which is just above the v-band. However, it is needed to analyze the line shape of 
the absorption peak when we determine the corresponding cyclotron resonance 
frequency from the positions of the peaks. Our aim of the present study is focused 
to this point of analyzing the line shape. 

We have studied the dependency of line shape upon the magnetic field and 
sought the scattering probability of carrier by phonon as well as the self-energy 
in the presence of a magnetic field. We have discussed also whether or not the 
observed behavior of the line shape which corresponds to the minimum photon 
energy can be explained by our calculated results. 

In order to treat the carriers near the extrema of the bands, we assume the 
simple parabolic model for both c- and v-band and neglect the band degeneracy 
as well as the spin-orbital interaction. However, it is shown that these simpli- 
fications have no essential effect on the line shape in so far as the first absorption 
peak concerns. 

In §1, the field dependency of the absorption edge and the selection rules 
are studied, neglecting the phonon perturbation. In § 2, the general formula of 
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absorption coefficient for I. M. O. is derived with use of Toyozawa’s®” method of 
generating function in taking the interaction of carrier with phonon. In § 3, we 
calculate the scattering probability and the self-energy, applying the two comple- 
mentary approximations, one of which is an approach from a strong field and the 
other is that from a weak field and the results obtained there are compared with 
the reduced value from the experimental data in § 4. The results of our calculation 
have been reported briefly in this journal.” 


§ 2. General considerations on the no-phonon system 


In the presence of a magnetic field H, the energies of the carriers become 
-quantized in the plane perpendicular to the magnetic field but remain quasi-con- 
tinuous in the direction of the field which 
is taken as z-direction hereafter, and form 
a series of Landau subbands (Fig. 1). By 
the use of the model of parabolic band— 


transition between a Landau level of magnetic 
quantum number 7, in the v-band and a 


2 : Eee 

level of », in the c-band is 
E=NWR,/2u+he.([m]+4)+E£,, (2-1) 

where w.=eH/pc is a reduced cyclotron | 

frequency, #=1/(mz'+m,') is a reduced E, 
effective mass of an electron (m,) and a 

hole (7,), H,=E.—E, is the gap energy | 
between the top of v-band (E,) and the 

bottom of c-band (£,), and [7] is a reduced yi 

_. magnetic quantum number defined by Yoho, 


[n]= (m,n, + myn.) /(me+m,). ° (2-2) 


There are selection rules between 7, and 7,, 
which will be studied later. 

‘The position of the center of cyclotron 
motion 7 measured from a fixed point in the crystal is written as” 


re =P(QI4+1), #P=hc/eH, (2:3) 


where 7 is an azimuthal quantum number. 
The density of states N(&) is thus given by 


Ne) Pe 9yie (2p) ¥? ye [-#,/Aw.-¥] 
ié 20 h Qnh* [n]=0 


where V is the crystal volume and the factor (V*"/2z24°) comes from the degene- 
‘ J 


Fig. 1. Landau levels for a simple 
semiconductor. 


Ketone ho, ([77] +4) Sp liane. (2 4) 
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racy of the positions of centers. As the summation can be replaced by the in- 
tegration in the limit of H->0, N(&) becomes 


No(€) =a CH)" (6—E,)", (2-5) 


which is nothing but the density of states in the absence of a magnetic field. It 

should be noted that the density of states at the edge of each Landau band is 

infinite, while it is zero at the band edge in the absence of a magnetic field. The 

infinity must be removed by the level broadening caused by the phonon scattering. 
After Hall et al.® the coefficient of light absorption is given by 


Ay 2 
ie --N(E,—E,) -|Pey\’, (eB) 


Nyocmr E 


A(é)'=- 


where 7 is the refractive index of the crystal, c is the light velocity, m is the 
electronic mass and suffixes 7 and f denote an initial and a final state, respectively. 
The matrix-element P,, is 


Py =| O*e,(—ihr + -£-A) ddr, (2 
(@ 


where e, is a polarization vector of photon and A is a vector potential. In order 
to calculate the matrix element we use the approximate effective mass equation. 
Neglecting the interband coupling of wave functions, 


@, (r) — > dy (R,,,) ay (r= R,,) ? 
0,(r) = Da b-( Rn) de (r—R,,,) > 


(2-8) 


where a,,, are the Wannier functions of c- and v-bands, respectively, R,, denotes — 


the position vector of m-th lattice point and the coefficient functions ¢, and ¢, 
satisfy the following equations, respectively. 


ee sa (p+~ A) $.(Ry) = (Ex 8) 6e( Rw), 


Cc 


ZL, ins 
=) (P+ A) (by) == (Ee 2) 4 (Re) 
Putting (2-8) into (2-7), we get 
Pg=N7* 314." (Rw) bo(Roy) Seen Be 
x ke: onthe (- inP, +—~ A,) ras OR” dr, (2-10) 


where N is the number of unit cells in the crystal and k is a wave vector of a 


carrier. Replacing wx and Mx by Mo and typ, respectively —this is equivalent to 


the first approximation by Luttinger and Kohn’s” method——we get 
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\ Wee nt 2 inV,+—°_A,(r) Pep cea bi 
Cc 


(27)* 
i 


V 


[ 400) + {hey + © Ay(—Pw)} 0m |P—W), 2-11) 
c 
where 
4(0) = \ua(—ih L,, tig ir, (2-12) 
’ 
and a, 3 are the band suffixes. In the case of I. M. O., the second and third 
terms of right-hand side of (2-11) vanish, which is in contrast to the vanishing 


of the first term in cyclotron resonance case. Thus we get 


e 


» pa (0) \ 9 (r) b4(r) dr. (2-13) 


Py= 


An explicit form for ¢,,, can be written down by the use of the cylindrical 
coordinate (¢, 6, z) and the gauge, 4=4HxXr,” 


Oi (?, G, 2) 


2s ue “\n { o1—» al! ine si f AO wd e _— We ss e ) 
Spas? (2 Tate A (£) exp ( ys intl +ikyz) } BS op)” 

(2-14) 
where v=/—n, L™ is a Laguerre’s associated polynomial, and & is the wave num- — 
_ ber of a Landau carrier along z-direction. 
Applying (2-14) to (2-13), we get 


dn=0,- 4i=0, 4k, =0 (2-15) 


_as the selection rules. Taking into account the degeneracy of v-band, the additional 
selection rules must be derived. For example, in germanium the existence of V; 


and V, bands lets Pi, survive even when 4n=0 and another selection rule, 4n=—2, 
is derived.?® 
In the next section, we use the Fourier transform of Pnike ? 
Xntieo (ke) =N-~¥* S) brtieo Rm) @ Fm , (2-16) 


When /%,(0) in (2-13) vanishes, we obtain the following expression for the 
second order matrix element. 


fev Sate 5: bea (O) Pon) Ss) Pea (0) pas (0) |: | dr 4+ (r) x.6,(r) 


WA s h au Wg» ate Wge | 
N e pe (0) { ( OA, OA 
ms SS - dr 6,* secre ee q ; : 
Voie Woy rg (r) Ox, Ox, ) d, (r) > (2 17) 


* This is different from the one given by Burstein e¢ al in the sign of the second term. 
Elliot et al§) arrived at a different result because they dropped e/c- Ag from the photon perturbation. 
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ew 


5 


Theory of Line-Shapes of Interband Magneto-Optical Absorption 233 


where fiw.,=E,—E;, and the summation over s stands for the summation over 
x-, y- and z-components of each quantities. 

In the case of forbidden transition which is one of the second order effects, 
we get in the same way as the above, | 


e 


(flr (—inr,+_A,) |i)= ~ pa(0) S1K,\drd*(r)x.8(r), (2-18) 


where K is the wave vector of photon. (2-18) is very small compared with the 
first order term expressed by (2-13) when p%,(0) 40. 


§ 3. Absorption coefficient for I. M. O. 


_ The total Hamiltonian of the system of electron, hole, lattice vibration and 
radiation field is 


Kit = Hot Het Hut ort+Hep +H xr. (3-1) 


The terms on the right-hand side are Hamiltonians of electrons, phonons, 
photons, interaction Hamiltonians of electron-phonon, electron-photon, and photon- 
lattice systems, respectively. 

We denote creation and destruction operators for an electron in the (7/h)) 
state, for a phonon of mode 4, wave number vector w, and for a photon with 
polarization vector e, and wave number vector K by Ghitic, Gnitor Odw> One Con and 
Cox, respectively. 

To distinguish electron states from hole states we use primes on electron 
quantum numbers here, so in this notation (7/k,) represents a hole in a state 
with », Z (z-component of angular momentum being 7#(7—J)), and z-component 
of wave vector k,, and (n/l/k’,) represents an electron state. 

2, Hz, and #, can be written in the form, 


: 2 
Me Sy {hah (n’ +4) =F - fn ‘ Ke+E,| ax Ul! kof Ane ot ko! 
ntl! ko! \ Zits 
2 
+ > {ho (n+9) + athe (3-2) 
nto 42711, 
oe = Sr Ean O on Opes (3-3) 
ww 
c t 
Moo NOs Cex Cok > Ock =——K. (3-4) 
ok No 


‘We ignore interaction of electrons with holes so we do not discuss exciton 


states here. Also we neglect I px, hereafter. . 
For simplicity, we write electron and hole states (7'l/ ko’), (Zk), reper i 
as P and QO and a state of total electronic system (P.’Q),-as s. 
Denoting the number of («K) photons by ox; the matrix element for elec- 


sciiee 
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tronic transition from the ground state 0 to an excited state s with simultaneous: 
absorption of a (7K) photon is 


CLS rk) Die ras | Hen| Po, "tt, Mok > ++) 
po gelt ieh 


MLC 


(QrlcmeK/VomK)" (Cx: Bs)» (3-5) 


where g, is defined by the use of Py ((2-13)) through the relation 
7 e,f:=N- Py, (q=oK). (3-6) 
We use the notation 
Fs, (K) =3 pa (Cox Bs") (Cox Bsr) - (3-7) 


- Though there are several discussions about the role of optical modes of lattice 
vibration on the scattering of carriers in germanium, we consider here only the 
interaction of electrons and holes with longitudinal acoustical phonons. 


es 71 Saw) t Ds ieee Oya Lit) Ay* Apr + 2 > imo Cage bx.) ag* aan 


ww “eel: 
1/2 
a(R) iS 0 a —bu*) {3 Coa (te) ay* ayy — 3 Coad we) ag* ar} 
9NMu w QQ! 


(3-8) 


where N, M, u, C, and C, are, respectively, number of unit cells in the crystal, 
atomic mass, velocity of sound, phonon-electron and phonon-hole coupling constants. 


Gir (w) and gd (w) are the so-called effective charges for an electron and a hole 
(see the next section). 


The absorption coefficient is written in the form, 


\ 


2rhe* Hesik in) 


AG) ee Diners Pe dt exp (twt —7&, i/h) S 1 Un (¢; eke Ie yar koeo) 
ERE no K)= Gh)-"\ de | dt, (s| 36’ (t) 36! (tn) |5.av, (3-10) 
H6" (t) =exp {i(I6,4+.36,)t/N} or exp{—i(he+H6r)t/N}, (3-11) 


where & is the energy of total electronic system in the s-state relative to the ground 
state, and the average is taken over initial phonon states.. U,)=90,,,, and U,’s are 
zero for odd n. 


In the calculation of 


a1 


U,=— ‘|an | di {(s|26/(e) srw) (srw 26/(t) |s/P}ar, (8-12) 


states s and s’ have energies varying almost continuously with respect to kj—the 


4 
“ 
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restriction imposed by the selection rule is ky=k,/——and we must be careful in 
separating diagonal (s=s’) and non-diagonal (ss) _ parts. 
We define as 


at AG OD re 24 Pee Pees [ (ny =e 1) ) (&,— Sr +hw,,—E) +n, 0 (€,,—€5,— huw,,—E)], 


(3-13) 
Fos (BE) = 31 Bits s Brass er | Mw +1) 8 (En Es + Rew —E) +19 (Ex, Es — Noy ~E) J, 
(3-13/) 
ire = (0), | (3-14) 
4,3;= —D (fe (E)/E-dE, (3-15) 
to=h (Of%(E)/OE)/f.s(E), (3-16) 


where D means the principal value of integral, 7, is the phonon populaion with 
wave number wi. 


For, |z{>72, 
Tee eek) = lex {i(E,— Ey) t/t} (a4 Bo regsidss) 
—(+ : ratids) |, as (3-17) 


Un(t; ss, K) =—(4T,/24+14,/n)i,. s'=s. (8-18) 


+ corresponding to ¢S0. 
As it will be shown in the next section the off-diagonal terms 4%, and ret 


are much smaller than 4°, and /’%, respectively, it may be allowed to take the 
interaction between sub-peaks into account by the use of correction factors, baa 


e=2 SY Re {Feu (K) dar} (Fn (K) (Er En), (3-19) a 
= 21! Re VET CSNY IR LO OPN OG N Choos aa (3-20) hs 
Finally, the absorption coefficient is given by | : 
A(a) = ne Sg? +7) > ie oat (3-21) 
2,.=0—€&,/N—4,/N, (3-22): 
er esr | (3-23) 


$4. Scattering probability and self-energy 


(A) Approximation of strong magnetic field ; 
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When the magnetic field.is so strong that the energy distance between Landau 
levels becomes too large to allow the transition of carrier from a level to another 
one by the phonon perturbation, we can assume that the summation over inter- 
mediate states is restricted to the states within one Landau level. However, not 
only all the states of which orbital centers of the cyclotron motion are different 
from the initial one but also the phonon energy and the recoil energy of carriers 
are taken into consideration. 

By the use of the approximation of high temperature for phonon population 
and the acoustical mode of phonon wave, we get, from (3-8) and (3-13), 


(EB) = 22 102 1g p(w) gnip(w) [8 (AE p+ Rew) +8 (4Ep— Reon) ] 
9NMu this 

aC; >> de: Q (w) 99; 0 (w) [@ (4EQ i Row) +0 (4EQ— Now) ] 

—2C,C, >) gprs (w) Jeet (w) [0 (4E pe +hon) +0 (4E;-9— Rosw) ] \_ (4-1) 


Suffix 7 shows the intermediate state and the prime refers to the final state, 
thus the initial state is shown without suffix in (4-1). 


4E,p=a! (ki— ky’) + 4InhoS —E, 

AEg=a(koi— ky”) + dnho?—E, (4-2) 
AE pg=al' (Ry — ky") +a (Ro — Ro”) + Anho® + dn’ ho®—E, 

a= h?/2m, Ati / 27k (4-3) 


E is hereafter put to zero because we are seeking for J’). 
In order to treat the line shape of the first peak which appears in I. M. O. 
absorption, we take each state defined, respectively, by 


initial state: S(P,Q)=S{P(n=0, l=, k.=ky'), O(n=0, /=1, k.=h)}, 
intermediate state: S,(P,, Q;) =S;{P;(n=0, l=h, k.=hu), 
: Q;(n=0, l=h, k.=hu)}, 
final state: S/(P’, Q’) =S'{P’(n=0, 1=I, k,=hi!"), 
. ON 0, PE eye tee 


The transition matrix element, which is the so-called effective charge, between 
two states within a Landau level of »=0 is given by 


"Gsier (WW) = > 15K’) Hor (Ke) Oper rere. (4-4) 


Applying (2-14) and (2-16) to (4-4) and replacing Kronecker’s delta by 
the delta function, we get 


Wit ay se 4 


ore tie 
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“Gas! (W) = 22 V-l*B (hey — ho! F w,) exp(—2? w{) {polynomial in 7’w}, 


; (4-5) * 
"Gis (WW) = 22 V-"* 8 (ky — ky Fw) exp(—2” wy) {polynomial in 7’ w}, 


and 
D1 "Geie* (w) “gies (w) = 40? V-** 0 (Rey — ho Fw.) 9 (Rr — ho! Fw.) exp(—A" w}), 


where ”7=//;/2. We can derive (4-5) also by the use of an operator calculus 
(see Appendix 1). The factor placed in the curled bracket is due to the transition 
of the center of cyclotron motion and if this factor were not present, the effective © 
charge for very strong field (A w'imin~0) may be taken as ea) which is a 
similar case to exciton. ; 
Putting (4-5) into (4-1), the first term of the right-hand side ‘of (4-1) is 


i SS eae Meee | 
A 9NMi? (22)? (fiu)® 


ss \ aber (w) 95,7 (w) [8 (4E, + ho,) +8(4E,—hho,) | 


X (huw)’d(huw) sin dé dg. (4-6) 


The summation must be taken over &; and J, but the summation over J, is 
easily taken and the resultant formula is given by 


rs 


2eT VCZ E . : 
l= (0 4E;\ 22 V-*)* exp {—A? (4E,/hu)’ sin’ sind dé 
“OL STEN CT siti ee eae ae 7 
ay 
x|o (Fa ho! — 2 cos‘) 0 (Fn A”— at COs 0) 
+é (doko + SE” cos 0) a (Aen hi?" + SE 4E> cos0) | 
hu hu 
DA Ah hia a OS woe > 1112, 
LA GAIEIBD CGA, MIS Da Vie ee 
ONMae(hu)® (ho! — ko dz o1— dE, 
AE piu ; 
x \ exp {4? 2? —4° (4E,/hu)*} dx 
AE p [hu 
x [0 (Ror — ho! — 2) +8 (kao! + 2) ] 
oe TC! Wea": 1 y IIT + ve ¢ { koi — ki” 
~ONMiv2(hu)® 2a Cho's ho 7 pie ako) 
x exp {—77 (hor — eo)? +4”? (Ror — ho!) } 
AnT CZ Qa’ al as OW fa! aye (x? 4 OD ky! x)? oles 
Saag tats wt” | dx? +20 bx) exp —7°(a" +20 be 


(4 7) 


where 2, is the volume of unit cell and 


* Concerning the explicit forms of the polynomials, see (A-4) and (4-32). 
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= (al/hud')?. (4-8)  25,. .x1078 75 Xx10-2 
fei The numerical values of the 
integration 


et ED = d(x? +20 ky! x) 


x exp{—77 (27 +24 ky! x)? + 2°} 

(4-9) 

are shown in Fig. 2 for k)/=0 as 

function of the strength of field 
and effective masses. 

Because of the underlying as- 
sumption of neglecting the virtual 
transitions between different Lan- 
dau levels in taking the inter- 
mediate states, the present result 0 1 2 3 v 5x 104Oe 
is valid only near ky)’ =k,=0. (see 


Fig. 2. J,(0, H) versus H. Curve a is plotted for 


$5). 4 m*/m=0.05 and refers to the left side ordinate. 
In the same way the second Curve 6 is plotted for m*/m=0.1 and refers to the 
term of the right-hand side of right side ordinate. 


(4-1) is given by 
AKT CP 2 a0 iy, 0’ 


T= Ja(ko, H). 4-1 
oan. (4-10) 
The third term—the cross term—of the right-hand side of (4-1) is 
AnT'C,C, = V eon ea 


Il, = 


ONM22 (27) 3 (hu) 3 \ (huw) ‘ d (huw) sin dé AOgrpr (w) Year (w) 


ia X [2 (4Epo+he,.) +0 (4Epo—ho,,) | 


mu 


AeTC.C, V8 (AR pg)? F 
ae Ese) | sin@dd exp {— (H/itu)* Ey sin’ 6} 
y 


9NMiv? 2a (hu)? 


x{o (#.— ka’ — FE ee 058) 0 (0'— wr __ SEpe cos 0) 
hu hu <= 
+0 (to— By" + Eee cos) 3 ('—2" + ABee cosf) | 
hu hu 


Bia Bel CIC eV ae deen 
9NMv? 22 * (hu)? 


-O(Ro— Re!’ + ke! — ky’) 


Al 2 
Xx exp | at (= JE ro) +A" (Ro— Ro!) i 
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SSE ot MOM CHR? oem . 
ON (ha)® 1/3 O fey heg!’, eg! /— keg! {a’ CA ki, 2) Sk (he— he!) \ 


Ie 
exp |— (5) fa! (hy? —K"2) + a(ky— hy") }4 42" (ley ho) 


(4-11) 
This cross term is very much smaller than J, and IJ, by the ratio of V~** 
to 4", therefore we get , 
9 
ie Fi marr [a! CP Dig’, 20” Jar (Rol, H) FAC) Oey, wy! Ta (ho, H)]. 
(4-12) 
Substituting the numerical values of «T~10~*eV (room temperature), M(Ge)~ 
1.4X10° m, 2,(Ge) +2.2X10-%c.c., w~5X10'cmsec? and) H=5X10* Oe into 
(4-12), we obtain for the half-width of the sub-peak near edge 


AD’, ~0.127X Toes Co (OL ype Os H) |ev. (4-18) 
gts 


My 


If we neglect the phonon energy in the arguments of the delta functions ap- 


pearing in the f(E) of (4-1), the treatment becomes very simple and the collision | me i 


frequency is readily obtained, e. g., for the electron 


2 
i rae ° vat ~ \ dw,[9(4a,) Diy 5 bo! /410 2 Digy ho #02 


+ 0 (doy) Oxo, > he! //—w x Ono, > aio 2] ? (4 ‘ 14) 


which is in exact agreement with the scattering probability shown in the paper 
on the quantum theory of galvanomagnetic effects by Argyres”. e 

Next, we proceed to seek the self-energy 4, with use of the same assumptions 
for phonon population and phonon mode as was used in the above. 


hero. ea A wee fur / | : ch p | | 
4i= anes \Ce 21 dP, p(w) dp; P (w) 4E.— he, dEptnhow 


Pp p | 


} : op ! + 
+ C2 D1 aia (2) der (wo) ian aye 


ie Se Mes mae lpine omea te |} a1) hg 
2C.C, 2 Ger (w) dea cw) | AE pg—Nhow 4Epotho, PPh 


The first term of the right-hand side of the above equation is 


AneTCe yy-1/3 a 2) ( dk | 8 (Ror— Ro! — we) 0 Ren — Be” ~ Ws) 

I,=—-—.— V > expt—4 wi| ku} 8 (Ro 9 — Wz 01 0 e 
9NMu? w 
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2m 


| dp | ws deo exp (—/2? w/) | dw, 


0 0 


Amc hCaye 


BASEL GR PE a eee 


ear 


Pp 


ahs i - :3= 
betpeesee asic —fhu {zw +w,’t 1/2 


Pp |. (4-16) 


a! { (By! +w,)?— kN + fu fw P+w, 7}? 


The integration over w, is carried out in the case of kp’ =k,/’’=0 and we get (see 
Appendix II) 


4 


QT Qo CP Ong’, hol” ( sae 1 
filg= 9M (2nu) 2a i! |aze (1+X") 1/2 XALSNCY Tey CE 1/2 ? (4 TY 
A= n,th Nae, DSO (4-18) 


In the same way, the second term of the right-hand side of (4-15) is given 
by 


sh Qe TQ, Ge Oxo, keg” t 


= 1 
5. OM Onuyial | pte 


(AX)? (2X7 42X(1 EX)” 


(4-19) 


The third term—cross term—is 


eee Puy ae i OF Cc Qo O Koh!’ he key’ 
0 


OMe V"8 wy dw, oR (Ae w,") 


Pp 


x| : 
Le aC!” — he’) a0! (Reg! — ho!) — Pate { (Ro! — Bg")? +e 3} 0? 


Pp 


a | iy . 
a (ky! — ky’) +a! (kyl? — ky!) +hu{ (Ry! — ry 2 vey 3 1/2 | (4 20) 


0 


which is smaller than J,, II, by the ratio of V-*/* to 4-1, therefore we get near 
heh = 0 ‘ 


? 


Ce 
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4eTQ, [ Ge 


“Sion la KO D+“2K.0,m], G21 


ona yl 
where 


o 


KeOsaye \de e-? 


(14+.X?)¥?{2X° 49K (14 X2) Vata (4-22) 


1s a numerical coefficient. By the numerical integration, we get 
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Ka (0, H) =4.82 ~ for m,=0.05m and H=5x10! Oe. 3 
K.0, H) =0.338- for m,=0.5m and H=5 x10‘ Oe. ‘ 


In the absence of a magnetic field, Muto and Ohyama™” have given the formula 
for self-energy, which is, for the bottom of c-band, 


26T QC. Me 75 ; 
aw We en. 
9M (xhu)? (Cx), (4-23) an 


% 


where w, is the maximum wave number of phonon. The corresponding formula i 
in the present case is 


2 s 
Be OC! m: (4.82 1 ). (4-24) a 
9M (rhu)’ A! a 


The ratio of (4-24) to (4-23) is about 1 to 20 for germanium in the pre- : 3 
sence of the magnetic field of 5X10*Oe. Our result expressed by (4-24) is not ; 
always valid because of the underlying assumption of restricting the summation 
over intermediate state within the initial Landau level. A reliable value of the 
self-energy is derived in the following sub-section. x. 
(B) Approximation of weak magnetic field 

Neglecting the magnetic energy and phonon energy compared with the recoil 
energy of carriers, we can sum up the intermediate states over all Landau levels. e 

Introducing the integral representation for the delta-function, we obtain 


PN 
a ee 


fe: 
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V(E£) a \ dt exp {—i(€ +E) t/h} S4[ tw +1) exp (iwt) +My» exp (—iat) | 


SOU eT ae ae 


ss/ 


— oO 


x { > Mes cats! exp (165, t/h) \ > (4 Y 25) ) 
S7 Bons s Busser XP (En t/Mt) =(5|P2» exp GIG t/f) Bet |") 


BE LE [C, exp(— ir.) —C, exp (—iur,) ] exp {i(H.4+26,) 4/7} 
9NMu 


Fae .: r eee bi tai: Eh Be. oN 


x [C, exp (iwr,) — C, exp (iwr,) | |s’) ~ 
2H _ (6102 exp li (e+ I6*)t/Tt} + Cy exp {i I" + 16.) ¢/H} 
9NMu 
—C.C, [exp {—iw(r,—re) } exp {i(36,+46,*)t/N} 
exp{iw(r,—re) }exp{i(26,*+26.)¢/N}]|s’?, (4-26) 


where 


‘ 2 
eee: (p24), Dg i (p21 44+ hw). (4-27) 
BOP Oi ee NSE Dita Cc . 


Using the approximation of high temperature for the population of acoustical 


phonon, we obtain 


ih tiled Ih pay 
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4 — 


KT . é 
4) eet hE TC? J, (i) bade) Celene +J,(E))],  (4*28) 
fill B) = gg [Col (E) + Cia(B) (Js(E) 
where 
Ig BY JSC) +5), (4-29) 


ao 


J (E) = 3) bce \ dt-exp{i(E,+E,>—Ew—E+ hw)t/R} 


x (Pl exp {i6.*t/A} |P’, 


(4-30) 
JS (E) = Der dt-exp{i(Ey+ Eg—Eyv—E+ ho)t/h} 
“ (Ol exp {i26,*t/N} |Q’), 
JS (EB) = S door (~w) { dt-exp{i(E,+E,—Ey,—E+ho)t/h} 
x (Plexp (ur.) exp (126.* t/N)|P"), Pere 


oa 


J@(E) = Sagres (—w) | de-exp{i(Ey+ Ey —Ey—E+ho)t/R} 


x (Q| exp (iwr,) exp (i36,*t/h) |Q’). 


Hate In order to get the matrix elements of the last factors in the right-hand side 
. of (4-30) and (4-31), we introduce the next operators : 


Sy I 
Uz y=" Wy; 6 0 (Sec L,.y=—— 2X, Yo; 


2K 
Wy=rp bay, Lee LetiL,, bth; Aa thy} 
(4-32) 
O* =0,+10,, M=xL—71,/Mo, y=y+7,/mo, 
n=Ps 2A, 
7 _ Then, we obtain 
: exp i6,*1/h) =exp| —* {i(k tw.) +hw t+ 7 At | 
Ziel . c . 
x exp| ie (Of OT +u, O-+u_0")|, (4-33) 


4 


exp {zwr} Senn ite exp{i(u_L,+wu, L_) exp{— (u, O- —u_O*)}. (4-34) 


We can proceed readily when the following approximation is allowed for the — 
weak magnetic field in the case of a transition from (0, Z, k’) to (0, Ul’, ki’). 


AN 
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‘ 


{0| exp {ihit/m?#- (O* O7 +u, OT +u_O*)} 10) 0x, 
~0| exp {iht/m*- (uw, O7 +u_0*)}|0) 0,,==exp {== (wst) i dn t 
(4-35) 
‘Then 
£0, 1, Ro’| exp {iwr,} exp {i 6 *t/N}\0, U’, yy 


= Ow +h”, ko! EXP : We thexp } ee the Mi Gece | exp{—iAu,u_} 


x (lj exp{i(w_L,+u,L_)}|U/) (Olexp{— (wu, O- —u_O*)} 0) 
x (0| exp {iA (u, OT +u_O*)}|0) 


wet thexp] oe k 2 exp |— tate 


2 , 
x exp |{— an u.u-hexp}— uate | (4-36) 


x {polynomial in 7’w,}, 


1 
—— watky’, ko’ exp | 9 


where 
a 


A=iht/m?. 


The formulae used for the derivation of (4-35) and (4-36) are shown in Append ki 
¥. By the use of the above formulae, (4-30) is calculated and gives xi 


of > Cc 2 c 

i of = I By i Dad hep’ | a exp | et mi 47,7? — by we 

{ 

x exp | an SE (nash) “| 

= 9001 Ox we D reg! tool” hi Moh sy : 

ae | ft @ Wy 

, ie 

f: xexp| — (— : {as +w,)?—ky? + wy 2 Ng ATE wot | 

\ Wy he’ nh 

= ' : 2am Wicd o o 

Fm tewtnon tyne i a | tf 

Siege re (Hy? itn ne 

Fo ye . xexp| 2 {rast+2z,t04+ A | j (4-37) ia 

, 4 Wy - yt4 


where 7 
Z,S#) = (ho! 4w,)*— ko? — a sae aie a 


ice Ca ree! aus it. é ! 
eS an i keer Ede, atte * ry ¢ y , o* + Le, 4 
PONE ROADS Rye Tage acy th, area tne aim aad a ¥; ‘ey, RW ay SDA me SY Beer 9 oP 
Me ” he Oe = -. LOPE Oe: ATT) ORR RLU IRE OER Se LE 


‘in semiconductors. 
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2m,uw/h can be dropped in Z{*? when 2mu<hw. This corresponds to the 
approximation that phonon energy is neglected compared with the recoil energy 
of carriers, such an assumption is often used in the calculation of carrier mobility 


11) 


Then, 
é ‘xt Am, V ( RP Vn # 
T(E) = Ba bran dg ob oag | deosern |Z} exe] lal} 


co 


= Be Bir s11 Big tS” 7, ae ep{—-ZtiZ)}. 4-39) 
J,(0) at k’~0 is immediately obtained (see Append AUN @ 5 
iN) y N c V 
J,(0) = Ogar Oy wt da E MeV . (4-40) 
Similarly, we have 
y y Ny ty V ee 


ys = © 
J3(E) % Ory-ty’, teh On jer dw, exp{—?w ,"} s dt 


0 


x exp fi (z, AR Ra pee oe 4 *_k2) /hhexp {—- es eu | 


V2 V28 ¢ ap aoat 
=Oxg-Ky’, as Raha RT | devs exp | =A ne as Poe we | 
veae (ooh zal 
Ne I yi ed Ne , 
Ayko’ , qo Sw exp | me > (4-42) 
where 
Z4= 0 (hy? — by) — (E/it) (4-43) 


J,(E) is specified by Z, which is given by. replacing a, k, and &,! by a’, 
and hj’, respectively, in (4-43). 

J;(E) and J,(E) are negligibly small compared with J, (E) and--J,Gs) os 
the order of the ratio V~"? to 47}, 


Putting (4-40) and (4-41) into (4-28) and taking account of (3-14), I, 
is obtained as 


// 
0 9) 


Qn 2eTQ.mV 2 ( m m , 
= c (€ 2 v 2 f & 
h 9M(hu)?i \m * ae m Ce) ae 
at ko=k)'=0. When we take the same numerical values of the constants for 


germanium as in (4-13), we obtain 


a a 
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AP, 1x0" Tcr4 C2) ev, (4-45) 


mL 


and at k,=K, 7. e. at the maximum wave number of photon, 


As, ~ 20 ee (2 day, aC + daly C). (448) 
This is larger than the value at ky=k,'=0 by the order of 100, thus in this case 
the half-value width increases with k and hj’. 

When H=0, the above expressions of (4-44) and (4-46)are expected to agree 
with a transformed formula of the mean collision frequency in the absence of | 
a magnetic field, since the summation over intermediate states includes all — 
Landau levels. For example, we take 


1 4 QCexnTm, 
ze On eu? M 


-R (4:40) 


given by Seitz” for c-band. Transformation by the use of (2-16) gives 


ive) 


A Cyd Oe fate (as Av Cee Rg entgn > Le Late CuPaa nen 
laa wie | 7, (k) d= hones NS ee ; 
222 deg? ; 
(4-48) 
In particular, at k,=0 we have 
lr. = 4 CPnTm, Qo View (4-49) 


On fw MA 27/2” 


which is coincident with the first term in the right-hand side of (4-44) except a 
V2. Of course, such an agreement can be easily shown also at kh=K. 

Next, let us consider the self-energy 4, near ky=ky'=0. Taking account of 
(4-39), Appendix III, and putting (4-28) into the first relation of (3-15), we 


have, for c-band, 
Ex 


it Doe 2 Eso ees 
aa Mime t PAE VEEN ol, /EVap 
Vier = 73 V/weE 9) ) E ry 
0 ; 


On? M (hu)? 


0) 


_ PUK) Lim ( \ +f) cE ell, ee 


670 


; : = x) (e) — ‘ ee i 
where E,—a’K? is the energy corresponding to the Brillouin zone, and Fj Nie mae é 


is the maximum phonon energy. 
Putting | 
=P E,/al = UK)’, LO SP Huw yax/ el =Nhuwyax/% ho, (4-51) 


and 
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2 Cc | 1 ( = Baa " 
Sw (21, 2{) =0.980— P (a) Ei(— a) +7 \ Ei(a) dx, (4-52) 
1 


we obtain 


Es 
jo le . Ki14 22s. (a | (4-53) 
7” Uu i 


We can get 4” similarly and the self-energy is 


AcTm2,K | Cc: ES Va Caen EO) 


4,= 4+ 4% =— 
; = 92? M (hu)? MAK 


4 Me or (y4 V2 © |. ; 
+c 14 VE Slay, ah ) (4-54) 
When Sy.a,<4K is held in the above formula, self-energy 4, agrees exactly 
with Muto and Ohyama’s result.’” 
In the present case, the condition of weak field, Kawa. hw-., is held el 
Sig has a small positive value, and the self-energy becomes larger than that in 
the absence of a magnetic field. 


§ 5. Detailed discussions 


(i) Half-value width of a sub-peak 
Burstein et al.” inferred a constant half-value width for germanium (£,~0.8 eV) 
from their observed line shapes which is 


ht,=1.25X108 X.£,=107° ev (Burstein ef jal.), (5-1) 
while our values near k,=f,’~0 are 

hl’,=4.0X10-* eV (strong field approximation), (5-2) 

hl’,=1.33X107* eV (weak field approximation). (5-3) 


Both of them are calculated by using m,=0.05 m, m,=0.5m and C,=C,=10eV 


which are not unreasonable values for germanium. Comparing the three values 


in the above with each other, we find that our calculated values are slightly smaller 
than that of Burstein e¢ al. This small discrepancy seems to come partly from 
our assumptions used and partly from the additional scattering by the impurities 
and imperfections in the crystal, the latter of which is especially important because 
the samples used in the I. M. O.-experiments are very thin. However, it can be 
said that the results are in good agreement with the observed value. 

(ii) Non-diagonal term ©, 

It is necessary to know the non-diagonal term (2, when we decide whether 
or not the line shape of the sub-peak is the Lorentzian. In § 2, we showed that 


the matrix element of the photon perturbation is nearly independent of the 
carrier's momentum, so that 


—? 


ee wep, oie ee! 
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A,=4 Dahl ser/ (€,+6,/) (5- 4) 


is held. Let us estimate (2, in the both cases which are used in § 4, 
(A) Approximation of strong magnetic field 
Substituting (4-11) and 


E,—E,, =a (kp — ky!) “pat! (Ry! — ky?) (5-5) 
into (5-4), we get 
A 4eTQ,C,C, Gray hy setarsn en 
Mat (hat ww oni-w” \ dre SON C® 
where 
9 / 
=) ee BP cs tee Pas ZL a 
se (ko—ki"), A ss (ak, t+a’k/) and B= re 
CQ, near k,=ky'=0 is readily computed and gives 
Ge 3. 10 y.. for = 5 X10! Oe. (5-7) 


When (2,2, becomes comparable to AJ, described in (5-2), 2, must be of 
the order of 10-2eV and the corresponding scale of abscissa in the diagram of 
absorption peak is far apart from the tail. Therefore, we may conclude that the 
line shape is Lorentzian. 

(B) Approximation of weak magnetic field 

One of the underlying assumptions in this case is 


1 (Rol! — ko) =4w, 1. (5-8) 


Hence, the lower limit of integration over w, must be 1/4. Putting (4-47) 
(4-46) into (4-27), we get near (fren y dra 
(= =3.3X10'* for H=5%10".0e. (5-9) 
The above value is too small to cause a sizable discrepancy from the Lorentzian. 
(iti) Line shape of the first observed peak 
It is necessary to know the &, dependency of 7; when we plot the absorption 


coefficient versus photon energy. We do so for the first peak which corresponds 


to the minimum photon energy with use of our results. 
Our result of the approximation in the strong field limit, (4-12), can be ap- 


plied only to clarify the line shape near the absorption edge. 
Our attention is thus directed toward the result of the weak field case. Re- 
ferring to (4-40) ~ (4:43), we may assume that the J’, has linear dependency on 


k, and kj’ where these are large, so that the formulae 
V.=ly+rkho, (5-10) 
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i, 
Mf . 
fe ,_ 4KT2om -{- My C24 Me C) (5-11) | 
~ OaM (hu)? \m m 
are held. 
Putting 
I 
hiwy=€&o— 4;+ Re’, (5-12) 
Du 
Eu hs hw +f), (9-13) 
(3-21) is written as : 
1 (oo Eq) : ait. 5. ie . 
A(o) = const (ation hw “ho—fha)? re (Al)? ais ) 


In Fig. 3, we plot A(w) versus ha, 
which corresponds to the observed first 
peak. The numerical values of the constants 
are taken for germanium under the field 
of 5 X,10* Oc, 

(iv) 7, and other elements 
By the numerical integration we can show 

that 7,is negligible compared with unity. 
In section 3, we used the approximation of 
the weak coupling limit proposed by Toyo- 
zawa. The main condition is /’,73/2<1. 
This relation is readily proved by any result 
of the two approximations in the section 

G4, In the present paper we have neglected ys hh Pa a a ee 

- the spin effects and band degeneracy which . 


“er : ; Fig. 3. Line shapes of the first peak of . 
_ can, however, contribute very slightly to I.M.O-absorption. (a) Calculated using 


(b) 


arbitrary scale 
arbitrary scale 


arbitrary scale 
arbitrary scale 


; 
the line shape in so far as the observed (5-14), (5-10) and (5-3). (b) Calculated . 
first peak is concerned. But when we using (5-14). (5-10) and (5-2). (c) | 
make the theory more precise we must Calculated using (5-14) and Burstein et 


al’s value of (5-1). (d) Observed one 


take into account the effect of optical by Burstein ef al. (H=46.6 Oe, Hij110) 


phonon as well as the scattering by im- 
purities and imperfections in the crystal. ) i 

In conclusion, the authors would like to express their thanks to Prof. Y. 
Uemura and the members* of his laboratory of the University of Tokyo, for their 
valuable discussions. The authors are indebted to Prof. E. Burstein of the University 
of Pennsylvania, for his kind information of his group’s results before publication. 


* One of the members, Mr. M. Okazaki (private communication in Bussei-ron Kenkyu, 6 of © 
ser. 2 (1959), 248) has developed a theory of I. M. O. by a method different from ours. His 
result of the scattering probability can be derived, by putting Rwe=0 in (4-1). 


BY See Ue, A eos erie ye a WY, ee ae kine 
\ * * tae ie. j \ 4 


Theory of\ Line-Shapes of Interband Magneto-Optical Absorption 249 — 


Appendix I 
The operators O* and L.. defined by (4-32) insty the relations, 
O*|n=V/n4l|n+1), O-|n)=Vn|n—D, 
L.|D=VT+il+1),  L.|D=v/T\l—-1). 


Then we have the following relations. 


(A-1) a 


<0 | e7 Uy OT uN o*) | tee (uy |) | (A:2) 
<0 | e4 (wy. OT +H el 0) = err! Q (A-3) 


min(Z,2/) 


<]et- te Ny ps (Gu)? in." SY iC. (Ht en ua), (A-4) 
! 7=0 (l—r)! 


Appendix II 


fo) m/2 
| do.=2: : | aa] a 


2a’ w, (1+ X”)” Lista (1+.X”)"?— X’—cos0 


- 1 ‘ ie ee i" 1 | i 
(14 X7)1? 4X +cos0 = (1 +X") 174+ X’—cos6 (1 +X”) *? = X! + cos 6). 


a ee wee fot Xt CO aes 
aw, (1 +X") 1/2 {2X”? + 2X'(1 4x") et 1/2 | 2hw, i 2 


ae 
The divergency of the above integral at w ,=0i is removed in the integration. ea 
- over w, by the damping factor of exp{—/”w'}. er 


Appendix III 


4 
® 
5 - Putting a 
& i Bah 
. 19 9 E 2 42 Je Bina git) 
: E> 2n/lattice constant, kz =k)’ ae P(x) Sat dé, (M- 6) 5 
a | the inteecale of (4-39) containing the absolute value of Z, are obtained in each | 
re es of ko! as follows: By 
: La): ke >0, K-+hy’, K— kj! > kz!’ and Rae <0, K+hk, est Re kz’, 

Bae | a eee oe 

' i . : J,(E) = Oar oy we Org! keg” 2d | 2a +2 a exp{? RF 

iz fi x {PQ(E+h/)) +PU Ke ko’) ) — —2P (he!) | 

y «i a > 0, Kh > he KI 

a 
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(iii) 
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J; (E) = 0ogr Op til Oleg tog” — | K+e ‘ a exp{/ kz} 


“a 


x {PU(K +h) —PUks!)} |, (A-8) 


ko’ > 0, Be’ > K+! and fo! <0, ike’ > K—ky’, 


ah (EF) Oger Oy ih Ove kg fo —— + (2K), (A-9) 


20 


(iv) ko <0, K—k)’ > kz! >K +h! 


1) 


2) 


3) 
4) 
5) 
6) 
0) 
8) 
9) 
10) 
11) 


7 Sn oy 
J, (EL) =0 ge Ou qtr Oko! k EN ee cae | K+h— ko +¥ exp {ke} 
2Q7 ah 
x (PU(K= hi) — PUks!)} |. (A-10) 
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The effect of the pion cloud to the ratio g4/gy in the @ -decay is investigated, with the 
assumption of the conserved current for the vector interaction. The three-pion state is 
considered as the simplest state which might improve the result of the static theory, which 
gives g4/9y<1. According to the lowest order perturbation calculation, the contribution from 
this state turns out to be of the positive sign and large. It seems promising to explain the 
observed ratio g4/gy>>1 even when the decrease of the bare state probability is taken into 
account, unless the effect of the suppression of the nucleon pair is too strong. 


§ 1. Introduction 


The V-A theory of the weak interactions has been widely accepted.” In par- 
ticular, the idea of the conserved current by Gershtein and Zeldovich,” Feynman and 
Gell-Mann” has proved to be successful. In their theory it is guaranteed that the 
observed vector coupling constant gy in the B-decay is equal to the bare vector 

) which can be considered to be identical, to that in the /-e 


coupling constant 7’, 
decay, within the electromagnetic correction. This conclusion has been strongly 


supported by the recent experiments.” 
On the other hand, some questions still remain in the axial vector coupling 


constant g, in the f-decay. Namely, we are tempted to expect that the bare axial 


vector coupling constant 9%” would be equal to g, since we know that %y=9a in 


the p-e decay on the one hand,” and the universality of the weak Fermi interac- 
tion is well established on the other. If, as stated above, Ivy = 9s is assumed in 
the f-decay, 9/ should be equal to gy. On the other hand, from the general 
! static model for the interaction between nucleon and pion, 
Ja<99 has been concluded.® Consequently we are led to J4<9y. This conclusion 
is not altered by the relativistic perturbation calculation in which also the virtual 
formation of the nucleon pair is taken into account. Moreover, the magnitude of 


consideration of the 
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g4 is expected to be some ten per cent smaller than that of g;, from the estima- 
tion in the static theory. The experimental velue is 


G4/ Gr =1.19>1, 


from the decay of the neutron.” No satisfactory explanation has been given for 
this discrepancy between theory and experiment.* Feynman, Gell-Mann and some 
authors® have discussed the possibility of the conserved current for the axial vector 
interaction also. No one has, however, obtained successful results as for the plausi- 
bility of the theory itself and its comparison with experiment. The main difficulty 
comes from the fact that we cannot construct the pion current contributing to the 
axial vector coupling. 

An essential point in the discussion by Gershtein and Zeldovich, and Feynman 
and Gell-Mann, seems to lie in that the §-decay of the pion cloud around the 


nucleon can compensate the decrease of the strength of the $-decay of the nucleon 


due to the emission of the pion cloud. Also from the -analogy to the electro- 
magnetism, we can understand the possibility of assigning the strength of the /- 
decay of the pion cloud so as just to cancel the renormalization effect. 

It is an interesting suggestion that the pion cloud also should couple into a 
lepton pair, apart from whether the interaction exists in the form of the current 
or not. This idea. should be taken over to 
the case of the axial vector interaction, too. 4, 

For example, we can consider the graphs 
in Fig. 1, which is resulted from the $-decay 
of the nucleon created virtually in the pion 
cloud. From charge conjugation invariance 
and charge independence of the strong interac- 
tion, it is concluded that for the axial vector 
coupling, a lepton pair should couple only 
into the odd number of pions. The coupl- 
ing to a single pion has no effect to the 9-decay in which the momentum transfer 


Fig. 1. x on the nucleon line indicates the 
interaction with a lepton pair. 


is almost zero. This is also the consequence of the V-A theory. 


Thus the graphs illustrated in Fig. 1 are the lowest order graphs which are 
the candidate to lead g4>9?(=g,). The contribution from these graphs will 
hereafter be called the three-pion state contribution. Such a contribution arises 
from rather complicated structure of the pion cloud, and it has never been con- 
sidered. However, the importance of the three-pion state contribution has been 
pointed out recently in connection with the electromagnetic structure of the nucleon, 
especially the isoscalar part of the charge radius.® The calculation by Hiida™ 
et al. has shown that this contribution has a qualitatively desired tendency and 


ie £: Iso pointed out a possibility of explaining this ratio by using the strong four-Fermion 
interaction [Prog. Theor. Phys, 22 (1959), 62], based on Sakata’s composite model. 
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the magnitude is rather large. Such a state may be expected to contribute also 


to the isoscalar part of the anomalous magnetic moment of the nucleon where the 
conclusion from the static model is inconsistent with the experiment.” 


In § 2, the three-pion state contribution will be calculated by means of the 


lowest order perturbation. § 3 will be devoted to take account of the conservation 
of the probability. Results will be summarized in § 4. 


§2. Three-pion state contribution 
The general expression for 94/9 is given by 


F2 (PIS .O) |n) =Gateys7 74%, (2-1) 
where %,(x) is the weak interaction source function such that the interaction — 
Hamiltonian H,,(x) is expressed as Te 

FL, (£) =192 Bn (2) Gi (2) 757.1 +75) $, (2). (2-2) 
In (2-1), |z) and <p} are the eigenstates of the total Hamiltonian and p(x) is ; 
in the Heisenberg representation. In the interaction representation we can write 
(p18. (0) |n)=T (p|U(co, — 0), (0) |n), iar 


where U(co, —oo) is the usual S-matrix operator comprised only of the interac- ee 
tion Hamiltonians of the strong interaction. 
Assuming the elementary source function 


Op (2) =12,¢ (z) ohn 6+ ey (x), . (2-4) ; 


we can calculate the total contribution among which the graphs as shown in | 
Fig. 1 are also included. The straightforward calculation of such a graph is, Jt 
however, exceedingly complicated even in the lowest order perturbation. In the a 
following we apply many simplifying procedures. . 

First we divide the source function into two parts, 


Bu (x) eee (x) Boss (x) ? @ ; 5) : ; \ ; hie 


‘where (a) is the static nucleon part of the source function given by 


1s" 


tai ae (2) = Z tt lage Ze! (x) a 
| Hora? (x) =0, 


where p(x) is a form factor, ¥ is a Pauli spinor. %,°"(x) is the three-pion part oe 
of the source function and is related to the S-matrix element of the interaction =~ 
between three pions and a lepton pair by 


(g|S| hi’ ha! ba) = —i (22) *0 (hy +h, + hs—@) 3 a 
x ig? (ql BuO” (O) [ha! ha’ hs") May sip (L+7s) My» (2-7) 


where the superscripts i, 7, & indicate the iso-spin indices. 


(26) oy aes 


rae 
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When the elementary source function is 4; 
given by (2-4), the introduction of %,°” is 
only conventional. It is an “effective” 
source function. We obtain %,°” by calcu- 
lating the left-hand side of (2-7) in the 


ot, eS a ee oC or a. 


" lowest order perturbation. Three types of 
A graphs in Fig. 2 should be considered. (a) (b) (c 
. Corresponding to the graph in Fig. 2 Fig. 2 

eS (a) we obtain 

a | | ; 

ay. C (8=)| bt bd pak a On ee ee ORS 

3 Calo [et bh )a= —i On) pe 

Me XG L,, (ki, ko, ks 5 Q Sp(ts ca T,T4), (2-8) 
5 where 


eS ear | dk Splisr, Sch + Or 
X Sx(kR—ki+q)7sSr(R+k) 7s 99(k) | (2 -9) 


is the contribution from the closed loop part. In (2-9) we can omit the argument 
ks, since it is given by &,, k, and qg through 


ky +k, +k3= q- 
We have adopted the interaction Hamiltonian 
F(x) =iG$ (x) jst f(x) 4,(x), (2-10)* 


for the pion-nucleon interaction. 
_ For the small values of gq, 
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aes 


rhe o> bo 


= 


Rw ia 
ae 


= 


ee a 
eae) 


act 
= 


lal <M, 


L (ki, k2; gq) can be expanded into the power series with respect to g, as 


i gi ET ne AES 


a 5 
= L(h, Ra; D) =Li(k, ky; 0) T Og, L, (hi, ky 5 q) lo=o 

. 5, | 

ae FEnG Lali, LS) (2-11) 

: is D Oq. 

In the first term L,(h, &,; 0), the &-integration is fortunately convergent and we 
Ba! obtain 

a Arey 

% L, (kis ky; 0) =240"M | dr | dy-y 

4 0 0 

Sic 6x* 


* This expression and (2-18) are written in the interaction representation. 


Leas 


PP eer Es Ne 
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el (2—y) kiko A— 2) ky" |hi,—[(x—y) kk? — (1 — x) ki ke] hoy 
Yih 


bs. Guay 
where M is the nucleon mass and «’ is given by 
w= Mi +k? (x—y) 1—2+y) +h (1—2) + 2h ky (x—y) (1-2). 


If we expand (2-12) into a power series with respect to k2/M?, k°/M? and 
kik,/M* and retain only the first term, the parameter integrals in (2-12) is 
simplified to be 


2n° 
TL Ri Ra OY ~(k, + ka) ,- (213) 
M 
Since the differentiating with respect to g, and setting g=0 is equivalent to 
the appropriate insertion of 7, into the nucleon line, the second term in (2-11) 
is equivalent to the matrix element of the interaction between three pions, a lepton 


« 


pair, and an “iso-scalar photon.” This contribution drops out by including the 
graph in which the direction of the nucleon line is reversed (generalized Furry’s 
theorem). 

The third term in (2-11) can be calculated in the same approximation as in 


L, (ki, ky; 0) and is given by 


7 g 
in aS 
aM ve et) 


Thus we obtain the result up to~q’, 


= arg a Ee 
L, (ls bys @ = (1-2) Sat). (2-14) 
This shows simply that the nucleon loop part has an extension of the mean square 
radius 1/M. As is easily seen, the g-dependence of L,(ki, ko; g) 18 very small. 
Even in the s-capture (g’=m,?) it is a correction of only —0.2%. In the fol- 
lowing we neglect the g-dependence of L, completely and write 


Qn’ 
M 


2 By: (ki, Ry 3 q) se Riv, ke) a (Ri + Ro) y- (2-15) 


The total contribution from the graphs in Fig. 2 is given by 


1 Qn? 
SN yeu tly Su ee hart Se oe (5 
(glue | Ra! ha hs ) ee V 80, 0203 M 


DL (Bat Be) w SP (Ee Feb ety) + Bat he) SPE t5e%e) + Chat hi) SP Cs tetsts) J, 


where we have multiplied the factor 2 by taking account of the graphs in which 
the direction of the nucleon loop is reversed. The explicit calculation of the traces 


yields 
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y sl Grete 
Cy (3m) t b.9 BaF hei Spas ee Poke == 
(ald Vs aa ) spiicn 2 3 rc M 
x (a, 0 12 O jet Roy O45 Ove + Roy? +n Ong ? (2-16) | 


where E \ 
Ny =a 
O4=% (0+ 20a)5 ete: 


From this we can easily find the form of %,°") (x) as 


% 0" (2) =— #4 G 7 9 d* (x) -62 (2). (2-17) 


In this form it is seen that the approximation made in obtaining (2-13) is 
equivalent to describing the non-local interaction between three pions and a lepton 
pair by introducing only the first derivative. 

We have calculated the nucleon loop part by the lowest order perturbation. 


—— a oo 


On the other hand we know many examples in which the matrix element of the 
nucleon pair formation is overestimated in the lowest order perturbation calculation . 
of the 7,interaction. It may be the case also in the present calculation. We 
x consider it would, therefore, be more reasonable to multiply (2-16) and (2-17) : 
a _ by the “‘ pair suppression parameter” €, which is conventionally assumed to be 4 
- -0<€<1, and to express the final result as a function of €. . 
ae ; Once the effective source function (2-16) or (2-17) (multiplied by €) is ob- | 
ee tained, we can calculate the three-pion p q 
. a. ‘state contribution <p|%,°”|2)> with use a Rae Dera ts 
bes __ of the elementary perturbation theory. The be Sere ee 
-__ lowest order graph is shown in Fig. 3 (a). Sara Bieig? See 4 
ee As the interaction Hamiltonian for bie 1 EPs z Hy 
a the interaction between the pion and the ae s 
s _ nucleon in the open polygon, we choose ” 4 
the one in the p-wave static theory, (a) (b) ©) aa 
as 4 Fig. 3 

ae H(2) = 1018, 2) -0(2), ety) 

Reiss 

ee (f= (4/2M)G) 


ae since this Hamiltonian can be considered to be more suitable than (2-10) lee 
the nucleon is found in the closed loop. 


‘ig Sie Corresponding to the graph (a) in Fig. 3, we obtain 


a. CPB AO 2) = — (2m) - ‘(4 : ie 


~ 


. 
: 
4 


Tae 1 | 
x1 (i perme y pipe Oveks Sy) =) 
de MTA Saas tS Ps 


‘I > ' x Rip 0x4 dip + hy, OO Re Ongoee 
ae (Ri +") (ky + 1) (ket pe)” 


(2-19) 


ey, 


where 7 


In (2-19) we can write 
T5Ta Ts (Rip 0260 jet hop 959i + Roe +0 9tj) =F + (Ship + 3ho,— Rey) 
=4t, (Rip t- Rape Qu) oF: 


where we have used 


| SS, ey a (220) sndneg 
For the Accay we may put , | 
Ss q=0, (O01) 
and ks can be written as | 
| ky=—hi— he. (2.2) 


Z Substituting into (2-19) we obtain 


A is | ; 4 . ; " : as 
: gaye ® (£ (26) L | a4) at ee 

| 719 Art Ls -B , ae 
= . Cet ha) 14a ha Be the) hat 8) 


ag 
aes (Roy +2€) (Rio— 2) (ky +p’) (Ry? +p") ((Ri+ Rs)? fet ) 


ae > ¥ Pi 


- We hive Mike the obvious —7& in the pion propagators. ‘| i 
ye The &- and &,-integrals in (2-23) can be put into the form ee 


\ dk, \ lk (Tey + ks) (ey Ke + By Ky?) I(e, Ie), 
for #=1, 2, 3, | . a CaP 4. 
| ake, \ ak, (ley Ks? + fey K:2) J (lex, Is) 


‘for p=0, 


K,=|ki|, K,=|ky|, 


Cs, ks), J(Ki, hs)) = toate ; 


te g Saetot ‘Gir Bist Riek 
GRE (he ti) (or — Ryo’) (ws? ee ) Los — = Cho Fh) an 
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Taig ee | Meat ont Maas, Gea (2-27) 


2 W203 L 0102033. 01 013. 0193 
and 
ic 
w'— W < 
J (ky, ks) =F = (2-28) 
OO; Wy W413 093 
where 


m=VKP+2, wm=V K+, 

o=V (ky +h)? +P =V K2+Ki+P+2K, Kez, 
Oy,=O,+02, W13=0,+03, 

193 = Oi + Wg + 3. 


The expression (2-27) is simply the result obtained from the old fashioned per- 
turbation theory. (See the graphs (b) and (c) in Fig. 3 which are pictured in 
the time order in contrast with (a)). ws; contains the direction cosine x of the 
angle between k, and k,.. In this meaning I(k,, k,) can be considered to be the 
funetion of K;, K,, and °z. 

The expression (2-28) is antisymmetric with respect to w, and w:. Since the 
rest of (2-25) is symmetric with respect to k, and k,, (2-25) must vanish.. Thus 


(P| Bo” n> =0. (2-29) 
After the angular integrations of k, and k,, (2-24) takes the form 
2 
oa «| KdK,| KedK, 
x K, K[ (K?+ K,?)G® +2K, K,.G], (2-30) 
where 
- 
G° (K,, K,)= | dx(1, 2). Kas, Kas ts (2-31) 
Sil 


where x is the direction cosine of the angle between k, and ky. 
Finally, performing the K,- and K,-integrations, we obtain 


| (AR? = PO rer. 7, | 
PET CO, (2-32) 
where C is a numerical constant given by : 
cap TL ) (4) 4 =o.0isse 
3. 2° \ 4x ES Oss pe 
(f?/4z=0.08) 


? is the sum of the integrals given by 


el Deere Sees 
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P= D+ D+ @,, 


K K 


0,= \dK. | ak, (K2+K3) =2K%, 
0 0 
K K K 

0,=\ dK,\ dK 2 (3K 2_ K,?) ] oth 
0 4 ee ae ape oth, 


foe) 


=3K‘| (-1)"" (2- 1 )( 3 1 wy s| 
a= 2" Aon (=- 1) w 


Rao ieee ies 


n=odd 2” \ n(n+2) n(n+4) 
3 9 1 

4 Been Qa ee 2)? 
re + : og 9 (log 2) | 


Ox +K,+K. 
wo_+K,+K, 


tg 
Dee \ aK, | dK.(K.+K,)* ion 
0 


thus 
P=0.292 K*, (2-33) 


where 


o.=V (Kit K2)? +. 
In the above estimation we have neglected the pion mass and cutoff K, and Kk, 
by K, though it would be more legitimate to cutoff K,=|kitk,| also by K. 


Numerical values of 
F&) = 4486 (K/p)*X10™ (2-34) 


are tabulated in Table I. The fact that the three-pion state contribution (2-34) 


Table I. (& set equal to unity) 


Klu 3 | 4 


(320) 15 


is positive and large will be favourable for the understanding of the experimental 
result which states that Gal Ga ee 


§ 3. Conservation of the probability 


In § 2, we have shown that 


F® is positive and very large. This is, however, 


sng 


4 


~ od 
er ee 


= 


eee: 
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not sufficient for concluding that g4/g is really larger than unity. It is because 
the probability of the bare nucleon state should have decreased due to the large 
probability of the emission of the pions and the nucleon pairs around the nucleon. 
Since the decrease of the bare state probability causes the decrease of the value of 
Ja/9®, it is necessary to investigate the competition between the increase due to 


A.» 
the three-pion state contribution and the decrease due to the decrease of the bare 


state probability. 


An example can be found in the case of the static model.” Let the proba- 
bility of the state of the one nucleon plus one pion be P,, and that of the single 


nucleon state P;. The ratio F=g,/g? is given by 


B= Py tAy9) Ea (3-1) 


The coefficient of the P,, + (1/9) is certainly positive. If, however, we consider 
the conservation of the probability 


P+Pi=1, 


then 


F=(1—P,) + 0/9) P.=1- (8/9) (3-2) 


which is evidently smaller than unity. Here the decrease of the bare state proba- 
bility is dominant. 

It should be noted that this circumstance can be taken into account also by 
the perturbation theory. Namely, we calculate the quantity 


F=Z,Z,"'. (3-3) 


In the static model we obtain 


6z 4c \ pz 
3 2 K\? (3-4) 
2n An \ fs 
Thus, 
x Nes ( 1 K \? 
aoe t E(La(EY 
ie on An rae pe . i) 


fi Here also the decrease due to Z,, the bare state probability, is dominant over the 


increase due to Z,7}, 

In the present consideration the similar effects due to the virtual nucleon pair 
formation will be particularly important. We have, however, no definite method 
to evaluate them. Assuming that such effects can be taken into account by the 
appropriate choice of the parameter €, we leave it unspecified in the course of the 


calculation and to see what value of € should be assigned in order to reproduce 
the experimental result. . 


| 


‘\ ery Oy ghar 


Za, (3;12) 
2 N12 r\4 4 ; 
5 ee (£ (+) (= rehe: log 2) =25.1 (=) 10°, (3-13) 
x’ \ An Lt 72 3 2 

In these calculations the second order corrections to the E 
nucleon mass and the coupling constant have been subtracted. ~ \ 

Also in the fourth order result, the decrease due to Z; is Re \ \ 

/ 

dominant. ie ! : 

The above estimation of F“'*"” is, of course, very un- | Te 
satisfactory. We, therefore, supplement the discussion with Lee / i 
another estimation. : 

The three-pion state contribution calculated by the (a) (b) = 
lowest order perturbation can also be considered to be the Bee 
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If, however, once the effective interaction is specified by (2-16) or (2-17) 


(multiplied by €), the remaining problem essentially is in the domain of the ra 
static theory. The evaluation of the decrease of the bare nucleon state probability eS 
due to the emission of the pion cloud is contained in the evaluation of 5 
ie 
oie npr Yer: i : (3-6) e 
This quantity has been evaluated without recourse to the perturbation theory.” If | 3 
we succeed to evaluate (p|%},,°" |) in the similar method, e.g., the Chew-Low-Wick Se 
method or dispersion theoretical method, the above estimation of F“'*"°? is already Be: 
sufficient. But we have calculated the three-pion state contribution only by the of 
perturbation theory. Accordingly it would be more reasonable to calculate the a 
static contribution also by the corresponding perturbation theory. “s 
Since the three-pion state contribution (2-19) is of order f°, it will be neces- 5 
sary to calculate . 4 
Pea oe (3-7) f a 
at least to order f*. By the standard procedure we obtain a 
Z=1-B, (3-8) A 
BY =B,+B,=43.4(K/p)4X 10°, (3-9) a 
a 
where a 
/ 2 2 7 \ A 4 Me 
ie (*)"( 2 —1og2) =3.69 = x 10>, (3-10) a 
gw \ An p 4 sles : 
2 2 a NA 4 
Fel 2 ) eS 9 (log 2— )=39.7(*} S107 (gen 
re \ eA L 8 pL 


B, and B, correspond respectively to the (a) and (b) in Fig. 4. Z,' is given by 


Born approximation term in the dispersion theoretical calcu- 
lation. The formulation based on the dispersion relation is as follows.” 


ae 


a Nh i as cle 


3 
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Consider the quantity 
= (P| O) |»). aes 
aa The initial neutron should be considered to be of the variable mass m, different, 
ae in general, from the actual mass M, and the difference 
a l=m—M . (3-15) 
os "is chosen as the dispersion variable. The final result should be evaluated at /=0. 
P More specifically, separating out the kinematical part, 
oe F() =F Lor. 4, (3-16) : 
a the ratio 94/99 is given by ' 
Eo 4/92 =F), (3-17) 
ee trom (2*1). 
We can assume the dispersion relation of the form, . | 
3 : 4 sat F(Z) 
A HOV | 7d. (3-18) : 
_ The absorptive part F(Z) is given by | 
co FO () =FOD+FOO, (3-19) 
where 
. 
FO) =i| dx (p\% (x) F (0) |0) 2e™, (3-20) 
P ’ 
G F© (2) a ax p| (0) 7 (x) |0)u,e*, (3221) "eau 
where a 
ce | 4(x) =(1-8+M)$ (2). 
_ The first term 1 in the right-hand side of (3-18) comes from the equal time 
_ commutator. 
Inserting the complete set, we can write 


FM D) =i (22)* 3) 0 (q—s,) (pla|ss) (s+ |FO) en, 

$+ 

F© (1) =—i(2z)' > 0(n—s_) (P| |s_> (s_|m|0) 2 
% Two kinds of intermediate states are illustrated schematically 
‘Sag ashen hea 

We fix the square of the momentum transfer as 


ee ga0, | (3-23) 
Bis» Chis leads to 


er 


ae 
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in order that F(Z) does not vanish. There are, however, no states with the 
strong interaction of vanishing mass. Thus 


FOC = 0. 6 (3-24) 


As s_-states, we consider one-pion, and two-pion (plus one nucleon*) states 
and denote as 


BOO =F ODO ESO, (3-25) 
where 


PF, (2) =—i(2z) ~\aNn \ dkd(N+-k WINKED CNR'|7|0) um, (3-26) 
FO) ==i(2a)*3) dn | dies| dh, d(N+A+h—2) 


X (PIF NAL he?) (NR! he? | 


a (3-27) 


where WN, &’, etc., represent the nucleon, and the pion of iso- 
spin index 7 in the intermediate states, schematically illustrated 


in Fig. 6. \ 
The three-pion state contribution arises through the transition ea 
from the one-pion state to the two-pion state and the reversed 
transition as illustrated in Fig. 7(a), (a’). The transitions i 
ig. 6 


between the states with more pions are naturally possible, but 
the transition from the three-pion state to no-pion state or the reversed transition Me 
(Fig. 7(b), (b’)) makes no contribution. The situation is similar to that en- 


\ the one-pion state and the two-pion state 
as / z NN as the minimum necessary states. 
a 3 In the calculation of (3-26) and 
(3-27), we retain only the Born approxi- 

(a) (a’) . (b) ; (b’) mation terms successively in the form of - 
’ the power series expansion with respect — 

B18. 4 to the renormalized coupling constant 


f, which appears in the form, for examble,** 


oo ade 
L 


Ne 7) — 
‘ er 
F°r|n> is of the third order in f and will | 


reproduce the perturbation result obtained in § 2, since this term corresponds to. 


* In the following this statement will be omitted without confusion. 
** y(w) is the cutoff factor. 


countered in F‘*)(2), as easily seen by — : 
‘replacing the s,-state with the three-pion 
\ = x state. Thus we take into account only 
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the lowest order irreducible graph. We simply use the result (2-34). 
The static part F“(0) takes the form 


FGiatic) (0) =]+ Axio F(0) ; ‘@ > 28) 


since in the right-hand side of (3-26) and (3-27) there always appears the actual 
decay matrix element F(0). 

In order to take account of the one-pion state and the two-pion state, it is 
necessary to calculate at least to the order f*, though it is obviously not sufficient. 
Giving the details of the calculation in the Appendix, we, summarize the result. 

To the order f?, A in (3-28) can be calculated as follows. 

ead een ( 1 +3) ak (3-29) 
2m nage 3 ps 
Substituting this into (3-28) and setting F(0) =1 in the right-hand side, we obtain 
exactly the same form as the usual perturbation result (3-5). 

To the order f*, however, we obtain somewhat different results, mainly due 
to the fact that the procedure of the renormalizations of the coupling constant and 
the nucleon mass is ad hoc in the dispersion relation approach, while it must be 
performed in the course of the calculation in the usual perturbation method. The 
dispersion result is given by 


RAG \ 
A= AY + AP =—79.6 (=) x 10°, | 
L 
where | 
2 \2 4 4 ‘(3-30 
AY = +, (J) (=) 4 =28.8 (~) x 107%, Sie. 
mz \ An pL 9 \ pe 
“2 \2 7 \4 ra 
A= (L_\ (A) (3) —8 log2) =—108.4(*) x10~* 
ra Ar L 8 v / 


A, and A, corresponds to the graph (a) and (b) in 
Fig. 8, or to the vertex part (—L) and the wave function 
renormalization part (—B), respectively. We see that the “ 
A is, in its absolute value, much larger than the corre- 
‘sponding B™. It seems, therefore, necessary to compare them 
in some detail. 

“Graphs” corresponding to A are listed in Fig. 9, 
together with the magnitude of each contribution. 

The graph (a) in Fig. 9 is an “improper graph,” 
which does not appear in the usual method of perturbation, has appeared as a 
part of the graph in Fig. 10 (a). Namely, by the substitution indicated in Fig. 
10 (b), the graph in Fig. 9 (a) has been obtained together with the graph in 
Fig. 9(b). The contributions from the graph (c) and (d) in Fig. 9 agree exactly 
with the results from the perturbation theory (3-10) and (otis 


Ay ‘Ae 


Fig. 8 
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In the following we shall tenta- 
tively use the dispersion theoretical 
estimation for the static contribution 


instead of the usual perturbation re- : : \ 
sult, simply because the former is ‘4 ‘ id 
more “severe” than the latter. A ‘ : 
§ 4. Results h=-9 h=] h=-0456 h=—4,90 
For the convenience we modify (a) (b) (c) (d) 
the expression (2-34) for the three- Fig. 9. The values of h represent the relative 
pion state contribution as follows: magnitudes of each contribution. (See the 
caption to Table III) 
FEO (0)=AS™F (0), — (4-1) 
where 
APO = AAS E (K/p)* x10. (A-2) 4 We Bia iM 
/ 
\ / 
This is based on the assumption that ‘ oa ca RA 
the strength of the weak axial vector S \ ‘\ 
interaction of the nucleon in the closed ; \ . 
loop part is equal to that observed 
in the static case. (a) (b) 
Combining (3:28) and (4-1), Fig. 10 
we obtain 
F(0)=1+AF(0), (4-3) 
where 
Fils NGS) VANS) (4-4) 
From (4-3), F(0) is given by 
1 
EO) eo (4-5) 
(0) oe Wr 


Numerical results are tabulated in Table II for various values of K, the cut- 


off momentum, and the “pair suppression parameter” ¢. 

The dependence of the results on the cutoff is too strong to allow the direct 
comparison between these results and the observed value. But it is lucky that 
A and A® are of the same dependence on the cutoff (~K*). Our main con- 
cern, therefore, should be confined to the rather qualitative consideration, whether 
F(0) is larger than unity or not, for the appropriate region of K. 

At ¢=1, F is larger than unity for K/p=3. For K/v24, the present ap- 
proximation of the power series expansion with respect to f times K fails and no 
definite conclusion will be expected. At é=:1/2, F is larger than unity for K/ URS. 
At €=1/3, F is always smaller than unity for all values of K/#<6. Even in 
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Table II 

A® —0.31 —0.54 —0.85 =122 

Aw —0.06 —0.20 —0.50 —1.03 

AGtatic) —0.37 —0.75 | —1.35 —2:96 
AB) +0.366 +1156 | +2.806 +5.81€ 

f-1 —0.01 +0.40 | +1.45 +3.55 

: 1/2 —0.19 —0.17 +0.05 +0.65 

&=1/3 —0.25 —0.37 —0.42 —0.32 

é=1 0.99 1.66 =. = 
a5 fa 0.84 085 1.05 2.83 
£=1/3 0.80 0.73 | 0.70 0.76 


this case, however, the result is better (A is larger) than that of the second 
order perturbation. 

The condition that the effect of the three-pion state improves the second order 
perturbation result is 


A®+A%>0, 
or 


€>79,6/448 =0.18. (4-6) 


We can summarize as follows. The three-pion state contribution can be ex- 


pected to be large enough to reproduce the experimental result g4/g%>1, even if 


the decrease of the bare nucleon state probability is taken into account, unless the 
formation of the nucleon pair is suppressed too strongly. The required lower limit 
of ¢ will be ~1/2. This value can be lowered to ~1/3 if the F*" is estimated 
by the usual fourth order perturbation.* Even when the three-pion state contribution 
is insufficient to reproduce the observed result completely, it is still of the desired 
direction if €20.18 from the dispersion theoretical estimation, or €=0.04 from 
the usual perturbation estimation. 


§5. Concluding remarks 


In the present calculation of the. three-pion state contribution the treatment of 
the closed loop part is obviously most unsatisfactory. On the other hand, more 
refined treatment can be expected for the interaction between pions and the nucleon 
in the open polygon. 


If we confine ourselves only to the p-wave pions, the Chew-Low-Wick method 
can be applied to the expression, 


* In this case |A®|S>|A®| always for K/n<6. 
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AP 3 
(p| °° (2) dxlny= — G ii 1 \ dk, dk, dk; 
\ Sr MA 2a AW Sar, 3 


X thy (P| a Ans Ax 0 (ky +k,+ ks) + Qe ans ant 2) (ky +k,— ks) 
+ Qe ais Ans 0 (ki —k,+ ks) + Qi Qua aa 7) (le — k,— ks) 
eee obtained by ag > aji*, and | 
. \k,—>—k, in the 0-functions. ) In), 


where aj is an annihilation operator of the pion of the momentum & and the iso- 
spin index 7, and 
af= (a? Fiaz)/V 2. 

Also the dispersion relation approach developed in § 3 can be applied to the 
three-pion state contribution. In this case we can include also the s-wave pions 
by using the experimental s-wave phase shifts for the pion-nucleon scattering. 

A troublesome problem may arise whether the higher order contributions, e.g. 
the five-, seven-,... pion state contributions, can be neglected or not. If this is 
really the case, it would be almost meaningless to consider the lowest order 
configuration alone. On the other hand we know many examples that the lowest 
order perturbation yields a good fit to the experiment and we expect that the 
present discussion: serves as a useful first step. 
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Appendix Dispersion relation approach to the static part 
At first we calculate F,(2), (3-26). The first, factor in (3:26) can be 
written as 


CPIBINED =H) = Wi —5A/v 20) | daca TIA) FO) INI (AD 


where 


J,(x) = (Ov) 4, (2). (A;2) 


W comes from the equal time commutator and does not depend on &. Regarding | 
W as the function of = (N— p)?=(k—-@)’ and w, we assume the dispersion — 


relation of the form 


if | Wi? (2 @) tae (#, wv’) Aa. (A-3) 


2 aA M7) — 
WEB I nN Qn wo! —a 
Intermediate states contributring to W’ and W©? are illustrated in Fig. 11. 
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If we choose the one-nucleon state as s,- and s_-states, 


we obtain 
WO (#, wo) =—27i (1/V 20)i F/O (@) \ 
x F(0)7¢* kot, 7. 1v(w), 


Zon | (A-4)* 
(4, of) =2mi (1/V 20) i (f/P) 8 (o) | 
x F(0)74* okt, 7, Xv (o), ih 
where we have neglected 4/M. We have used 
PIS|N =F O)X%* or, 2%, 
(PIBIND =F ( | ates 


(NRG |0) t= (1/20) i(f/) 4 ke; 20 (o) ,) 
where v(w) is the cutoff factor. Substituting (A-4) into (A-3), we obtain 
W)(2, w') =i (1/20) (f/p) F(0) (1/)v (wo) 1* (—kot,t,+okt,7:)%. (A-6) 


If we choose the one pion and one nucleon state as s,-states, we obtain 


e I 


WP = —i (22) 7 (1/v/ 20) \ dN’ | dk! O(N’ +k! —p+k)(p|Je|N’ R/2) CN’ RGN), 


(A-7) 


Wi =i (2a) *(1/V/ Be) janr| dk!" 3 (N" 4" —N—R) (p|@ INU BR) (NBO TAN). 


(A-8) 
These are illustrated in Fig. 12. Since we need F(0) up 
to the order ~f*, we approximate as p pP 
CMRNBIND, CDIBINVU RA”) ~F, ry\ ie 
Cpl Ji|N'RY), CNR TN) ~ £2. AAR Ne r 
From (A:1) and (A-6), we obtain , 
(MRNG|N) = —i (fF /t) F(0) 1/1/20’) (1/0!) v (0!) ee 
Fig. 12 


XU* (kl ot,c,—ok!t.2) 4, 
CPIBINV RE) = —i(F/) FO) 1/20") (1/0!) 0 (0!) L* (kot, okt, t,) 1, 


(A-9) 


and the matrix elements for pion-nucleon “ scattering” are 


i ; : ; 
We omit the term Wc) hereafter, because this term contributes only to the three,-five-,---pion 
states contibutions. 
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(pl JWR) = — (f/p)? ere 


0" (i fe j i eta) t | 


| (A-10) 
(F/#)? (A/V 20) 0(o) v (0!) 


* a cc ay ae 
xXx (+. k’ ror — hit .2,) 2. 


Substituting (A-9) and (A-10) into (A-7) and (A-8), and performing the phase 
volume integrations (N’-, k/-integrations), we obtain 


CN" B15] J, NY = 


Way) =i (22) yy 2w) (f/f)? F(O)[K+o log (w/K+ oa) | 
x 7* [ko v,t,—4 Ick +ko) (Oe Sei ostie) 


—3kor, Fe +4 koz, re 8 4 > 


a= » (A-11) 
Way =—i(22) 7 (A/V 20) (f/4)?> FO) [K+o log (K—w/«) | 


ee las —tokr, T+¥ (2ko +ck) (2Gq baer Beste) 
43¢kt,t,— 


4 ok PRA ad 


In the above calculation we have neglected the pion mass and w/M. This app 
roximation will apply throughout this Appendix 


Substituting (A-4), (A-11) into (3-26), we obtain 


FOOD H=FOO+RROFLRQO, 
where 
> 2) = G/22) (f/2)* FO) Pv (—3 +3), 
FAQ), () =4i a) “(Ff /)* FO) | dN | dho(N+k—n) 
x (k?/w) v(w) [K+ 0 log(o/K+) ](§—5—-14+9), (A-12) 
FD = dia) (f/) FO) | AN | dkdN+k—m) 

x (2/0) 0(o) [K +0 log(k— w/o) (14 3+ 9-D 

where 
l=m—M=o, (m=m) (A-13) 

in the present approximation. 


Performing the phase volume integrations and substituting into (3-18), we 
obtain 


Fy (0) =— (1/22) (77/42) F(0) (K/H)"(—3 +3), 


Fraga) (0) = (1/82) (f?/42)°F (0) (K/P)*(—3+$4+1-B) 


Fic) (0) = (1/82) (77/42) F (0) (K/p)°A 3-9 +1). 


(A-14) 


(A-15) 
} 
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Next we enter into the calculation of F(Z), (3-27). In (3-27), we can 


write 
PIS | NR,’ ky)» == W, (Ai, a) 
= =i (1/v/ Be) | dx p|T Sil) (0) [Ne (A-16) 


where we have again omitted the equal time commutator. 
Assuming the similar dispersion relation as (A-3), we p p 
obtain up to the order ~f”. 


/\N 
his 2M it on kA N* 
Wide BA) == sae) J.) CNG | Nis’) 
8 =| appa PM IONIBINED . 
AI 
+ : CpIRIN CN TINE) | (Asa) AWB EIN 
(N+ &,+)?+ M? A 
Fig. 13 
These are illustrated in Fig. 13. i 
Using (A-9), (A-10) and similar expressions, we obtain 
W,(ky', By’) = (1/V 4a, a2) (f/P)? FO) V (1) V (wz) 
xz] b (—k,kyot;t,¢, +h, ok, 7,7, 7, 
1 Ws 
— ! ( ! obey bye 254 obey fege.cet,) |. (A-18) 
W, + Ws, WwW, Ws 
Also the analytic continuation of (A-10) becomes 
(Nh! ka’|7|0) = (1/1/41 2) (f/)?v (a) v (a2) 
ial “ Jeg bey Tj 74-4 : by feye1) 2. (A-19) 
Wy, Wy, 
Substituting (A-18) and (A-19) into (3-27), we obtain 
Fy (1) = —i (22) °3 (f/4)* F(0) \ dN \ dk, \ dk,O6(N+k,+k,—n) 
sibel i Wok see ceeavinths 5 i 
4,2 LW, Wy a OP 9 w, Ws 9 a, 
Mh ( 2 9 9 )| 
oe + a , 5 
Oy+ OW, WW, Or Ws" ce 20) 
where | 
l=, +a, (A-21) 


from the energy conservation law. After the phase volume integrations (N-, 


k,-, k,-integrations), and substituting into (3-18), we obtain 
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Table III. Magnitudes of each contribution in (A-14), (A-15), and (A-22) are tabulated 


iY 
together with the corresponding graphs. The coefficient A is defined by a 
ee, 
* (h(Q/2n) (f2/47) (K/n)?, for Fyo, 
(A(1/8n2) (f2/42)2(K/u)4, for Fic, Fo, \ 
\ * b9 
for each contribution. 7 
aa 
Classification Graph | h Classification Graph h ‘i 
2 SEN 1/3 oan gerSN —1/18 ‘ : 
Peas 
Fy Kee 
Caer hee sak 3} Pee i 
me —25/18 : 
Byori rh. eae 
oe ar 1/9 a 
Mad Py eee 2) 
2 PE geass IE 25/9 Nore 
Puc oy Se oe 
oe LPS 1 ae, 
Pek —8(3/4—log 2) = —0.456 
eh gree ee —1/9 eee ; 
| Sa NT eae f 
i —72 (log 2—5/8) =—4.90 
TS ae 1 
a —1/9 \ 
Fue 
aia hia? at Bab 9 _9 
eK 


F, (0) = (1/82") (f?/42)? F (0) (K/#)‘[3(-3-s +149) 


—8(3—log2) —72 (log2—#)]. (02) 

In Table III, the results (A-14), (A-19) and (A-22) are summarized with ke 

the corresponding “ dispersion graphs.” ae “a 
oi 

‘i 


bo 
bo 


1) 
2) 
3) 


4) 
5) 
6) 


7) 
8) 


9) 


10) 
11) 


12) 
13) 


14) 


Y. Fujii and S. Furuichi 


References 


R. P. Feynman and M. Gell-Mann, Phys. Rev. 109 (1958), 193. 

E. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 109 (1958), 1860. 

S. S. Gershtein and J. B. Zeldovich, Z. E. T. F. (USSR) 29 (1955), 698; Soviet Phys. 
74 XOUDEay) 5 yee 

R. A. Swanson, R. A. Lundy, V. L. Telegdi and D. D. Yovanovitch, Phys. Rev. Let. 2 
(1959), 430. 

M. Bardon, D. Berley and L. M. Lederman, Phys. Rev. Letter. 2 (1959), 56. 

M. Ross, Phys. Rev. 104 (1956), 1736. 

Proceedings of the Annual International Conference (CERN), 1958. 

J. C. Polkinghorne, Nuovo Cimento 8 (1958), 179. 

B. J. Blin-Stoyle, Nuovo Cimento 10 (1958), 132. 

Nn Ce Daylor Phys: Rev, U0 “d958)y i216: 

M. L. Goldberger and S. B. Treiman, Phys. Rev. 110 (1958), 1478. 

G. F. Chew, R. Karplus, S. Gasiorowicz and F. Zachariasen, Phys. Rev. 110 (1958), 265. 
P. Federbush, M. L. Goldberger and S. B. Treiman, Phys. Rev. 112 (1958), 642. 

K. Hiida, N. Nakanishi, Y. Nogami and M, Uehara, Prog. Theor. Phys. 22 (1959), 247. 
R. G. Sachs, Phys. Rev. 87 (1952), 1100. 

H. Miyazawa, Phys. Rev. 101 (1956), 1564. 

See, for instance, references 6) and 13). 

G. C. Wick, Rev. Mod. Phys. 27 (1955), 339. 

G. F. Chew and F. E. Low, Phys. Rev. 101 (1956), 1570, 1579. 

See refererce (9). 

N. N. Bogoliubov et al., Lecture Note (Princeton). 


TO) ee 


Progress of Theoretical Physics, Vol. 23, No. 2, February 1960 


On the Redundant Solutions of the Bethe-Salpeter Equation 
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The abnormal solutions of the Bethe-Salpeter equation are examined, It is shown that 
they are not permissible in quantum field theory. A special example of the soluble Bethe- 
Salpeter equation is presented to show that it actually has many redundant solutions. 


§ 1. Intreduction 


Wick? and Cutkosky” have introduced an example in which the Bethe-Salpeter 
equation leads us to a set of abnormal solutions. The abnormal solutions are supposed 
to appear closely bound up with the relative time which does not show itself in the 
ordinary formulation of the nonrelativistic two-body problems. Green and Biswas” 
have once discussed such standpoint and remarked that the strangeness might be 
the new quantum number due to the relative time. This statement would be very 
interesting to us, if we could show that the abnormal solution would describe two- 
body states permissible in quantum field theory. It has, however, never been proved 
that any solution of the Bethe-Salpeter equation can be an eigenstate of the total 
Hamiltonian, although it has been shown” that all the eigenstates of the Hamiltonian 
are solutions of the Bethe-Salpeter equation. Therefore it seems to us that under 
certain circumstances the Bethe-Salpeter equation has physically meaningless solu- 
tions. Scarf and Umezawa” examined the abnormal solutions in Wick-Cutkosky’s 
example with use of the Sakata-T aketani amplitude?. They concluded that the 
abnormal solutions cannot describe any physical state, because all of them degenerate 
and have singularities at ”=4 (2; a coupling constant) and, therefore, the 
two-body propagator cannot be well normalized at this point. As shown in the 
example in §3 of the present paper, however, such degeneration is not a general 
feature of abnormal solutions: we need to find another physical reason in order 
to exclude the abnormal solutions. 

In § 2, we give a reason for it which will suggest that the abnormal solu- 
tions conflict with general principles of quantum field theory. 

In § 3, it is noted that the relative time plays an essential role even in non- 
relativistic two-body problems as far as use is made of the Bethe-Salpeter equation. 
We shall present an example of the nonrelativistic Bethe-Salpeter equation which 
has some unphysical solutions due to the relative time. 
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- § 2. General survey of the abnormal solutions 


Let us consider an interaction between two fields, ¢ (mass; m,) and 
(mass; m,), and a field ¢,. The interaction Hamiltonian density is 


H! (x) =9Ga,i(X) OF; $0,5(#) bom (#2) +h. C5 (221)* 


where indices i,j and m indicate the components of the fields ¢., and ¢, 
respectively and ¢@ is a conjugate field of ¢. The Bethe-Salpeter equation for the 
particles a and bd is of the following form in the lowest ladder approximation : 


Pij(La, Xp) = — OP \ Atyl dB DE (ey DF ee) 
Xx On a5 tn — Go) On Dar jr (af ay) , (2 . 2) 
Here D,, D, and 4, are the propagators of the fields ¢,, ¢, and ¢, respectively. 


d 


The constant 0 is defined as follows : 
T {Ge (2) fy (x) Be (20) a(x!) } =0T {9, (x) OX (x') fa(x') P(x) }- (2-3) 


The symbol O”' stands for the hermitian conjugate of the matrix O”. In the 
_ following we shall omit the indices representing field components. Introducing 
the center of gravity coordinates X,, the relative coordinates x, and a function D 
ae es follows : 


it 
D.C Cy each Rn) ae ep ee 


(Ma+m,) 
of CXG RN te ee) I) Cee) a a 


(2-4) 
one finds 
9(Xp, a) =— 89" \ dX! dat! D(X, —Ka!, uy Lp!) Ot A,(x,!) OG (Ka! z/). (25) 


Let us now use the reference system of the center of gravity, where ¢(X,, x,) 
can be written as @(X), x,).** In the approximation of neglecting the retardation 
effects in 4,, Eq. (2-5) turns out to be the following relation: 


B(Xo, x) =—d9*| dXj'dx’ D(X, — Xe, x, 2/0" Hw"OB(XY, 8). (2-6) 


Here 
a 


Q(X, x) =¢(X, Lu) 220.9 (Ags x, x’) = \ dX D(X,, LX» eA er 


xo’ =0 
ow and 7 (2-7) 


4 = it thea 
A(x) =e | do) woe. 


* Double indices mean the summation for them. 
** The index ‘‘y” means the fourth component of a four-vector. 


** Tf b, or dy is a Bose field, we must use the Sakata-Taketani amplitude instead of the usual 
Bethe-Salpeter one as was discussed by Scarf and Umezawa.”) 


ial iia wig A 
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It must be noted that Eq.{2-6) has no relative time in the amplitude @. 

In general, the Bethe-Salpeter equation (2-5) has two kinds of solution, which 
we call the normal and abnormal solution. The former has a corresponding solu- 
tion in Eq. (2:6) and the latter does not. Thus the appearance of the abnormal 
solutions is due to the relative time in the Bethe-Salpeter amplitude. 

On the other hand, we have the following equation in the scattering problem 
of the particles a and bd: 


i 


(Xn, Lp) =U (Xe, Lp) — 39 | AX! da! D(X, —X1!, Lu» La!) 
RE Aa OL GXK hr) (2-8) 
Here 7%” is the incident wave of a form 
(en Oe i) ~eikp Xythy ty) (2-9) 
where K, and , are the total and relative energy-momentum respectively : 
Renee al, ba, og han (2-10) 
Mat™M, 


Since the relative momentum &, is a spacelike vector,* we can introduce the 
Lorentz transformation &,—>(k’, 0), under which incident wave exp7(K,X,+&,2,) 
is transformed to expi(K,/X,’+k’x’). In this way the relative time in the incident 
wave disappears. Since any solution of (2-8) is determined uniquely by the incident 


wave 7", disappearance of the relative time in the incident wave indicates that 


the relative time plays no important role in the scattering problem. Indeed, it can. 
be shown that there is no abnormal solution at all in scattering problems. To see 


this, we consider the non-retardation approximation of Eq. (2-8) : 


(Xo, ¥) =X" (Xo, ¥) — agt | dX dx! D (X_— Xz), x, x")! d(x!) Ox (Xe, #'). 
(2-11) 
In this approximation, any solution % having 7%"~ expi(—KyXo +k, 2.) 
into 7%, whose incident wave is 7"~exp 7 (—K,X)+kx). Thus, we see that there 
exists one to one correspondence between solutions of Eqs. 
We shall write this correspondence in a following form 
=F) and 7%=F"), (2-12) 
where € is a linear function having its inverse. (2-12) indicates that no abnormal 


solution appears in the scattering problem. This is a situation different from that 


are larger than zero. If one of them, for example, 


* Here it is assumed that both 77, and my 
lies on the light cone. In this 


he relative energy-momentum ky, 


My, is zero and the other is not, t ; 
‘case, however, defining the center of gravity and relative coordinates as Xy=@%yy,+ (l—a@) Zon and 
: . . soe 
Xy,=Lyyp—Tay With Oma — Raut (me? —2askou ), we see k,, to be space-like, although this definition 
eae a 


is based on the ambiguous concept of the center of gravity in the relativistic theory. 


changes 


(2:8) and (2-11). 


Pe: es 
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in the bound state problem. Further we B 
remark that the iteration method applied 
to (2-8) leads us to the Feynman diagrams 
of the scattering problem. This means 
that ¥ (and also 7%) is an eigenstate of 


the total Hamiltonian. We thus see that Fig. 1.. The dotted line indicates the ab- 

normal solution. The abscissa and ordi- 

nate represent the square of the coupling 

constant and the binding energy B=E— 
We shall now show that the abnormal Gh, Wie oespectively. 

solutions in the bound state problem 


are not permissible in quantum field theory. As an example we shall consider 


the scattering wave solution of the Bethe- 
Salpeter equation is normal. 


~ the case shown in Fig. 1, where an abnormal solution is indicated by a dotted line. 


There is assumed that the system is specified by the Hamiltonian H=H°+ 9H’, 
where H® is the sum of the free Hamiltonians of the fields ¢, and ¢,. Choosing 
a small positive number 7 with a same dimension as the coupling constant gy, we 
have the abnormal solution for y=G+7 and we have not for y=G—7. Let us 
now introduce the time dependent Hamiltonian as follows: 


H(t)=H°+9(t)H’ (2-14) 
where 

G@)=S=G—7, tor fe T 
and (2-15) 

ght) == Ge TOR tao 
with large T. Here y(t) varies very slowly from G+7 to G—y in a time interval 
from —T to T. If the abnormal solution would have any physical reality, 
it would describe a bound state |B), which is an eigenstate of the Hamiltonian 
H™ =H’—(G+y7)H"'. Suppose that we have the state |B) at a time 4.<—T. 
Then the state changes into 


t2 to 


|B) =P | dre-™|B)= S3|n) (al | dre 1B) (2-16) 
at Zi 
at a time %>T. Here |7)’s are the eigenstates of the Hamiltonian H‘-)=H° 


+(G—7)H’. Since g(t) varies very slowly, the expectation value of dH (t)/dt 
may be very small. Then mean values of the energies of states |72) effective in 
the summation >}|7)n|B’) are close to (m,+m,), because the binding energy of 


the abnormal state concerned here is nearly zero. Owing to the largeness of the 
binding energies of the normal bound states, they cannot contribute to the sum- 
mation. Accordingly |) must be the low energy scattering states given by H“™, 
for H™ has no bound state in the vicinity of the energy value (72,+7,). In 
other words, through the long time interval the scattering amplitude 2'7,, appears 
gradually, while the abnormal Bethe-Salpeter amplitude diminishes. Then, applying 
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(2-12) to writing SY, in terms of Y7%,, we see that this means the gradual ap- 
pearance of 2'Y,. It should, however, be noted here that, according to.the non- 
retardation formalism (2-11), such appearance of XY, is impossible, since in this 
formalism the norm of 27, cannot change from zero to finite (or from finite to 
zero) through the long time interval. This is because, as is seen in Eq. (2-11), 
when the coupling constant varies very slowly, every 7, makes transition only into 
the low energy scattering state, but not into any bound state. Hence, the normal 
state as a whole cannot be created or destructed. Thus we see that the state |B) 
disappears without inducing any scattering state; and, in other words, its norm is 
not conserved. This is inconsistent with the law of conservation of probability in 
quantum field theory. 


§ 3. An example of the Bethe-Salpeter equation 


To see the nature of the abnormal solutions and the relative time, we shall 
consider the static model for the neutral scalar meson with the scalar coupling. 
The Hamiltonian is of the following form: 


Ha | deg p44 et (a? +28) tor is—Imgrg}, BL) 


where ¢ and ¢ stand for the field variables of a fermion (mass ; m) and a scalar 
meson (mass; /4) respectively and z is the conjugate momentum of ¢. As is well 
known, the eigenvalue problem of the Hamiltonian (3-1) is exactly soluble: in 
the two-body case, energy eigenvalue is given by 
2 —Ur 
) Gea peek ate (3-2) 


7 he 


Here r is the spacial distance between two fixed fermions. . 
Now, in the lowest ladder approximation, the Bethe-Salpeter equation is writ- 


ten as follows. 


(i 2 —m) (i E a m) O( 21, Xo) = 9 45% — Fa) PLZ, X2). (3-3) 
Ot, Ots 


Comparing the solutions of Eq. (3-3) with the true bound state given by 


(3-2), we shall examine whether (3-3) has any redundant solution or not. 


Denoting the respective time-coordinate of two fermions by ¢, and #, and introducing 


T and ¢ by the relations 


p= and t=t4—h, - (3-4) 


“a 


we obtain 
2 


st p=g' A, (a1— 2). (3-5) 


{ (= wie — m) ai 
MOT 


This leads us to 


at 


Pe eae ahs ee ae 


a 


Sa ee aa 
he eo ee 


7, 


PO ce a eS a eR Se Pee ee Oe oe 


Ge, er) is-picturized in \Fig. 25. for 
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(4. e-2m)'4+ fe, D =P dela ase, @6) 
where 
Oa) be PERT a (ei) 


Here E is the total energy of the system. When we perform the analytic continua- 
tion” of the function f(¢, r), in the complex plane of the relative time ¢, we get 


(2 +#U(a, 1) \f=-&F, (3-8) 
Ox? 
where 
Poll J ie OREN G ET ce —tt (3-9) 
20 2 
and 
U ee dkdeee Kiev rtx). (3-10) 
ee L weste VA rT ae . 
(ee) (27)? J ele Le V acer 


Here K,/(z) is a derivative of the modified Bessel function of the 2nd kind. We 
have assumed that E<2m. A change of the variable, i.e. 2—rzx, leads us to 


(- a +PV (x, ur) |f=—a'f, (3-11) 
where 
Viz, ern) =—> anes (3-12) 
and 
a==ré& (3-13) 


As is easily seen from (3-11), the eigenvalue € has a form 

Cea ( (877) or (3-14) 
Eq. (3-11) is the equation for the 
one-dimensional energy eigenvalue 
problem with the potential ??V (x, pr). 
In the case of “40, the form of 


a large value of |x|, it is propor- 
3? exp(—yurlz|). We 
can easily show that the short range 
potential of this type has a finite number of discrete- levels for any value of 7. 
When #=0, (3-14) is just of the Coulomb type. In this case, V(x, “r) becomes 


Faas 
ite ee 


tional to |z| 


Fig. 2. The case pyr=1 


lim V(x, er) s=— (S15) 
0 
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We shall show in the Appendix that this long range potential gives us a degenera- 
tion of an infinite number of solutions at ?=1.* (See Fig. 4) 


To study the properties of the solutions in some more detail, we investigate 
the eigenvalue satisfying the condition 


32 


fin et, (3-16) 


{«|>0 | ac| 


where 4’ is non-zero and finite. Introducing x2’/=.z\a|, we obtain 
e° ate 


8a Jal fal, 


Are) ies Ci 


When |a@| is small, (3-17) can be reduced to the form 


| 
(7+ CP a(x") | fas, (3-18) 
Oz" 
where 
Ce aes =, fr) net (3-19) 
a (a 


—3o 


Then, denoting the Fourier component of f(x’, r) by 


PGY= \ Fe, ew" dx’, (3-20) 
one finds 
Repel | (3-21) 
(p) ee 
We thus obtain 
f(a, y= FO, Ne". (3-22) 


Now let a value of x’ be zero in Eq. (3-22). Taking account of Eqs. (3-13), 
(3-16) and (3-19), we obtain 


Bipran cule Ey (3-23) 
An r 
Here € must be negative, for we have assumed E< 2m in the analytic continua- 
tion of the function f. The eigenvalue (3-23) is nothing but the eigenvalue (3-2) 
obtained by solving H|)=£]). Although Eq. (3-11) has many other eigenvalues 
shown in Figs. 3 and 4, all of them are physically meaningless, because (3-2) is 


* Although the degeneration of this type also occurs in Wick-Cutkosky’s solutions,” it does 
not represent any feature of the abnormal solutions. This can be seen from the case #0 in our 
example. The appearance of this degeneration seems due to »=0. 


Ra 


a oe 
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the only eigenvalue of the Hamiltonian (3-1) in the two-body case. Thus the 
relative time in Eq. (3-3) actually gives rise to many redundant solutions.* 


a a 
0 z 2 
————____—“—— £ poe a a erent 
avank redundant solutions normal infinite 
solution solution number of 
redundant 
solutions 
Fig. 3. The case 40 Fig. 4. The case n=0 


3 Finally we discuss the non-retardation formalism of Eq. (3-3). Neglecting 
the retardation effect in 4,, one finds 


(- = tele 


g ‘| dkdp dk Abd MS ails EATS RET > 
(27)* e+ Qa 
As can be seen easily, this is just equal to Eq. (3-18), whose eigenvalue has been 
found to be given by Eq. (3-23). Thus in the non-retardation formalism, we get 
the eigenvalue (3-2) only. 

In this section we have compared the solutions of the Bethe-Salpeter equation 
(3-3) with the true energy eigenvalue given by (3-2) to show that the relative 
time gives rise to the redundant solutions which must be excluded. It is remarked, 
however, that even if we did not know the eigenvalue of the Hamiltonian, we 
could exclude all of abnormal solutions by means of the method discussed in § 2. 
_ In other words, we should omit all the solutions which do not appear in the non- 
retardation formalism. ° 


§ 4. Concluding remarks 


We have examined the solutions of the Bethe-Salpeter equation and suggested 
that its abnormal solution is not permissible in quantum field theory. This state- 
- ment was further proved in § 3 in a special example of the Bethe-Salpeter equation. 
In the static model, the binding energy is nothing but the potential between 
two particles. Therefore it is supposed that the bound states in the normal and 
‘ abnormal potentials obtained from the static Bethe-Salpeter equation correspond 
respectively to the normal and abnormal solutions of the covariant one. Indeed, 
it will be considered that Wick-Cutkosky’s solutions” correspond to the bound 
states in the potential which is the solution of Eq. (A-1). Appearance of the 


degeneration at “= in both Wick-Cutkosky’s and our case seems to be understood 
in this way. 


* Tf X<1/,, there is no redundant solution for any value of yp. 
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Although our discussion is based on the lowest ladder approximation, it may 
be possible to generalize it to the case including the higher order corrections. 
Nevertheless, it has not yet been clear whether the complete Bethe-Salpeter equa- 
tion without any approximations has actually the redundant solutions or not; further 
investigations on this point are desired. 


Appendix 
In the case of #=0, Eq. (3-11) becomes 
( an p2 


dx? ‘ 1+2 aor (Aa ey 


With a slight change of variables, we can rewrite (A-1) as follows: 
a 72 
( dx +2 


Seeyil " 
\f= 2) 
where 

f=2la|. (A-3) 


Now we shall examine the eigenvalues “” satisfying the enndraae lim ?/ B->00 
B>0 


and show that all of them converge to ”—4 when /->0. 
As the solution f is an even or odd function of x, it is sufficient to consider 
the case in which z lies in the interval (0, 00). Assuming 


we divide the interval (0, 00) into two parts, 
Os rise cand 7 roe) (A-5) 


where we choose 7 in order to satisfy 


<7 <1. (A-6) 
In the first interval, neglecting the term of order #, we obtain the followin 
equation, | 
a va ) EB 
5 +—_——-|f=0, =—_. (A-7)- 
ee 1+” f of g 
Eq. (A-7) is of the hypergeometric type. Its solutions are 
fraponfO (A-8) 
and 
pClcaaneons (A-9) 
where © 
f(y) =A4+y) F Ete, $03 25304yy)), (A LOY 4 


” 
ne 


a 
a 
4 


My 
a, 


a 
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nt 
My 
BY 
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‘ip 


a eee ders 
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p= (4-7) 1/2 


In the second interval, again neglecting the term of order #, we write 


ee 1 FSD Ne ; 


This is the confluent hypergeometric equation whose solution (with the boundary 
condition f(co)>0) is given by the Whittaker function 


P20) Bacon 
P@—p) 3 +) 


Now we shall investigate the eigenvalues / corresponding to the solutions 
fe". First, we will show that if 0<#<4, the solutions fis and fooa (defined by 
(A-8) and (A-12) respectively) cannot join smoothly at z=7. This means that 
there is no eigenvalue satisfying 0</#<+i. In fact, since §<7<1, y is large 
enough at x=7, we may evaluate fig (y) by means of, the asymptotic formula 
of the hypergeometric functions. Then one finds, neglecting a normalization factor, 


Wo, (2) = -My.»() + M,-»(4). —_—“(A-12)* 


Fin Yee an Chica ss) O gies a Lae (A-13) 
\ = 2 Fn 7 ['(2¢e) 
A(e) =2” tan(4z 38) Con) (A-14) 
Using x=fy, we rewrite this as follows, 
Fist oak CL eh eA Oy i eaent dasa) (A-15) 


Similarly, fna(x) may be evaluated for small value of x by means of the power 
series expansion of the functions M,,.,(x2). Again neglecting a normalization 
factor, one finds 


Sona (ZL) ~ PPP (+s) + B(e)an 1 +--), (A-16) 
Cher whale 
JEON SP aN : 
(9) =2 r(—p) ; (A-17) 


As # varies from 0 to 4, A(e) and B(~) vary monotonously from 0 to —1 and 
from —2 to —1 respectively. Since A(p)f’? stays quite close to 0, fis and fona 
cannot join smoothly at x=7. Hence there is no eigenvalue satisfying 0<#<4H. 

Let us now consider the case of #>4. We see that p is a pure imaginary, 
say p=10, c= (4-4). One then finds that ~ 


fir V x sin {o log (2/8) —o log2+2/4+Tan-te" +0 (Dayo SOAR TS) 
and 


fma~ V x sin {o log x—20 log2+2/24-0(c)}, (A-19) 
where #(c) is defined by 


* Functions Mo, +p(x) are defined in “Whittaker and Watson: A Course of Modern Analysis. 
jy Bev bx 
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[’"(—ic) =| (—ic) here (A+ 20) 
(A-18) and (A-19) can be joined smoothly at x=7, if 
T 
log-£ +2 —Tante"* +0 (6) —0 (20) =n. (A-21) 
To solve Eq. (A-21), we examine the analytic properties of a function 
F z Et GS 1 : : 
(z) Peas (A-22) , 
ices! (2)-4g remular exceptvat .2=0, —1, —2, ....5.. and has no zero on the 


imaginary axis of = as seen from the formula 


hia) t= Eee 2 Re 
| )| Vo sinho Gee” 
log 4#(z) is regular at z=io and therefore 6(o) —6 (2c) (=Im log 4 (ic)) is finite 
for any real value of co. Then one finds that the roots o of Eq. (A-21) are small 
enough, unless « log /2 is very large and the equation cannot be satisfied. Writing 
for small o« 

Pan eee 4 o+O(o’) 

4 2 

and (A-24) 

d(c) —0(2c) =ac+O(o’), 


we obtain from Eq. (A-21) is 
nit a 


Oo = 5 > 
(log(3/2)—2/2 +a) 


ae. | 


42 (nz)? 
eo —, (A-25) 
(log r|€| —2/2+a)’ 
In the same way we can see that the eigenvalues of the functions f*"™ are 
given as follows, ; : ( a 
a (nz)? =: 
Fait — —. (A - 26) “ 
* (log r|é| +2/2+.)? ‘G 
Eqs. (A-25) and (A-26) give an infinite number of eigenvalues which tend to ‘ 
#=1 when €-0. f 
References a 
1) Wick, Phys. Rev. 96 (1954), 1124. 8 


Ge 
R. E. Cutkosky, Phys. Rev. 96 (1954), 1135. 
H. S. Green, Nuovo Cimento 4 (1957), 866. 
4) H. S. Green and S. N. Biswas, Prog. Theor. Phys. 18 (1957), 121. 
S. N. Biswas, Nuovo Cimento 7 (1958), 577. 
M. Gell-Mann and F. Low, Phys. Rev. 84 (1951), 350 

F. L. Scarf and H. Umezawa, Phys. Rev. 109 (1958), 1848. 

S. Sakata and M. Taketani, Proc. Math. Phys. Soc. 22 (1940), 757. 


Progress of Theoretical Physics, Vol. 23, No. 2, February 1960 


A Note on the Ordinary and Anomalous Thresholds 


in Perturbation Theory? 


Noboru NAKANISHI 


Department of Physics, Kyoto University, Kyoto 
(Received October 29, 1959) 


Some further investigations are made for the singular point ot the matrix element 
corresponding to the general Feynman graph. 


In a previous work” we investigated the thresholds of the matrix element 
corresponding to the general Feynman graph by using the explicit expression for 
the denominator function V(x).” Recently, a very similar investigation has been 
made independently by Landau.*) He found an elegant method for obtaining the 
zero extremum determined by 


0 View, = Oetor, ti Bea rt, 


(1) 
og A pe for je A={r4+1,---, a}. 


But since he did not use the explicit expression for V(x), the behaviors in the 
neighborhood of the zero extremum, which were investigated in detail for the 
_ ordinary threshold in NIII, were not treated by him.* So, applying Landau’s idea 
to the explicit form of V(x), we can present simpler proofs for the results in 
NII and some further extensions. 

When 2x;=0(jEA), from Theorem 2 in NII it suffices to consider the 
reduced Feynman graph B* which is obtained by shrinking each line of A to one 
‘point. Each propagator contains a constant momentum g,, which is not uniquely 
determined by external momenta &, since any arbitrary constant momentum can 
additionally flow along each independent closed circuit. We can therefore choose 
gq: so that 


21 # Lo, 4o,=0 (2) 


for independent circuits C, where the double sign corresponds to the relative direc- 
tion of g; on C. Then (2) holds also for any other closed circuit because it is 
composed as a linear combination from the independent circuits. (2) is just Landau’s 


* Notations are the same as in reference 1). 


* Therefore Landau’s argument is insufficient since the condition (1) alone cannot exclude the 
saddle point which does not correspond to any singularity. 
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- condition. It should be noticed that this is independent of the extremum condi- 
tion. It is of interest that the momentum conservation at each vertex, which is 
written in such a form as 


(eae -g3) (>) + 2;) =0, (3) 


and Eq. (2), respectively, have a strong resemblance to Kirchhoff’s first and 
second laws for a network of electric current if we regard g; as a current and 2; 
as a resistance.” 

For the choice of (2) we have simply 


V= 3) 2i(m? +47), (4) 
Y;= (1/22,) (09V/0q:) =a, (5) 
0V/dx,=m74+ YZ=m2?+¢2. (6) 


Therefore from (1) and (6) the condition for the zero extremum is 


m; +q;=0. (7) 


The simultaneous equations (2), (3) and (7) determine the zero extremum under _ 


the important restrictions z2;>0 and $}z;=1. When B* is an intermediate-state 
set, Theorem 7 in NIII is easily obtained by solving these equations. If the 
number of the conditions imposed by (3) and (7) is more than the freedoms of 
q's, no solution can generally be found for such a graph B*. 

The expression for Y; in terms of k, was given in NI(3-15).° Under the 
present choice of (2), as g; is equal to Y; as in (5), NI(3-15) represents just 
the solution of Eqs. (2) and (3) involving the parameters 2;. 

Now, let us denote the value of x; corresponding to the zero extremum by 
a?, and consider its neighborhood 


x,=2)+6€y,, (&: infinitesimal) (8) 
(2) is now rewritten as 
Ea Ty 0 (10) 


and thus gq; is fixed. We then have 
Via) =-& C/U) Bh Ue(S3+ You dei) 9 (11) 


where U and U; may be regarded as (positive) constants if we are interested 
only in the lowest order terms with respect to €. If in the reduced graph B* 


two or more external lines start from the same vertex (this situation often occurs 


owing to the reduction of the original graph), then we denote the sum of them 
by k/{. Then in B* q is of course expressible by a linear combination Of Re esi 


x 
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If these momenta &/ have Euclidean character,* i.e., if it always holds that 


(Si aiky) 220 (12) 
7 


for arbitrary real numbers a,, then we have V(x)—=0 from (11). Namely, the 
point x;=2x;) surely gives the minimum of Via) (‘threshold minimum”) if 
the effective external momenta of the reduced graph have Euclidean charac- 
ter. This statement is an extension of Theorem 8 in NIII. -An interesting prob- 
lem is its inverse statement: ‘Can the threshold minimum appear when &;’s 
have not Euclidean character?”. This is an open question, but for the lowest 
order graphs (i.e., the graphs consisting. of only one closed circuit) we can easily 
show that Euclidean character is the necessary (and sufficient) condition for the 
threshold minimum, because without changing the expression (11) we can replace 
yx; by yd which is an arbitrary real number free from the restriction (9), as is 


seen by putting 


w= yi —ae 3 ie (13) 
k=1 
Finally, we discuss the variation of 2;€ A: 
ee EO) (14) 
with ES yee 319¥4=0 


g=r7+1 


instead of (9). We then have 
V(x) =8'Valyp +@-term (11), (15) 


where V, is the V of the graph A (which is obtained from the original graph 
by opening each line of B) in which the new external momenta g; are determined 
as the solution of the simultaneous equations (2), (3) and (7). Therefore it will 
in general be rather difficult to write down the explicit form of V4(y,;) except 
for the ordinary threshold, for which the formula (15) was already applied to the 
calculation of the nucleon structure.” 

The. author wishes to express his sincere thanks to Prof. H. Yukawa for 
informing the author of the Landau’s work. 
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Coupling Types and Strengths of the Y-N-K Interactions 
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Analyses are made on K-N scattering with use of the dispersion relations for the charge 
exchange scattering K+m—>K% and for the ordinary elastic scattering K*p—>K*p. It is shown 
that (ANK) and (SNK) interactions are both pseudoscalar types or pseudoscalar and scalar 
types, respectively. As for the interaction strengths, it is preferable that g.?~5 and gy?=0 
with the existing experimental data. 


§1. Introduction 


A number of analyses on the K-N scattering’~” have recently been made with 
use of the dispersion relations. Though definite conclusions have not been deduced 
because of the poor experimental data, the results obtained are as follows, pro- 
vided that the K*—/p scattering potential is repulsive, . 

1) A and & have the same parities and (YNK) interactions are of both : 
ps-types.”~° 

2) the K~—p scattering potential is attractive.” 

But the possibiliy that 4 and 5 have opposite parties is not excluded.” | i 

As is known, in the dispersion relations for the A“p and K~p elastic scat- 
terings which have been used by many authors, the bound state contributions from 
A and appear always in the same signs. On the other hand, in the dispersion 
relations for the charge exchange scattering K*n—>K"p and K~p—>K°n, the bound 
state contributions have opposite signs for 1 and +. As seen in § 2, this charge 
exchange scattering dispersion integrals are more convergent than the elastic ones. 
We, therefore, can decide each interaction type and coupling constant of (ANK) 
and (NK) by making use of two dispersion relations. 

The dispersion relation used by Matthews-Salam” is not good in the conver- 
gency of cross section integral, while Igi improved on the convergency by using 
the subtracted dispersion relation which had a pole at zero kinetic energy. The 
results, therefore, depend on the way of extrapolation of the cross section into i 

the unphysical region, especially on the slope at zero energy. It will be significant 7 
to recalculate by using the subtracted dispersion relation at non-zero energy. 

In § 2 the charge exchange dispersion relations are derived and the numeri- 
cal analyses are done in § 3. The consequences are as follows. Of four possible 


PRAM SHPO nests 
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t 

A cases of interaction types for (ANK) and (2'NK), 

t CA sti ps: and. 2 6 ps; 

x (By wie peeratic: (iS 2° S, 

oe CONS ae Se rani. Tips: 

: (D) A:s and J: s, 


the case (C) and (D) are excluded. The cases (A) and (B) are fitted and as 
for the coupling constants g4~5 and g;=0 in both cases. © 


§ 2. Dispersion relation for charge exchange scattering 


Prior to numerical analyses, the forward dispersion equations for the charge 
exchange scattering and the kinematical relations will be derived. 
For the iso-spin 7=0 and 1 states, we have* 


co 


P Az if a ae / 3At / 

Di (w) == {| aie) ; Sore (eo |do’, (1-a) 
P . A= / WAY / As / 

D3 (o) == iI foe ms Eves |e", (1b) 


where ‘Dt and Af are the real and imaginary parts of the forward K—WN and 
K—WN scattering with the iso-spin state [ (M*=D#+:A?). P stands for the 
principal value. Denoting the causal amplitudes for K*n—K°p and K~p—>K°n 
scattering by M77. and M;, respectively, we can get a relation: 

| M,=—3(Mé—M}). (2) 


Assuming that parities of charged K and neutral K are the same ones, we obtain 
from Eqs. (1-a) and (1:b) 


¥ + / + , 
DF (ow) = + P&’ (a) — PS? (w) +—| da!| Acs (w!) = Aes («o’) | 
K 


us wo! —w w’+oa 


bs oo eee PPC @ 

! . 

7 |\do w+ ” (ore) 
with 
2 2 2 
jie ge Jy (Y+N)?—K f é 5 
£ FSS ANY or s-coupling, 

OK 

i ee ES re EN for ps-couplin s 

Wyto ANY Pong, 


* The natural unit #=c=1 will be used throughout this paper. 
** The letter indicating a particle is used also as a symbol of its mass value. 


ype i ee 
: ' 
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wy= (Y?—N?=K) /2N and a=[(A+7)?—N?—K?//2N, 


Eq. (3-a) can be rewritten into 


co 


Dzt (0) = + PL (0) — PP (w) — gaz |¥dal| POS 


8x? J ol + w 
K 
o>) (w’) —oy (w’) ut Ay (a!) — Ay (w’) 
sts ! : 
o’ tw ie 20 | ee wo’ +o : 2) 


Here all o*’s denote the total cross section. It will be noticed that in Eqs. (3-a) 
and (3-b) bound state contributions P{ and PY have opposite signs. 

Since we have no detailed knowledge of A# at present, we analyse the K-N 
scattering with use of Eq. (3-b) in §3. It seems that the charge exchange dis- 
persion relations have more rapid convergency than the ordinary elastic scattering 
ones, so that it is unnecessary to perform any subtractions, provided that in high 
energy region o7 “o>. 

The charge independent theory gives 


ot —o# = 42 (0% —o8). (5) 


As far as the s-wave amplitude is predominant in low energies we can get the ex 


pression 


Wee cit bee 2 
Dent We {2s}, (6) 


where W is the total energy in the center of mass system. 


§ 3. Calculation and results 


In the elastic dispersion relations which have been used by Igi, the subtrac- 
tion is performed at the zero kinetic energy in order that the integration of the 
cross section converges rapidly and then the dispersion integral has a pole at zero 
kinetic energy. The obtained results, therefore, depend on the way of extrapolation 
of the cross section into the unphysical region. 

At first, the recalculations will be made by using the dispersion equation sub- 


tracted at non-zero energy. The elastic dispersion relation subtracted at the energy 


@,) can be written as 


D,t (w) —— (1 + 2.\ D,t (wo) -— (1 —.) Dz fws) 


Wo Wo 
2 7 @Mmax Rl 
OO —- Wg 
=P”(w, 0 P™ (a, @ +2 —e p | dw! —— 
(@, wo) + (@, 0) Ax? wo" —we 
K 
K 
s a, (w') te a, (o’) tee von | Bid a Agate) (7) 
_ a—w ow! +w v1 wv’ —w, w+ 
i a 


= Seaitae 


ee 
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(Y+N)i=K™ 


(w eu Wo) Oe 


(wy —wy) (wy +o) 


OOS Aig 


(w—ao) Jy K 


(wr—wy) (wy to) 


Here we put w=1.2K(100 Mev) and w= 
1.1K(50 Mev). The contribution from the 
unphysical region is unknown but will be 
small compared with the contribution from 
the physical region if A; does not behave 
singularly in the unphysical region. How- 
ever, in order to compare with Igi’s result, 
we shall take into account this contribution 
making use of the curve for A; assumed by 
him (Fig. 1).* 

Using the data which have been re- 
ported at CERN® and Kiev Conferences” 
and assuming that the K*—p scattering 


TOL eS 5 
ANY 
ee (8) 
= for ps. 
ANY 
4A; (o) 
(mg unit) 
5 
0.4 1.0 


o(m,x unit) 


Fig. 1. Curve for A,~ in the unphysical 
region 


potential is repulsive and the K~—p scattering potential attractive, we get D>; 
(11K)=—1,21, Dj(1.2K)=—1.22 and. D; (1.1K) =1.89, where we have used. 


the relation 


Dy (ow) = + Re Cp. Cee: 


ko = ep . 


The first integral term in Eq. (7) is 0.099, 0.116 and 0.124 for the cut-off energy 


Omax= 3K, 4K and 5K, respectively. 
Eq. (7), we obtain 


Substituting those values and Eq. (8) into 


0.04+0.01 3K 
P+ P®=10.03+0.01 for Wmax=/4K (9) 
0.02+0.01 OK, 


where the second term denotes the contribution from the unphysical region and 


PAL P® —| 


From Eq. (9) the case (D) is excluded. 


0.008 7x? +0.006 gs? 
0.008 9.70.13 gs? 

—0.15 gn? +0.006 93? 
—0.15 g,?—0.13 9; 


case (B) 
ee KG} So 


case’ (D). 


case (A) 


* A, (@) =(1/4z)-ko,,~ does not in general behave like constant near o=K. 
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a (mb) 


| Oo: 
i ; 
15 é e 


10 + 
e OG, 
a Op 
5 
0 eau 
pee is 14-16. 1.8.72 Ere 4 w/K (lab.) 


Fig. 2. Cross sections o,,* and o,,* vs. energies® 


I 


Next, let us analyse the charge exchange scattaring making use of the dispersion 
relation (3-b). We take w=1.1Kand1.2K. From the experimental data, the cross 
section of K*n—>K°p scattering is about 2mb at 50Mev and 3mb at 100Mev in 
laboratory system and Dj <0 and |D¢|<|Dy| in low energies, so that DX=—1/2 
- (Dj — Di) <0. .The cross sections o; and o; vs. the energy are shown in Fig. 
2* In this case the unphysical reigon integral is negligibly small. 

From Eq. (6), we get Dex (1.1K) ~ —0.49 and Dé, (1.2K) ~—0.61. Substituting 
these values‘into Eq. (3-b), we get, for w=1.1K 


/ (0.80 0.70 

In — 93°= —0.49+1,—1., (11-a) 
ay 3) J es 

and for w=1.2K 


74 0.66 
| : )an’—( )gst= —0.61+1.—L. (11-b) 
—0.040 \— 0.028 


Here the upper and lower values in the bracket denote the scalar and pseudo- 


scalar coupling types respectively and 


~* Though the data at CERN Conference give a small cross section for Ktn>K*tn and 
Ktn->Kp scattering, we get onto +ten ery (2 trom the charge independent theory. Thus 


on*=6mb when the data o,,* are true at zero enegy. 
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max zm F 1 ce > ‘ 
C —o7o, Co, —On 
fp |e dot 4 and Ve 


aa wo! —o . An? J w'+o 
K 


The numerical values of J, are shown in Table I. As for J_, we have hardly 
the data on oz, so we cannot estimate J_. But it is expected that J_ is posi- 
tive and small because o; (elastic) ~0; (elastic) in low energy and o;, (absorption) 
<o; (absorption).” Although in the following calculation F. is put to be zero, 
the qualitative consequences are not altered. The magnitude of coupling constants 
‘obtained in this way shows the lower limit. 


Table I. The values of J, 
ry oa | 5 7a 2 7 os { 5 - Mik aa = ‘ : | <a p 
iva een 3K | 4K | 5K 
11K 0.22 | 0.25 0.29 
1.2K | 0.30 | 0.35 | 0.39 


As seen from Eqs. (11) and Table I, the case (C), scalar type for (ANK) inter- 
action and pseudoscalar type for (SVK) interaction, is clearly rejected. Thus 
the remaining possibilities are cases (A) and (B). In case (A): both pseudo- 
scalar types for (ANK) and (SNK) interactions, we get from Eqs (9), (11-a) 
-yand.(11*b) 


8 3K; 
L49°+ 93" + [5 for oom (4K . (12-a) 
'5 5K 
anadsat. wos LK 
9 | 3K, 
149-93" 8 | for om= [44] . (12-b) 
ied OK 


Tt seems that Eqs. (12-a) and (12-b) are inconsistent, but the numerical values 


of the right-hand sides in Eqs. (12-a) and (12-b) are not exact because of the 
poor experimental data, so we may conclude :* 


: ~ \ 
= Iz ~0, In ~S. (13) 
On the other hand, in case (B) 
8 3K . 
1.49,.’°—21 Oat oa [| for Omax — [a] 3 (14-a). 
5 ‘5K | ag 


Nand ateo=l1K 


* Only the value of gj? is slightly changed when Eq. (11-b) at w=1.2K is used. 
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9 Bue 
1.49.°+2295? ~ | 8 | FOR cde [ k) : (14-b) 
et 5K 


Only when g}~0, Eqs. (14-a) and (14-b) are consistent. Then, the result on 
the coupling strengths is same as in case (A). , 

To get case (A) Igi used the data in which the K*—p scattering cross section 
was decreased more rapidly than the present experimental ones in low energy re- 
gion (o, ~6mb at zero kinetic energy). In our calculation such treatment is not 
needed. This difference seems to be due to the ambiguity in the way of extrapo- 
lation into the unphysical region, namely the contribution from the principal integral 
at w=K. As the absence of (SNK) interaction does not contradict with the 
existing experimental data, this conclusion is not queer. However, our estimation 
contains a little ambiguity due to the poor experimental data. Furthermore, it will 
be doubtful to use Eq. (6) under the assumption that the s-wave is predominant 


in the charge exchange scattering near m=1.2K. At w=1.1K this assumption 


does not seem to be unreasonable. The values of the coupling constants will 


vary slightly with the exact data, but the qualitative consequences will not be 


altered. 

Phere is:a question about the unphysical region. However, the contribution 
from the unphysical region to the dispersion integral is small, if we assume that 
A~(w) does not behave singularly. 

We may also obtain each coupling constant gy,” and gy’ from the neoeeeee 
7+N—>K++Y, making use of the polology which was shown in case of the 7-7 
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production by Taylor et al.” On the other hand, the dispersion equation for the | a i 


K~n scattering has the bound state corresponding to +’ alone, so the coupling type _ 


and strength of (NK) will be obtained from it. It will, therefore, be interesting 
to check our result, 7y?=0 and g,’~5. 
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Propagation of Shock Waves in Inhomogeneous Gases. I 


Y6r6 ONO, Shir6 SAKASHITA and Hatuo YAMAZAKI 
Department of Physics, Hokkaido University,-Sapporo 
(Received October 23, 1959) 


Chisnell’s method of shock propagation is generalized for the case of inhomogeneous 
-gravitating gases. The relation between shock strength and initial pressure is derived to the 
first approximation, using polytropic index as parameter. The strength of a shock wave, 
which is generated near center and progresses outwards, increases rapidly, being proportional 
to some inverse power of pressure near the surface. Applying the results to the Eddington 
model, some speculation concerning the origin of nova explosion is made. 


§ 1. Intreduction 


Although many papers have appeared which treat the problem of propagation 
of shock wave or detonation in fluids, especially in ideal gases, most of them are 
concerned with homogeneous medium. As for the case of inhomogeneous one for 
which physical quantities (density, pressure, etc.) are functions of position, for 
example, gas under a gravitation field, it would be said that almost nothing has 
been investigated. This case could also be studied in principle, and the variation 
-of shock strength with position would be calculated by the method of character- 
istics.” However, this is extremely cumbersome, and it might be difficult to treat 
without an electronic computer. Then, it becomes a requisite problem to find a 
method which can give the overall picture of the shock propagation even approxi- 
mately. 

The following two methods may be considered for the approximate solution: 
The method of similarity solution and that of infinitesimal discontinuity. The first 


has been used by many authors for various problems: ‘Taylor? derived the solu-. 


tion of blast waves, and soviet hydrodynamists® are performing extensive studies 
along this method.* Though the solutions by this method are exact, this method 
suggests only the possibility of existence of such solutions. It does not seem clear 
what approximation they adopt for the given problems.** ; 

In the second method, the inhomogeneous fluid is divided into layers by in- 
finitesimal contact discontinuity surfaces, and the incident shock wave is reflected 
by and refracts (penetrates) through these surfaces. Using this method, Chisnell” 


* These are mainly concerned with solutions for homogeneous gases. 


** For the existence of such solutions, certain similarity relations should be imposed among 
physical quantities, which are not satisfied in general problems. 


' pansion velocity of supernova with the assump 
rated with the strength determined by the ratio of surface and center pressures. 
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discussed the propagation of shock wave through one-dimensional gas, having a 
finite layer in which density increases but pressure is constant.* In his first ap- 
proximation, where double reflection of reflected waves is neglected, the strength of 
penetrating shock wave happens to depend only on density itself, but not on its 
spatial distribution, while, in the second approximation, which takes into account 
double reflection, the latter dependency does appear. Adopting a special density 
distribution; Chisnell showed that the second approximation is sufficiently correct, i.e. 
it substantially coincides with the case at a distance, when the whole increment of 
density occurs on a sheet (finite contact discontinuity). Moreover, it was shown that 
the first approximation has a certain discrepancy at high density. Though the calcula- 
tion of the second approximation becomes considerably complicated, the method is 
very intuitive, and it seems suitable to get a general survey of various problems even 
with the first approximation only. As stated above, Chisnell treated only the case 
of constant pressure (ordinary contact discontinuity). Since, however, pressure 
also changes in general inhomogenebus gases, it is necessary to extend this method 
to general cases. 

Now it becomes more and more important in astrophysics to treat the pro- 
blem of shock relations and shock propagation in stellar interior and interstellar 
matter. The main subject of shock relations is to consider the effects of radiation 
and magnetic field, and many studies are being performed along these lines.” As 
for the propagation, there is a series of studies by Kopal”, Sedov” and others in 
connection with nova and supernova explosions. However, all of them used the 
similarity solutions, and merely show the possible existence of such solution, as 
mentioned above. Kopal”, for instance, sought the shock wave propagating with 
constant Mach number, but it cannot be considered generally that the shock wave 
generated in stellar interior propagates with constant strength. What we require 
is to make the question clear: With what strength the shock wave internally 
generated propagates and arrives at stellar surface ? When this problem is answer- 


ed, it may be possible to connect the internal nuclear reactions with surface 
Hayakawa et al.” estimated the initial ex- 


phenomena of nova and supernova. 
tion that the shock wave was gene- 


However, such estimation cannot be regarded as well grounded. 

Thus, it may be said that the problem of shock propagation in inhomogeneous 
drodynamics as weil as in astrophysics. The 
hisnell’s method to get a formula for the first 
homogeneous gases, and then to find the 


gases is yet almost untouched in hy 
aim of this paper is to generalize C 
approximation in the case of general in 
way to application or estimation 
Chisnell’s method is briefly described to the firs 
generalized in § 3. The calculated results for severa 


t approximation, and this is 
1 polytropes are compared 


* In the following we call this method “Chisnell’s method”. 
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in § 4, and using these results, some astrophysical application or speculation is made 
‘in § 5, especially concerning the Eddington model. 

Of course, there are many limitations, when we apply the results here derived 

to astrophysical problems. First, we take only the first approximation, which 
neglects double reflection and reflection from the base (center). To what extent 
this is correct is determined only by taking second approximation in each case. 
Secondly, the formula is exactly applicable only to one-dimensional cases because 
swe did not take into account the damping of spherical wave. Further, the method 
‘ treats stationarily generated shock wave, and strictly speaking, it is not applicable 
to shock pulse, i.e. the case of instantaneous explosion. Lastly, we deal here only 
with ideal gases. In order to be applied to stellar interior or interstellar matter, 
a the effects of radiation and magnetic field must be considered. 
a as We have a program of investigating these subjects to be carried out in near 
2 ‘af future. Nevertheless, it seems worth while to publish the present results to get 
a more justifiable estimation in astrophysical problems, because at present we have 
es only poor knowledge about the shock propagation. 


§ 2. Chisnells’ method 


As stated in § 1, Chisnell divided the layer of variable density and constant 
pressure into layers with infinitesimal density jumps, and considered the reflection 
and penetration of a, shock wave at these jump 
positions. In Fig. 1, on the dotted line between 
states 1 and 5 exists the initial infinitesimal 
ae density jump dy, i.e. 
ee ps=pitdp. (2-1) 
Bs i, An incident shock wave in the gas of state 1* 
_ generates at the jump position (1, 5) a reflected 
wave (2,3),** penetrated shock wave (5, 4) 
and discontinuity surface (3, 4). 

On both sides of the contact discontinuity, 
fluid velocities « and pressures p are equal. x 
Thus the conditions Fig. 1. 


Reflection and penetration 
Uy =Us,*** — y= Uy (9) of a shock wave by a contact 


ey discontinuity. 
aa and Pi=Ps, Ps=Ps (2-3) 


_ are imposed.” Next, when we represent the strength of the shock wave (compres- 
_ sion or rarefaction wave) by the ratio of the pressures before and behind. the 


Rio * Behind the shock wave, the state of gas changes from 1 to 2. In this meaning, we denote 
_' this shock wave as (1,2). For the reflected wave and discontinuity line we use the same notation. 
We can also represent the waves by their strength, i. e. Zo. See the following. 

** This is a compression or rarefaction wave. 

aa *** 4, =u;=0, when the gas is initially at rest, 
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wave, the difference of strength between incident shock 212—=p»/p, and penetrated 
shock z4=p,/p; must be infinitesimal, 

Zu—Lptde. (2-4) 
Therefore, the strength of reflected wave 20 is nearly unity.* 


Physical quantities before and behind a shock wave are connected by Rankine- 
Hugoniot relations, which are represented for ideal gases (e.g. for (1,2) by 


eto 
Pal wea (2-5) 
Us=t + O(212, Pi (1) ; (2-6) 
Lies { pi (7 + 212) Noe } 
acts “pl —2) : (2 7) : 
where 
52 1/2 \ 
b(225 Pis Py) = (Zn —1) tease ; 2.8) 
12 1. ek 1 | pr; (2+ 29) ( ) 
oe = ; (2-9) 
7 


U is the propagation velocity of shock and 7 the ratio of specific heats. The plus 


sign in (2-6) and (2-7) applies to forward facing waves. Though reflected waves 
are in general not shock waves, the above relations also hold as far as the second 
order in z—1. 
Now, from the conditions (2-2) and (2-3), we get 
b(212, Pi, (1) — (23, Po» P2) =O(254, Ps» Po)» (2-10) 
212 Z3—= X54 - (2-11) 
When we introduce (2-1), (2-4) and (2-9) into these formulae, and take the 


first order terms in. dp and dz, we obtain ; 


Baa ee: 1 D | Bue be (2-12) — 


fa dz 2n— 1 o P+ 219 eg 1b Zig (1 +2? 
or by integration 
plz) =AS(z),** (2°13) eee 
f(z) = Ga gla es Te ee ae ice (214) OS 
(P+z) W/P+1-A VP+14V R42 a 
Here A is an integration constant to be determined by initial strength. From _ a : 


(2-13) and (2-14) we know the strength of shock at a given density. 


* z=1 corresponds to the strength zero. 
** » and z are taken instead of p, and 24». 


4 
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§ 3. Generalization of Chisnell’s method 


When we consider a gas at rest under the action of gravity, where pressure 
as well as density changes, we must extend the condition for contact discontinuity 
in § 2. 

In the first place, in order that the condition 
of contact of gas is to be satisfied, the velocities on 
both sides of discotinuity surface must be equal. 
Thus the condition (2-2) generally remains app- 
ropriate. The question then is how to generalize 
the condition (2-3) to the case of non-uniform 


pressure. 
We now consider that the gas is in equili- 
brium under an arbitrary mass force f(2) :* 


Lara ; te Fig. 2. Infinitesimal layer 4x 
pet ff (x) = 0; 8 
p ax including mass 4m. 


Then, the pressure difference 4p across the thickness dx (Fig. 2) becomes as 


follows : 
Ap=—pf (x) 4x. gr ge 
Introducing the mass included in this thickness 
dIm=pdz, 
we get 
ps pi=dp=—f (x) 4m . (3-2) 


On the other hand, the layer after the penetration of shock includes the same 
mass 4m as before, and the position of the layer does not change at the instant 
of penetration, and moreover, there exists no acceleration of the layer because of 
the relation «#;=2,. Thus the right-hand side of (3-2) is also equal to py— ps: 


pi— ps=— f(x) dm. 
As the result, the following relation holds instead of (2-3) : 
Ps— Pi=Pi— Ps (= 4p) .** (3-3) 


Then we get the general formula 


* This force may be a given external gravity or self-gravity; only one condition is required 
_ that it is the function of position x. 


: ** This condition is not limited to one-dimensional cases. For instance, in the case of spherical 
symmetry, for which dm=p4zr24r, the formula (3-2) can be put as 

Te 
Arr? 
and then the same arguments as the above follow. 


- dm=— g(r) dm, 


ve: 5 Une a fon v 
4 Be * Fe eae 
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%a2a= (1+ 4p/p,)20—4P/Pr, (3-4) 
corresponding to (2-11).* When the initial distribution is of the polytrope &, i.e. 
PoCe, (3-5) 
we have the relation 
4p/pi=k 4o/p,. (3-6) 


Introducing (3-4) and (3-6) into (2-10), and taking only the first order 
terms in de and dz, we obtain after all 


Pee 9 2_ | Itite ua 
ii) Gk Oy Rosen ga Saag ORS Rear et ena 
_ ~ =e | s : (3-7) 
pdz p -dz Ps eae ro Ss ell ee 
“Veda | k 


Chisnell’s case (2-12) corresponds to k=0 (isobar), which can be easily seen by 
putting k=0 in (3-7). 

Integrating (3-7), we can get the relation between p and z. It is remarkable 
that this relation does not depend on the character of gravitation field f(x), but 
on the initial distribution, that is, on the polytropic index k, as parameter. 

The differential equation (3-7) cannot in general be integrated in an explicit 
form, except for isothermal case k=1, which gives 


e(z) =Ag(z), (3-8) 
x Eira i cad pe Cee re oc 
ae 1 Nie Ped 1+?z 
To aca [G+ : 
NER Od i RR Te 
eee ee (cere } 3.9 
a ecm ars ay a (iis . (3-9) 


Here A is again an integration constant given by the initial strength. 


$4. Results of integration 


Here we describe and compare the integrated results for the following cases : 
k=1 (isothermal), 4/3 (corresponding to the Eddington model) and k=5/3 
(adiabatic). As for 7 we take the value 5/3 of one atomic gas corresponding to: 
stellar interior. In Table I and Fig. 3, we show the relations between shock 
strength z and initial pressure /, where the integration constant is so determined 
that at pressure ~ the incident shock strength 2 is 2.2. 


* When we put 4p->0, we obtain the formula (2-3) again. 
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1 10° 10° 10° 
pI! po 


Fig. 3. Shock strength z versus initial pressure p/po. 


oH Table I. 
log(p/Po) © 
i k=1 k=5/3 k=A/3 
2.2 Oo ‘ Ome 0. 
3.0 — 0.446 —0.349 —0.380 
4.0 0.801 : 0.621 0.678 
‘ 5.0 - 1,054 0.812 0.888 : 
Roe 7.0 1.413 ee Ry) rey ease 
Fiske 50 1.670 1.267 1.393 
a ‘10.0 1.775 1.343 1.478 
30.0 . 2.846 Oe 5 B08 | 2.335 
ee BOOT Gs 3.325 "2.444 2.713 
paki 70.0 3 3.638 ; 2.663 No #12959 
ai HAW ALO, 3.968 2.870 $:16352)5,.P 
300. 4.995 3.582 3.998 
: 500. 5.446 3.909 4.367 
700. 5.778 , 4.123 4.609 
1000. 6.072 1 4,328 A841 % 


| 


When the relation of other incident strength 2! is desired, it can be heated by 
avis the’ parallel shift of the curve z as far as z becomes Zl at Pf pbo=l, (see vFigi'3)c4 
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This is because of the following situation: We write the formula (3-7) in the 
form 


d |lnp/dz=¢9(z; hk), (4-1) 


where ¢ is the righthand member of (3-7). Integrating and determining the 
constant so that z=z at fo, we get 


In (p/ Po) = (z ; k) —P (20; &), (4-2) 


where 


He; b)=|\9(e; Rds (4-3) 
(a is arbitrary). 

From Fig. 3, we see the strength increases rapidly as pressure decreases, but — 
the degree of increment differs among different &’s; it is the least for isothermal 


distribution and the larger for larger k. For z>1, we get from (4-1) 


2OC (p/p), (4-4) 
where 
9 | 72 - need 

1+/ k 


{ 7 1/2 
ee 


a(y, k) = (4-5) 


In our case 7=5/3, hence #=1/4, the following values are obtained : 
a=0,472.fork=1 
0.604 4/3 
0.683 5/3. 


\ . 
Conversely, when the strength of generated shock wave is infinitesimal, i.e. 
z nearly equals to one, it follows that 
z—-Lloop™, (4-6) 
where 


b(k) = (8k—1)/4k. (4-7) 


This means that z=1 is attained only at infinite pressure. In other words, sound 
waves generated in stellar interior, where pressure is enormously large but finite, © 


‘cannot grow up to shock waves. 


As the result of increasing strength from center to surface, density, tempera- 
ture and fluid velocity after the shock also increase considerably. These results 
will be discussed in relation to the Eddington model in the next section. 


- ae : 2 TF a 
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§5. Application to astrophysics 


Here, using Eddington’s standard model, we discuss more closely the propa- 
gation of shock wave which has been generated in some way in stellar interior. 
As is well known, this corresponds to the polytrope of k=4/3 and is the solution 
of Lane-Emden equation of index 3” 


plies G a \=—8, . (5-1) 
Seas dé 


with the boundary condition 6=1, d@/d==0 at €=0. Temperature 7’, pressure 
p and density e are expressed by non-dimensional quantity 9 as 
‘T=T,0, p=p.0t and p=p.0™*. (5-2) 


€ relates with radius r by 


pate. a=( fee ae) (5-3) 
zG 
K and G have the usual meaning. The solution is known already.” 

Now we consider a shock wave of strength z being generated at r=7 of 
the standard model, and propagating outwards. Then we can get the strength 
(7), when the shock arrives at an arbitrary point 7, by the following procedure : 
Determine ~:(71) /fo(7) from the standard model solution, and take the correspond- 
ing value z,(p,) from Table I of the foregoing section. 2,(;) being thus deter- 
mined, all the physical quantities behind the shock wave can also be gained by 
using (2:4)~(2-6). For example, the ratio of temperatures behind and before: 
the shock wave is 


T./T,=2z(14+42z)/(#4+2) =. (5-4) 
Taking the temperature of the standard model at 7, as J), it follows 
(T/T.) behind shock=(T/T.) standard modelxXz. (5-5) 


In Fig. 4, the values of the physical quantities are shown for the following 
three cases. 


1) xp OAD. ge Osos eye 
11) 2, #7 01455 Pe gps 011-25.) Begs 
111). ‘750.2905 gy = 0, Da amen oe 
Assuming 7T,=3.8X10°°K and ¢,=7.7 X10‘ gr/em*® (these values correspond 
to the star of total mass~1Mg,, radius~0.1R, and mean molecular weight ~=2), 


physical quantities behind the shock at 7,=0.8700 and ¢g,=0.9997 for the case i) 
are as follows: 


* Suffix c represents the value at center. 
** ‘gy is the mass ratio included in the radius 7. 
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Fig. 4. Physical quantities behind shock wave in standard model. 


Toy 10) 1 
p=25 gr/em’ 
u=3.9X10° cm/sec. 


The propagation velocity of the shock increases from Up=2.1 10° cm/sec. at 7 
to U,=5.1X10° cm/sec at 7, and the time required for the propagation is about 
five sec. ‘Thus we see that the temperature and the expansion velocity near the 
surface become fairly large. The limitations noted in §1 will change the values 
appreciably: Double reflection will strengthen, spherical damping and radiation 
loss (especially near surface) will weaken the shock. 

Nevertheless, these results might be applied to the stellar explosion phenome- 
non as the first approximation. 
in stellar interior, they are exaggerated more and more as they progress outwards, 
and at last, it could be possible that instantaneous nuclear reaction could take part 
in near the surface. From these considerations it would be speculated that nova 
explosion, which has hitherto been consideréd as occurring near the surface, might 
be triggered by shock waves generated in interior. As for supernova explosion, it 
is possible that nuclear detonation would proceed through envelope because of the 
high temperature behind shock wave. This will cause the explosion more violently. 


If some core instability induces the shock waves 
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As a sequel to the previous paper, an attempt is made to develop a general method for 
attacking at the problem of local gravitational field due to such a large scale aggregation 
of matter that the effect of the cosmic expansion cannot be ignored. The formalism of 
this paper will provide us with a basis for treating the dynamical motion of galaxies within 
the Supergalaxy, together with the reexamination of the velocity-distance relation of galaxies. 


§ 1. Introduction 


In the previous paper?*? we proposed a cosmological theory based on a scalar 
field ¢, and discussed a method for constructing the smoothed-out model of the 
universe and several problems concerning Hubble’s velocity-distance relation of the | 
extra-galaxies. We also pointed out in I that the ¢-field would describe the com- 
bined effect of cosmic expansion and Newtonian gravitation due to the local ag- 
gregation of matter such as galaxies. This expectation must, however, be partly ae 
given up after a detailed examination, because, if we make the field equation for if 
(cf. § 2) correspond to Laplace’s equation in the Newtonian theory of gravitation, — ote ; 
we meet with a difficulty in stipulating the equation corresponding to Poisson’s nea a 
equation. y 

In order to avoid this difficulty, we cannot help appealing to the general 
theory of relativity as concerning the problem of local gravitation, though the 
method of attacking developed in I for problems of the universe as a whole would — 
remain true. Then the cosmological background space-time stipulated by ¢- field 3 
must play a significant role as a kind of the boundary condition for the metric i | 
specifying the local gravitational field in question, or as anything beyond that. To ‘i 
make such a formalism possible the smoothed-out model-universe itself must be, as f a ry 

a matter of course, a solution of the field equations of the general theory of rela- 
tivity just as the Minkowski space-time is. This formalism can also be supported 
from another side. Namely, as was stated in I, the limit of applicability of general — 
relativity was stipulated by the following inequality relation : i) 


GM/c?L~Gpt’ <1, (kT); 


* In the following we shall refer to this as I. 


a 
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where G is Newton’s gravitation constant, J and L(M ~wpL', L~ct) are the mass 
and linear dimension characteristic of the dynamical system respectively. However, 
this inequality relation is always satisfied by any real dynamical system, except 
the universe as a whole. 

Hitherto the large scale aggregation of matter in the universe has been usually 
meant for galaxies or clusters of them. And moreover it is known that systematic 
motion due to the cosmic expansion can be ignored for such dynamical systems. 
Accordingly, in the current treatment? of local aggregations of matter in the 
universe, they are regarded as the assembly of point masses embedded in the ex- 
panding universe. We cannot, however, apply such a point-mass model to the 
Supergalaxy” (or its analogues) whose constituent members are galaxies and clusters 
of them. Because this is such a large-scale system that the systematic recessional 
motion of constituent members due to the cosmic expansion cannot be ignored. 
Our object, “local aggregation of matter”, is in short meant for such a large 
system. 

The purpose of this paper is to treat the problem of local gravitation along 
the line of thought stated above. In § 2 we shall examine the applicability of the 
field equation for ¢ to the present problem, after summarizing the essential points 
of I. The kinematical and dynamical character of the Supergalaxy will be discussed 
in § 3. In S§ 4-6 the plan stated in § 1 will be realized in a concrete form. In §7 
we shall discuss the properties to be satisfied by the model Supergalaxy with spherical 
symmetry, though such a model is of an over-simplification. We shall investigate 
in § 8 the motion of a test particle in the local exterior gravitational field due to 
the model Supergalaxy. The last three sections will give us some prospect of the 
theory concerning the rotational and expansive motion of the Supergalaxy which 
will be developed in future. 


§ 2. Applicability of the field equation for ay to the present problem 


(i) Summary of I As was stated in I, the relation of our theory to the 
general theory of relativity can be expressed schematically as follows: 


(General theory of relativity) ' (Our theory) 
(Metric) : 
eS Peer eo me 


+ dst=9[c'dt?—dr?— A*(r) (dé?-+ sin’ dg’) } 


smoothing-out 
(Field equation) : | 
(Ry — 1/2) 9,5 R=—KT.,, 


eae ate Le, 


contraction 


\ 


with usual notations; in this paper we shall consider for simplicity the case 
A(r)=r among three possible forms of A(7). In the above scheme, xT is sti- 


_ the value (2-1) for the smoothed-out universe. 
between 7 and 7’ as 
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pulated in such a way that it satisfies the so-called Mach’s relation materially speci- 
fying the universe as a whole, ie. 
(42/3)GT=;yh*, (y~1), (2-1) 
where h is Hubble’s constant. Then, for the case A(7) =r, we have 
d=In ¢, for y=1 
O¢=0, 42 (2-2) 
d=¢ us for 7#1, 


where (] is the d’Alembertian operator with respect to the representation space- 


time defined by the metric dsj =¢"*ds’. 
Moreover, we have stipulated the smoothed-out universe by the condition 


é=¢,(t), say, so that from (2:2) we obtain 


é)=a linear function of f. 


Then we can transform the metric ds?’ into the standard form, 


dsa=cde— P(x) (dr?+r°d?+r’sin’d dg’), (2-3) 
in terms of the relations: ‘ 
dze=$()|dt|; P@)=PUO}, (2-4) 
where < is the cosmic time. The explicit form of @(c) is 
(8) =(</t012, h=1/ 2-1), : G2) 
@(r) =exp(t/t—1), h=1/7, 2. (742) 


where h=(1/) (d@/drt), gh?=(1/®) (d’0/dz"), and 7) is an integration constant 
specifying, without loss of generality, the present value of the cosmic time. 

As is easily seen, 
one ¢ is of great advantage for us, beca 
with source term specified by*(2-1) can 
without source, (oe) Therefore, as was stated in I, th 
aggregation of matter embedded in the expanding universe must be expressed by 
the solution of a type d=b+h(t, 7,9, 9), where ¢,/¢) expresses the Newtonian 
gravitation or its analogue. But this interpretation offers a difficulty, as will be 
shown in the following, when we attempt to consider the fitting of this solution 
to the inner solution for the local aggregation of matter. 

(ii) The problem of local gravitation Now let T, be the deviation of the 


spur, 7’, of the energy-momentum tensor for a local aggregation of matter from 
Then we can express the difference 


be reduced to a d’Alembertian equation 


(42/3) (T—T,) =7h'. (2-6) 


‘Therefore we get 


the introduction of a new scalar field é instead of the original 
use the non-linear field equation for ¢ 


e exterior field due to an _ 


SO Be ay cee ee ; 
EE EIS PPR Te ee Oe on een 


eS Ae BE ot ee 


308 H. Nariai and Y. Ueno 


exp (29), for y=1 


Od= (42G/3) T.X | (2-7) 


Lapse, for 7a)” 


instead of (2-2). Now we shall characterize the weak field by the condition 
\d,/¢o| <1, where ¢, is a linear function of ¢ corresponding to @(r) in (2-5). Then 
we can obtain after some calculation from (2-7) with (2-4) 
D{U@""} ~— (42G/3) T, 8", = (2-8) 
with 
ds'= (1—U/c?)*[e'd?’— Pz) (dr?+r°d? +r’ sin’ d¢’)], (2-9) 
where 


U/c?=1—exp(¢,) (for y=1), 1—(1+¢i/¢))"*"” (for 73=1). 


s . . . 
If we further assume that the retardation effect can be ignored, Eq. (2-8) is 
reduced to 


AU (4nG/3) Ty, (2-10) 


where A denotes the ordinary Laplacian operator. As is easily seen, for any given 
positive function T,, the gradient of U, where U is the solution of (2-10) fitting 
to the exterior solution at the boundary, becomes’ positive, i.e. the gravitational 
force due to a local aggregation of matter is repulsive.* 
Then from what reason does such a difficulty originate? It could be attributed 
to the following situation: The coupling constant « in our field equation “ R=«T ” 
is determined from Einstein’s field equations in genetal relativity. Then the con- 
traction procedure practically has the same effect** as altering the sign and nu- 
merical value of « such that «-—x«/3, so far as the function of « is concerned. 
_ Because the desired equation should be of the form . 


O° AUx —AnGT,, (2-11) 
in place of (2-10). Hence, as was stated in §1, we must take another method 


of approach. 


§ 3. Characteristic features of the Supergalaxy 


_ For simplicity’s sake, we regard the Supergalaxy as a spherically symmetric 
dynamical system. Then the strength of its gravitational field at the outer region 
can be specified numerically by the following dimensionless number : 


7n=GM/?L, (3-1) 


* In Giirsey’s paper# no account is taken of this point. 
_ ** Thus we can see that the contraction procedure plays a role similar to the insertion of the 
cosmic term in Einstein’s original field equations, so that, in our formalism, the tendency of — 
matter to the systematic outward motion is elucidated without appealing to such an ad hoc term. - 
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where MM is the mass and’ L is the radius. If we put 


NE Are 3) OL wl, = ch, (3-2) 
(3-1) is rewritten as 
4 = (42/3) Got’. (3-3) 
Now we put 
GM/D?=cth? L (3-4) 


in order to estimate the effect of the cosmic expansion at the outer region in ques- 
tion, where € is a certain dimensionless parameter. The above expression can also 
be written as . 


GM/L=tv2, (3-5) 
where v,, is the expansion velocity specified by Hubble’s velocity-distance relation, 
i.e. 

cS ay po (3-6) 
Further we obtain from (3-4) and (3-2) ; 
(42/3) Go=Ch’. (3-7) 


Since (3:7) has a form similar to Mach’s relation (2-1), we may find a 
restriction on the admissible range of ¢ from these two expressions. But, as will 
be treated in § 4, the expression for the mean density /) of the smoothed-out uni- 


verse corresponding to (2-1) is 
(42/3) Gao= (1/2) A’. (3-8) 


Eliminating h? from the above two equations, we obtain 
2¢=p/ 021, (3-9) 


since, by virtue of the definition of /, 6/021. Accordingly, from (3-5), we have 
(3-10) 


DIC os 


ec 


which means that, in the terminology of Newtonian dynamics, the kinetic energy 
of the cosmic expansion is less than the potential of the Supergalaxy at its outer 


region. 


we have 
M=10" ©, L~1.5R,, R:é,=1100 km/sec, “(3-1) 
where @) is the solar mass, R, the distance of our Galaxy from the center (near 
the Virgo cluster) of the Supergalaxy, and €, is a parameter specifying the rate 
of the expansion of the Supergalaxy such that 
&=0.6324: (3-12) 


Now we shall check the numerical values. According to de Vaucouleurs,” 


hie ae tee | 


eV aceaan Oe of 
Pee a 
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ae 
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From the above two expressions and (3-6), we obtain 
Vex. 2.6 X 10° km/sec. (3-13) 


On the other hand, according to Sandage” the value of h7? is (9.9~20.0) x 10° 
years. Accordingly we shall adopt the following value tentatively 


he =10" years=3<10"~ séc: (3-14) 
Then the expression (3-12) enables us to obtain 
Ep= 0 DIDCOT aSeCn, (3-25)c 
Inserting (3-15) into (3-11), we obtain 
L~7.8 X10” cm, (3-16) 


which corresponds to R,~16 Mpc in place of 10 Mpc due to de Vaucouleurs. This 
is because de Vaucouleurs’ value corresponds to h~'=6.2 X10" years. 
We have, however, from (3-1) and (3-10) 


M > v., L/ 2G. (3-17) 
Inserting (3-13) and (3-16) into the right-hand side of the above inequality rela- 


tion, we obtain 


M>2.0X10" ©, (3-18) 


which is twenty times as large as the value given by (3-11). Such a discrepancy 
is mainly due to the simplified assumption of spherical symmetry, despite of the 
existence of the flattening of the order of 1/5 in the real Supergalaxy. After this 
correction is made, M becomes instead of (3-18) . 


M>4X10" ©, (3-19) * 


where the explanation of the remaining factor 4 will be attributed to the value of 
h and to de Vaucouleurs’ erroneous assumption that the dynamics of the Supergalaxy 
is the same as that of Magellanic Clouds.” Further, inserting (3-16) and (3-19) 
into (3-1), we obtain i 

| ee XU be (3-20) 


which shows that the local gravitational field due to the Supergalaxy can be treated 
by the general theory of relativity (cf. (1-1)), though the effect of the cosmic 
expansion operates considerably for such a large-scale system. 


$4. Einstein’s field equations for the non-uniform expanding universe 


The metric (2-3) of the smoothed-out universe in our cosmology is the same 


* The inequality relation (3-10), however, is broken down for this value of M together 
with (3-13) and (3-14). In order to avoid this discrepancy, we must examine in more detail au 
appropriateness of various numerical values adopted above. 
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as that in the general relativistic cosmology, except the procedure for stipulating 
the scale factor @(t).* However, in order to make our model universe play the 
part of the boundary condition in the general relativistic treatment, which will be 
developed in the following, for the local gravitational field due to the Supergalaxy, 
say, in the expanding universe, our model itself must satisfy the field equations of 
general relativity. According to our investigation,** sufficient and almost necessary 
conditions to such a fulfilment are as follows : 

ke" po= 3h’, 

(4:1) 

Kpyp= — (1+29)h?= (1—27)h’, 
where ~ and / are the smoothed-out density and stress respectively in the sense 
of general relativity, where A is given by (2-5). 

Now we shall consider the local gravitational field in the expanding universe 

as mentioned above. According to McVittie,?) we assume that the metric for such 
a non-uniform expanding universe can be written as 


ds’*= Ddt’— A, dx’*— Ay dy’— A;dz’, (4-2) 
with 
D=c?(1—«¢), 
A;=P@[1+K{¢+2¢./c7}], (G=1, 2, 3) 


where ¢*** and ¢; are functions of (¢, x, y, z) in general. Einstein’s field equa- 


(4-3) 


- tions for the above metric can be written down with Dingle’s formulae. 


Taking account of (3-20), we can ignore the terms of the order of x’ 


pared with 1, because «/ is of the same physical meaning as that of 7 in §3. 
Then Einstein’s field equations are reduced as follows: 


wT =nc* pte [2h (r+dat ds) /et— (c/ ) {Ab + A /c*) 3} Oy /A xn! 


+8%y,/82,2)}], 
wc? T= — py tel K (p) — 0-2 (8° Ym/B.242+ 3° Yu/ 8.2) 


PD ee (4s5) 
+{ (Pmt Gn) +3h (Pmt $n) }/c7), 
KOT =K(c/ P)*[(G+AP) 2+ Gm+$n)>i/c], 
eT acct T= (/ P) (8 by/8X,9Lm) 
with ‘ 
h=0/0, gr’=%/9, ae 


K(p) =G+4hd + (1429) h?¢,) ° 


perpen srt 


* In the following we shall designate the cosmic time as ?. 
** This problem will be treated in another paper. 
**k This @ is different from the same symbol @ in § 2. 


com- — 
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where Jmn stands for any cyclic permutation of 123 and h=db/at, $,,=d¢b/dzx, 
etc. In the above derivation, we have used the expressions in (4-1), on the as- 
sumption that |¢|~A¢. 

Now we shall further take the so-called c+G(=0o) approximation. Because, 
as was shown in (3-13) of § 3, the velocity appearing in the dynamical system in 
question does not exceed the order of 10°km/sec. Then from (4-4) we obtain 


OT i= — ppt Kb) — 0 Cibn/ O20 407 Va] Oana) 5 4 
fee ate AG aya 
ToT PS DMO yO tpO Lye 


Lt = Oo me a Ad, ‘ ) 


(4-6) 


Now we shall assume that the energy-momentum tensor 7T’,” for the local aggrega- 
tion of matter in question can be denoted by that of a perfect fluid, i.e. 


LD,’ = (6+ p/ce)o,v'—(p/e)68,", (4-7) 


with usual notations. After the above two kinds of approximation are applied to 
(4-7) with (4-2), we have 


See Ps lr=sru: /®, 


; (z, 7=1, 2, 3) (4-8) 
G Lan Sere (po; + U; U;) > 


where U; is the physical component of the fluidal velocity with respect to the . 


enupple of coordinate directions, i.e. U;=@v'/v*. Ineserting (4-8) into (4-6), 
we obtain 


0 Ab= =p, (4-9) 


p oe K(¢) = ne Lifes p-* (0? he Ome +0? Pnj OD) ? (4 2 10) 

PU = OG +hd) (4-11) 

p? U, UL = red wz (0? Pn/ O21, Oz.) > (4 = 12) 
with 

p=0— 3 P=P—Ppo. (4-13) 


The above system of equations is the fundamental equation of the local grav- 
itational field in question. In the estimation of order of magnitudes, the operation 
@*A can be regarded as the division by L?, where L is the quantity which has 
appeared in § 3. Accordingly, if each term in (4-9)—(4-12) is of the same order, 
the following relations concerning the order of magnitude can be derived : 

pb~pUr~h’$, |U,|~v.., : 
(4-14) 


[Pm] ~ Vee, 


which are consistent with the order of magnitude estimations in § 3. From this 


i, aaleeeceaaaieiaiall 
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we can see that each term-in (4-9)—(4-14) could become comparable. 

Now it, must be remarked that (1) the source term of the generalized version 
of Poisson’s equation (4:9) is not ¢ itself but the difference between o and Po, 
the density of the smoothed-out universe, and that (2) the stress p does not ap- 
pear alone but as the form f only. From the above two facts, we see that po (but 
not ) is the effective density contributing to # and that any inpropriety does not 
appear even for the model such that ~)<0, since the pressure gradient 0p/0x; is 
equal to 0p/0x; irrespective of the sign of f . Another important point to be 
stressed is that, in our treatment, there is no such assumption about the behavior 
of the fluid that it is at rest with respect to the coordinate system used now, 
contrary to McVittie’s” point-model of a galaxy embedded in the expanding-universe. 


§ 5. Consistency of our fundamental equations and 
hydrodynamical equations for p, p and U; 


Though it is easily seen that the expression (4:6) automatically satisfies the 
equations T’,¥,=0 under the approximation considered above, it does not assure 
that the consistency of (4-9)—(4-12) is satified automatically ; so we have to exa- 
mine the consistency relations for them. 

Eliminating p and U; from (4-9), (4-11) and (4-12), we obtain 


0? bn/ OX, 9Lm= (PP), 1( OP)’, m/ (AY — pro). (9-1) 


In a similar manner we have 


3 hy, Bubs \ 
O Le Os: 


5 1) gra LOO) sl 
Pp Gh) Pe A ag? +( 


[ () : Ant . 3? (hs kg oh db, (5 2) 
en Oz," oh oe 


2 sa a 
Ah — fo P? OX» Aa // 


These are nothing but the consistency relations to be satisfied. Eliminating ¢; 


from (5-1) and (5-2), we obtain 


eee ees PM nin | cae 
B+ KO) A= 35, oe aaak (5-3) 


so that p can be determined in terms of ¢. 
Moreover, from (4-11), we obtain 


(e U;) >m (9 Le) 79, (oe 4) 
: : eee 
which is the same restriction on the possible types of motion as McVittie’s. 
Using the three-dimensional vector notation, we can rewrite the above as 


curl U= [V ny) X ue (5°53) 


f —— _ 
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which shows that the velocity field U is curl-free when and only when it is parallel 
to the direction of Vo. 


Hydrodynamical equations for p, p and U 

Our fundamental equations (4-9)—(4-12) are reduced, on the condition that 
@—>1(h->0) i.e. when the cosmological background space-time is tend to Minkowski’s 
space-time, to McVittie’s expressions (6.202)—(6.205) of § 6.2 in his book.” 
Therefore we can expect to derive quasi-Newtonian equations of hydrodynamical 
motion in the expanding universe from our fundamental equations according to 
his procedure. For this purpose, if we eliminate ¢ and ¢; from these equations 
as far as possible, the results are 


80/0t-+ OP - (eU) +h{30— (1+2q) po} =0, (5-6) 
DU/Dt+ (7/p) {Fp— (1 —q) °F $} +h{1+ (1 +29) (Mo/p)}U=0, (6-7) 


where D/ Di=90/ at+O-1(U -p). It is easily seen that these equations correspond 
to the equations of continuity and of momentum conservation respectively. But 
we must remark the following facts: (1) In these equations there appears not 
only the density but the density ~ of the cosmological background, except in 
the case g=—0.5 corresponding to the Einstein-de Sitter model-universe (cf. 1), 
(2) the gradient term of # which did not appear in McVittie’s theory appears in 
the coupled form with the term (1—g)h’ which specifies the cosmological back- 
ground, though such a coupling vanishes when g=1 (this case corresponds to the 
steady-state model-universe (cf. I)). 

Now it must be pointed out that the main purpose of McVittie’s investigation — 
lies in showing the effectiveness of an approximation of Einstein’s field equations 
for solving the Newtonian hydrodynamical equations, while the main purpose of 
this sub-section is to provide for a definition (to be discussed in the next section) 
of the boundary for a local aggregation of matter. 


§ 6. Definition of boundary for the local ageregation of matter 


: Now let 2 be the domain of coordinate volume in which a local aggregation 
of matter is distributed and whose boundary is specified by the symbol ¥, and 
U be the coordinate volume enclosed by 3, Then we can define the following 
three kinds of mass corresponding to the three kinds of density which have ap- 
peared in (4-13): 


Q 


M=O\ pdx, y= O\ pod? c= 0 p 
(6-1) 
Q 


Q, 
N= 0 \ pd? x=M—My, 


i 


in which WY is the true mass of the local aggregation of matter in question and 
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We is the effective mass contributing to the main part, «, of the local gravita- 
tional field. 


It must be remarked, however, that the boundary 3’ of @ changes in general 
depending on the cosmic time ¢. Namely, + is independent of ¢ only when the 
system of coordinates is co-moving, ie. U=0 on ¥.. But in general U does not 
vanish. That is, there must exist an intimate connection between the ¢-dependency 
of +’ and the behavior of the ey field U on 3. In order to make this circum- 
stance clear, let the boundary += 2'(¢) at the epoch ¢ be designated as 


F(r, t) =0, (6-2) 


where 7 is the position vector of a point on 3(¢) relative to the origin of the co- 
ordinate system. Then the boundary 3'(¢+02) at the epoch (t+0t) is given by 


F(r+nu,6t, t+ét)=0, (6-3) 


where zw, is the normal component of the displacement coordinate velocity of the 
point on +’, and 7 is the unit normal specified by 


i=V F/\V FI. (6-4) 
From (6-2) and (6-3), we have 
9F/dt-+u,(a-V F) =0. (6-5) 
Inserting (6-4) into the above equation, we obtain 
U,= — (OF /dt)/|VF|. (6-6). 


Now we shall integrate the equation of continuity (5-6) with respect to ae 
over 2. Then after some reductions, we have 


M= (1 +29) hMo+ O° \ pht.— (U,/P)}dS, (6-7) 


where U, is the normal component of U, dS is the surface element of 3. In the 


above derivation the term # _PUndS manifests the effect due to the ¢-dependency 


of ‘(as shown in Fig. 1). (6- 7) with (6-6) is nothing but the relation in ques- ; . a 


tion between the t-dependency of - and 
the velocity U on'S. 

Next we shall consider the dif- 
ferential equation (4-9). It is the 
Poisson equation, so that its solution 


vanishing at infinity is given by 


= (@*/4n) 
x | BO O/NG-P)Ihd a’. 6-8) 
Q 
As a matter of course, the above ex- Riga 
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pression has an intimate connection with (6-7), because (4-9) is used in the 
derivation of (5-6). 

The definition of 3’ specfied by (6-2) is not so simple because of the condi- 
tion (6-7) with (6-6) and its relation with (6-8). According to the analogy 
from the usual Newtonian hydrodynamics, it seems plausible that the following 
three conditions would be satisfied simultaneously : 


(i, Santee eon ag (6-9) 
Gi) p=0 on (6-10) 
(iii) M=O0 for 2. (6-11) 
Assuming (i), however, we have from (6-7) 
M= (1424) AM, (6-12)* 
so that the condition (iii) cannot be satisfied, except in the case g=—0.5. In 


the same way, assuming (ii), we have from (6-7) 


M/Mo=(1+2q) A+ (1/V) | dS {uy — (U,/ )}, (6-13) 


>») 
a 


if we use the definition of YN. This formula satisfies (i) and (ili) at the same 
time only when g=—0.5. 

Thus we can see that such a boundary +’ as satisfying the conditions (i)—(ii) 
is possible only when g=—0.5. We have, however, no positive observational facts 
supporting the case g=—0.5. In these respects, we should like to define 2’ with 
Gi) alone. Because this is the only definition that the equation for ¢ of the ex- 
terior region for the local aggregation of matter reduces to the Laplacian equation, 
i.e. 


A4s=0, (6-14) 


in a manner similar to the Newtonian theory of gravitation. 


§7. The gravitational field due to the spherically symmetric 
aggregation of matter 


In the foregoing three sections, we have derived the fundamental equations 
describing the gravitational field due to the local aggregation of matter in the ex- 
panding universe and discussed several important problems to be considered: In 
this section we shall apply the formalism developed above to the case in which 


the distribution of matter is spherically symmetric. 


Now if we take into consideration the metric (4-2) with (43), for the 
spherically symmetric field, the following conditions, ice. 


* It is necessary to investigate whether this equation relates to the continuous creation of 
matter®’ or not. 


PERT 
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$=$(tr); P=hot, r), say, G=1, 2, 3) eee 


must be imposed, where r= (2?+?+ 2”), because otherwise r does not necessarily 
mean the polar coordinate as shown in Appendix I. Then, from (6-8) with 
o=plt, r), we have 

a ate) 

Kp (82GH/c*)| A/r) \ p(t, itches 28 OP aT: ‘| (7-2) 

0 r 
where a is the radial coordinate of the spherical boundary 3’, and «=82G/c? as 
usual. Especially for an exterior point specified by r>a, (7-2) is reduced to 


Kp,= (87GP"/c’ r) \o@, eo tebe hae 


0 
or 


wf,=2GMN/cel, U=-r), (7:3) 
if we take into consideration the definition of mM, where 7 is the proper radial 
distance for the smoothed-out universe. We may say that (7-3) expresses an ex- 
terior field of Schwarzschild’s type due to the effective gravitating mass Mz). 

Next we shall consider the velocity field U, On account of the spherical 
symmetry of ¢ and e, (4-11) can be reduced to 
(= UG, 1) ifr; (7-4) 
with 
Ut, r)=(A/p®) (/9r) (S$ +hy), (7-5) 
where ¢ is given by (7-2). From (7-4) we have curl U=0, so that U is parallel 
to the direction of 7’ (cf. (5-5)), ie. the motion is purely radial and its velocity 
is given by (7-5). Also, F in (6-2) is given by 


F=r’—a’ for the spherical boundary +. 


Accordingly, 


U,j=a. On >. (7-6) 


Inserting (7-6) and U,=U specified by (7-5) into (6:13), we obtain 


M/My= (1 +2Q)h+3[ (a4/a) — (Ut, a)/L) J=M/M>—3Ué, a)/L, (7-7) 
where L=@-a. From (6:1) and (7-7), we have 
Ma — BU, a) M/L= —4re, L’ ROE, a), : (7-8) 


which means that the temporal change of Mt is due to the net flow of matter 


passing through the boundary. 
Now let us make an order estimation for mM by meams of (7-8). The symbol 


L in (7-8) has the same physical meaning as that in §3, and further we may. 
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assume that |U(¢, a)|<v,., since |U(é, r)| is at most of the order of w-.,(cf. 
(4-14)). Moreover, from (4-1), we have Arpy=3h?/2G. Accordingly, (7-8) 
enables us to obtain 
\dz pL? UC, a)| S30.t/2G, (7-9) 
if we use the expression (3-5). Inserting the value of v,, given by (3-13) into 
(7-9), we obtain 
me| <0.2 @ per sec, (7-10) 


which seems to be plausible, in spite of such a rough estimation as the above. 
Inserting (7-2) into (7-5), we have 


U= —(@/pr?) (37,/At-+3hp) r? dr’. (7-11) 
0 
Especially for r=a 
Ut, a) == (0/pa’) | (8p/8t+3hp) r? dr’. (7-11) 
; 


The insertion of the above expression into (7-8) enables us to deduce 
N= 4a | {(0/A) (9M) }rPar', (7-12) 
0 


from which we see that I=const. when and only when 0(@*) /dt=0, i.e. the 
system of coordinates employed is co-moving with the local aggregation of matter. 

Now inserting (7-4) and the second expression of (7-1) into (4-10) and 
(4-12), we obtain the following conditions : 


(ee ae (7-13) 
p= OD? ("+ $n! /r) —K(Y), (7-14) 
_ where K(¢) is given by (4-5) with (7-2), and the dash denotes differentiation 
with respect to r. These two equations are nothing but the consistency relations 


mentioned in § 5 when the distribution of matter is spherically symmetric and the 
fluidal motion is curl-free. Integrating (7-13) with respect to r, we have 


e 


W'/1=[$hl/rhao=@| (9UG, )/r}dr, (7-18) 
0 


where U is given by (7-9) itd P=6+. Next we have, from (7-13), (7-14) 
and (7-15), 
p(r) = 207 [Y6'/rhno— | (1/14) {@/8r) (r?pU)}dr—KW), (7-16) 


0 


a Ls tainedin bien 
‘, 
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since U=0 at r=0 (cf. (7-11)). Especially when +=a, the above expression is ‘ 
reduced to s 
p= 22" (bo! /1],-0— | Cr) 4 (0/87) Xr" 00") hdr—LK Gy jas) ood heey : 

: i 

From (7-2), however, we have a 


4x Lb (a) =M, AnLd (a) = MAM, 


“3 a 5 ue 7-18 
da L$ (a) =M—L2AM+ 2—gheM, i | 
: : a 
where (a) =[¢],-., for example. Inserting these into (4-5), we obtain if a 
as ad By: - 
[K (¢) aa= (1/42 L) [M+ 2AM+ (q—D A? M]. (7-19) oa 
Therefore, from (7-16), (7-17) with (7-19), we have o 
: | 4 
P(r) =P (@) +\a/r) {(8/8r) (r?pU*) }dr+J(M) /4aL—K(#), (7-20) cn 
where : 
T(M)=M+LAAM-+ (q—-D AM. (7-21) be 


Moreover, from (7-16) and (7-19), we have 
[$!/ Foao= (7/2) [B(a) + | A/r4){@/Ar) (r2pU) \dr+ TDA], (7-22) 


which should be inserted into the right-hand side of (7-15). Integrating (7-15) 


further with respect to r, we obtain. 


a 


grr) = {(Pr)*/2}[B(a) + | A/r9) 2/97) (7? U9) dr + IB /4eL] 


0 


= «| rar| \ott7e, ry/rhdr'|, ae ; ua 


0 “0 ae 
5 


where we have assumed without loss of generality that go=0 at r=0. fod 
In the above our fundamental equations are formally solved for the local — hi 
due to a local aggregation of matter whose hydrodynamical mo- 
tion is curl-free. From our derivation it is easily seen that a variety of possibility ag 
It must be remarked, however, that the folss yaaa 


remains for the effective density p. : 
lowing requirement is necessary for : the effective stress p given by (7-20) must 


gravitational field 


be made non-negative, because we made p correspond to the pressure in the) >i9g 
Newtonian hydrodynamics. ; mo 
| ine 


~< 
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$8 Motion of a test particle in the exterior field due to the 
local aggregation of matter with spherical symmetry 


As was shown by (7-3), the main part ¢ of the exterior field due to the 
local aggregation of matter with spherical symmetry takes Schwarzschild’s type 
pee orden ty of the functional form of #. Under the approximation of neglecting 
the term ¢,/c? compared with 4, the metric (4-2) with (4- 3}, # and (7-3) is writ- 
ten as 

ds=e' Cdt—e'(dr?+r°di’+r’ sin’ Ide’), (8-1) 
with 
e=1—2GIY/ 1, 
ea O(n) (1 +2GMN/cZ], 
where M=M (t) in general. 

Because the motion of a test particle must be described with the geodesic 

equation in our formalism, the equations of motion of the test particle moving in 


((=9-r) (8-2) 


the plane ?=7/2 can be written as follows: 
(d*r/ds*) + (du/ds) (dr/ds) —r(de/ds)? + (/—p") (e-*/2) (cdt/ ds)’ 
+ (u//2)e-*=0, (8-3) 
Pee waGhds) = hire. ; (8-4) 
(cdt/ds)’=e" +e*"{ (dr/ds)*+r*(de/ds)"}; (8-95) 


where #/=0p/dr, v’'=90v/dr, and H is an integration constant. From (8-5) with 
(8-2) we have 


cdt/ds=[1— (2GM/cl) = (v/c)*{1+ 2EM/ cD } 2, (8-6) 


_ where v°=@"(+?+7°¢") in which r=dr/dt, ¢=dg/dt. 


Now let us make a quasi-Newtonian approximation stipulated by the following 
conditions : 
(1) Deviations of e’ and @e* from unity are ignored, after the necessary calcula- 
tions are made by inserting (8-3) and (8-4) into (8-2). 
(2) The velocity v of the test particle is so slow that we can replace (8-6) by 
Cdijds=al 
It is clear that ee approximations are plausible on account of v~v,, and. of 
the order estimation in §3 for 7~GM/cl. Then, we have from (8:3) and 
(8-4) with (8-2) 


c= Hs j (8-7) 
i—16?+ (GM/L?) —gqh2l=0, (8-8) 
where /=d(@-1r)/dt, for example. 


We shall investigate the above two equations on the standpoint of the New- . 


0 et 
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tonian theory of gravitation. Since J is the proper radial distance for the smoo- 
thed-out universe, it is evident that (8-7) corresponds to the law of areal velocity. 
In. the same manner (8-8) shows that not only Newtonian attraction due to vari- 
able mass but also another force proportional to the distance, which is attractive 
or repulsive according as gy<0 or>0, is operating simultaneously on the test parti- 
cle. As was shown in §3 (cf.(3-4)), these two kinds of force terms have the 
same order near the outer region of the local aggregation of matter specified by 
J=L, since |q| is of the order 1~1/5 (cf. (2-5)). In other words it is reconfirmed 
that the dimensional considerations made in § 3 are physically plausible. Moreover, 
if we tentatively consider the local gravitational field due to the Virgo cluster in 


place of the Supergalaxy, we have 
GM/P~10? x |g|A7Z, 


which shows that the effect of the cosmic expansion is almost negligible in the 
dynamics of a cluster of galaxies. 

Discussion of a special case 

Now let us investigate the solution of the quasi-Newtonian equations of motion 
(8-7) and (8-8) in such a case that 


M=m Ort), (8-9) 


where m(~>0) and a are constants. If we use the cartesian coordinates x; (¢=1, 2, 3) 
in place of (7, 9, ¢), we can rewrite (8-7) and (8-8) as 


X= —(GM/L) x:— 2hs;, (8-10) 


where 1=0-r=O(xe+a74+237)"". On the other hand, since #(¢) is given by 


(2-5), we have 
ha {an (8:11) 


where hy is the value of f in the present epoch t=%p. 
into (8-10), we obtain 


B= — (Gm 04/18) £1 yO" Br. (8-12) 


hall take the following transformation of variables : 


/ 


vhy L = PO" (t) ; 6,70" (t). (8-13) 


Now we s 


Then (8-12) is reduced to 


Pe idie=—(Gm E,/¢*) (yhoT ) ‘iy (8-14) 


In the above equation, if we formally regard 7’ as the universal time and ¢,’s as 
osition vector for a test particle, the equations are 


e equations of motion of the one-body problem with 
ble to solve (8-14) by quadrature, but 


cartesian components of the p 
‘mathematically equivalent to th 
the variable mass. It is generally imposs! 


Inserting (8-9) and (8-11) : 
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as is shown in Appendix II’ it is not the case when a(a—7) = 


Ca )o (The case: a=F In this case, (8-14) is reduced to 
a*é,/al*=—Gms fs; (8-15) 


which is the same as the equations for the ordinary one-body problem. 
(ii) The case a=0 In this case, we have from (8-12) 


da? x,/dT”=— Gmz,/r*, ‘* (8-16) 
with 
vig hk =O (t)n (8-17) 


Since (8-15) and (8-16) are of the same form, we have the following solution 
corresponding to an elliptic orbit : 


F=a(1—ecosE£), (8-18) 
(a=): 

nT =HE—esinE, d (8-19) 

r=a(1—ecosk), (8-20) 
(a=0): 

nT'*=E—esinE, (8-21) 


where 


itan{ (¢—@)/2}=V (1+e)/(1—e) -tan(E/2), 
. n==(Gm/a’*)"”, (8-22) 
ai usual notations. Using (8-13) and (8-17), we can rewrite (8-18)—(8-21) 
in the original variables as follows: 
: l=a@'*(t) -[1—ecosE], (8-23) 
np" (t) /th=E—e sink, (8-24) 
Geohece a=ror 0. 


Gui). The case a=y=1 In this case, M=m=const. and further O= t/t 


(the uniform expanding model-universe). Then (8-23) and (8-24) are reduced to 
l=a(1—ecosE), 
(8-25) 
nt=H—esinE, 


: which is exactly the same as the solution of the one-body problem in Newtonian 
theory : this is seen directly from (8-7) and (8-8), since g=0 when r=1 (cf. (2°3)).. 

Hy, (iv) Another case, i.e.a=;41 or a=0. For simplicity’s sake, we assume 
that. 

ee _ e=0, so that E=(¢y—g). (8-26) 

er Then we have from (8-23) and (8-24) 


+ The method in Appendix II is similar to that in the problem of two Bodies with variable 
masses. On / 


>. ) 
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(l=ad*(t), (8-27) 
P—Po= (n/7ho) P(t). (8-28) 
Eliminating @(¢) from the above two equations, we obtain 
G—Po= (n/ pho) (l/h) OO, (8-29) 
which denotes spiral orbits as shown schematically in Fig. 2. 
> Yo 2 oe i : 
(a= nus ( esi ' Be 
(1>7>0) (2>r>1) 
Yo 
(@=0) =; 
Further, from (8-9) and (8-27), we have Je 
MZ=ma=const., ; (8-30) | 
so that the radial velocity is outward or inward according as It<0 or >0, as. i * i 
illustrated by the arrow-symbols in Fig. 2. If we make tase of (8-11) and Cute % eo 
the differentiation of (8-28) with respect to the cosmic time ¢ enables us to obtain a 
. . = , Pa eva, Wv,' AOR 
o=GCR/A, _ 883) ee 
. where w=|9l, since |(2a—7)/7|=1. This is of the same form as Kepler’s law ie 
| in the ordinary one-body problem. From (8-27) and (8-31), we have . tie Ae 
; eae 
i . \ by! ye: 
ye re so Mies LIA ‘ re : ; ‘ fi 
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Vp =lwo= (G M/D) pi | 


! (8-32) 
vpn, 3 


in which vz is (1—a@) times the recessional velocity “Al” for the smoothed-out 
universe. It can be easily proved that the above three expressions are numerically 


plausible (cf. § 3). 


§9. Several remarks on our formalism hitherto developed 


In this section, we shall examine several problems proper to the cosmological 
background space-time and a possible influence of the existence of the Supergalaxy 
upon Hubble’s velocity-distance relation. 

As was stated in I, if the cosmological background space-time is spatially 
euclidean, i.e. A(r)=r (cf. § 2), the range of 7 should be 


1>7>0, (1) 


if analyses of the velocity-distance relation due to Humason et al.” and Baum” are 
acceptable. In their analyses, however, the existence of the Supergalaxy, within 
which our Galaxy is situated, is not taken into consideration. Accordingly, it is 
necessary to reexamine whether the inequality relation (9-1) is appropriate, even 
if a possible influence of the rotational and expansive motion of the Supergalaxy 
is taken into account in the reduction of the velocity-distance relation. 

Then, what is the matter with the other two* possible cases of A(r) ? 
Though the integration of dr=¢(¢)|dt| (cf. (2-4)) by quadrature is generally 
impossible in these two cases, we can deduce the following expression : 


00+ (1—7) PW +& (c/a)? =0, (9-2) ** 


where €=1 or —1 according to the two alternative forms of A(7r) ; (2-5) cor- 
responds to the case €=0. Then, even in a case when €=+1, the formalism 
developed in this paper must hold almost in the same manner. Because, so far 
as the interior of the local aggregation of matter is concerned,*** the metric can 
take the form (4-2), except the functional form of @(¢) stipulated by (9-2) with 
e+ 1. . 

In short, it is almost compulsory to reexamine both the type of A(r) and the 
numerical value of 7, as soon as the existence of the Supergalaxy is taken into con- 
sideration. We must remark, further, that the real Supergalaxy is not spherically 
symmetric but is a rotating system with the flattening of the order of~1/5. Such 
a character also has to be taken into account in the reexamination as mentioned 
above. We shall deal with these problems in another paper. 


* A(r)=a-sin(r/a) or a-sinh(r/a), where a is the radius of spatial curvature of the universe. 
** This expression cannot be obtained in I, 


*weeK Even in case a<oo, i. €. €=+1, we can estimate that L/aS10, where L is the linear 
dimension of the Supergalaxy. 
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Appendix 


(1) Now we shall assume that the spherical symmetry of the distribution of 
matter is denoted by the condition ¢=¢(7r) and P=p(r) instead of (7-1), where 
the argument ¢ in ¢ and / is omitted. Then (7-2)—(7-5) are valid as before. 
Therefore, inserting (7-4) into (4-12), we have 


Of bf 02, 0%, = = Vitr) xy P,, (1-1) 
with 
== (1/pr*)[(8/Ar) +h) P. (T 2) Gs 
If we put 
Yn=Yo(7) +4n (24), (1-3) 
where ¢, satisfies 
(8/Ar) { A/r) @do/9r)} +rV=0, (1-4) 
then (I-1) is reduced to 
FLA IL; OL ,=0, (1-5) 


whose general solution is 
¢,=A, (2, ap} +B, ‘te? Li) (I-6) 


where A’s and B’s are arbitrary functions of their arguments. 
Next, inserting (7-4) and (1-3) with (1-6) into (4-10), we have 


8° A,(21, Lm) /PLn2 + OB (L1, Lm) OL) = IW (r) + ¥ (7); egy 
with 
== } TO/ 7) 7 VE. 
W if (U / 7 ) > l 8) 
Y=[p+ K(f) ]#— (1/7) (/0r) (7rd¢,/r), ' 


beware it should be remarked that we can prove without difficulty that p=P(r)- i a,» 


ce ee 


eth 


PA 


ats 


The condition that (1:7) is consistently valid becomes . ee 


0” A, (x, > EE) LOL n a ole 15, (x, > #;,,) [92 = a —f (a; i 2a) b (I iQ) 
with | 
W=8, Y=a— fr’, (I-10). 


where a and # are integration constants. Because (I-9) represents three equations ._ 


for six unknown functions A’s and B’s, there exist many solutions with many degrees 


of freedom. As is easily seen from (1-6), however, these cannot contain 2’s in the 9%) a 
form of r. Therefore the second equation of (7-1) does not hold in general. ne 
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From this fact, it is easily seen that the variable 7 does not mean the radial 


coordinate. 
(II) Writing (8-14) with dimensionless variables, we have 
de aT = Gy a) a ae (II-1) 
where 
T=0' (t)} §,=2,0'(t) / (Gm/7 he)", (II-2) 


in place of (8-13). Now we shall assume that a7. Then, putting 
ai*=— ya I, (II-3) 


seave,, 
with 
ps T er-), (II: 4) 


we obtain from (II-1) 


db */AT = — (EX/E) PP’ + (c— 2b) (a@/p—1) (de */dT *) ye 


=. (0 rae ) (a/y—1)*8* yo2ee raw} (II-5) 


eis 
where 6 and c are numerical constants (#0). The condition that the second 
and third terms on the right-hand side of (II-5) vanish is 


b=—7/(a—7), c=2b=—2r/(a—7). (1-6) 
Inserting the above formulae into (II-3), we have after necessary calculations 
TL Pee ee eee ds ; (II-7) 


without loss of generality. Then, (II-5) is reduced to 
GEN dl Pe (EP ERY) EG (II-8) 


from which we easily see that (II-8) is reduced to the differential equation of 
the same form as that of the one-body problem when a=0. Thus in a case when 
a(a—7) =0, it is proved that (II-1) can be solved with quadrature. 

Next we shall assume that a(a—y) 40. Then we can perform a transforma- 
tion of variables (€,*>¢,**, T*—>T**) similar to (II-3). However, if we are to 
search for such conditions that the equations corresponding to (II-5) be reduced 
to the same type as (II-8), we have 

SS (Tae, 
: CII- 9) 
T**=1/T*=T. | 
Namely the transformation of variables from *-variables to **-variables is nothing 
but the inverse one of (II-7). In short, in a case when a(a—y) 40, the quadra- 
ture is generally impossible. 

But the case of rectilinear motion is an exception, because the following solu- 
tion is deduced without difficulty : 


* 


. provided that — 


‘ i ee aoe rae ie SD aie rs ; 
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E=H8r)?/(¢ta) Qr—a) POT oro, (I-10) 
~7<a<%, (11) 


“where €,=¢, €,=§,=0 (for example). 


ei 
2) 


3) 
4) 
5) 
6) 
2 
8) 
9) 
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A semi-phenomenological methodology is proposed for the study of the structures of 
elementary particles, based on the problem of the electromagnetic structure of nucleon. It is 
convenient to separate the analyses of structure into two parts. One is the analysis of the 
outer structure which is characterized as the quasi short distance and defined by r—0.5y.*** 
Though the present field theory could be applied in this region, it is shown that the shape 
independent feature also holds in so far as the present experimental information is concerned. 
The other is the presumption of the inner structure of the extreme short distance. We can 
extract a physical quantity which is effective in the analysis of this region by using a proposed 
trial model in harmony with the present experiments. 

A presumption comes from the electromagnetic mass difference of nucleons. The analyses 
are devoted to three effects: i) effect of the change of the form factors at the extreme short 
distance, ii) effect of the neutron charge form factor, and iii) effect of the higher order 
corrections of the strong interactions. These effects have qualitatively good points for the 
explanation of the mass-difference. A small modification of the inner structure is especially 
quantitatively suitable to the experimental value. 

Discussions are also devoted to problems of the theory of structure in the future. 


o 


$1 . Introduction 


. Much information about the structure of elementary particles is being accumu- 
lated after the pioneer work on electron-proton scattering.” Should the size of 
the structure appear in every phenomena it would be around 1 yukawa irrespective 
of the kinds of interactions. At the present stage, it is still difficult to decide 
whether these data show the true spreading of elementary particles themselves, or 
whether they can be explained by the present field theory, or whether they tell 
us the limit of validity of our theory. 

At the very outer region of the nucleon structure, the decisive progress has 
been obtained by using the ‘methodology of nuclear meson theory named the TNS 
method.” At the near outer region, however, even if we restrict the case of 
electromagnetic suructure of nucleon which the experiments gave some clear infor- 


* Present address : Research Institute for Fundamental Physics, Kyoto University, ath JAPAN. 
| ** Present address: Department of Physics, Rikkyo University, Tokyo, JAPAN. 


“k We use the units of A=c=1 throughout this paper. The quantities with the dimension of 
length are expressed by unit of | yukawa=10-cm. 
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mation, no decisive conclusion has yet been obtained in spite of many pertinacious 
attacks on the problem of meson theory” owing to many theoretical difficulties 
which are already pointed out in the T.N.S. article. On the other hand, some 
attempts for searching the limit of quantum electrodynamics are proposed,” but it 
is still very sceptical whether the proposed experiments will bring a clear cut 
solution. 

Since the elementary particle would be a matter of complexity, its structure 
may reveal all properties which we cannot expect from the usual standpoint. One 
part of its structure could be accepted as the picture of clouds surrounding the 
elementary particle, but the other part might be the appearance of the true spread- 
ing of this particle” or the limit of validity of our theory. As the circumstances 
are not so simple as we imagined, we must take a more careful attitude than 
usually taken and. must not have any fixed standpoint as already discussed by one 
OF use Me)? 

Besides all these cautious treatments, the first thing which we must take into 
consideration is to notice the manifoldness corresponding to the variety of phenomena 
which the structure itself reveals, We could not always expect the same structure 
information through every interaction, and also might not get the same effect in 
similar reactions which we suppose the same interaction plays. 

The second thing which we must bear in mind is that we are striving to notice 
what knowledge we can get at certain distances and what conclusions at least we 
can draw from them. For instance, as the available energy which the experiments 


of electron-proton scattering have achieved is at most g’~20y~’, where g is the 


momentum transfer, we can get only some data of structure down to the distance 
r=2.1/q~0.5y by using our conyersion relation as will be discussed in the next 
‘section. Knowledge about the structure down to this distance is not sufficient to 
warrant a deduction of the detail shape of the structure. Then if we have not 


rigid attitude for accepting the experimental data, we shall make the sufficient | 


theoretical analyses of the structure in this region with much caution. The dis- 
tance which characterised this region is just corresponding to r~1/3m,~1/mx, 
where m, and mx are pion and kaon masses respectively, then we may expect 


the current meson theory will give at least some qualitative successes. We shall 


call it the quasi short distance which is defined by r20.5y and more concretely 
we shall use the corresponding structure as the name of the outer structure. 


On the contrary, about the problem of structure at a very short distance, 


defined as r<0.5y, we have neither any experimental information nor any reliable 

theory. As we cannot expect a detailed analyses at the present stage, we must 

be satisfied with the semi-phenomenological analyses which are ‘suitably taken. 
One of the sources from which we may deduce the information about structure 


at this region would be the problem of the mass of elementary particle, specially 


the problem of mass-difference between nucleons. . 


Notwithstanding the fact that it has been considered necessary to explain the. 
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mass-difference between nucleons by the electromagnetic field reaction, we could 
not get any success of this justification. And also the mass-differences between 
sigma triplets are too large to get any satisfactory answer. 

The mass-difference of nucleons was at first analysed from the standpoint of 
the cohesive field.” This attempt seemed to give a good result at the beginning, 
but after obtaining the detailed analysis, we could not realize the experimental 
value regardless of the role assumed by this cohesive field.” An attempt of its 
explanation was made by introducing the anomalous magnetic moment interation 
besides the usual interaction.” As the result is very sensitive about the cutoff 
procedure used, we obtained the result only by taking the weak cutoff. On the 
contrary, if we would use the exponential shape of the form factors with 
the experimentally confirmed mean square radius of (7?)=(0.8y)’, we could get 
only result with wrong sign and smaller magnitude comparing with the experi- 


10).11) Also a similar result was obtained” for the same attempt of 


mental one’s. 
sigma’s.”’ These results, as several authors have written, seem to give the im- 
pression that we shall have no success in this problem in harmony with the 
present knowledge from the electron-nucleon scattering. However, these conclusions 
have no ground, because all these attempts are standing on the careless treatments 
about the nucleon structure. We shall pick up the main defects of these attempts. 

The first thing which we must bear in mind is the fact that the electron- 
nucleon experiments with the present available energy cannot always be restricted 
to any possible shape of form factors: the exponential shape is only one of the 
examples. We have started this analysis with this question, and also recently 
Hofstadter stated a similar question.” There still exists many possibilities of 
selecting form factors which can realize the experiments, and we can show that 
all requirements of the experiments are arranged to some concepts of shape-inde- 
pendence. As a small modification of the shape in the quasi small distance may 
give a distinguishable different contribution when we extrapolate it to the very 
short distance, we must make very cautious extrapolation of the form factors to 
the very short region r<0.5y. ; 

The second is that we must analyze, at the very short distance all possible 
effects : these effects consist of i) the effect of the change of form factors at short 
distances which cannot affect the experimental results, ii) the effect of the charge 
form factor of neutron and iii) the effect of the higher order corrections of the 
strong interactions. Some of these parts were also considered by some authors. 

The first part of this paper is devoted to reanalyse what knowledge is at 
least drawn from Stanford experiments at quasi short distance and we shall show 
that they can be replaced with some shape independent concepts (§ 2). Then we 
examine the physical quantities which are suitable for analyses of the structure at 
extremely short distance and introduce a trial model’ which is helpful to study 
them (§ 3). The mass-difference of nucleon is analysed by using this trial model 
and we can show that there exist some solutions to this problem (§ 4). The’ 
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mass problems of other elementary particles are also discussed qualitatively, with 
the thoretical problem of structure which we shall confront in the near future 


($5, $6). 


§ 2. The outer structure and the concept of shape independence 


The electromagnetic structure of nucleon at the quasi short distance defined 
by 7r20.5y has been analysed in detail through the experiments of electron-proton 
and electron-nucleus scatterings. According to these analyses, we have the following 
conclusion :’” 

We assume the modification of the electromagnetic current of nucleon as: 


eg’, (q) =e Es (q’) Rese hae (9) aot | 9 


2 
(4 oa 2 q! +7 9 1—t 
-F oM fp E Fy, (q ) ey Pn Fs, (q’) 2 2 | Fe O wy qd , (2 5 1) 
where 
ape ae 
CO uy Pe (Ger Hip Ns a) CZ ; 2) 
at 


and # and ¢ are nucleon field quantities. F,,(g°) and F,,(¢) are the charge-form 


factors, while F.,(g’) and F,,(q’) the moment-form factors with the coefficients 


of anomalous magnetic moments e//,/2// and ey,/2M, where suffixes p and refer 
to proton and neutron respectively. 


Then we have 
i) The total charge of neutron is zero, while the total charge of proton is 


e and the total anomalous magnetic moments of proton and neutron are given as 
€f'p/2M and ef,/2M respectively. This is equivalent to 


F,,(0)=0 and F,,(0)=F),(0) =F, (0) =1. (2-3) 


ii) The charge-form factor of neutron is almost negligible up to ¢~=9y~* 
comparing with other form factors which are almost equal, up to @S20y. This 


means : 
F,,(¢) 0 (2-4) 
and | 
Fy, (Q) = Fp?) = Fin) (= R(G))., (2-5) 
iii) The mean square radius of the charge-form factor of neutron is con- 
sidered as 


ri Sly). (2-6) 
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(ry 6-21) = [0.800.047 9" (2-7) 


iv) The experimental results can be realized by using the exponential shape 
for the charge- and moment-form factors of proton and the moment-form factor of 
neutron. 

- However, the last statement seems very weak compared with others, because 
the form factor which realizes the experiments so far cannot be restricted only to 
the exponential shape as there are still many possibilities (almost infmite) for 
selecting the shape of form factors. This fact should be taken into consideration 
at the very beginning of the analyses. Only one question appeared from the 
standpoint of the current meson theory. As far as the present experimental infor- 
mation is concerned, we can decide the form factor neither as the exponential 
shape nor as the one which the meson theory may give. This question suggests 
that we should start this work. Moreover, Hofstadter recently raised some other 
examples of the form factor. 

Even though the experiments are being done very carefully, the information 
available to us is not so sufficient enough to enter the details of form factor. In 
fact, if we arrange the conclusions sketched above, we can summarize them as 
the following three evidences : 

[A] The total amount of charge or moment distribution can be normalized 

either 1 or 0. 

[B] The mean square radius of the distribution is given a definite value, for 
instance, (r?)™(0.8y)* for the charge distribution of proton. 

{C] The partial amounts of distribution in the region r=0.5y are almost 
constant and it becomes 60% at r~0.5y, with the exception of the 
neutron charge distribution. 

In order to illustrate this, we can define the proton charge distribution as 


4nr*p(r) =, \ dq F(q’) expiq-r. (2-8) 
The statement [A] is given by 
\42r*e@)dr=FO) =1, (2-9) 
y 
which corresponds to (2-3) and the statement [B] becomes 
dF (0) | 


wee) 
corresponding to (2-7). Both statements have been frequently discussed. 

All efforts which Stanford’s group has made by using the very high energy 
electron beams are concentrated to the statement [C]. In order to grasp the iagctene 
idea, we raise the value of the partial amount of distribution defined by 
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Ons \ Arr*o(r)dr (2-11) 

at r~0.5y for the various form factors which can realize the experiments. In 
Table I, the form factors which were excluded by experiments are also described 
by the mark X for instructive purposes. The values of distribution at this point 
are also shown. From this table we can note that the partial amount of charge 


Table I. Distribution and its partial amount of various form factors 
(xX means the form factor which is excluded by experiments.) 
ee ee ee eee 


2 
| disribution 4772 p(r) partial amount Q(7r) Q(0.5y) ieee ee 
| TM 
. ra «r2) 1/2 re ) chan 
(r/o) b=) + ——. —— } e-(r}d) 0.62 1.2y1 
Exponential Dpe ¢ b Ce (4+ 5 Age e | yy : 
cl | Beste ate 1 : a 
emente q ee) = (7d) 0.61 1.3y71 
~Villi 5 : (1+ FA Je y 
2=-. 
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5 2571/2 | a8 
Yukawa* eri) eter, (1+ ; Jeroin 0.50% | LOy2 
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——_——-¢e-(r-a@)/b r>d L=(HB) ae Z 
ola aie 62(1+d/b) 3 = ee er-a/b  r>d 0.62 L1yr ¥ 
ie d=0.225y b=0.301y 
ose ean? = en (r/9) (oe en-(r/b) 0.41* | 0.8y72 
ukawa 
: 1 ae ele i t A, 
lice SR maa acaba eo-alh r>d 0.62 ~} 2.2y-t 
+Zero core d=0.44y b=0.40y : Fee 
desdy oot * Best 
oA >t 
Two Yukawa Panes! Searcy ea Pays ee 0.62.) |" howaniee 
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* This model will be discussed in next chapter as a trial model. 


distribution is better than the magnitude of charge distribution for selecting the — 


suitable form factor. 


bot The statement [C] can be explained as follows: We can get: 
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by using (2-12), (2-9), where the function with bracket in the last integrand 
has a sharp maximum at kr=2.1 if r4#0 and decreases rapidly at kr=40, Then 
if the function F(%’)& should be a decreasing function (not necessarily monotonic, 


especially at the region kr=4.0) its main contribution to the partial amount should 


come from the value at 
Epa OD (2-13) 


and (2-12) can be approximated by 


4.0 
2 


O(n) =1=— 


71% 


FL@t)'/r']\ da} ous fe net | 


0 


~1—1.6 F{(2-1)2/r?]. (2-14) 


Therefore all form factors which can realize the experimental data up to > =20y~° 
have same definite values down to r~0.47y and the partial amount of distribution 
at this point is given by 


Q (0.47) ~ 0.60 (2-15) 


in virtue of F(20y~*) 0.25. 

Also it is instructive to point out that the relation (2:13) is more practical 
than the usual conversion kr=1 when we construct the picture in the usual 
space from the experimental information, that is, if we get the information 
up to ¢~=20y~", we can only have some knowledges down to r=0.5y instead 
of r~=1/)/20V~0.2y. Then the usual arguments about the validity of quantum 
electrodynamics are incorrect because in order to obtain some information at 
rS0.3y, we need the energy of 2 Bev, instead of 1 Bev. 

Now the statements made above can be expressed by (2-9), (2-10) and 
(2-14) and further, if we restrict only the monotonic decreasing form factor up 
to g~20y"*, we can summarize them as the shape independent requirements 
(2-9), (2-10) and (2-15). Then we can conclude that any monotonic decreasing 
form factor which satisfies these requirements is in agreement with the Stanford 
experiments. ; 

It is notable that we do not use any detail shape of distribution in our re- 
quirements. Though the distribution seems to be on intuitive quantity, it is not 
the case for analyses of the structure. The value of distribution in the quasi short 
distance is too sensitively dependent on the particular type of the form factor to 
deduce any conclusion from it, as easily seen in Table I. While in the short 
distance its small variation gives a remarkable difference for the form factor. In 
its place by taking more effective physical quantities we would obtain the concepts 
of potential and field strength which are determined uniquely by knowing the 
partial amount of distribution. ie 


i 
Using the spectral representation of form factor with the weight function g (n”) 
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the quantities of distribution, partial of distribution, potential and field strength 
are given by 
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respectively. 
We can get some information from the low energy experiments about the 
coefficients of expansion of g° of the form factor 


ve r O} 
FG ep Da (2-21) 
T Wi Tas Mm 
Information about the first term determines the total amount of distribution Z 
e yee he 
Q(0) = =| FATALE (2-22) 
rie mm 


and correspondingly determines the leading standard values of potential and field 
strength 


Vo(r) =Q(0)/r, Ex(r) =Q(0)/r’. (2-23) 


A determination of the second term restricts the totality of deviation of potential 
from the standard form irrespective of its detail deviation” 


|ax0V(7) rdr=4\ dnt gey, Vin =Vilr) —e V(r): (2-24) 
m 


If the energy is increased, we can get information of field strength at a point 
of r=2.1/g, that is information about the deviation of field strength 


sE (71) = 2 Er) peace: 
r 
and correspondingly we can obtain the partial amount of distribution from 
OWS eel). (2:26) 4 
i * We don’t include the case in which the form factor tends to some finite (infinite) value . 


at extreme high erergy, but this case can be realized by the limiting case. 
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Then if we could get all the information about field strength down to r, we could 
determine the potential at 7. Summarizing this information, we shall arrive at 
the point where the shape of distribution is presumed. 

Though the procedure seems to be very trivial, this is necessary and essential 
for the analyses of structure, especially in the region where the experimental 
information is poor or beyond the present experimental techniques, because in the . 
very limited region, the numbers of the effective physical quantities might be very 
much suppressed. 


§ 3. The inner structure and the proposal of a trial model 


Unfortunately, we have no suitable theory which can predict the inner structure 
_ of elementary particle at a very short distance beyond the region of the present 
experiments. Even if we should apply the present theory to this region, this is 
only an extrapolation which is less reliable. Then though we are obliged to 
postpone the detailed knowledge about the inner structure at our present stage, we 
can guess what properties are at least helpful in finding a clue to this problem. 
f Let us consider the extreme short distance, where the form factor (2-17) can 
be approximated by 


F(g*).= BUSES: dm’ 9 (m*) — 


ae a LY dmn?mi gn’). (3-1) 
Then our aim is to know the first (and if possible the second) coefficient of this 
_ expansion. Since we can show that the first coefficient represents the field strength 
due to the negative distribution in the neighbourhood of the center of the structure 
in virtue of the expansion of (2-20) by short distance ™~0* as 


0) — Tg) da 0 ( 2 2 
on oh, ds oe aes ~~ \ dmg (mn), (3-2) ** 


one of our aims is to get some information of this quantity. This seems to be 

_ possible, and we shall limit ourselves only to this first term at our present circum- 

bh stances, 

: In order to know this quantity, we construct a trial model which is its rep- 

ies resentation, i.e,, a trial model which represents it as a parameter. The role of a 
rie trial model thus introduced, is not to deduce some detailed information about the 

inner structure, but to represent a characteristic which the. true model would have. 


* The expansion. of (2-20) by short distance r is not allowed for the weak converging form 
factor such as the singular Yukawa shape. In this case we need some modification as will be done 
in Appendix II. 


** Strictly speaking, this equation holds only approximately. For the case of small but finite 
r, we must take into account the further expansion terms as 
T0 
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Then it must be understood that it is only a representative of various form factor 
models which are in conformity to this trend. 

We can take one of them, as simple as possible; for instance, it must have © 
at least four parameters such as 


& ae Gy 


F(q’) ca 2 2 2 Nov 
gq +My g+my 


(37 3) 


The requirements which a form factor must have are three statements [A], [B], [C] 
of low energy region, which correspond with (2-10), (2-11) and (2-16). Thus | 
we can obtain the following form factor 


1-4 t 1-4 1 
OR CSS id cl rE ag (3-4) 
Ay—4, 1+24aq 4-4, 1+24,a'q ; 


where a’?=(r*)/12 and 4, 4 are dimensionless parameters which satisfy 


AyAy— 3 (40+ Ar) 1s 220; hg 24, = 0; (3-5) 


due to statement [C]. 4%, 4, must be positive in order to exclude the unsatisfactory : ; 
singularity. By using this trial model, (3-2) is represented as . 
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while 7, is determined by (3-5) within a region of 1/2470... The case ob 4 ti 
jj=/,;=1/2 corresponds to the exponential shape, while others of 4=5/6, 4=0 
Clementel-Villi’s shape.” Correspondingly, we can take any value for the quantity = 
1 Pa ee i>: 
(3-6) within a region of i tile 
co = 4_O(1)/10 = 9. | (3:74), (oe ley 
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The distribution and partial amount of distribution are given by 
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yd (aye ORD 5 zip ea 
fag) Sk i m  [1+q?/m?][1+24,a°q?|[1+24,4'q"] 
& where 
: Bla es ar iay oo ota rn Ay +41) (3-12) 
= \dm g(m’*) RENO i (A+) |, 


Fig. 1. The behaviors of the form factors in momentum space 
Solid line means a trial model proposed here, broken line the 
exponential shape and dotted line the Clementel-Villi shape. 


Table II. Values of form factors 


q | exponential trial A4y=0.82 Clementel- Villi 

0 1.0000 1.0000 1.0000 

2 0.8165 0.8186 0.8189 

AES 0.6792 0.6846 0.6852 

6 0.5739 0.5817 0.5826 

8 0.4913 0.5002 0.5013 

10 0.4253 ~ 0.4341 0.4353 

12 0.3718 0.3796 0.3806 

14 0.3277 0.3338 0.3346 

16 0.2911 0.2948 0.2954 

18 0.2603 ©) 0:2614 0.2615 

20 0.2341 0.2323 0.2320 

22 0.2117 0.2068 0.2060 

24 0.1923 0.1844 0.1830 

26 0.1755 0.1644 0.1624 

28 0.1608 - 0.1467 0.1439 
30 0.1479 0.1307 0.1273 
a a 0 a ee es eee 


POP era es yininy: 


On the Electromagnetic Structure of Nucleons 339 


4tr’olr) 


Fig. 2. Charge distributions of the form factors 
Solid line means one of a trial model, 
while broken line and dotted line mean 
ones of exponential shape and of Cle- 
mentel-Villi shape respectively. 


| dnt mg (nt) = een tat Sey Be hy ety cas lle : (3-13) 
As the remaining function F,(q’) satisfies 
F\(0)=0, dF,(0)/dq@=0, (3-14) 
if we add a requirement of (3-5), all effects of F,(q°) up to g=20y~* may be 
negligible. Therefore even if we would assume 
F,(q@) ~0 for all ¢ (3-15) 


as our trial model (3-4), the value of (3-12) (or (3-6)) might retain without 


change. 
Though we also have quantities such as negative charge at origin 


0.20 > 4_O(m) 0 


and at the distance where distribution becomes zero 
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del, this information depends too sensitively on the details 


by fully using a trial mo 


of a model used to be taken as reliable. The general features of this trial model 
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are shown in Fig. 1 and Table II for its momentum dependence and in Fig..2 
for its corresponding charge distribution. For the sake of comparison, we also 
raise both extreme cases, i.e., the exponential shape and Clementel-Villi’s shape. 
The differences between these shapes cannot be detectable at less than g’=30y~°. 
% These differences may appear at about 1 Bev, through the higher order radiative 
corrections of Rosenbluth’s formula, because the main difference will come from 
the intermediate states with high energy. The detailed estimations are now being 
done by other members of our group, S—N." 


4. Mass difference of nucleons 


wm 


Since the structure of extremely short distance would be closely connected 
with the inherent natures of the elementary particle, the information could be 
taken by considering the critical problems where the elementary particle reveals 
its essential characters; such as the problems of mass, and anomalous magnetic 
moment, and the phenomena of its creation and annihilation. 

In order to show this procedure, we take the problem of the electromagnetic 
mass difference between neutron and proton as an example, because we are in a 
better position to solve this problem than the others. 

For the mass difference of nucleons, we must consider the following three 

_ effects which seem to be related with the structure at extreme or very short 
distances : 
i) the effect of changes of the charge- and moment-from factors of proton 
and of the moment-form factor of neutron at extremely short distances. 

ii) the effect of the charge-form factor of neutron. 

iii) the effect of the higher-order corrections of the strong interactions which 
is not included in the previous form factors. 

i) Effect of changes of form factors at extremely short distances 

Let us start with the electromagnetic interactions of nucleon (2-1), by assuming 


Fy Y) = Fy (V) = Fn () =F), Fin(g?) =0. (421) 


The calculations are done by using the second order perturbation in e. There 

seems to be no modifications if we use a fashioned dispersion technique for this 

problem. Detailed discussions about the calculations which are based on different 
standpoints are raised in Appendix I with their results. 

Using our trial model (3-4) for F(q*) with a fixed mean square radius 
(r*)= (0.80), we get the mass difference as a function of the field strength of 
‘negative distribution at near center J_Q(1)/r@. The result is shown in Pigs) 
where the solid line is the result based on the calculation [a], which we consider 
to be the most reliable procedure and the dotted line is based on [b], which is 
not only numerically, but also theoretically less reliable. 

It is very clear from this result that the mass difference can be realized in 
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Fig. 3. Mass difference of nucleon dues to the change of inner structure 
Solid line means result of calculation [a], while dotted line result 
of calculation fb]. 
harmony with Stanford’s experiments contrary to previous authors. 
If the origin of the mass difference would come fully from this effect, we 
should have the field strength of negative charge at near center of nucleon as 


A_O(r) /reg =~ 30~40y~. (4-2) 


The corresponding values of negative charge amount and distance of its distribu- 
tion are given by our model as 

4_Q(m) ~10~20%, m= 0.05~0.1y. (4-3) 
The shape of its distribution has been raised in Fig. 2. 

From this result, we can conclude that the exponential shape of form factors 
with (r?)=(0.80y)’ is unsuitable. If we want to realize (4-2) by using the 
exponential-like form factor, we get 

1 1.6a°q¢° 
F 3 os GEL (4-4) \ 
—TyO2a¢g? [+020 | 
which cannot fit the Stanford’s data because it decreases too slowly at high energy. 
It is interesting to note that the contribution of the first term to root mean square 


radius is 
(11) = 0.45 Cr) = 0.36, (4-5) 


which is just the same value deduced by Hiida-Sawamura.”” 


ii) Effect of the neutron charge-form factor 
The information about the charge-form factor of neutron is rare. However, 
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we can select the form factor from what is available within the experimental 
‘errors so as to give a good contribution to the mass difference. This statement 
was taken by Cini et al.” There is no restriction for the choice of this form 
factor at our present stage. 

A speculation which we present here depends on an assumption that the 
neutron may have a similar structure as the proton at near center, because the 
presumption that all elemntary particles have similar nature at their center would 
be very reasonable. 

We take the charge-form factor of neutron so as to give the value to the 
field strength at near center, 


4_ OQ (7) AS 3 i Ree ) rive 2 , 
EO spl et Ad], (r°)= (809) (4-6) 


then it becomes 


eerie a [ 1 1 | 
Fone rhe 0 1 — 5 4: 
n(Q) Dah, 14+24@q@ 14+2h,a°¢ ye 


where a’=(r°)/12. The mean square radius (if we define as (r;)=—6dF,,,(0)/ 
dq) is given by 


(rey =[1— Ao+4) X77). (4-8) 
Table III. Values of the assumed form 4M(m.) 
factor of neutron charge 
Tae 4 
@ F,,(q2) 4p = 0.65 
0 0.0000 3 
2 — 0.0046 Pete ERE RARE DN ERE LAY 7: PN a 
4 —0.0078 3 
6 —0.0099 
8 —0.0114 
10 —0.0124 t 
12 —0.0131 
14 —0.0135 ob 
16 ~0.0138 304 Qtra\/r8(10*em-2) 
18 —0.0139 
20 —0.0140 ae | 
22 dy. ' 
oy ef nisin D0.195 0.3 — 0.322 (r5(10-“em) 
eke 0.57 \ 0.78 080 081 0.82 ; 
26 —~0.0138 0.7 0.75 SOR 
; 0.0137 Fig. 4. Mass difference of nucleons due to 
0 —0.0135 effect of neutron charge-form factor — 
NE 


Solid line means it, while broken line 
the total sum of contribution of all form 
factors. 
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The effect of this form’ factor is shown in Fig. 4 with the solid line. The 
dotted line is the total contribution of i) and ii) by assuming the exactly same 
value of the field strength 4_Q(7))/7;° for both nucleons. 

_ This assumption is based on a somewhat large mean square radius for neutron’ 
-G/ (rn) ~0.30y), but it is not strictly excluded by the present uncertain result. 
However, as there is no reason for us to believe that the inner structure of neutron 
is just the same as that of proton, we can take a smaller value of m.s.r. such as 
(Tn)S(0.1y)*. Then it is possible for us to conclude 


4_O(n)/te Sly for neutron charge-form factor, 
2097? S 4_Q(m)/re? S40y-* for other form factors. 


For this case, the effect of the charge-form factor of neutron is very small. 
ii) Effect of the higher order corrections of strong interactions 
Though the main part of the corrections of strong interactions is taken into 
account by using the form factors which enter the electromagnetic interactions of © 
nucleons, this is not sufficient, because the pion-nucleon interaction gives at least 
some contribution, as sketched in Fig. 5, to the mass difference. 


n 
x ; te eis es Ste \ = \ 
a a Pp Dim n 
fie 
s ) G “Gc G G V2 
n n 
Ma eee a 


—— nucleon line, ss. pion line, + photon line. 


(4-9) 


Fig. 5. Contributions due to pion-nucleon interaction which are not ineladed 
in the form factors 


Estimating the main contributions of these diagrams, we have 


4,=0 | (4-10) 


d [GoM ae 
Ay —4M Oe 4-11) 
| Bese at aN | dg An MEP ( 
Ay, Ee gs Besse ae (4-12) 
SRR can ea Poe Me oe | 


where 4M means the mass difference of nucleons and G’/4z and A are constants | 


of coupling and cut-off respectively. 
As the results give divergent quantities which we cannot exactly evaluate, if 


we use G?/4n~15 and A~M, we get such large values as 
Gh tae 78 4,~ 1.8m. (4-13) 


- However, since the perturbation calculations may give unreasonably large values 
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concerning the nucleon current interactions, as the case of nucleon anomalous 
moment and may sensitively depend on the cut off used,* it will be safe to esimate 
this result less than one-tenth of these values, that is, 


Gea Ue Tiss (4-14) 


The contributions from the kaon-nucleon interaction would be negligible owing 
to its relatively small coupling.” 

Even if we can presume these contributions to be a Ait there is no reason 
to conclude that the higher-order corrections are completely negligible. This un- 
certainty may affect our presumption about the inner structure of nucleon. 

Summarizing the above effects, we can conclude as follows: If we take the 
following standpoint : 

i) the effect of the corrections of strong interactions seems to be negligible 
or at most small. 

ii) the effect of the neutron charge-form factor may be negligible or at most 
in the same order as the other form factors; the inner structure must give at least 
a non-zero value to the field strength of negative distribution at near center 


4-O(r) <9. (4-15) 


But more detailed estimations of the corrections of strong interactions are necessary. 
The effect of the charge form factor of neutron might be changed by a different 
standpoint, but it seems to be reasonable to take generally as 


AOC?) 1a) 05 (4-16) 


19) 


(Schiff’s model of neutron charge-form factor” gives zero.) 


§5. Electromagnetic mass difference of other elementary particles 


It is interesting to investigate the situations of the electromagnetic mass dif- 
ference of other elementary particles in accordance with our method presented 


here. Since the detailed accounts will appear later, we only briefly sketch them. 


i) Mass difference between hyperon:sigma triplets 

Our method can also apply to this problem without any modification.” In 
order to get the experimental mass difference My-—Myo™5 Mey, Ms-—My+~7 
Mev, we modify only the amounts of inner distribution assuming that the outer 
distribution is exactly similar to nucleons. As the information about these particles 
are very scarce, we must consider the following. possibilities; 


i). ? Case, oF (0, ay 0s 
ii) Case of u_>0, %<0, 
in) Case of = 0 25> 0; 


* dp+c may become negative when the cut off increases. 
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iv) Case of “<0, pps0, 
where #_ and #% are anomalous magnetic moments of S*- and >! respectively. 
For cases of i) and ii) we can realize the experimental values only by assuming 
the same structure for these triplets with a restriction of |f%|<1. While for the 
case of iii) the same result is obtained by using the different structure for S$” 
and for the case of iv) by using different structures for all triplets. 

1) Mass differences between pions and between kaons 

For the boson case, as we have not yet such reliable information as we have 
about nucleon, we only take the simple form factor such as Yukawa’s or exponen- 
tial’s.» In order to deduce the pion mass difference, it is sufficient to take the 
following hamiltonian, 


H,=ie (6* 0,d—9,6*-4)A,G,+e'6*4A,?G/, (5-1) 
where ¢, 6* and A, are field quantities of pion and photon respectively. For the 
sake of simplicity we omit the symbol of integration and the reader may under- 
stand it schematically. If we use the Yukawa shape for form factor G,, we can 
realize the experimental value by taking (r?)™~(0.5y)’. 

On the contrary, the mass difference of kaon which has recently been reported 
is somewhat inadequate from this standpoint, because a similar interaction such as 
(5-1) cannot explain its mass difference Mxo—Mx,+™~4.8 Mev. Then we are 
obliged to introduce the following interactions ; 


Hyon =ie (6*-0,6—9,0*-6) A, G, +e O* GAG? + 16 (9 *-3,4—3, 6*-3,9) Fur Gr. 


WW 
(5-2) 
The last new term which just corresponds to Pauli’s terms of nucleons were once 


proposed by Nakano and Miyachi and it is justified in accordance with the nucleon 
Pauli terms. We can easily show that the introduction of this term is equivalent 


to the modification of the inner structure. But this is not sufficient for our pro-_ 


blem, because we still have results in the wrong signs. The essential change we 
propose here is to introduce another interaction for neutral kaon such as 


K neut = (9,,o* y 0, by —9, Gy* 0,90) oe G,, : (5-3) 


where ¢, and ¢,* are the field quantities of the neutral kaon. The reason for this 
possibility depends on essential different natures between kaon and pion, because 
we must distinguish the neutral kaon from the neutral anti-kaon, while we identify 
the neutral pion with its anti-pion. If we assume the form factor G, as exponen- 
tial shape with (r?)~(0.5y)’, we can explain the kaon mass difference by taking 
tg Kg Os 
iii) Mass differences between leptons 

Mass differences between neutrino, electron and muon are the most curious 

facts in this branch. The difference between neutrino and electron can be explained 
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by non-local modification of the electromagnetic interaction or by weak interactions 
as clarified collectively by Katayama, Taketani and Ferreira.” The problem we 
must now consider is to find a way for explaining the mass difference between 
electron and muon. 

If we start with massless leptons, the only way to explain their mass dif- 
ferences is to introduce Pauli’s terms with different structures besides the usual 
minimal electromagnetic interaction.” There is a reason for introducing such 
terms, because of the discrepancies between the experimental values of the anoma- 
lous magnetic moments and their theoretical values for both muon and electron. 
The discrepancies maybe : 


(Mexp— Hin) €/ 2m, = 107° e/2m, for electron, 


i and 


] ae SH fy ~ Oh 
(Hexp— Um) e/2m, = 107* e/2m,— 10 e/2m, for muon. 


This fact may compel us to introduce new Pauli terms with a universal constant 
10-*e/2m,. Then the main reason for the mass difference between muon and 
electron is attributed to the difference of their inner structure. Unfortunately, the 
explanation of this problem cannot be restricted to the form factor. It will be 
necessary to consider other phenomena which might be related to it. 


§ 6. Discussions 


The analysis presented here may become a help in understanding the structures 
of all elementary particles. As the clear determinations of the inner structures 
are achieved not only experimentally, but also by field theory, we must consider 


them by the semi-phenomenological way proposed here. Though our analysis is 


devoted only to the mass difference problem, a similar analysis must be accom- 
plished for the other phenomena. 

It seems to be very probable that we arrive at some proper concepts of the 
essential structure which we can understand as the core of elementary particle. 
Sooner or later we shall be compelled to construct the theory of structure. Then 


it is not vain to presume here the general features of this attempt. 


Some existential standpoints of the structure of elementary particle have been 
taken from the non-local field theory” and the non-linear field theory.” Unfortu- 
nately, we have not succeeded in constructing the dynamical theory of the structure 
itself, though the non-local field theory was based on the existence of the elementary 
particle structure and though the non-linear field theory could verify it classically.2®?” 
If we should try to formulate them along the line of the quantum theory, we 
might be confronted by many difficulties; for instance, the necessity of indefinite 


metric,” the violation of causality,” the non-existence of displacement operator,” 


and so on. 


However, it is very doubtful whether we can consider the elementary particle 


a | 
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structure quantum-theoretically, because we cannot accept its partial creation or 
annihilation. 

The only applicable object of quantum theory is the structure as a whole and 
at the inner region of the structure we may have completely different mechanics. 
Therefore it is probable that at this region we may be obliged to throw away 
some parts of observable quantities (which usually are acceptable) in the outer 
region as meaningless. But we hope there still exist some observable quantities 
applicable in the inner region as similar as in the outer region. For instance, 
this paper has shown that the concept of field strength may a more important 
role in this region than the concepts of distribution and potential. In the inner 
region of structure, the weight of each point or the space-time order of each part | 
would be less meaningful and in their stead only effects of structure as a whole 
might be important. 

The mechanics governed in this region would be those of the unquantized 
field or of the anti-quantized field which may play a role of cut off on the usual — 
quantization at short distance. There is no necessity, neither for the definiteness 
of metric nor for causality. The mechanics would be very similar to the ones of 
collective movement or of fluid instead of particles. Attempts to this approach | 
must be concentrated to the question of how we can localize many difficulties 
appearing in the present stage to this region in order to construct the new mecha- __ 
nics. This question seems to be very closely connected with the modification ‘of. 3a 
space-time structure in our elementary particle world. a al 
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Appendix I. Calculations of mass difference of nucleons ogee cy ae 


For the mass difference, our calculations are based on the second order per- BN ae 
turbation of the electromagnetic interactions of nucleons which contain the form _ 
factors. Concerning the electromagnetic interactions this procedure would give — ie 
good results, and even if we would use a dispersion technique, the result might 
not be improved so far as the lowest configuration approximation 1s concerned. pee 
Unfortunately, however, we have no satisfactory theory including the so-called — W 
! non-local interaction. Judging from this situation we are obliged to take the three by 
following standpoints tentatively, one of which will be verified in the near future. Ay k 

a) Case of the form factors which depend only on the square iby 
of spatial momentum at the rest system of nucleon et 

In this case, we define our form factors as | es 
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1 g (m’) 
F(q’?) =F (q¢’ =+ lam ee (A-1) 

(q) (q’) = ae 
with real spectral function y(m’”). Though the result becomes convergent by this 
form factor, there is still a question about the gauge invariance at short distance 
where the structure plays an important role. The relativistic property may be 

satisfied if we take its argument as 

2 
rag (0 


where / is the four-momentum of nucleon, because it becomes g° at the rest system 


(A-2) 


? 


of nucleon. 
The result was already calculated by Hiida and Sawamura, which are given as 


2 
iM, =~ — ere LO—J[O—J), 
T 


7 


Sih, SE ay, (A-3) 
Ar 713 
2 2 
0M,,= — gem of M 1”; 
Ar A 


where 0M,,, 0M,, and 0/M,, mean the self-energies due to the charge-charge, charge- 
moment, and moment-moment interactions, and coefficients will be tabulated later. 
b) Cass of the form factors which are defined regular 
on the complex momentum plane 
We introduce the form factors 


ey 
F(q’*)= eee ; .g(m’) real, (A-4) 
which correspond exactly to Feynman’s relativistic cut-off procedure. However, if 
we intend to make a consistent theory of this procedure, we are compelled to 
introduce some kind of indefinite metric in our formulation, because our hamiltonian 
becomes non-hermitic due to the complex character of the form factor. This would 
be a fatal nature to the non-local interaction theory in order to get the finite result 
without destroying the gauge invariant requirement. 
The calculation was done by Cini et al., and they got 
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with coefficients which will be tabulated later. 


c) Case of the form factors which are defined only on the real plane 


In order to maintain the relativistic and gauge invariant requirements, we also 
take the form factors as 


tr yt anne 
Rigi p dm? Jim) (A -6) 
Fea gtm 
where we define it by principal value at g=—m’*. Though this procedure seems 


to be more satisfactory than from a formal view-point, unfortunately we cannot 
get any finite result irrespective of the shape of form factors, because of the 
incompleteness of cancellations of divergent terms. We cannot get any counter 
term which cancels out the fluctuation energy of photon. Then we only raise the 
result without discussing their numerical values, 


SM = £ on [4K2+4 log2K.-D%+2L+3L9432W%+8W—4W?], 
via 7 : 
AN < AM [log2K.-D°+8W—2W), (A-7) 
3M = ——°— #M jogo K.,. (3D + D®) 4324 WO_ Wo, 
Ag V67 


where K,, means dimensionless divergent quantity. 
All coefficients which appear in (A-3), (A-5) are expressed by the following 
15 quantities : 
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and 


Ee Be as : 
Se | tan” / pe = =| tor: Atay 
'y 4 
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In these expressions, we take 4=m°/M”. 
a * The weight function for our trial model is given by 


Bh oi. ge el ioe ye 
oahee A—A, 24M? a’ 24).M? a? Ay—4, 24,M’a 24, M’a 
. (A-10) 


¥ Appendix II. A trial model of superposition of 
ea 3 singular Yukawa shapes 


The general arguments described in this text cannot exactly apply to the case 
of singular Yukawa shape of form factor, because it decreases weakly at g’—>00. 
pis _ Then the discussions of (2-17)—(2-21) do not hold. In order to apply them, it 
a _ is necessary to enforce the damping character of form factor by using some device. 
ty ‘Therefore for the superposition of singular Yukawa shapes, we need more param- 
eters than those of the Yukawa shape. 

Let us take the superposition of three singular Yukawa shapes 


Roe wt } 3 


F(g*) = 3} tan"qh,, (A-11) 
; t=1 Qh; 
where b;=4,(r°)/2. Then the required condition which we propose here is 
: : 
: a raag (A-12) 


which can remove the singularity of the field strength of the negative distribution. 
at near center. | 
The partial amount of distribution and the field strength are given by 


3 
O (r) = 2 G evrlra. 
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The requirements of [A], [B] and [C] are expressed as 
3 
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Even if we use (A-12), (A-13) and (A-14) for adjusting parameters, there still _ 


remains one parameter to be free, which seems to be useful in getting other — 
information. 


A trial model proposed here is very similar to those stated in this text. In 
fact, as this model becomes 


in virtue of (A-12), we can approximate it as 


which is nothing else but a trial model as stated previously. 
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Mass Difference between the Sigma Hyperons 
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The problem of the mass differences of the triplet sigma is discussed within the general 
standpoint of the electromagnetic structures of elementary particles. 

As the present data about these particles are very poor, we consider many possibilities 
for the values of the anomalous magnetic moments, especially those which according to meson 
theory have a reasonable magnitude and sign. Assuming the external distributions of charge 
and anomalous magnetic moments, as well as the magnitudes of these moments, the inner 
structures are guessed in order to explain the mass differences of the triplet. 

Effects of higher order corrections due to strong interactions are also discussed. 


§1. Introduction 


In the Gell-Mann-Nishijima scheme, the hyperon ~ is considered as a triplet 


state which consists of  *, 3-, 3°; these component particles have somewhat 


large mass differences as follows :* 


6M_.=M,-— My+=6.84+ 0.40 Mev, (1) 


6M_»=My-— Mx =4,45+ 0,63 Mev. 


In a similar way as for the neut 
by Feynman and Speisman,” many authors tried to exp : 
ences by assuming that they are due to electromagnetic interactions. In this way 
Marshak et al.2, Katsumori®, by the use of cut-off @ la Feynman could explain 
the mass differences 0M_, and 0M_,. For doing this, they have used extremely 


high values for the anomalous ma 
does not seem reasonable. 


magnetons, then /, 
hand, as for the moment / t 
need a coupling constant 9x/4 
cepted. And more, #- the arm.m. of 2, 
clear from the standpoint of meson theory. 


As is well known, perturbation theory gives wrong values for the a.m.m. of 


* Latest data of sigma’s mass-differences (July 1959) are 
§M_.=6.76+0.33 Mev, 6M_)=4.45+0.4 Mev. 


ron-proton mass difference, which was considered — 
lain the above mass differ- _ 
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gnetic moments (a.m.m.) of the sigmas, what. 9am 
Indeed, Marshak et al.” has shown that if we do not 
and S- greater in absolute value than 4, in hyperon 
the am.m. of 3°, must be greater than 1.5. On the ‘other ag 
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x~3, which is higher than the value generally ac- 
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the nucleons, but if we neglect the nucleon current and take into account only 
the pion current, then we can obtain good results. By analogy we expect that 
for the determination of the anomalous moments 4, and p_ of 3* and 2”, a 


good result can be obtained if we use a perturbation treatment where the hyperon 


current is neglected. Therefore we should get for /. a positive value of the order 


of the proton’s a.m.m. and for #_ a negative one of the order of neutron’s a.m.m. 
‘This situation has not been examined by the previous, authors. 


Similar considerations were made by Kato and Takeda. They calculated 
OM_. by supposing that ¥~ and Y* have charge and a.m.m. distributions given 
by an exponential form factor, with a root mean square (r.m.s.) radius equal to 
0.8 yukawa (1 yukawa=10-"%cm), which is taken from Stanford experiments 
on e—N scattering, and also assuming some reasonable a.m.m. values such as 
M=0.08 and p_=—1.74. Their result was 0M_.~0.16m, which is a rather 
small value compared with the experimental one. 

Bransden and Moorhouse” suggested that the relatively high value of 0M_, 
could be due to the appreciable mass difference between K° and K~*. On these 
lines they have calculated 0M_, by perturbation theory, assuming Jiyxn/47=4. 


This assumption however is not consistent with the value 7;/4z~0.3 deduced from 
the cross sections of K*—p scattering at energies of 100 Mev.® For this reason 


we do not believe that the mass-difference of the intermediate kaons could give 
such an appreciable contribution to the 0M/_, and 0M_, mass differences. 

} Recently Hiida-Sawamura” and Cini et al.* tried to explain the mass difference 
between neutron and proton by the use of exponential form factors, for the nucleons, 
obtained from Stanford experiments, and they got a negative result. Nevertheless, 


_ by making a critical analysis of the results of Stanford experiments, Katayama, 
__ Taketani and co-workers” (this paper is hereafter denoted by [A]) have shown 
that it is possible to obtain a correct neutron-proton mass difference by a conveni- 


ent modification of the form factors in the region of high energies, where experi- 


mental data are not yet available. They have taken, asa possibility, form factors 

_ which are linear combinations of two Yukawa functions, which, within experimental 
errors, can explain the Stanford results in the range of energies used up to now. 

_ The form factors, however, differ appreciably from the generally accepted exponential 
form factor for higher energies. 


The purpose of the present article is to explain the mass differences between 


yt: the hyperons sigma, by the introduction of suitable electromagnetic structures for 
these particles and consideration of different sets of values for the anomalous mag- 
_ netic moments, especially those which, in analogy to the nucleon case, without 
he having a very high absolute value, have a convenient sign. This possibility was 

not developed successfully by the previous authors.2:2” Assuming that 2* and 


=" have similar structures as the nucleons, in the region of low momentum 


transfer studied in the Stanford experiments, and examining some possibilities for 


0 
+", we can determine the inner structures in such a way as to explain the observed 
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According to some authors,” the principle of charge independence in strong 
interactions which apparently holds in a certain level corresponding to great dis- 
tances, could break down at short distances. Taketani suggested that this break- 
down of the principle of charge independence at high energies could be responsible 
for the appreciable mass difference between the various components of each multi- 
plet in the Gell-Mann-Nishijima scheme. However, even if there are some small 
fluctuations in the charge independence of strong interactions, these could be properly 
taken into account, in a phenomenological way, in the electromagnetic form factors _ 
which describe the inner structure of elementary particles. 


§2. Effects of change of the form factors at high energy region, 


In what follows, we shall use the following hamiltonian for the interaction — 
of the hyperons, ¢(x), (2) with the electromagnetic field A,(x), F.(«) : 
H=H,+ H,+ H;+ H,+ H; (2) 


where : 


ee —ie\dx dy B(x) 1, (2) F.(a—y) A, (y), 


Hs =| dx dy G(x) o,$(«) Fi(x—y) Fn (y), 


4M 
== ¢ F ~@) ‘ana 
Pha \da dy dz duf (2) $y) Fsay20) Fy (2) Fn (0), Qe 
H= “ae dy dz dw D (2) 76 Fis (2) Fas (wo) + |b (y) F,(cyzo), 
A aie de dy dz dof (2) 72m Tn} (y) Fis OF nn Fy (xyz). | este iZ 
5 M? ey itm in i Be, . : a BY 


in a non-local interaction which does not satisfies the requirements of microcausality, ae 4 
it is possible that (2) could be derived from a more fundamental theory where _ re 


the causality principle holds. 1 ce 
Neglecting H;, H, and Hs, whose contributions we shall discuss in § 3, we ‘aoe 


obtain for the self-mass of the hyperon up to e”: 


6M=0My.4+ 0M 4+ 0Mo. (4) ‘ iy 
where : 
eg 27e \ 2/..2 (eh M “whe 4 ‘ (5) 
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vv, i tf (Fi @)[4ipag + 4Mq'—3id?a | 4s (7) 
OM, (27)* I [—2pq+q')]l¢° : 


with g=q’—qand g=7-q. 

Calculations of Hiida-Sawamura,” Cini et al.® have shown that with the ex- 
ponential form factor we cannot explain the positive value of the mass difference 
between neutron and proton. However, according to [A] this would mean that, 
at high momemtum transfers the electromagnetic form factors should deviate app- 
reciably form the exponential one, while for low momenta they would practically 
coincide. It is well known that, for example, the Villi-Clementel’? model nicely 
explains the results of Stanford experiments up to now. In this model, the proton 
consists of a negative point charge at its center surrounded by a positively charged 
cloud of Yukawa type. Deviations from the exponential form factor would occur, 
to give an example, for electrons colliding with protons with an energy 1.1 Bev, 
for which energy we would have a zero diffraction at 140°. 

Katayama, Taketani and co-workers” have considered the problem of the inner 
structure of the nucleons from a more general standpoint. They have taken a 
certain class of form factors which explain all available experimental data for e—N 
scattering (which correspond to distances greater than 0.5y) and tried to determine 
the inner structure by attacking the problem of neutron-proton mass difference. 

The form factor of the nucleon must satisfy the following conditions : 

1) The total charge must be equal to one, i.e. F(o)=1. 

2) The r.m.s. radius must be given by (7’)= (0.80y)’. 

3) For r=0.5y it should give more or less 60% of the total charge. This 
means that the Stanford experiments give only information about the amount of 
charge for 7=0.5y, but nothing cannot say about the details of inner parts. 

A sufficiently general choice, satisfying 1) and 2), is the superposition of two 
Yukawa form factors : 


rig) tS4 : sey are : 
Ay — Ay 1+ (Ao/A) (G/M?) 4A, 14+ (4,/A) (G?/M?”) 


(8) 
where A=6/{r?)M*, 4 and 4, being dimensionless parameters. Condition 3) 
reads : 
dh —§ (Ath) +$=0, (9) 
4, lying between 1/2 and 5/6; for 4=/,=1/2 (8) reduces to the exponential form 
factor and 4,>=5/6, 4;=0 to the Villi-Clementel’s. 
As, according to the pion theory, S* and S- have external charge and 
a.m.m. distributions very similar to the nucleons, it is natural to extend to the 


sigmas, in the low energy region, the form factors which were obtained in Stanford 
experiments for the nucleons, with a r.m.s. radius of the same order, i.e. 0.8. 
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The internal region could then be guessed by the consideration of the mass dif- 
ferences of the sigmas. 

Therefore, describing the charge and a.m.m. distributions of - and 2* by 
the form factor (8) with the requirement (9), 37> will correspond to a positively 
charged core surrounded by a negatively charged cloud, while the opposite would 
occur for 2*. The parameter 4, (or 4,) gives the amount of charge in the core, 
as well as its radius, and therefore informs us about the inner region. For the 
S° we can suppose it to have only an a.m.m. distribution. No charge distribu- 
tion is considered for this particle. 


We shall restrict ourselves to the consideration of 3-dimensional form factors, — 
i.e. F(g*’) =F (gq). Under such circumstances, using Eqs. (4)~(7), we get the 


following expressions for the mass differences : 


0M_.= é AA ALO= LOL 4h, O14 ney Ae 


At 


S's) (ae Gyas g OME McD Rea Geee (C2 he ORS ay Page ERAS (10) 


2 - 
dM_,=—" MY 4L— 1.04 (84-1251) 1. +1.25¢4} 10”) (11) 


Agee 9 


where L®, J, I® for the form factor (8) with condition (9) are well defined 


functions of 4; They are given in the Appendix. We also give the expression» en 


for I® which corresponds to the exponential form factor. The lower indices 
—, + and o refer to the 3~, S* and 2” particles respectively. 
As the present experimental information about the sigmas is very poor, many 


possibilities exist as far as the structure and values of anomalous magnetic moments 


are concerned. We shall consider here only a few instances of structures which 
can explain the observed mass differences 6M_, and 0M_», and limiting ourselves 
to the case |#|<1. This last choice is connected to the restrictions imposed by 
meson theory. We shall then stress the possibility of a negative #_, witha value 


of the order of —2, which is the interesting case from the standpoint of pion — 
theory, as was discussed in the introduction. On the other hand, we shall assume 
that Y* and Y- have the same structure as the nucleons given by Eqs. (8) and 


(9), with the same r.m.s, radius.* 
Case I. Same structure for 3*, 5” and =" 


The structure will be described by the form factors (8) and (9) with the 
same 4, for all the three ~. Therefore the charge distributions of 2 > sand) Deen 


are perfectly symmetrical. In this case, 0M_. is given by 


used a value for the r.m.s. radius of Y somewhat smaller 


* Really in this article we have 
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than 0.8y. But the general conclusion 
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OM_,= (e’/47) 24 IP [3—2,5(4_— po) |, (12) 


af 
using (10), where we have taken 2/=.+m_, the functions L®,J® and I 
having the same value for all the three particles. ye 

Now, as J_” is a positive definite quantity, in order to obtain 0M_,>0 we 
‘must have “_>1.2+/ for #<0 and #_<1. 2+ for #>0. We have studied 
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Fig. 1. Plotting of 6M_, and 6M_) as functions of the internal parameter Ap, in units of e2/4z 
x M/x=1/137 M/x. Fog the 6M_, case, the choice p= —0,8 p_=2 gives a curve very similar 
to (a). 
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graphically the behaviour of 0M_. and 6M_, as a function of the internal para- 
meter 4, for different sets of values of / and /, especially those which cor- 
respond to |/|<1. In Fig. 1 we give some of them. It is not possible to realize 
O9M_,>0 with |#|<1 and »_ negative with an absolute value greater than 0.5. 
For instance, the possibility |/|<1 and ~.~—2 which seems interesting from 
the point of view of meson theory, cannot explain the positive value of dM/_», 
while for realizing the experimental 0M_. we must have > 0. 

Case II. Different structure for S° 

As in the case I, we could not explain 0M_, by assuming the possibility 
|4)|<1 and #_negative with an absolute value >0.5, we shall now consider the 
situation in which 2” has a different a.m.m. structure from 3* and 3-. 

The simplest modification would be to assume the same radius and external 
structure,-given by (8) and (9), for the three particles, but making the internal 
structure of the 3° different from the other two. 

As a possibility we can take #,=0.2 and w_=—1.8. To explain the experi- 
mental value of 0//_., we then need a common structure for ¥~ and *, charac- 
terized by 4,=0.83, and in order to explain the value of 0//_, we shall need to 
ascribe to 2° a value of 4% slightly greater than 0.833. 

Another possibility would be to suppose that 2° has not the same r.ms. 
radius than ¥* and 3-. We can describe the a.m. distribution of 2° by an 
exponential form factor for example; confining ourselves only to values of 4_~—2 
and |/|<1, we have obtained the following values (see Table I) : 
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Table I. 
Te = . ~ ifort te a s mets . an, > at ha a | 
Lo | pe Ag OM_, | 6M_y 760) [ro 
. Wee Ls ie: Tenney ans “i , : 7 Race. a ; experimen- 
0.2 a | 0.83 15 Realise a 1/35 
0.75 | —2.2 | 0.82 14.8 | y 1/6 
0.75 | —2.5 | 0.82 16 | L 1/6.5 
0.8 | De gia 0.81 4 | y 1/7 
0.8 | —2.0 | 0.82 15 | y, 1/8 


6M_, given in electron mass unit, r=0.8y=r.m.s. of nucleon, 7 =r.m.s. of 5° 
(exponentiat form factor). 

The last four rows are especially interesting, because there r is not very 
small. Its order may be the right one, as for the am.m. form factor of 2” 
the pions do not contribute. We should therefore expect for 3° an r.m.s. radius 
smaller than the corresponding one for the nucleon, as a consequence of the higher 
mass of the kaon relatively to the pion. 

Case III. Different structures for **, X~ and Ds 

As for 4% >0 and #_<0, with |4_|>/ we cannot explain 0M_,, under the 
hypothesis that Y~ and 3* have the same structure, we shall now suppose that 
the triplet ¥ has different structures. 

This can be realized, for instance, by supposing that the hyperons + have 
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the same radius and external structure, differing only in their internal structures. 
The corresponding form factor could be taken as (8) and (9), and then we should 
have a different 7, for each component of the multiplet. In this model the charge 
distributions of 3* and S~ are not perfectly symmetric. 

As an example with “4=0.1 and ~_=—2, the experimentai value of 0M/_, 
can be explained by taking 4-=0.81 for 3- and 4, between 0.82 and 0.83 for 
S*. To explain the observed 0M_, mass difference we should need a value Ag 08 
the hyperon 3”, slightly greater than 0.833. 

Another possibility would be to suppose that 3° has not the same radius and 
external distribution than 3* and 3. -Taking an exponential form factor, as an 
example, we obtain the following Table: 


Table II. 
Lo | Le | b+ | Ao | Ao- 6M_, ase kanes | dM_o 
| between experimental | ~| experimental 
Ca | perim experimen 

ioe - | a | 0.82~0.83 | 0.81 value 1/10 / value 
—0.5 an oe veel iit 0.80 13:5 fs a8 | 12~15 
‘bi ibe etween experimental 

0.8 2.6 | i! | 0.830.833 0.78 ootae 1/4 | 14 


6M_, and 6M_) given in electron mass unit. 


By the arguments given above, it may be that the r.m.s. radius of 2” is reasonable. 


§ 3. Effects of the higher order effects corrections of 
the strong interactions 


Our problem now is to discuss the influence of the terms like H;, H, and H, 
which appear in the interaction (2) upon the hyperon mass differences @M_, and 
0M_,. These terms mean the consideration of electromagnetic self-energy correc- 
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‘for OM_, and 0M_, which are hundred times smaller than those given by (13) 
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tions in the intermediate states in which the hyperon 5 dissociates [Figs. 2, 3 
and 4]. 

Up to the order e* only H, contributes to the self-mass. 

We shall study the contribution of these graphs to 0DM_, and 0M_», by using 
relativistic perturbation theory and assuming global symmetry. 

a) Influence of Pion interactions 

The corresponding graphs are raised in Figs. 2 and 3: 
Figs. 2(a) and 2(b) give 0M_,=0, while 2(c) gives 


2 
(0M_. aaoe g p2p IE. M- M.+ ron 15 
) (20) (4)? (My »*) 7 


(My-—Msz,.), (13) 
where *y-— y+ is the mass difference of the intermediary 2*. 
Now Fig. 2(a) which contains only the intermediary A° and 3(a) gives 
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where 0M, is the mass difference between 2 and 7°. The quantity (14) 1s 
neglegible. 
Fig. 2(b) which contains only the intermediary +' 
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and 3(c) gives 


(Mz-—M3p). (15) 


Considering Fig. 2(d) and 3(d), in which we keep only the terms of higher 
order divergence, and if we make a cut-off of the order of baryon mass, we obtain ; 


(OM x0) 2a)—(ay ~ 9.8 (H(A —p(2")) (16) 


in electron mass units. Taking |#(/°)|~|#(2")|<1, we see that the contribu- 
tion of Fig. 2(d) and Fig. 3(d) gives at most 10% for 0M_o. _ 
A similar contribution to 0M_. appears through Fig. 2(d) as 


(@M_,) 2) ~1.6(4 (4) +4(2")). 


From (13) and (15) we see that the contribution to 0M_., and dM_, could ~ 
be of the same order as the electromagnetic mass differences. But, as is well " 
known, the relativistic perturbation theory, when applied to the various processes ae 
as nuclear forces, scattering of pions and nucleons at low energies, anomalous 
magnetic moments of the nucleons, etc. gives wrong results. We can get reason- Bia 
able results for the above phenomena if we neglect the nucleon current (static = 
theory) and make a cut-off in the momenta of the intermediary virtual states. 
Extending the static model to the interactions baryon-pion, we would obtain values 


and (15). Then, it may be that the true value would be in between, that is, ten 
or twenty times smaller. Therefore, according to these arguments, the effects of 
higher order pion interactions would give a very small contribution to dM_. and 
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O0M.,, of 20% at. most. But to have a better answer we should have a good 
method of calculation for strong interactions. 

b) Influence of kaon interactions 

The corresponding graphs are raised in Fig. 4 
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Fig. (4a)—(4b) were considered by Brahsden and Moorhouse,” who claimed 
that it would be possible to explain the experimental 0M/_, and @0M_, through the 
mass difference of K° and K~. In the more favorable case, which corresponds to 
assume the coupling of the kaons with nucleons as pseudoscalar and to cascade 
particles as scalar, we have. 


; = Qe onto 
6M_,=[M(K*) —M (K-) 0.037 72" = 0.445.022 | (17) 


Aq Ax 
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by neglecting the intermediate N—P and =~—=° mass differences. To explain 
the experimental value of 0M_, they have taken gyx/4a=4 and 93sx/4r=3 ; 
these values seem to be extremely high. In fact, in order to explain the observed 
cross sections for scattering at low energies of the order of 100 Mey, we need 
coupling constants ten times smaller than the value assumed by Brahsden and Moor- 
house. 


Similar considerations are valid for 0M_). Fig. 4(c) gives, with (@sx,/47) = 
Pf x2n/ 40 ~0.3, 
(OM) uo~2.10-[4(n) — (=) J. (ig) 
whille Figs. 4(c) and 4(d) give ' 


(8M -») aorta ~ 2.10 n(n) — E&P) zai SI | (19) 


a 


in electron mass units. We see, from (19) and (20), that even if the a.m.m. of 
the cascade particle is very high, let us say 10, even then 6M_, and 0M_, obtained 
from Figs. 4(c) and 4(d) are less than one electron mass. 


§ 4. Conclusions 


The point of view of this paper as well as of Marshak et al.” “Katsumori® 
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and Kato and Takeda,”is that the mass. differences OM_, and 0M_, are due to 
electromagnetic ‘interactions. The authors of references (2) and (3) have used a 
particular set of form factors to describe the electromagnetic structure of 3, namely 
the Feynman form factors and the straight cut-off respectively. However, with 
these types of structures we cannot explain 0M_, and 6M_, if we do not assume 
also very high anomalous magnetic moments with convenient signs. In fact, an 
interesting case which has been studied in this paper is that one in which the 


anomalous magnetic moment is smaller than 1 for 3° and of the order of —2 
vy- 


for ¥~. This happens when we use a pertur bation treatment for the a.m.m.\of_ 


the sigma, where in analogy to the nucleon case we neglect the hyperon current. 
This situation was also considered by Kato and Takeda‘ for the 3-—2* mass 
difference, by extending to these particles the Stanford form factors (exponential) 


obtained for the nucleons. They have got a very small value for 0//_. and so in 


order to obtain higher values we should have a very small r.m.s. radius. 

In this paper we have shown that in order to get a right result for 0M_, 
and 0M_, with reasonable values for the a.m.m. of the sigma, we need not take 
very small r.m.s. radius, it is sufficient to modify the inner region of the electro- 
magnetic structures, some external behaviour being assumed. That is, if we know 
the outer region of the electromagnetic form factor, we can then, by consideration 
of problems like the mass differences, get some knowledge about the inner structure. 


This is the procedure which the Japanese school of Nuclear Forces has followed | 
in order to gain some information about the high energy region of nuclear forces,” 


after the low energy phenomena were reasonably understood. The same stand- 
point was followed in the problem of the nucleon mass difference in reference 9). 

To reach more definite conclusions about the sigma mass differences it would 
be necessary to have experimental data for the anomalous magnetic moments and 
for the electromagnetic form factors. Although the experimental situation is very 
poor, we can raise some plausible hypothesis from meson theory, viz., to assume 
\o|<S1 as well as that 2” and %* have, in the low energy region, the same 
electromagetic structures as the nucleons. We then consider the following pos- 
sibilties for explaining the mass differences 0M_, and 6M_,:) 


1) ve 0, “tO, yee & Ut hy = OM 
ili) #-<0, 4H >0, ivy) fa <0; 61 <0: 


The cases i) and-ii) can be realised by assuming that the sigmas have the same 
structure. The case iii) for |“_|=0.5 only works if we assume a different structure for 
3° while for case iv) we need to assume different structures for the three particles. 
From the arguments given in this paper as well as in [A], the mass difference: 
between the components of a baryon multiplet is essentially determined by the 
inner structure, i.e. the region of high energy phenomena. In this region the 
strong, intermediary and weak interactions have an important role, and they are 


supposed to be taken into account by convenient electromagnetic form factors. It . 
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would be interesting to see more clearly how these various interactions in the 
high energy, where the law of charge independence could not be valid, influence 
on the mass differences of the components of baryon and meson multiplets. 
Evidently many other possibilities exist to explain the sigma mass differences. 
For instance, we could ascribe to 3° a charged form factor, which could give an 
appreciable contribution to 0M_, and 0M_,, but this will not be considered here. 
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Appendix 


For the form factor (8) : 
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The p-p scattering below 100 Mev is analysed on the basis of a static potential with the 
“one-pion-exchange tail” proposed recently from our analysis around 100 Mey. This potential 
can reproduce all available data in this energy range quite satisfactorily. Some discussions on 
the depolarization parameter are given. 


As a part of the systematic approach to the pion theory of nuclear forces 
according to the Taketani theory,” a nucleon-nucleon potential with the “ one-pion- 
exchange tail”’ in the triplet odd state has recently been proposed, based on the 
analysis of the p—p scattering data at 90 Mev.” It. is gratifying that the inter- 
mediate part (around the pion Compton wave length) of this potential, determined 
semi-phenomenologically, also possesses the main features expected from the static 
pion theory of nuclear forces.*) Taking. the proposed potential as the basis, we 
report in this note on the results of analysis of all the available p—p scattering 
data below 100 Mev. 

We have chosen the following triplet odd potential :* 


V(x) = Ve(x) + Vo(x) Sis, 


. 


with 
Ve= Ve"), Ve = Vo. Gat hi 
oe Ve= — 20 Mev i> Ve= VIZ 1.0) See 
Ve=—100 Mey; Vz=0; O.% 220.82, ee 
V= co 0322 


* Similar analysis has also been carried out assuming a potential which has the same form as. 
(1) except that the hard core radius=0.34 and Vy(x=1.0) extends right down to the hard 
core. The differential cross sections calculated from this potential together with the same singlet 
phase shifts as given in Table II are practically indistinguishable from those reported here. The 


polarization at 95 Mev turned out to be slightly smaller (by 10% around 45°) than that shown in 
Fig. 2. 


FE 
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Table I. Triplet odd nuclear Blatt-Biedenharn phase shifts as calculated from the 
potential (1) 
| { | ‘ | 
E(Mev) | 3P, P|. 8Fy 8H, ||) SP, 3F, ee sF, | 3H, é, 

5 et — - — <a es Sn ae = - = = ea Sa ie = = ier T=) a ee a 
18.2 0.200 —0.069| —0.002 | —0.000; 0.020 | —0.004) —0.474) 0.000 | —0.000) —0.723 fe 
19.8 0.218 —0.074 | —0.003| —0.000 0.023 | —0.005 —0.475| 0.000 —0.000; —0.723 : i 
30.14 0.318 —0.101| —0.006| —0.000| 0.040 | —0:007| —0.473) 0.002 =0.001| —0.722 44 
39.4 | 0.388 | —0.120| —~0.009| —0.001| 0.056 | —0.009| —0.468| 0.003 | —0.002 —0.720 y: 
70 0.521 —0:157 |} —0.020 —0.003| 0.103 | —0.012| —0.449 0.008 | —0.004' —0.713 “3 
95 0.563 | —0.170/ —0.029, —0.005 0.133 | —0.012) —0.438) 0.013 0.006 —0.706 % 
| a 


Here the inter-nucleon distance x is measured in the pion Compton wave length 
V-™ and V,® are respectively the central and tensor part of 
the well-known one-pion-exchange potential (OPEP) with g’/47=0.08 in the state 


1.415 x 107% cm. 


concerned. 

To be consistent with this potential 
we expect that the singlet even potential 
is also given by-OPEP for 721.7. 
For 1.7=>2=0.7 the deviation from 
the OPEP may be estimated from the 
two-pion-exchange potential.” These 
considerations are sufficient to determine 
the singlet G-wave phase shift ‘0, with 
enough accuracy below 100 Mey. The 
singlet D-wave phase shift '0, slightly 
depends on the details ‘of the potential 
at 0.7 <2 <1.7, hence it is considered 
to be an adjustable parameter within 
certain limit. The singlet S-wave phase- 
- shift 10) critically depends on the largely 
unknown interactions at x<0.7 and is 
treated as a free parameter. 

The triplet odd phase shifts calcu- 
lated from the potential (1) are given 
in Table I. These phase shifts and *0, 
determined by the one-pion-exchange 
tail of the singlet even potential are 
now fixed and the phase shift analysis 
of the p-p data for ‘0, and 10, are 
made at 18.2, 19.8, 30.14, 39.4, 70, and 
95 Mev. The best fits shown in Fig. 1, 
Fig. 2 and Fig. 3 have been attained 


mb/ster. 
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16 
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Experimental data are taken from refs. 5) and 6). 
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Fig. 1. Angular distribution 
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Table II. Singlet even nuclear Blatt- St oe ee ee i ee 
Biedenharn phase shifts (in radian) @ 95 Mev 
which give the best fits combined with whe P(4) A 71 Mev | 
those calculated from (1) nee Me | 
SS es ; Oo 46 Mev 1 
E (Mev) | %S) | WD, 1G, en | 
i 18.2 0.88 | 0.009 0.000 [ 
: 19.8 0.86 0.010 0.000 i | 
: 30.14 | 074 | 0.014 0.000 0.10+ T 95 Mev | | 
39.4), | (0:65. |» 0.025 0.001 [ it | 
70 | 0.40 | 0.070 0.004 L | 1 
95 0.26 | 0.094 0.006 0.08) | 
for the singlet even phase shifts given L daar | 
in Table II. oat iN | 
The agreement in Fig. 1, Fig. 2 » \ : 
and Fig. 3 is very satisfactory. Good 56 al 
agreement was already anticipated in L 
the Taketani theory ; namely, it was [ 
expected that the one-pion-exchange go 
potential and the static two-pion- 
_ exchange potential, together with some i 
suitable phenomenological inner inter- 0.00} 
actions, may be able to reproduce [ | 
experimental data up to 100 Mev. L 4 
Some calculations were made and  -0.02+ | 
qualitative agreement was obtained.*? [ 
But the results of the present paper f | 
are most systematic and comprehen. ~9-4F Gasca, ee 
sive ones, having been calculated by Le bee Se Se Ne eee 


~ SILLIAC. We have already discussed 
the physical reasoning of the potential 
(1) and showed in detail how it can 
reproduce experimental data at 90 Mev.) The same discussions can also be applied 
to the lower energy data concerned in the present paper.* 
It is significant that *0) and ‘0, form a smooth function of energy and are 
consistent with the following characteristics of the interaction: hard core at 


Fig. 2. Polarization 
Experimental data are taken from ref. 5). 


* Below 10 Mev, agreement between theory and experiment is obtained in somewhat different 
way, since the most important term to be discussed is the Coulomb-nuclear interference one. Besides, 
effects of the vacuum polarization and others have to be taken into account correctly. Such 

- discussions will be done elsewhere. It should be pointed out that at about 4 Mev the triplet P- 


wave phase shifts calculated with the potential (1) are consistent with those by MacGregor,” type 
I, with small magnitude of 10,. 


0.23 
P\0=45°) 


120 140 160 


; Eas Mev 

t \ Ny 

y Fig. 3. Energy depend etice of polarization at @=45° a 

f Experimental data are taken from ref, 5). = Se 

‘ 20.4 followed by a very strong attraction gradually reducing to OPEP at col one 
t As such we conclude that the present work provides a consistent picture of stheagie 
spp interaction below 100 Mev. ges 

; We have also calculated the triple scattering and the spin correlation para- 

f meters using the phase shifts listed in Tables I and II. Of these we show the depola- 


g. 5. The potential (ee 


ee 


* For example, the following potential gives phase shif 
‘Hard core at 0.42 followed by a square well of depth 430 
_ depth 20 Mev reducing to the OPEP at r=1.6. 
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Fig. 4. Depolarization 
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Fig. 5. Energy dependence of depolarization at @=80° 
Experimental data are taken from ref. 9). 


in terms of the phase shifts® shows that this negative D(80°) is due to the positive 
tensor potential in the triplet odd state which gives *0,>0 and «,<0.”) However, 
D(80°) begins to increase around 100 Mev mainly because the cross section remains 
constant above this energy. 
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At present we have two contradicting experimental data on D(#) at 150 Mev.®? 
A positive D(80°) indicated by Harvard group seems to require the modification 
of our potential even around the pion range. On the other hand, the correction 
of much shorter range (velocity dependent or otherwise), if any, will suffice to 
explain the negative D(80°) obtained by Harwell group. Thus, the deviation of 
the experimental data from our predictions in Fig. 5 indicates the extent of in- 
validity of the static approximation or a new pion-nucleon interaction other than 
@.¥V coupling, or both.* Precise measurements of D(#) and other triple scattering 
and spin correlation parameters are highly desirable for the energy range from 
several tens to 150 Mev. 

We are now planning extensive analyses at higher energies including D(§). 
The implication of our potential on the m-p scattering also remains to be seen. 

We are grateful to Proffesor S. T. Butler for some comments. All numerical 
‘works reported here have been carried out on SILLIAC within the Adolph Basser 
‘Computing Laboratory, University of Sydney. 
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* It may well be that our potential (1) already contains some part of such effects in an 
form as far as the cross section and the polarization are concerned. We expect, however, 


“averaged” he 
mselves up in different ways in different experimental quantities thus 


that such effects will show the 
providing a possibility of being “seen”. 
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The phenomena treated by the strong 
interactions which have mainly to do 
with the structure and the character of 
the hyperons and the mesons can be 
characterized by the length 7 about 
10-“cm~10-“cm, i.e. m=1/u~1/M 
(4 is the pion mass and M the nucleon 
mass). On the other hand, as is well 
known, the ratio of the coupling cons- 
tants of the weak and the strong inter- 
actions is about 10°°~10-" with ap- 
propriate normalization of the length 
dimension of the coupling constants,” 
and so it is generally assumed that the 
reactions of the weak to the strong 
interactions would be of negligible order 
in the present low energy phenomena 
provided that contributions of the high 
energy parts are small. But as was 
stressed by Umezawa” it seems to be 
true that the weak interactions are all 
unrenormalizable, i.e. the second kind 
interactions, contrary to the strong ones 


which are renormalizable, the first kind. 
Then the weak interactions would be- 
come stronger in the inner region in 
spite of the smallness of the coupling 
constant if they were the elementary 
interactions. This fact might have re- 
ceived considerable changes by the re- 
actions, but at least the weak interactions 
would become to cempete with the 
strong interactions in some _ regions. 
We _ have no satisfactory method to 
treat the interactions at present, es- 
pecially the unrenormalizable ones. But 
from considerations stated above it is 
very interesting to examine the stength 
of the weak interactions in the short 
range, and especially to discuss the pos- 
sibilitity of observation of effects from 
the weak ones which are generally con- 
sidered as hidden by the effect of the 
strong interactions. These problems 
have already been discussed by Taketani®’, 
Umezawa” and Blokhintsey® from gene- 
ral and somewhat different points of 
view, and they have all obtained the 
conclusion that in the inner regions, 
ry~=10“~10-%cm, of the elementary 
particles one cannot neglect the contri- 
butions of the weak interactions. In 
this note we consider the energy levels 
of the hydrogen atom as the phenomenon’ 
to examine the above mentioned effect. 
The reason why we adopt this pheno- 
menon is that it is the bound state 
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problem, in which case effects of the 
potential become remarkable contary to 
the scattering problems, when the poten- 
tial is attractive and its depth is large 
enough even if the range is very small. 
Thus we have calculated the potential 
between the proton and the electron 
through the §-decay interactions and the 
energy level shift by this potential. 
We can consider some other effects to 
shift the energy level, for example, the 
charge distribution of the nucleons,” the 
electric dipole moment of the electron” 
and so on. Therefore it might be 
rather doubtful to be able to observe the 
effect alone treated in this note, but it 
would be worth while to point out ex- 
istence of the level shift of this type. 

The calculation has been performed 
by the covariant lowest order pertur- 
bation with the V-A type” of the /- 
decay interaction, introducing the cut- 
off momentum K, neglecting the total 
energy momentum of the system 
P,(—P,2=M’) compared with K, and 
retaining only the term of the highest 
power as to K. Then the potential 
energy V(r) in the frame in which 
the proton is at rest is given by 


V(r) =— (1+ (e®-o®)) 
X (f7°K?/4z) 0(r) (1) 


where o% and o® are spin operators 
related to the proton and the electron 
respectively, and f is the Fermi coupling 


constant, i.e. putting f*=fo //"; SeiOr 


V(r) in (1) is the 9-function type 
interaction, and so this potential contri- 
butes merely to the S-states as in the 
case of the Lamb shift. The level shift 
dE, can be estimated by this V(r) 


treated as perturbation, using the wave 
function ¢,(r) of the hydrogen atom 
of the Schrédinger equation for the 
triplet state in which case (1) is attrca- 
tive, resulting that 


4E,=— (2f°K*/2) (me'/n)a (2) 


which must be compared with the energy 
level under the Coulomb potential, 
E,,= —me*/2n’. 

Now in the case of the Lamb shift 
the energy levels have been measured 


to the order of the megacycle per second. 


If we think that this has been explain- 
ed well only by the present quantum 
electrodynamics, 4H, must be smaller 


than the order of 0.1 Mc/sec.® Then 


ro=1/K210-“cm, which is consistent 
with that obtained by Umezawa, and 


the weak interactions may give observ- _ 


able contributions to the strong inter- 
actions. at « 7107"cm. > But) it was 
plausible at present to cut off the con- 
tributions of the weak interactions at 
1/K~10-"cm in order to avoid discre- 


pancy between theory and experiment, 


although there exist some doubts as to — 


the convergence of the perturbation 
series with this K. 

In conclusion the authors would like 
to express their thanks to Professors K. 


Aizu and H. Umezawa for their valu- 
able discussions, and to Professor S. 


Ogawa for his pointing out an impor- 
tant error in the manuscript of the 
previous note. 
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The spontaneous magnetization of a 
generalized square ising lattice is pro- 
posed. It reduces to that of the aniso- 


tropic triangular, honeycomb and square 
lattices in the special cases. 

Although Yang” has obtained the 
exact expressions for the spontaneous 
magnetization of the square ising lattice 
immediately by means of the concrete 
algebraic calculation, the same calculation 
has not yet been made on any other 
two-dimensional lattice. 

But, fortunately, the expressions for 
the spontaneous magnetization of several 
types of lattices (namely for the tri- 
angular, honeycomb and Kagomé) have 
been found by Potts” and one of us 
(Naya)® without any concrete calcu- 
lation. 

By generalizing these expressions, we 
can obtain the spontaneous magnetization 
of the square lattice with four param- 
eters L,, L,, L; and Ly, repeated with 
period two in two directions (we call 
this the generalized square lattice Fig. 


1) 


T=[1— (5)? 557+ 547+ 52? + 25; 59 5354+ 201 Co C34 +2) 


/i (5159 53)°+ (S283 Sa)7°+ (538451) + (S451 Sq) "+25; S53 547 2 (51 Sy S3 $4)” “+ 201 C5C5C4 51525354} ee 


(1) 


where s;==sinh 2L,,; c:==cosh 2L,(7=1, 2, 3, 4). 
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We can also rewrite it, with use of the parameters of the dual lattice Ci ees 


1h oak L,*) ? 


= (1— 


a  (S1*59*53*54*) (s° Cay ay S3 + Se +25; $953 S4 +20 CalgCat2) 
2 2 2 ‘ 
(51 S253 S4) (S)°* + s°* + 557* 4 92H i 25,* 5*5y*54* eta, Cy C3 Cay i, 


: Jes (2) 


The low temperature expansion of (1) is given in terms of 2,=exp(—2L;): by 


Pere Micon i) eo (240, Tp) 2 (Fy Ly15L1) OL Teeth D> Lea; 


Th 2 2 2 = 2 
TA yt | Ty ye ty 4 > 0, 2; 7, 


in which the summations on the right 
hand side run for 7, 7 and k from 1 to 
4, excluding the congruence of them. 
We can assure the correctness of the 
expression (1) in several viewpoints. 
In the first place, the low temperature 
expansion is quite in coincidence with 
the results obtained by counting the 
low temperature configurations. In the 


30 (21 Lp laa! > r¢+O(z”), (3) 


second place, it is clear that (1) 
becomes unity at absolute zero of tem- 
perature and vanishes at the Curie point 
determined by the equation 


C1 C2. C3.Ca+ Sy So 5354= >} 5; Sj. 
On the other hand, the formula (1) 
reduces to the spontaneous magnetization 


of the anisotropic triangular lattice in 
the limit L,> oo, 


1/8 
i (1 = 7 > 
(S15)? + (S253)? + (5351)? + 2 (51 5253)? +201 C2 C3 51 S53 


which is equivalent to that given by 
Potts?) but written in a form slightly 
different from his. (1) also tends to 
the spontaneous magnetization of the 
anisotropic honeycomb lattice when 
L,->0, 


I=(1— 


Furthermore, the formula (1) gives the 
spontaneous magnetization of the rect- 
angular lattice when Li=Ls, Le FOr 
when L;—>0, Ly 00, 


T=(t=1/ (575°) )"; 


which has been given by Onsager, 
Kaufman and Potts” and proved by 
Chang.” We can now believe that ex- 


St So +537 +2c CoCgt2 its 
(s Sy 53) a 


if 


pression ( 1) f for ne dponianeena magne- 
tization of the generalized square lattice 
18> COLTece. 


Appendix I 


The spontaneous magnetization for the - 


anisotropic Kagomé lattice is 

T=1/3 >} (4/4, 77[1—-16/2 
X {LS} 5757d7d7 + 851759'59'4, A, ds 
L 5; 52.53 (4, 4, 45) !? (5,7 + 4,) (s9?+ 4a) 
X (s5'+ 4) } P", 

where 

A= J} 8257 +2cyCyCg 51 52 53-+2 (5 Sa59)” 


AA sf, ¢,=e0sh 21, 5,=sinh 2 


: 
{ 
“ag 
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Appendix II 


The Curie temperature of the generaliz- 
ed square lattice has been derived by 
T. Utiyama in terms of the Guder- 
mannian functions, gd (2L)=arctan 
(sinh 2L), as follows, 


gd(2L,) + gd (21) +gd(2Ls) 
+gd(2L,) =z. 


This is a generalization of the On- 
sager-relation 


2d(2L)=2/2, 


where z means the coordination number 
for the two-dimensional lattices. 
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A Note on the Phenomenological 
Theory of Unstable Particles 


Andrzej Krzywicki and Jerzy Szymanski 
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Warsaw, POLAND 


October 29, 1959 


Some months ago there appeared a 
paper by M. Ida in which among others 
“positive” and “‘ negative’ resonances 
as defined by the author were discuss- 
ed?. It seems to us that it is not quite 
trivial to apply a similar idea, as pre- 
sented below, to the theory of unstable 
particles. As H. Araki et al. and M. 
Lévy pointed out we have as yet two 


principal methods of defining these 
particles.” 

1. Through the poles of propagators 
analytically continued onto the complex 
energy plane. 

2. Through the properties of the scat- 
tering process of the stable practicles, 
e.g., the well-known possibility of inter- 
preting the resonances, as being a con- 
sequence of formation of an unstable 
intermadiate state. 

Let us consider the second, pheno- 
menological approach. It has, among 
others, a known defect consisting of 
the great difficulty connected with the 
definition in this manner of a three-body 
decaying particle. But it seems that 
even in the case of a two-body decay- 
ing practicle serious doubts appear. 
Consider the scattering of two stable 
particles, a and b, and assume for sim- 
plicity that the elastic scattering is the 
only possible one. We work in the 
centre of mass system. Let |¢, Z) cor- 
respond to the spherical wave packet 
describing the interacting particle with 
the definite relative angular momentum 
Z and |¢, 1). to the free wave packet 
corresponding to the same particle and 
let |t, Z2)=|to, 2)o. The quantity 


cee lim S476 D0—@Arlt,0) 
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to>—@ 


(1) 


is the mean retardation acceleration of 
interacting wave packet relative to the 
non interacting one. When 7, is very 
large the interpretation imposes itself 
that in the scattering process the es- 
sential role is played by an intermediate 
compound state. An easy calculation 
leads to the expression 
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where § is the re S-operator 
and # is the operator of radial momen- 
tum; here 0S*/86 means a differenti- 
ation of ithe operator S* with respect 
to the operator . The dependence of 
of the right-hand side of (2) on the 
time is only seeming. Performing the 
limiting transition from the wave 
packet to the stationary state, we obtain 


20,(E) 

POY od is oe E, 1)= 1/2 29) 
n= (Enis 25 yp,))=1/2 2B, 
ae (3) 
which is true in the c.m.s. In an arbi- 


trary reference fas we write 


rae Bs 18> a 1), B= (p.p*)™ 
The 0-function due to the energy con- 
servation by the operator § does not 
appear in (3) because of our normali- 
zation connected with the limiting transi- 
tion performed. As it is known, in the 
case of a positive resonance, near the 
point E=E, where E, is the mass of 
the intermediate unstable particle 7, rea- 
ches a maximum, and is equal to the 
life-time of the intermediate state. It 
can be easily verified by using the for- 
mula 


= 9 

0,05 Stegner 
Here it is necessary to note that the 
resonance is shifted from the point 
E=E, and the mass of the unstable 
particle is set better by the maxi- 
mum of c, than by the maximum of 
the scattering cross section, because 


we can consider 06) a slowly varying 
function of energy. Similarly the points 
corresponding to the negative resonances 
of M. Ida are maxima of the cross 
section, but as we have for them t,<0 
beside 97,/0E=0 they cannot be inter- 
preted as connected with the creation 
of unstable particle. We see that tT, is 
an essential quantity in the pheno- 
menological theory. We can, how 
ever, imagine a local maximum of 7, 
which does not correspond to the re- 
sonance. For zt, to be large at least 


a part of particles entering the range > 


of action of the potential must form a 
compound state. Since in the discussed 
case there is no resonance, certainly not 
all the particles from this intermediary 
state, and thus tg<7t where ct denotes 
the life time of the compound state. If 


all the interacting particles passed. 
through the intermediary unstable state 


we should have t=7y-42(2/+1) /(p’o,) 
and the sufficiently high extrema of the 
quantity 7 ,-47-(21+1)/(p’o;) would give 
us the spectrum of unstable particles. 
It is difficult, of course, to formulate 


a sharp criterion that would decide 


whether the given state is a state of 
unstable particle or whether it is not. 
One can give various criteria of the 
type T>7. In order to determine 7 
it is generally necessary to postulate 


something about interaction, e.g., the — 


range of action of the potential. We 
cannot, however, exclude the possibility 
of the interacting particles being able 
to interact in two ways—first by going 
through a compound state and second 


in which the interacting particle suf- 


fers the almost immediate scattering. 


Since the investigation of the scattter- 
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ing process does not permit to discrimi- 
nate between the mentioned two kinds of 
interaction, we believe that in this case 
it must be agreed that the phenomeno- 
logical approach meets here with a very 
serious obstacle. 
clear to us, how to interpret physically 
a step in the energy dependence of the 
cross section, which naturally produces 


It is neither very 


a maximum of t,; this phenomenon is 
not connected with the unstable particle 
if we define the latter by means of an 
integral criterion. 


1) M. Ida, Prog. Theor. Phys. 21 (1959), 625. 
2) H. Araki, Y. Munakata, M. Kawaguchi 
and T. Goto, Prog. Theor. Phys. 17 (1957), 
419. 
M. Lévy, Nuovo Cimento 13 (1959), 115. 


The Role of Electron-Phonon 
Interaction in the Impurity 
Conduction of Semiconductors 
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The impurity conduction in semicon- 
ductors has been investigated from 
various points of view, especially stimu- 
lated by the proposition of the impurity 
band model by Hung.” First of all, it 
is to be noted that the concentration 
of impurity atoms can be varied in as 
wide a range as 10°, and one may take 
it as a typical phenomena through 
which one can conveniently investigate 
the effect of electron-electron correla- 


tion or electron-lattice interaction on 
the validity of the conventional band 
model, as a function of interatomic 
distance (therefore, as a function of 
band effective mass), because it is 
technically so difficult to vary the lattice 
constants of usual crystals through ap- 
preciable ranges. The secound problem, 
which may be as interesting as the 
first, is the effect of randomness on the 
band model (that is, how one is justi- 
fied in using the band model in spite 
of random distribution of impurities, 
and if so, in what sense), and on the 
transport properties. In this and the 
following letters, we discuss some of 


these points, confining ourselves to the 
so-called low-concentration range. 


According to Fritzsche and Lark- 
Horovitz,” the electric resistivity 2 of 
p-type germanium crystal with majo- 
rity impurity concentration m and 
minority impurity concentration nK (K 
being called the degree of compensation) 
varies with absolute temperature J’ as 
exp(€/«T) at low temperatures, and & is 
approximately independent of 7 and K 
so far as 7-10%<n<2-10"%/cc and 
0.3<K<0.8. Secondly, 2, asa function 
of K, has a minimum at some value 
Ky (seemingly smaller than 0.5), and 
2 increases as large as fourteen times, 
as K increases from 0.33 to 0.6. The 
first of the above two facts can be ex- 
plained by taking into account ~~ the 
electron-phonon interaction as follows. 

Let us consider a hypothetical periodic 
array of impurities, and electrons which 
are bound in their hydrogenlike 15-states. 
Neglecting the electron correlation, these 
electrons will move freely in the 1s 
impurity band, the band width being of 
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the order of the resonance ‘energy 
W(R) =—26,(1+a@R) exp(—akR) (1) 


between neighbouring impurities separat- 
ed by R, where & and a are the 
binding energy and the radius of the 
impurity 1s-state. On the other hand, 
the electon-phonon interaction causes 
the energy shift U of the 1s impurity 
state, which can be calculated as 


U= — kya’ /162c;;, (2) 


if the deformation potential approxi- 
mation is made use of. (c; is an appro- 
priate elastic constant). Making use of 
the variation principle, we can conclude 
that the electron in the impurity band 
moves freely (the band model is valid), 
or is trapped at some impurity (the 


localized model) according as 
z|W(R)|=|U| (3) 


where z is the number of the nearest 
neighbours in the assumed impurity 
lattice (such a possibility was already 
suggested by Kurosawa”). It can also 
be shown that this transition from 
the one type to the other as R 
increases is rather abrupt, the situ- 
ation which is quite different from the 
well-known case of the interaction bet- 
ween an electron and polar mode vibr- 
ation in ionic crystal (in the latter 
case the effective mass is varied instead 
of R). 

When R is larger than this critical 
value R,, or the impurity concentration 
n is sufficiently smaller than 1==K- poit 
does dot matter whether the impurities 
are arranged in the periodic lattice or 
at random, because the electron will 
migrate from one site to another, losing 


from which site it 
came previously) after each hopping. 
Making use of the theory of multi- 
phonon process,” but with the resonance 
energy W(R) instead of the non-adiaba- 
tic term H’ whose effect is negligible 
in the present case, it is easily shown 
that the time rate J” of hopping bet- 
ween a pair of sites separated by R is 
given by 


its memory (i.e., 


a W(R)2(6-«T) 7? 


ae (4) 


One can also show that, if aR>1, the 
activation energy € is equal to U/2, 
being independent of R. By. making 
this € to correspond to that € mention- 
ed above, the observed T-dependence 
of 2 as well as the independence of & 
upon 2 and K can be explained. 

The formula (2) gives & several times 
smaller than the observed value (€~0.55 
-10-* ev), but the discrepancy will be 
reduced by taking into account the 
transverse acoustic vibration. Making 
use of the observed values of & and 
&,(~10~ev) a? ~45A and z=6, the 
inequality (3) gives the critical concent- 
ration 2,~4-10"/cc, which is consistent 
with the upper bound of the above men- 
tioned n-range in which € was observed 
to be independent of » and K. Above 
n,, the phonon does not play a primary 
role in the impurity conduction, and 
the random distribution of impurities 
will be essential in causing finite resis- 
tivity. However, it is not yet clear 
whether the observed transition from 
low to high concentration ranges, ac- 
companied by a rather abrupt change 
of 2,” really corresponds to this 1, or 
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is due to the overlap of higher impurity 
bands (2s or 2p) for which z|W7/(R)| 
>|U"| must already be valid owing to 
the effectively smaller a/(~a@/2), al- 
though the values of 7, estimated above 
coincides with the observed transition 
concentration. 


ie 1)pG: S; Hung, Phys. Rev. 79 (1950), 727. 

2) H. Fritzsche and K. Lark-Horovitz, Phys. 
Rey. 113 (1959), 999. 

3) T. Kurosawa, privatecommunication through 
the Busseinron-Kenkyu 107 (1957), 129. 

4) R. Kubo and Y. Toyozawa, Prog. Theor. 
Phys. 18 (1955), 160. 

5) H. Fritzsche, J. Phys. Chem. Solids 6 (1958), 
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In the preceding letter, we discussed 
how and when the concept of hopping 
becomes meaningful as a separable ele- 
mentary process in the impurity conduc- 
tion of semiconductors, and as the re- 
sult, we could explain the temperature 
dependence of 2, and also the independ- 
ence of € upon 7 and K, together with 
the n-range (n<n,) for the validity of 
the latter. Remaining problems to be 
solved are (1) the remarkable K-depend- 
ence of 2 and (2) the K-range for the 
validity of (mn, K)-independence of &., 
We are now confronted with a com- 


plicated transport phenomena, where the 
Coulomb interaction between localized 
electrons plays an essential rdle. 

Taking -type semiconductor for 
simplicity, we have mK _ negatively 
charged acceptors (A~) and 7K positive- 
ly charged vacant.sites of donor (D*), 
as the result of compensation. D* can 
migrate from donor to donor through the 
hopping of electrons mentioned above, 
whereas A~ are always fixed. For small 
values of K(<1), each A~ governs a 
number of donors, and a D* is usually 
trapped around A~ and occasionaly mi- 
grate to another A~ as the result of 
several successive hoppings from donor 
to donor, as has been discussed by a 
number of authors,” who ascribed the 
observed activation energy in 2-T curve 
to the difference of energies at the donor 
sites near and far from A™. 

For larger values of K, this model (a 
number of donors being governed by 
each A~) is no longer valid. More- 
over, in order to explain the large 2-K 
dependence, it seems necessary to take 
account of time fluctuation of site 
energy in addition to the spatial (from 
site to site) fluctuation mentioned above. 
We shall now outline the procedure very 
briefly. 

At any given instant, the Coulomb 
interaction FE, between an_ electron 
localized at the i-th donor site on the 
one hand, and all A~ and D* on the 
other hand, can be determined if the 
spatial distributions of the latter are 
given. The probability that an electron 
hops from the i-th site to the j-te site 
is given by (4) of the preceding letter, 


except for that € in the exponential is 
to be replaced by 


— 
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E§S=E{1+ (Ej,—E,)/46}% (1) 
This means that the probability of the 
hopping (ij) is small if E,—E,>«T. 
On the other hand, E; must be 
> Ey—O(«T) (j to be vacant) and at the 
same time E; must be <E,+O(xT) (i 
to be occupied) in order that the hop- 
ping actually takes place. Combining 
these, we can conclude that the hopping 
takes place with appreciable probability 
when both E£; and E; are within O(«T) 
of the Fermi energy E, at that instant. 
Now the site energy E; fluctuates 
from time to time, because D* surround- 
ing it are always migrating. Let us 
denote its time average and mean devi- 
ation by E; and 4,, respectively. E; is 
different from site to site, depending on 
the spatial distribution of surrounding ac- 
ceptors and ‘donors. Denote its (normal- 
ized) distribution function by P(E). 
The Fermi energy mentioned above can 
be determined from 
Ey 
\ P(E)dE=1—K, (2) 
if an explicit form of P(E) is known. 
Now, the z-th donor site can contri- 
bute to the hopping only if E,—4; 
<E,<E,;+4, (it is assumed that 
4;>«T), and in that case, only during 
the time fraction of «T/4;. a 
Assuming thatd , is a function of E, 
only, donor sites can be divided into 


three groups, according to the values of 


E,;, as follows. 


Gy Ee! fraction being /;, 
(Il) E’<E,<E” fraction being m, 
(Il) E’<E, fraction being f.. 


Here E’ and E” are given by #’+4(E’) 


"ing 
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=E,=E"”—d(E”). The site of group 
(I) is always occupied by an electron, 
while that of group (III) is always 
vacant. A site of group (II) is occupi- 
ed during some time-intervals, and 
vacant during other time-intervals. The 
ratio of these time fractions is given, 
on the average, by 
E vt 


F E 


\ P(E)dE: \ P(E)dE. 


Er Ep 


This, in turn, enables one to determine 
the mean time-fluctuation 4(E,) of site 
energy E; asa function of E,, because, 
on the one hand, 4; originates from 
those surrounding donors which belong 
to the group (II), and on the other 
hand, 4, and E, have some correlation, 
both depending upon the spatial distri- 
bution of surrounding donors and 
acceptors. 

Through this self-consistent procedure, 
which takes into account the time as 
well as spatial fluctuation of site energy, 
we can determine the fraction m of the 
group (II) as a function of K. The 
result of preliminary calculation shows 
that 2 tends to zero as K-0 or K-1, 
and has a maximum value near unity 
at K~0.3. 

Since it is only the group (II) which 
actually contributes to transport pheno- 
mena, the effective mean distance be- 
tween neighboring (active) donors is 
mR instead of R(==""") itself. Ac- 
cording to (4) and (1) of the preced.-, 
letter, 2 is expected to be 
proportional to exp(2aRm™*), Be 
cause @R>1 for the low concentration 
with which we concern ourselves now, | 
a rather small decrease in m as K in- 
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creases from 0.33 to 0.6 may well cause 
the increase in 2 by an order of magni- 
tude. 

For the values of K near zero or 
unity, the above procedure, in which 
we have cut off the hopping probability 
to zero on the outside of O(«T) around 
Ey, is expected to be inappropriate. 
Making use of the principle of the 
least Joule’s heat in the theory of elec- 
trical circuit, we can devise a variation 
method to calculate actual resistivity. 
In the case of K<l1, this procedure 
leads to the activation energy of 2-T 
curve, which consists of two parts: 
the first is € discussed in the preced- 
ing letter, and the second is essentially 
that activation energy discussed by Mott, 
Price and Kasuya.” 

Although the main features of the 
impurity conduction at low concen- 
tration seem to be explainable qualita- 
tively by the above considerations, there 
remain a number of problems to be 
solved, especially interesting from the 
mathematical point of view. These will 
be poined out in detail in the full re- 
port of the above work. 

The author wishes to express his 
sincere thanks to Prof. T. Matsubara 
for valuable discussions. 


1) N. F. Mott, Can. J. Phys. 34 (1956), 1356. 
P. J. Price, IBM J. Research Develop. 2 
(1958), 123. 

T. Kasuya, J. Phys. Soc. Japan 3 (1958), 1096. 
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Recently, many authors,” calculated 
the differential cross sections and polari- 
zations of high energy nucleons elastical- 
ly scattered from light nuclei, using the 
impulse approximation with the nucleon- 
nucleon scattering phase shifts. It is 
because the impulse approximation is 
equivalent to the use of the optical 
model potential in the first Born ap- 
proximation which may be justified for 
the small angle scattering from light 
®» The ordinary procedure is that, 
given several alternative sets of the 
nucleon-nucleon scattering phase shifts, 
the optical model potentials correspond- 
ing to these sets of the phase shifts are 
derived, and then the polarization of 
the nucleon scattered in small angles 


nuclei. 


are calculated. The comparison of the - 


results with the observed polarization 
may distinguish various nuclear phase 
shifts sets rejecting some of them. 

The best way of studying the nucleon- 
nucleon interactions by the use of these 
optical model potentials is to investigate 
the polarizations of the nucleons elas- 
tically scattered from light nuclei, be- 
cause when one calculate the polari- 
zations of these nucleons through the 
optical model potential, the final results 
are independent of the detailed structure 
of the target nucleus and to a certain 
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extent free from the limitation of the 
Born approximation. That is, the ex- 
pression for the polarization does not 
contain the nuclear form factors which 
depend on the detailed structure of the 
target nucleus; the expression depends 
only on the nucleon-nucleon scattering 
phase shifts. 

The main purposes of the present 
note are the following : 
1) toconstruct the optical model poten- 
tial by the use of the nucleon-nccleon 
scattering phase shifts derived from the 
meson theoretical potential,” 
2) to calculate the polarization of the 
nucleons elastically scattered from light 
nuclei through this potential, 
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Fig. 1. Parameters of the optical model potential 

Ver: Vom Var and Vsz calculated by the 
use of the nucleon-nucleon scattering phase 
shifts of mesontheoretical potential (M), 
Gammel-Thaler (G. T.) and Signell-Marshak 
(S, M.) 


3) to compare the results with experi- 
mental data” and with the results bas- 


ing on the Gammel-Thaler® and Signell- 
Marshak phase shifts.” 


In the present calculation, we use 
the method adopted by Ohnuma” in 
his calculations of the polarization of 
the protons elastically scattered from 
C”. In this calculation, the Coulomb 
phase shifts are omitted from the nuclear 
amplitude, and this ommision is com- 
pensated by neglecting the phase factor 
exp | —2i7/n sin* 9/2] which normally 
multiplies the Coulomb amplitude in the 
case of pure Coulomb scatte ing. 


P@) 
% 
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Fig. 2. Polarizations of the nucleons elastically 
scattered from Het and Cl. (1) (M) at 90 
Mev, (2), (G. T.) at 90 Mev and (3) (S. M.) 
at 100 Mev. 

Solid curves refer to the polarizations of 
proton-light nuclei scattering and dashed 
curves to the polarizations of neutron-light 
nuclei scattering, the latters are obtained by 
setting e—>0 in the exprey tou of polarization. 

Experimental points @ indicate the values 
measured on p-Het (96 Mev) by Gotow and 
x the values on p-C2 (95 Mev) by Dickson- 
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(3) 
(S.M. 150 Mev) 


(2)(G.T. 156 Mev) 


(1) (M, 150 Mev) 


Fig. 3. Polarizations of the nucleons elastically 
scattered from C2, O16, Ca? and Het. 

(1) (M) at 150 Mev, (2) G. T.) at 156 Mev 
and (3) (S. M.) at 150 Mey. 

Solid and dashed curves correspond to the 
polarizations of proton and _ neutron-light 
nuclei scattering respectively. 

Experimental points ° indicate the values 
measured on p-Het (147 Mev) by Wilson, et 
al.,0 the values on m-Cl2 (155 Mev) by Hard- 
ing and x , A, é, the values of p-C!2, p-O16 
and p-Ca‘0 (155 Mev) measured by Alphonce, 
et al, respectively. 


The optical model potential is relat- 


ed to the isotopic spin average of n-n 


and n-p scattering spin matrix coef- 
ficients for forward scattering times the 
nuclear form’ factor. And for quan- 
tities specifying the optical model poten- 
tial Ver, Vor, Vse and Vs; are given 


as the functions of the nucleon-nucleon 
scattering phase shifts at the definite 
incident energy. It is important to note 
that these four quantities depend on 
y= R/A™ where R is radius and A is 
mass number of the target nucleus, even” 
if the nucleon density in the target 
nucleus is assumed A-independent. But 
the expression of the polarization is 
independent of the assumed nucleon den- 
sity or the charge distribution and radius 
R of the target nucleus, moreover, in- 
dependent of 7». 

And, the expression predicts that the 
nucleons elastically scattered from all 
nuclei with J=0 and T’=0 or a-particle 
type nuclei, should polarize equally. This 
prediction is checked by available ex- 
perimental data in Figs. 2 and 3. 

The difference between the results 
based on the meson theoretical phase 
shifts and those based on the Gammel- 
Thaler and Signell-Marshak phase shifts 
are observed at very small scattering 
angles. This difference is mainly owing 
to the difference between the parameters 
Vs corresponding to those sets of phase 
shifts, since the polarization is roughly 
proportional, at small scattering angles, 
to 


(Ver Vse+ Ver Vez) /sin9 
Veit Vor 

In conclusion, we would like to 
emphasize that the set of phase shifts 
derived from the meson-theoretical 
potential reproduces the experimental 
polarization of nucleon-light nuclei scat- 
tering. 

The author would like to express. his 
deep gratitude to Dr. J. Iwadare who 
suggested this problem, for his sympathe- 
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tic understanding, guidance and conti- 
nuous support. Also the author would 
like to thank Prof. M. Kobayashi for 
his kind encouragement. 
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One of the authors has proposed the 
hyper-netted chain (HNC) approxi- 


* Present address: Research Institute for 
Fundamental Physics, Kyoto University, Kyoto. 


mation to consider by means of the 
Fourier transformation as many graphs 
as possible in the virial expansion 
formulas for the free energy and the 
pair distribution function (p.d.f.).” He 
has shown also that the p.d.f. in the 
HNC approximation satisfies an integral 
equation” which is similar to Born- 
Green’s integral equation.” 

In this note we shall show that the 
technique used in the recent derivation 
of the formulas in the HNC approxi- 


**) can be applied to get an 


mation 
exact integral equation for the p.d.f. 
The HNC approximation will appear 
as the zeroth approximation to solve 
this equation. 

We define the function w(7) which 


is related with the p.d.f. g(r) by 
In g(r) = — 2. +w(r).  () 


w(r) can be expressed in a virial ex- 
pansion form :” 


w(ra)= >! ge fof dradrmas 


x 1 HT dis bux (2) 
m+2et>j23 
mt+2=hkS3 

2=n*S1 


where 


b y= (ry) Seer 1, 


S1™ denotes that the sum is taken 
over all products (or graphs) in which 
each particle of the set {rs,---, Tn $3} 18 
connected to r,; and r, by an independ- 
ent path and also in which the parti- 
cles {rs, °°; Tms2} are connected among 
themselves independently of r; and ry. 


We express w (riz) symbolically by wh 


~ 
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or by ,W. .* The other symbols 


appearing in the following have the 
analogous meanings. 


To classify the graphs appearing in 


Yon th 

ovo = oto +> ome 
XE Zs 

= o———O1 to ————-O 


where a black circle means an “‘ s-point,”’ 
over the coordinate corresponding to 
which the integration is to be perform- 


ed. oo and oo are symbols 


expressing 2(7,.) and z(72) which are 
defined by (2) if we replace 5)” there 
by >) and S$}, respectively, where 
>} means that the sum is taken over 
the graphs having no s-point among those 
in >” and >\* means that the sum 
is taken over the graphs which have 
no s-point and for which each particle 
of the set {rs, --+, Ims2} is connected to 
r, and r, by an independent path. It 
is to be noted that the graphs in $)} 
need not be connected among them- 
seleves if we remove r; and ry. 

The graphs in >} can be grouped 
together by the numbers of parts which 
is divided when we remove r; and ro, 


that is 
“| = 


S1™, we introduce the notion “ s-point,”’ 
which is the point by which the graph 
can be separated into two independent 
parts. We group the graphs in >)” 
together by the numbers of s-points, 
namely 


sy pp tt Aare ABA A 


(3 f) 


where gl] denotes b(72). In (4f) we 
have taken account, in particular, of the 
fact that w| does not include al and 
that a has no s-points. 


Following the analysis in the forego- 
ing works," we can express the con- 
tents of (3f) as 


WHE PERS 
H=X@) + @) 


The contents of (4f) are written as 
2(r)=O(rje" + 2(r) +e" —1—w(r), 
which is rewritten by using (1) as 
z(r)=9 (7) —1—w@) 2G) i) 
In (3) and (4), W(k), X(&) and Z(k) 


are Fourier transforms of w(7), x(r) 
and z(1r) respectively. 


sf + aw + 2Dw A ss 


(41) 


+a] + w( Dw + ww ED SES 


* To be more exact, it might be better to use the symbol 


oto rather than > V_, 
1 Ley 


Aaa Fans 
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As defined above, 
ai tie) — Da Poo | dryodrmss 


Seb h. (5) 
m+2>%>jr>3 
m+I>k>3 

2=x>1 


Taking notice of the relation 
z(r) +25(r) 
ar Ol) ate) == 97.) = 1 


(cf. (4) and (3f)), we can rewrite (5) 
as follows: 


be (ris) = > ie foefdre drm 


m=2 gy! 


ee tL AGA Tas) — VAG. 1x) — 1) 
m+2>t> jSE3 
M+2>k>3 

2>"%>1 


(6) 
Here >}\*” means that the sum is to 
be taken over all those products in >3‘~? 
which consist of junctions alone (A 
junction means a point at which three 
or more lines meet.), except for r, and 
r,, and for which there are no parts 
which are connected to any part of the 
graph including r, and r, by only two 
points. For example, >)” contains 


xX but does not contain Xt] : 


In principle a set of (1), (3), (4) and 
(6) can be used for determining the 
p.df. g(r) exactly. In practice we 
must restrict the types of graphs ap- 
pearing on the right-hand side of (6) 
within some special types. If we take 
a(r)=0 as the zeroth approximation, 
the set of (1), (3) and (4) is reduc- 
ed to 


W (k) =pZ(k)*/{1— 2 (k) } 


_and 


Zr) See ee) 7) 
> 


which are just the equations in the 
HNC approximation. The next approxi- 
mation will be to approximate x(r) by 
the contribution corresponding to the 


graph kX . Such a type of integral 


has been treated by Nijboer and van 
Hove.” In this way we get a method 
to improve the HNC approximation 
systematically and we can in principle 
reach the exact p.d.f. 

More detailed calculations and dis- 
cussions on this subject will be publish- 
ed in this journal. 


1) T. Morita, Prog. Theor. Phys. 20 (1958), 920. 

2) TT. Morita, ibid. to be published. 

3) T. Morita, ibid. to be published. 

4) M. Born and H. S. Green, Proc. Roy. Soc. 
(London) A188 (1946), 10. 

5) See for example, E. Meeron, J. Chem. Phys. 
27 (1957), 1238. 

6) B. R. A. Nijboer and L. van Hove, Phys. 
Rey. 85 (1952), 777. 


On the Collective Excitation 
of Spherical Nuclei 


Minoru Kobayasi and Toshio Marumori 


Department of Physics 
Kyoto University, Kyoto 


December 7, 1959 


In the previous paper” (hereafter re- 
ferred to as 1), we have attempted to 
clarify the mechanism of the nuclear 
collective excitation from the standpoint 
of the particle excitation, and the funda- 
mental idea was illustrated by taking 
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the simplified two-dimensional harmonic 
oscillator shell model with the quadru- 
pole-quadrupole interaction. 

Recently Belyaev” has investigated 
the effects of the pairing interaction on 
nuclear properties. One of the important 
results is the existence of such a kind 
of vibrational motions in spherical nuclei 
that is caused by the particles in the 
outermost partly-filled shell. 

Such a type of collective excitations 
could not result from our simplified 
model in I. In this note, however, we 
shall show that our method developed 
in I can also produce the collective 
mode if we take the pairing interaction 


‘into account. 


Let us consider the following simpli- 
fied Hamiltonian : 


+2 
H=H),+Hp,-¢, y= Bare oA) recite 


Q 
BVA Sete 
a G ei An aA_m A_m an > 


m,m!I>0 


(1) 


1 +2 
Fo-9= —3k >) Pa (m4|Qoa| 71!) 


M1,m2 ___ 
mal,magt—— 2 


X Crg|Qdirl 2's) ks Ooms iba Ant 
where 
(m|Qay|m!) = (nljm|r? YIP, g)|nljm') 
— SCallr?|nl) GY OL) /V5. 

xX (-1) >" Gjm—m'|2M). 


Here we adopt the j-j coupling shell 
model, and consider only the particles 
in the outermost partly-filled shell with 
a set of quantum numbers (v, J, j) for 
simplicity. The second term in Hj re- 
presents the simplified pairing inter- 
action” and H,y_, the quadrupole-quadru- 
pole interaction. 4 is the chemical 


potential and 9==(2j+1)/2. 

The ground state of H) is represent- 
ed by the vacuum state |c)) with re- 
spect to the Bogolubov Fermion 4,,, 1.€., 
Qm|Co=0. a, are derived from a,, by 
the Bogolubov transformation : 

ap, = Uyp, hy “$C = on 9 

aE (2) 
+v m>0 

Um = — 0m 


—v m<0 
where 
= {1—(e—A)/V (eA)? + F } 
=(1—N/22), 
v=4h{1—(e—-4)/V (e474 } 
e250) 
and 
f= (G2/2)*{1— (1—N/2)*} 
(N: the particle number in the shell 
under consideration). 


By the transformation (2), Hj becomes 
approximately 


+2 
H,=U+ >} Fay an, (3) 


m=—Q 


where U is the vacuum energy and 
E=// (e—A)?+ £2=G2/2. 

Now, let us consider the transformed 
He-e and leave only the following 
pair (quasi-particle) excitation terms in 
the same way as in I: 


+2 
Fo-9= —3 K 3) (Cae— (— 1)" Co_u} 


X {Cow — C1) Ce lacks (4) 
where » 
K=k|(nl|r*| nlp 27 \|¥ |\L7) [2/5 


and 


a Tes es 
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Com= >) (—1)-™" Gimasm'|2M) 


mm! 


x Um Um Am An, 
(5) 
Caw= >) (—1)0*™" Gijm—m'|2M) 


x Um Um an Ont . 


If we make an approximation in the 
same way as in I: 


[Com, Comr|=[Cou, Coir} |co) 
= Our : 2u? v', (6) 


we obtain the eigenvalue equation for 
the collective excitation from the follow- 
ing equations : 


ho P| Crir| Po) \ 
+¢P | Cex, Ay +-He. olt%o>=0, 
hae 1) CaF) | 
ee PN — 1) * Cy_y) Ele Holl Ps) | 
=0, / 


where fiw=E,—E,, and |) 
eigenstate of H)+ H’o_, with eigenvalue 
E, and |%,) the ground state of 
H+ H’o_y with energy E,. Then the 
eigenvalue equation for the collective 


iSweATI 


excitation becomes 


ore i oR a eres Perea 
(7) 
Solving Eq. (7), we have 
ho=G2V 1—Oy/Ox, (8) 


where Ov={1—(1—N/2)*} 


and Ox,=G2/4K. 


The quadrupole vibration energy (8) 
is just equivalent to Eq. (163) in 
Belyaev’s paper,” which has been obtain- 
ed by use of the “Cranking Model.” @y, 
represents the ratio of the strength of 
the pairing interaction to that of the 
quadrupole-quadrupole interaction. If 
@y,>1, the nucleus remains spherical 
for any occupation. If @y,<6y, i.e., 
QA=7/ 1— Oy) <N< 201 +y/ Te) 
the spherical nucleus is unstable and 
becomes the deformed nucleus. 

Here it is interesting to see that 
we have obtained Eq. (8) by the method 
which does not necessarily depend on 
the “ adiabatic approximation,” underly- 
ing Belyaev’s derivation. Actually, the 
adiabatic description of the vibration is 
valid only if hwu<G2, i.e., near the 
point of instability. 

The systematic investigation of the 
nuclear collective motion in the more 
realistic case from the standpoint of the 
particle excitations is going to be prepar- 


ed. 


1) K. Ikeda, M. Kobayasi, T. Marumori, T-. 
Shiozaki and S. Takagi, Prog. Theor. Phys. 
22 (1959), 663. 


2) S. T. Belyaev, Mat. Fys. Medd. Dan. Vid. 
Selsk. 31 (1959), No. 11. 


3) B. R. Mottelson, in Many Body Problem, 
p. 283. New York, John Wiley & Sons (1959). 
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» Oe ae 7 he a ee tre 
ty 39.0 Errata 
Shigetoshi KATSURA 7 
i 
Prog. Theor. Phys. 11 (1954) 476 referred to as I. Proc. Int. Conf. Theor. Phys. (Kyoto, 1953), p. 
- 534 referred to as II. 
“8=0.42” in I (p. 482, line 8; p. 491, line 26) and in Il (p. 534, line 34 and Table 1) should be . 
“corrected as “B=0.450 (2X2) and 0.442 (3x3)”. “J/kT,=0.87" in IL (Table_1) ‘should be corrected 
as “J/kT.,=0.799 (22) and 0.816 (3X3)”. Fig. 6 in I and Fig. 4 in II should be replaced by the 
_ following figure. ; 


Fig. 6. C/Nk 


/ 


Y ‘In this point the author is indebted to Dr. S. G. Brush’s remark (private communication). 

i “(2X2)” in I (p. 489. line 27 and caption of Fig. (16) and in II (caption of Fig. 10 and 11) 
should be read (2X0o)”. 

Pees Ue” and’, o4” im the prdinate snd abscissa in Fig. 1 in I (p. 478) should be read “ p1/9” 

j and “a2” cabnat aly: 
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Thermodynamic Functions of the Relativistic Thomas-Fermi 
Atom at Low Temperatures 


Vishnu Swarup MATHUR 
Department of Physics, Delhi University, Delhi, INDIA 


(Received September 9, 1959) 


The thermodynamic funtions of the relativistic Thomas-Fermi atom, at low temperatures 
and high pressures, have been obtained in terms of the boundary and initial parameters of 
the Thomas-Fermi and ‘perturbation’ equations. Finally these functions are expressed in 
terms of a parameter yg which depends on the density of the material. Our final results are, 
however, valid only when the densities are very high such as those occurring in the interiors 
of white dwarf stars. 


§ 1. Introduction 


Expressions for the thermodynamic functions of the non-relativistic Thomas- 
Fermi atom at low temperatures have been obtained by Gilvarry” in terms of the 
atomic radius and the boundary and initial parameters associated with the solutions 
of the ‘unperturbed’ Thomas-Fermi equation and the ‘first order perturbation » 
equation’. For the sake of generality we have obtain, in this paper, the expressions 


for these functions by using the relativistic Thomas-Fermi model of the atom (see 


Gilvarry”). Our final results are true only in the case when pressure is very high | 
or the atomic radius very small. In the extreme relativistic approximation (?m_> 
10° g/cc) our expressions are identical with those obtained by Kothari and Singh” 
for the relativistic degenerate Fermi-Dirac gas, apart from a term due to electrosta- 
tic interactions. In the non-relativistic approximation (/,,< 10° g/cc) our expressions 


' go over to those obtained by Gilvarry? and March.” 


§2. Helmholtz free energy and virial theorem 


We shall first obtain an expression for Helmholtz free energy F for the neutral 
atom and then derive the ‘virial theorem’ in the case of the relativistic Thomas- 
Fermi atom. Let us label by 7 the various stationary states of the electrons in 
the atom. The probability , that any one of the states (say the ith state) charac- 


- terised by the total energy &;, be occupied by an electron is given by: 


Fe E,—En ie (1) 
a= [2 + exp coughs ae bo ; 


where E,—mc==k1 7 is, the“ chemical potential’ per particle and >a ae, fos’ 


number of electrons in the atom) determines E,,. The entropy S is given by 
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S=-kS{(1—p) np.) +ecInpd, (2) 


« 


where the summation is to extend over all the states ‘7’. From (1) and (2) we 
~\ have 


TS=—kT > In —p,) —ZkT7 + >) Ps Ex—me’). (3) 
Z 


Since the total inter-electron interaction energy E,, appears twice in the summation 
as a result of double counting of interactions, 


>} P(E; — me’) = Er+ Ee, (4) 


where EF, is the total energy of the electrons of the atom at temperature 7’. 
Using (3) and (4) we have 


F=Ep—-TS=ZkT 7 — Ee + kT SIN —p,) 
¢ 
=ZkT 4 — Ent Em+kT Sn (l/r). (5) 


i Replacing the sum over various states, labelled by z, in the last term of (5) by 
integration, we have 


FHZkT 4 — Epa + Box + BT \ d= \In—=p)n(r, E)dE, (6) 


a ae: 


i where n(r, E)dE is the number of states per unit volume within the energy range 
dE and E, is the lower limit for E. For the ‘density of states’ we shall use the 
expression derived by Rudkjébing™ on the basis of Dirac equation for the electron 
- in/a central potential field V(r), which is best suited for our purpose. We have 


dV 
dr 


ne Ree: on | @+ev)? ie ‘(re ) | +e V)dE, (1) 


j= 


_ where r is the distance of the point in question from the nucleus of the atom. 
_ Thus we have 


8x jae| {(E+eV)?—m'ct—(re-dV/dr)*}*" |. 


© FEZRT 9 Byer Een 
Ei 7) Payot + Bh3 3 1+exp[ (Z—E,,) /kT] 


_ We now proceed to derive the virial theorem. For the Helmholtz free energy 
_ density we have, according to (8), : 


{(E+eV)*—m'ct— (re-dV/dr)33!? 
1+exp[ (Z—E,,) /kT] 


F= PRL 7 — Ese 
} KF 


nie 


N 


where €,, is the inter-electron interaction energy density. 


a, Ui 7 4 ae ye ee en Lee Fe ee ela Nee y eg ee eo Be Pe he ee MS ee Lh, aie 
a yet Sanaa ova AIOE ih SUES ue Heo RR Na oa hd Th es ha aia 
8 *; Saha Y Cea fet" sR se 


4 


se - e 


. 


Thermodynamic Functions of the Relativistic Thomas-Fermi Atom 393. 


Hence, 


Vf=kT yl p+heV.0 p+depl V.—F1, (10) * 


where I is given by 


geet | (Et+eV)'=mict— (re-dV/dr)"}" 
Bhd J 1+exp[(E—E,,)/kT] 
ar 
b= Also we have 
Vf=kT7l ptheV.pp—sepl V.—epP Vw, (11) He 


where the second term on the right-hand side takes account of the double counting 
(implicit in the first term) of the effect on f of a change in pe and the last two 
terms take account of the effect on f of a change in the potential V(r). (See us 
Gilvarry®). From (10) and (11) we have ; 


V I=epV (V.+ Vx) =epP V. (ES) 


Since I,=the value of J at the atomic boundary=P”, we have 


I 


3Po=I,|\r-dS= | Ir-dS, i (18) hee 


dS being a directed element of the surface area and v the atomic volume. — From | 
Gauss’s theorem (13) becomes 


3 'ax Ont 


3Pp=s | lade + |r Plas; 


which, using (12), gives | 
‘ 2 : 3Pu=3\ Ide+ \r-ep(r)P V(r) de. (4) 


; The igucanid term on the right-hand side is, according to a lemma by Duffin® (see. oe 


also Gilvarry””), equal to ihe total potential energy of the electrons in the atom. | 
7 é i ; ; 
Fe prance we have en 


‘hie 8x ((E4eV)t—m! c ‘_ (re- dV/dr)*}*” dE+E 45): 
3P0= hic \a 1-+exp| (E— pw 5g pot * ( ; 


* We have Ey= a ace=—*-\p Vede, and Em={€ndr=—e | pV nde, : 
ue to the electron distribution and nuclear 


Pea a Ni lial yer. PIE OLENA, IE Phe MES IL 


5 Vv, aid ve being the electrostatic potentials at 7 d 
A charge cael so that V=V.+Vy. | . Bed 


| 
= 
: 
i, - 
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P=Zki 7-H Pare (16) 


§ 3. Thermodynamic functions for low temperatures 


It was pointed out by Marshak and Bethe” that when &T is small compared 
to the maximum kinetic energy of the electrons near the boundary of the atom, 
i.e. when 


(E,, +e V,—me’) /kT > 1, 
the effect of temperature can be treated by the perturbation method. In an earlier 


paper,” where we regarded temperature as a perturbation, we derived the relati- 
vistic Thomas-Fermi equation in the form: 


BO NG eae 
Cenar ax x J 


gb; 
2 (@'/x)? (1482/0) + (#/8) — G/2) GPx Os) | ce 
{(@/x)? +2 -O/x—(d0/dx—@/x)*}? 


£ 


xf1tce 


where #@ is a dimensionless variable (called the ‘ perturbed’ T7’F function) given 


2 
Le" P(x) =E,, +eV(r) — me’, 
2 
and | a x=r; and where a=Bohr radius, 


9 2 72 6 : 
wa, ae AGA Sp CaO as 
c 


B=2me? a/Ze=3.76 X 10 ; 
and 


£ =n" f/ (2mc?)?=5.19 X 10". (18) 


' We shall be interested here, in the terminology of Gilvarry, in the first order tem- 


perature perturbation. Hence we may express # as 
O=+CR FY, (19) 


where ¢ is the ‘ unperturbed’ TF function and 7% may be referred to as the ‘ first 
order perturbation function’. 4 satisfies the following differential equation : 


oli SAT Picts ) —|( dé ie BS | 


2 dx x x dx x 


which has been dealt with in the earlier paper.” 
% satisfies the following differential perturbation equation : 


¥ Pe WS 75 Svan ais a yh 1% ; ; Eph yee 
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ax _) |= ieee 3 an ( Bx z+2(2 4 _1) 


os 0 ais \ o @- dz 
3 ax 3 as dé (b/x)?z+ (8/8) : 
{ §@ dx  ¢ ede )}+ aye i; (21) 


where 


z=1+ . —( : ae —1). 


The boundary conditions for (17) are: 
(d®/dzx) oo @,,/ Xo 


and 
=), (22) 
which give the following boundary conditions for Eqs. (20) and (21) respectively : 
(do/dzx) so= $o/ Xo > d;=1, (23) 
and 
(dX/A2) w=%r/Xo; L=0. (24) 


We shall follow the method of Marshak and Bethe® and assume that the tempera- 
ture perturbation does not alter the atomic volume. 
The potential energy of the electrons in the atom can be calculated by using 


Duffin’s lemma.” Thus 


e 


Epne=e | or -V V(r)dz, 


which, expressing V(r) in terms of @(x), gives for a spherically symmetric atom, 


252 al! —,? af 
Epoe= fe | D : ar 


ao Xo 2, 


ro 
. 


ae) | 8 


0 


The pressure can be expressed in terms of the boundary parameters as 


P=peer' Tf; (26) 


where p=zm'c'/3h'-f(y), being the pressure corresponding to the case of complete 


degeneracy” and fp; is given by 


ee ae é yee S it B20/¢o ‘3 a aey v2 16 ’ 27 
pe She ro by ( 2 eae eee | Cy 


Here 
f(y) =Cy*—3y) (y?+1)?-+3 Sinhy, 


and 


PE RE? wo, RS RE gor Oe eR RN ae Ne ee en, Re ae An 


sericea at 


1 


. 
—a 


ete ee Te ae oe bee 


ue 


oo > | oes 


= 7 Nias 
Ditad bah, Se 


SR an Oe ae 
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| 


= dy (1 at a ae . (28) 
hoe Yb 


Further, E,, can be expressed as ZV.(0) where V.(0) is the potential at the 
nucleus on account of the electron distribution alone. So, 


ay 


Vis ex Seaees ie 
V0) =(V=A2) = Fi (rV) roo: 


Fil 0 


Hence 
ie, = A a (/ — . (29) 
ao Xo 
Also 
2 
kT7 =f,,—- mc Le Dy : (30) 
ao X 


since V(r,)=0 for the neutral atom. 
Using (25), (26), (27), (28), (29) and (30), Eq. (16) becomes : 


r-[— 1 ae e “(648 


or 


| ae )- Ar mc BSN, ee 


3 Xo 93 
Ar mic { Y 172 - 3.0/ oo) 44 ee 
—CRT | Ae 3 / eG (1 Pree 1+ / 
: op Ay’ XL ne - chee 92 ey y) | 
ie / 2h, By ray 


With the free energy expressed in terms of the boundary and initial parameters, 
all other thermodynamic functions of the neutral atom can be calculated. F 
] In order to express F in terms of x) we are required to know the boundary | 
and initial parameters viz. 4, %, 6; and Z,; as functions of 2. This would require 

us to solve (20) and (21) subject to (23) and (24) respectively. We have here 
‘considered, for simplicity, only the case when atomic volume is small. In such a 
case it is possible to expand d(x) and %(x) in Taylor’s series about the boundary 
_ point, as 


eee Dy ia(4o—2)", ; (32) 3 
and ) | 
(2) =H (a) + 3 salto 2)" (32a) 


The coefficients up to ¢; in (32) have been given in an earlier paper.” The con- : 
dition (0) =1 enables one to express 4(x)) as a function of 2. As a result we 
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. “have; for (28), oe 
; i cs 3 (Ay Peng faa. Ve 
Pmt EGO EG) o0e) 
eee ee, 24 10 \3 hac BY aes, +(e") )| 
| for 


yo 1, (extreme relativistic approx.) 


; and 
bs 37/8 PUB ‘ 7218 7 eit ‘ 
7 y=y0\1— ea a, (1 +3 ¥0 +0(yu')) +0( oe )+ou)t, (38a) 
g : y 
Fi, for . 
. 1/3 ; : 
4 (224 z?) a <yo<1, (non-relativistic approx.) 
: where : 
ee F33) 2°23 : 
B) : “a 2 JB, 1 (Pm/B) DS 
, 0 
and 
é 33 
p= Bam'c ee Z)Mn_ (0,982 A/Z) X10' g/cc, 


Pm being the density of the material. 
_ For the coefficients up to s; in (32a) we have 
= —%a/ X05 


A py 8%y eon ee 4 s/o)? a + Beea/b) +2/8 | 
A eae ae aoe pee (1 2 + )+ (¢s/20)*- (1+ Bato/ 5)? s 


Bees. i ee as 
amon Se aa pay)" (yf)? 4 Beal) +18) 
i oe areal dy (1+ dy (1 ee) een “(Gy/Xo)*- 1+ Bx0/ bs)? 


ie oes , Phele B20/ bs 


% A t * hes if +B2/br 


_ The condition 7(0) =0 may be used to express 7%(2)) or % in terms eo a 
_ have only Pp account of the first three terms in the expansion. This lve > 


aes . i canis 4 yr th. 

et On ae i A 8) ey e/2)’ 
Thus , using Spier 's series expansioh for the functions, we have, for F and Pi n 
the extreme relativistic _approximation (yo>1 or Pm? 0. 982A/Z x 10° g/cc), feng 
a following septessions ee 
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5 2\ 1/3 
Pa SP yl (a 1 a 1 +0( a )- 3 AYVo & 4Z 
fF 3. Ayy Yo On 
SS 


Jao) 


_2 (#2) i eset +0( 1), (37) 


and 


4/3 1/3 
pate (Zo0)"(8)"h- 2 40( 1) 
8 Amy T Yo Yo 


=-2.(42)" a(1+—, +0 ce ))+0@ rap 


2 1G FON | 3 5) if 
pel EE tO | 8) 
3 ( MC yo 20 By" ( yo )) 


It may be seen that apart from the terms containing a (where a is the fine struc- 
ture constant), these expressions are almost identical with those obtained by Kothari 
and Singh” for the relativistic degenerate Fermi-Dirac gas in the extreme relativis- 
tic approximation. (The parameter y, in our case may be identified with the para- 
meter x used by Kothari and Singh.) One can also note that, howsoever high 
the pressure be, the contribution of electrostatic terms in these expressions always 
remains appreciable. 

The corresponding functions in the non-relativistic approximation (0.00342 Z*” 
<yo<1 or 0.0394 AZ <p,,<0.982-A/ZX10° g/cc) may be expressed as: 


2 \, 2/3 5 5/3 1/3 
i 3h ee UV 1-3 ( ae 2 yo + 2 yo" 
Yo 72 


10m~\ 8z Amz Ox 298 
+0(-*. 2") 069) | 
yo 
Lappy Hm (Pe ZPm me Ye Se Oly st ) 
PINGS Amy ‘e 2 8 OND) aed 


and 


Ea a 9 eee a’ 


jee 2 & ne ZOm y"[f- 3 
5m \ 82 Amy \ 2 \ Ox ‘yo. (520 \ 9a Yo 
5 5 
Pe ae evant ale Z*) +00) 
vm Ba \ V8 fA ale 
ss er( "(sae)" coo]. ew 


It may be observed that in the non-relativistic limit ( yo<1) these thermodynamic 
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tere 


CS enchens go over to es given by Gilvarry® and March.” The terms ae 


i yo and y,' are thus the relativistic corrections. ee i 
. Concluding, I wish to express my sincere thanks to Professor D. S. Kothari 
and Professor F. C. Auluck for their constant interest and encouragement during: 
the course of this work, 
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A method recently developed by Blatt, Matsubara and May” for evaluating the magnetic 
response of a system in a on gauge-invariant approximation is illustrated by a simple 
example: that of electrons moving in a weak periodic lattice. The result is in (quantitative) 
agreement with more detailed gauge-invariant calculations by other authors. The calculation 
is also of interest in that it provides an example where use of the “London gauge”, 
divA=0, leads to unphysical results. 


§ 1. Introduction 


Recently Blatt, Matsubara and May” (referred to as BMM) have developed 


a new technique for evaluating the magnetic response of a system described by an 


approximate hamiltonian which is mot gauge-covariant.*** Briefly this technique is 
as follows: In general the linear magnetic response of a system has the form 


M(q) =K(q)B(q) (1-1) 
where M is the magnetization, B the magnetic induction (in Fourier space), and 


the kernel, K, involves only the field-free eigenvalues and eigenvectors of the hamil- 
tonian describing the system. There are in fact an infinite number of forms for 


K(q) 
| K(q)=K,(q) +a(q) he hay 


with K,(q) and G(q) given by explicit formulae ((2-6) and (2-7)), and a(q) 
an arbitrary function of gq. Now if K(q) has been calculated from an exact 


_ gauge-covariant hamiltonian, then G(q) vanishes identically, and all the forms 


(1-2) are identical; on the other hand, if a non gauge-covariant approximate 


hamiltonian H has been employed, then G(q) 0, and an indeterminate result 
is obtained for the kernel, depending on the parameter a(q). 


* Now at Harvard College Observatory, Cambridge, Mass., USA. 
** Also supported by the Nuclear Research Foundation within the University of Sydney. 
*“* A hamiltonian H(A) is called gauge-covariant if for any: scalar function A there exists a 
unitary transformation U4 such that 


Uy4iH(A)U4,=H(A+grad 4). 
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: However, there is still one well-defined value of a, a, say, for which K" (a) 
is closest to the exact value K; if we characterize the difference between true and | 
approximate hamiltonians by an expansion parameter &, 


HS HY Vee... i Ss i na 


and expand the exact kernel around K (a), in powers of 6, hae 


K= KO (a) +&EK (a) +EK (a) ++ (1-4) a 
then we choose a=a, by the demand that SS : 
K™ (a,) =0. (1-5) 


The ensuing kernel K(a@,) is thus a stationary approximation to the exact . 
kernel, and the ambiguity due to the violation of gauge-covariance has disappeared. 
Our aim in this paper is to illustrate the above technique by a simple ex- 
ample—that of electrons moving in a weak periodic lattice. a 
The exact hamiltonian for such a system is 
h° : 
(— r+ a) U(r) =E(k) 8; (r) (1.6) 


2m 
where the potential V(r) has the translational symmetry of the lattice : that is, 
V(r+ pz) = V@) > el aT) 


pn being any one of the lattice vectors. The electron wave-functions then have the _ 
form” HA 


P,.(r) =exp(tk-r) u(r) (1-8) 
with the function ~,(r) having the same periodicity as the lattice. oh, ia 
In the theory of metals, approximate wave-functions 
PO (r) =exp (ik-r) u(r) (139) oi 


are frequently employed when dealing with a weak potential. The energy values La 
in the approximation are ‘hehe 
ts i he » Shia 

E(k) =—— +E (1-10) aa 
2m Raase 


h 


and E, u(r) are determined from the equation 


[— Fre ver) |uotr) = Bale). | (1-11) 
2m 


The expansion parameter & in this scheme is defined by — 
H=H®+éH® Chaney 
where H is the gauge-covariant hamiltonian (1-6) and H the approximate hamil- oa 


Tae 
tonian corresponding to the above eigenvectors and eigenvalues, (1-9) and (1-10). 
This approximation scheme is an improvement on the free electron one, in 


1 
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that the factor w(r) in Eq. (1-9) contains the essential features due to the lattice. 
Quantities such as the cohesive forces in metals due to conduction electrons may 
be calculated satisfactorily by use of the method. However, since the approximation 
is better for small wave-numbers k than for large ones, it may be expected to 
lead to non gauge-invariant results for magnetic quantities; this is found to be 
the case (Section 2). This difficulty is then overcome by applying the BMM 
technique (Section 3). 

Our attention is confined to evaluating the kernel in the limit of small g(¢<k,) 
since this region determines the essential nature of the magnetic response (larger 
g are pertinent to penetration phenomena, which shall not concern us). 

The results are in quantitative agreement with a more detailed and fully gauge- 
covariant calculation by Tani.*) The example is also of interest because it provides 
an example where the prescription of calculating everything in the ‘‘ London 
gauge”’ (div A4=0 or a(q)=1) leads to nonsense. 


§ 2. Calculation of K‘° (q) 


The quantities K,(q) and G(q) mentioned in Eq. (1-2) are defined in the 
following manner (see BMM): For a system of N particles, with charges e, and 
masses ;, the field-free eigenfunctions of the hamiltonian H, 


Ak) =E;,\k) (2-1) 
are used to construct quantities S,,(q) and L: 
L= Sj e;/mic’, (2-2) 
1 ‘ : 
Suv (q) = ~~ alae @) [RD <R'liv(— @) [RDF (Ex, Ew), (2-3) 
where j(q) is defined as 
i) =>. (p.exp(—iq-™,) +exp(—iq-*) p.) (2-4) 
and F,(F,, Ey) is the difference quotient 


CLR CRE aie ee 
Le Cline Tey =——- 3 & ‘ 
ur) Ro: (@-5) 


with F,(E) being the field-free distribution function of the system. K;(q) and 
G(q) are then defined by 


ss 1 ile N 3 Way 
Ka (@) = 23> bn 5 EB Sua), (2-6) 


Gq@=> Sey Su. (q) —L. (2-7) 


pee ROP che! gates 
Ss y 
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Thus for our example’ of electrons in a weak periodic potential, we begin the 
calculation of the zeroth order kernel, K(q), by writing down the appropriate 
expression for the matrix elements of j(q): 


CR ju(@) >= (k+B),dr|uo(r) exp Gi —k—q)*ry 128) 


a 


=, (k+ kh) .X (hq). (2-9) 


(Use has been made of the fact that «(r) must be either even or odd in r.) 
Then, after the substitution kK->k—(k’+q)/2, k’>k+ (k'+q)/2, Eq. (2-3) 
gives SY (q) as 


S@(q)=— 2 Saks X(W) PF {EE D2) | ee (27) (2-10) 


mic? kk! 2m 2m 


with F,(E£) the Fermi distribution function. 

At this stage, some simplifying assumptions are made as to the nature of 
\z(F) |; since this calculation is done essentially to illustrate the BMM technique, 
such mathematical simplifications are unimportant. We put 


lugar) P= C{1 +BS exp(— (r—pn)?/b") } . (2-11) 
This function provides a two-parameter fit (in terms of a strength parameter /, 
and a range b) to the solution of Eq. (1-11) for any specific V(r) ; the free 


electron case corresponds to the limit 80, We also assume b<a, a being the 
lattice spacing. The normalization constant C is given by 


Cf lute) par=cv (1+8[ V2") )=1. (2-12) 


Substitution of Eq. (2-11) into (2-8) leads, fin the limit of infinite volume, 


to the result 


a % 


mv 


X(k) =CV {a(k) +e aay 0 (k—x,) exp (—K*/4)| (2-13) 


and 
72 


1X (k) ?= 8 (k) +| CVs (v=") Tssacn—a) exp (—#B'/2). (2-14) 


The sum over «, extends over all vectors of the reciprocal lattice; 0(k) is defined 


to be 1 if k=O, zero otherwise. 
Comparison of Eqs. (2-10) and 

into two parts, the first (S,0(1)) correspon 

(S,©(2)) containing perturbation effects due to the lattice 


e ((k+q/2)? (k—q/2)” 
Sty G5 3h i oe 2m , 2m (one) 


mic? 


(2-14) now shows that S{? can be separated 


ding to free electrons and the second 


Sie Soleat setes"t a 


_ with numerical factors, o,=72)/37/12, Op=Ty/ 9n/5. 
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2 Deh /a)® 2 ae 
SO) = BO/ 2 = he ky exp (— nb? /2) 
' ( ) ict HE: b/ Bee pap? 
x Fr (k+ (n+ q)/2)" (k— online , (2-16) 
2m 2m 


The expression for L®, Eq. (2-2), is independent of the approximation used 
= Lene yi (2-17) 


Eqs. (2:15) and (2-17) now describe the Landau” diamagnetism of a free 
electron gas. It is easy to verify that 


Sse se Cy esp): (2-18) 
vw @ 
sno ete ti Sede) 0 a Bae 
lim (4. pS foot Sea Beales: 2-19 
970 agi ) g guide Ame? kB 


(We have introduced the Fermi wave number, &,, which is related to the number 


of electrons by N= Vk;,/3z’.) 

Corresponding equations with Sj)(2) may be obtained by: (a) assuming 
2QkrSm, ie. Rpa<a (if there are v conduction electrons per lattice ion, this cor- 
responds to the assumption »<7/3), and (b) replacing the sum over reciprocal 
lattice vectors «, by (a/ 2n)*| dx (this is permissible for b/a<1, which has already 


been assumed). The consequent results are 


/ 2 3 2 
lim S149 ay S22 V on e°N P{b/a)* | (2) Se 
ew g ae oe mc SAGs az b/ +e ! CA 
lim pa ill eee ns Lf AQ) (2) _ 1 / 2a ; e@N i 2B? 
990 guy \2 Di igi ware 20 ““Swac* ; 
3° (b/a)* ( b 
aq aa PTO ey) 
Collecting all these results, and neglecting terms of relative order (6/a)* and 
2 (b/a)’, 
if Go } 
i lie ie ic } r ; 
Ler ? (2-22) 


4} 


Thus the approximate eigenfunctions have led to a result which violates the | 
gauge identity G==0. Referring back to Eq. (1-2) we see that K will now 
depend on a parameter a: 


‘approximate kernel from the set (2-24): a= a, is selected according to the cri- 
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0) 
K® (a) =K®+4a2_. (2-24) 
g 
The technique described in the introduction is now applied to choose a best 


terion that K™(a@,) shall vanish. 


L Naswetel ne " See Een ee pay ‘ 
Sere Ee mM beet aty, PN e  o 


§ 3. Calculation of a, 


Dal 


The function S,9, and thence K”(a@), is found by extending Eq. (2-3) to 
get 


(LRH |R') (RL j.(—4) IAD 
[4h iV @ lk CR" |[BD 
x F,(E(k), E(k), E(k!)). | (3-1) 


S8(@) =a 3S) Hi DIED 


is 
Selig SRN Lt nee as AONE 
Rhine it ete aT ace petal tuto, 1s. 


‘The matrix elements of H™ are readily found from Eq. (1-12) : 


Ck 


H®|k!) =! dr exp (—i(k—k’) -r) (k—B) Plu(r)[? (3-2) 


> eae 
See 
ei Baath 28 


or, using the particular form (2-11), 
- Hg & AVES («,b)2 exp (— 4202/4) 0(k—k’— ap). (3-3) 


ey 


(RHO R= 


Thus, substituting from Eqs. (2-9), (2-13) and (3-3) into (3-1), we get 


ye oS) et exp (= 4 00/4) 
a a 


RIE %nFns AN 


BPiq) =2( 8 


2c 
O(k—k! +4) 0(k!—k! +n) 0 (ten — Knr) 


/ " 
x (RtR)p(R+R ee er O (Kk! —ke!!— ten) 0 (ty — Kn) 


“ 


(BR oP ) tae 
OF. . : . (3-4) 
; 2m. 2m at ” ee 


Making use of the fact that S,, is a symmetric tensor, this may be reduced, after 


some manipulation, to 


ir oa AS} (k,b)? exp (—12b"/2) 2 (e+2) (e+ 244) 


2 2 2 
x P| = Re (ke+q)" Se (3-5) 
QM 2m 2m 
A is a constant, 
3 Se 
pea al? ) cv)" (3-6) 
mem a 
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We now proceed to evaluate GY/¢ and Kj in the limiting case of q<kr. 
First G® is found from 


lim S$} SQ 42 — mA S} («,b)? exp (—#nb"/2) 3) 


g>0 wy qd An 


y (EW) GAS ay E\—F( 2 Gs) \) (3-7) 


@°k,,- (k—(K&,/2)) "\Om 2m 2m 
me mA S) (qb)? exp {— (eab)?/2} AN. (3:8) 
Koy, Kes 


A partial integration has been performed to reduce Fy! (k°/2m) to Fy(k*/2m). Re- 
placing the sum over «, by an integral, 


; Wd 2A. . a 4 z 
lima 31Spy ? ow (any aa Nee (4) : (3-9) 
That is (since LX=0, L® being exact) 
: T° ae & 
lim G®/g=—7— “(2 ak 3-10 
es Satie (3-10) 


A similar, but more complicated calculation gives 


lim 3} ( oe a SQ~ MAS) (ib)? exp (— (teyb)*/2) 


gro wy \2 2°50" 
(N gq | VAG )? 
x eH 14 (3-11) 
n F nq 


(The complications arise from the fact that we now have to consider terms up to 
order q°/k;.) Simplifying this expression, we get 


2 | hein a : 
lim KP = — 7 B(2 ee thn 


a, is now found from the condition 


of) 
K® (a) =KP ba =0. (3-13) 
q 
Thence, for small g, 
Fete . 
AG es oats 


§ 4. Conclusion 


The above approximation scheme for electrons moving in a (weak) periodic 
potential thus finally gives a slightly modified Landau diamagnetism, with a kernel 


6 tal 8,4 APP fe 
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K(q) =K(q, a (q)) (4-1) 
eN 1 BN eis 
SAI aL et ae ie 
Amc mt (-) (1+ 0(2) }}. 
(< is a numerical constant, 7/27/18.) (4:2) 


This is in qualitative agreement with the result first derived by Peierls.” If 
the assumed m(r) given by Eq. (2-11) is fitted to the actual ground state Bloch 
function for sodium, as given by Wigner and Seitz,” the ensuing values of the 
parameters § and & imply a diminution of the Landau diamagnetism for sodium 
by roughly 0.07%. This compares favourably with a more detailed and fully 
gauge-covariant calculation recently made by Tani,*) (using the sound wave for- 
malism to describe the lattice), who gets a correction of 0.06%. 

In problems such as the one considered above, where non gauge-invariant 
approximations are employed, many authors have followed the course of using the 
“Tondon gauge”, div A4=0. It is worth noting that in this example, such a 
choice (which corresponds to choosing @,(q)=1 as opposed to the BMM variation- 
al choice of a@,(q)) leads to a singular kernel such as that for superconductors, 
only with the wrong sign (cf. Eqs. (2-22), (2-23) and (2-24))—this is com- 
pletely unphysical. 

It is a pleasure to acknowledge the assistance of Prof. J. M. Blatt, who sug- 
gested this problem. I also wish to thank Professor H. Messel for the excellent 
facilities provided, and General Motors Holden for their grant of a Research 


Fellowship. 
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The Green function method is applied to the problems of electron gas. It is emphasized 
that there is a perfect parallelism between the Green function methods in zero-temperature 
problems and in finite-temperature problems of systems in thermal equilibrium. Further it 
is pointed out that the Green function method is also useful for the calculation of transport 
quantities. 


§ 1. Introduction 


Much advances have been made recently in the study of many-body problems 
in quantum mechanics and quantum statistics. Particularly noteworthy is the com- 
putation of the exact correlation energy of an electron gas at high density by Gell- 
Mann and Brueckner?” (GB). The high density result of GB has subsequently 
been derived by other methods by Sawada et al.,” Hubbard,” and others.*? The 
field theoretical techniques are quite useful in summing certain subseries of terms 
in the so-called “linked-cluster expansion”’. Recently Galickij and Migdal,” and 
Klein and Prange” have applied the Green function method to many-body problems 
in quantum mechanics. This method is quite suitable for the study of many-body 
problems. From the one-particle Green function one may compute the energy and 
damping of quasiparticles and from the two-particle Green function one may obtain 
the potential energy due to two-body forces and the energy spectrum of excitations 
which are not describable as a sum of energies of quasi-particles. 

Montroll and Ward” have developed a generalization of the cluster integral 
theory of Mayer to deal with the quantum statistics of many-particle systems. They 
have shown that in the case of an electron gas the classical limit of the contri- 
bution of ring integrals to the grand partition function yields the Debye-Hiickel 
theory, while the low temperature limit leads to the GB result. 

Matsubara” has applied a formalism of quantum field theory to the calculation 
of the grand partition function in quantum statistics. _Matsubara’s method has been 
deyeloped recently by Bloch and Dominicis,” Fradkin, and others.” The ap- 
plicability of the field theoretical techniques to quantum statistics is based on the 
existence of the theorem corresponding to that of Wick" in quantum field theory. 
There is a close correspondence, which was first pointed out by Matsubara, between 
the Green function methods in quantum mechanics and in quantum statistics. 
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The present paper is mainly concerned with an exposition of the methods. 
We obtain the two-particle Green function of a dense electron gas and derive the 
result of GB. From the Bethe-Salpeter equation for the two-particle Green function 
for an electron-hole pair the dispersion relation of plasmons is derived. This 
method is applied to the problem of the exciton and the plasmon in insulators. 
The improvement of the dispersion relation of plasmons by including higher order 
effects will be carried out in II. The calculation of the diamagnetic susceptibility 
of a dense electron gas, which will be published in III, is based on the two-particle 
Green function obtained in § 2. In § 3 we show that the grand partition function 
of an electron gas at high density can be calculated by the use of the two-particle 
Green function which is obtained in quite the same way as in § 2 and that the 
result of Montroll and Ward is derived quite simply. In § 4 we introduce Green 
functions which are dependent on time and temperature and we point out that 
these Green functions are suitable for the calculation of transport coefficients. 
We emphasize that there is a close resemblance between the Green function meth- 
ods in zero temperature problems and in finite-temperature problems of systems 
in thermal equilibrium and in the problems of transport processes. 


§ 2. Time-dependent Green functions 


The Hamiltonian for the system of electrons is 


H=H, +f, (224) 
where 
Hy= | ryx(r) Pyar, (2-2a) 
2m 
ees \\ * (r) * (rv (r—1!)  (r’) 6 (r) dr dr’, (2-2b) 
na) = -S)u(k) exp(ik(r—r’)), v(k) =4a08/F. (2-3) 
¢(r), ¢*(r) are the field operators which satisfy the well-known anticommutation 
relations 
| [ocr), $*(r')].=8r—r’), fae 
[o(r), $7) ).=[H* (r), $F) J =. 
The one- and two-particle Green functions are defined as 
G(x, Lo) =i(T {P (21) P* (22) } Ds : (2-5) 
Gay, X23 Ts, Fe.) =iCT {P (a1) P (22) P* (2s) P* (2s) } Ds (2-6) 


where x represents a point in space and time, and T' is the chronological ordering 
symbol of. Wick. 9(z), $*(x) are the Heisenberg operators ; $ (x) =exp[i/N- Ht] 
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-¢(r)exp[—i/h-Ht]. The average is taken over the ground state function of the 
Hamiltonian H. From (2-1) and (2-6) we obtain 


y= (H> 


= 8+ Wee || lim Gore, rt;rt!,r't)o(r—r)drdr’, (g=e) (2-7) 
dod. 


g tl>t+ 


where & is the ground state energy without interaction. As is well known, (2-5) 
and (2-6) may be written in the form 


G(a1, 2) =1(T { p(x) o* (22) 3} )o/CS)o, (2-8) 
CUC26, (Laiiits, 2) =i(T {¢(21) $ (22) b* (x3) o* (2,4) S} )o/ S03 (2-9) 


where (x) =exp[7/h- Hyt|¢(r)exp|—i/h- Hpt] and S is the S matrix; the average 
is taken over the ground state function of the unperturbed Hamiltonian A). 

As was shown by Schwinger,” and Gell-Mann and Low,” the equation for 
the two-particle Green function has the form 


G(a1, £23 X3, Xs) =1G (a, 23) G22, 4) —iG(4X, 14) G( 22, Zs) 


iets Th \-|om, X53) G( 22, x) I"( 2s, Xe; X77, Ls) G( az, Xs; X3, Xs)d2x3d2x,dx;dxX-2, 7 


(2-10) 


where /” is the irreducible interaction part. At high density limit we may obtain 
the two-particle Green function without solving the integral equation (2-10). Let 
us define the effective interaction 1 (2,—2x») by” 


U (ay— 22) =v (41— 42) +1/ih- \\ Uv (X1— 3) Go(%s, Ls) Goa, 2s) VU (ay4— 24) da, dx, 
(2-11) 


Fig. 1. Wavy and dotted lines represent the effective and Coulomb 
interactions respectively 


where v(2,—2%2) =v(mM—1r2) 0 (t;—te). The Feynman diagram corresponding to 
(2-11) is shown in Fig. 1. G,(z, x’) is the one-particle Green function without 
interaction and is given by 


G(x, 2") =, S \ Gok, €) exp(ik- (r—r') —i€(¢—1")) dé, (2-12) 


where 
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Gi(k, €) = = ) 
SE ULI R Gado en ee ca 
and 
&,(k) =h? k*/2m, 
6 (ke) = —9 76 (hy: Ce) 


Here 7 (k) is the occupation number of unperturbed state. We can solve (2-11) 
at once by introducing the Fourier transform of U (2,—2) : 


1 F 

V (a,— 22) = oa, > | V (q, ) exp{ (iq: (r:—1,) —iw(th}—t,)}dw. (2-15) : 

We get pO is 
V (q, w) =v(q)/{1+v(q)Q(q, )}, (2-16) | : 

where a 


grate. iis =, & ieee Le é Sater ra She Bs > Sk Sat 
ee Ne Sg PAE = ig RO aS e COREE een, RS eer ee 


Qq = Gk, OG(a+k, w+ 8) de 


—_ m (q +k) —10(k) 
AV oh AB GEOR sew mG Me 


Then the two-particle Green function is given by 


G (ay, Has Lap By) 1G (21, Ls) Go C25 Hs) —tGo (H5| u) Go (La, Xe) 


+i/N- \\ Gy (21, Xs) Go(22, Xs) v (%5— Xs) {iG (Xs, 13) Gy (Xe, 14) }AX5Ad x5 


+i/h < \\ G(x, Xs) Go (22, 2X) V(X5— Le) {—1iGp (25, 24) Gy (26, X3) }dx5dxXe. 
| (2:18) 


Inserting (2-18) into (2-7), we get the result of GB for the energy of the ground 
state. The first term of the right-hand side of (2-18) does not contribute to the 
energy. The second term gives the exchange energy (Fig. 2a). The contribution 
from the third term is represented by the diagram shown in Fig. 2b. The last 
- term gives the second ‘order exchange energy which is denoted as &” in GB’s 
paper (Fig. 2c). 
‘The Green function which yields the result of GB (except the last term, in 
(2-18)) may also be obtained by solving the following Bethe-Salpeter equation, 


Fig. 2a Fig. 2b 
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G(a1, X25 Ls, Ls) = —iGy(H1, Ls) Go (x2, Ls) 


Sus Kener 25) Go (Xs, Xs) V(Xs— Lo) G( Xe, La; Xo, X4)AXsA Lg. (2-19) 


The interaction part of the second term 

in (2-19) is described by the diagram 

shown in Fig. 3a. The dispersion rela- i . 
tion of plasmons can be derived from si gaat ea 
(2-19). Let tj) t,t, t:., “Then, using 

the completeness of the set of eigen- 


functions ¥,,, we rewrite (2-6) as Fig. ae Fig. 3b 
G (Fy, rss 7, C1) aes Natasa i) Ln ts ees (2-20) 
where 
An(a1, Ls) = (Po, Ti P (1) P* (xs) } Pn), (2-21a) 
Ln (Lay Ls) = (Po, T{P (xr) P* (4) } F)*. (2-21b) 


Here T orders the operators in the reversed chronological order to T. Following 
Gell-Mann and Low’s procedure,“ we obtain the following equation for the bound 
state (plasmon state) amplitude %(2, x3) for a pair of an electron and a hole, 


a ,) = — ifn \ Go (21, Xs) Go( Xe, Xs) V(Xs— Xe) A(X, Xe)dxXz,dx_. (2-22) 


For simultaneous time ¢,=¢, the function %7(2, 23) has the physical meaning of 
wave function describing the behavior of the electron-hole pair and may be written 
as 


(ryt, rst) =exp{zk- (r, +r3) —iut} ; Sjexp{zp- (ri-rs)} ff" Cp); (2-23) 
Pp 
where fiw is the excitation energy, and Ak and fip are the total and relative mo- 


mentum. Inserting (2-23) into (2-22), we get the dispersion relation of Bohm 
and Pines 


1 k k 
a al + —_ — a= 
OnhiV v(k) >| G.(p Me é) Gy (p a”? € «) dé 


_ Ame’ Tier (Pp) 
mV ~ (w—hk-p/m)?—hk!/4m? - 


(2-24) 


The improvement of the dispersion relation by including the higher order effects 
will be discussed in IJ. It should be noted that the normalization of the bound 
state amplitude is derived from the sum rule (see Appendix). We can also obtain 
the dispersion relation of plasmons in solids, which was derived by Kanazawa, 
and Noziéres and Pines,’ by expanding ¢(r), ¢*(r) in terms of Bloch Pavers 
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Next, we apply the above-mentioned method to the problem of exciton and 
plasmon in insulators. Adding the interaction part which is described by the 


diagram shown in Fig. 3b to (2-19), we get the equations for the singlet and 
triplet states of an electron-hole pair 


L241; Xo) = —i/Nh- \\Gce, 2X3) Gol Xa; 2X4) 0 (23.2%) 1 (2a, X4)dx%3d2X4 


a2 i/h : | \G (2 > 23) Gy Cie Xs) Vv (x3— 24) (43, L4) Chie ati, (2 : 25a) 


(for singlet state) 


A(x, X2) = i/n : \\ Gorn, 25) G, (G45, Xa) Org Ly) LN 2s, 2.) dxg¢dz,. K2-Zop) 
(for triplet state) 
As the unperturbed Hamiltonian we adopt that of the Hartree-Fock approxi- 
mation and denote the eigenfunctions (Bloch functions) and eigenvalues by @yp5 (1) 


and &,(p) respectively, where 7, p and o denote the band index, the reduced wave 
vector and the spin. The Hamiltonian is 


H=A,+f:, (2-26) 
ig mas rent (p) Giga Qnpo > (2 ; 27a) 
nps \ 


gS Wis * * 
p P an pitkor Ang p2—-KG2 Ang! p2 oo! Any pioil 
2 1 


ge Ny Ny | 
cae ke Spee te 


no! 
( Pipok ) 
6162601! Gol 

— Ss? ie | y m\ a Ng 
aig Pi P2, | po Pi pi Pit Po 


( pi p2 ) 
ao! 


where 


he 
eee 
nine ni! 


ae pth 


ie Pip F)Oaor| Nexo th mi Omics 
1 2 


(2-27b) 


ln, Ng Ns Ms a fe e ae, 9.98 
V = NPL r) ng Nee ) aa Ne 3 (T2) Pna (71) r,ar>, ( ) 
Pi Ps sae \ Pio (Ps) Poe Ceri rl me i 
and N,, is the occupation number of unperturbed state, and N,,=1 and Nip»=0 
correspond to the valence band and conduction band respectively. 

We expand 7%(x, x’) for simultaneous times in terms of 9: 


Lnw (rt, r’t) = >) Pmp+nj2(T) Pia phi (r’) exp(-—tot) fi” (p)- (2-29) 
nm nop 


Considering the spin states, we write f as “Ff where If and *f correspond to the 
singlet and triplet respectively. (2-25a) and (2-25b) lead to 


n Nol nN ny! 
mpnm(p) =| p.48/2 pr 'k/2 V |p h/2 pina) 


; ny Ng! ny! Ny | 
20 > 4b /9 Bai pi +k/2 p—k/2 
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LVnipth/2 4+ no p—k/2 pau nal ip); (2 a 30) 
ho— i (p ea k/2) =f Ens (p— k/2) 


where 
Oy=t for Vier 
=0 for M=3. 
Rewriting (2-30) by using the abbreviations c and v for the indices corresponding 
to the conduction and valence band, respectively, we have 


1 
ho—€.(p+k/2) +&,(p—k/2 


(2-31) 


# io (P) om 
La ae RN a (i a ee a ep c! 

Bah aire py n/2| |p—z/2 os) 

/ 


b/2 Vo R/2 p—K/2) Soe" (P) 


U 


) c 
=20u( pa‘e/2 pi 
v! 
= p-4e/2 5 oe eh \p> - pl +k/2/ ») 


Yh fie’ (p) |, @-82a) 


— 28m 9 b/2 pr 4/2 
sy ae ( pie SSS, ites HOE eS OO A oad 
E Ree HERE? 
«(Sp cey2 pr—aral | 2) 
prh/2 p “4/2 z “k/2 pty 
i Pw / 
Wop cRpae (P’) 
a v Gi Cc v! 
SP be wa rex prek/2) 


© c! v! c vic / ‘ . 
Ow pst/a p—malY prone poaja)h PP]. 2-32) 


_ These eigenvalue equations are the same as those derived by Horie.” 


= Pbuk aie /5 pie p'- OE 


§ 3. Temperature-dependent Green functions 


The one- and two-particle Green functions are defined as 


G(a1, at.) =(T {9 (x1) 9 (a) }), (3-1) 

G(a1, Wea. 20s 5 oe) =(T{P (a1) 9 (22) 9 (23) 9 (ay) }), (3-2) 
where 

9 (x) =$(r, t) =exp (261) J (r) exp(— 362), (38a) 


$ (xc) =exp (361) $* (r) exp(— 262) (3-3b) 
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and 
%=H—pN; (3-4) ~ 


# and N are the chemical potential and the total number operator respectively. 
In this section ¢ is the variable corresponding to inverse temperature (multiplied 
by k) and T is the corresponding ordering symbol. The average is the grand 
canonical one : 


(-+-)= Tr{exp(—B4)---}/E, (3:5) 
where S=(kT)~', k and T being the Boltzmann constant and temperature respec- 
tively. = is the grand partition function : 

& =Tr exp(— 86) =exp(—f2), (3-6) 


where 2 is the grand potential. From (3-2) and (3-6) we get 


g 


9=2,-—| a \\ lim G(rf,, r’ P13 rf., 7’ B2)v(r—r’) dr dr’, (3-7) 
0 


g 82>81+ 


where 2, is the grand potential without interaction, i.e. the grand potential of a 
perfect gas: 5,=Trexp(—f#,) =exp(—82%). (3-1) and (3-2) can be written 
as 


G(x, 22) =(T {b(2,)¢ (xs) U(8) } )o/< U(8) Yo» (3-8) 
G(x, Tg S50e 5 Aa) =(T (h(a) ¢ (x2) 6 (x2) 6 (24) U(B)} )o/< U(/) Yo» (3-9) 
where 

¢b (a) =exp (26 ot) $(r) exp(—Aot), $(2x) =exp (J6 ot) ¢* (r) exp(— ot), 

(3-10) 
6 

U(8) =Texp(— | @at)}, (3-11) 
H, (t) =exp (bot) Hi exp (— ot), (3-12) 
and | 
(++ )o=Trfexp(— Bo) ---}/Zo- (3-13) 


Comparing these formulae with those in § 1, we see that there is a close correspond: 
ence between the time-dependent and the temperature-dependent Green functions. 
Therefore we may use Feynman diagrams in the same way as in §1. The in- 
tegral equation for the two-particle Green function has the form 


E(t, 22; Loy 04) =—Gl ar, 20) G (a2, 2) +G (a1, LA) G(r, 2s) 


8 af Eb 
—|--ff-- ea 2X5)G (2X2, bern ie Coote Xe 5 X75 Xs) G(x, Hg 735 24) dx3d xed X7aXp. 
: (3-14) 
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Now we calculate the grand potential in the approximation corresponding to 


GB’s approximation or Mayer’s ring approximation in classical statistics. Our 
approximation corresponds to the following simplification in (3-14) 
G(x, 4) > Go(2iy 2s) SCT { gb (21) 6 (£2) } Yo 
1/V<SVa—f,) exp ik Gita) — (E(k) —2) (ite) } (4 >a), 
ees hi 
—1/V- S\fir exp{ik- i—12) — (60(k) — 4) (a—-&)} <4), 
k 
(fr=1/[exp (7 (&() —#)) +1) (3-15) 
CE. Xs, 3, 24) >—Gy( 27, eg) Gy (tay aN (3-16) 
P'(t5, 203 1, Xe) > VF (xa— 200) 9 (x5— 17) 0 (xe 16), (3-17) 


where 0(2,— 2) =0(1r,—1r2)O0(t;—t). U(as—2¢) is the effective interaction deter- 


mined by the following equation, 
8 
i (2;— X¢) =V(Ls— Xs) — \\\j v(Xs— 2X) Ga(z, x!)Gy(x’, xz) V (2'—a,) dxdz"', 
(3-18) 


where 
Vv (X5— Xo) =V(Ts—T¢) O(ts—Fe) - (3-19) 


Making the approximations given above and adding the term corresponding to the 
second order exchange effect, we get the two-particle Green function as follows: 


G(x, Los Le, Cy) = —Gy(x1, ots) Gulecy: 24) +G,(21, cp) Galera: 23) 


\G (25 5) Gy (a a) V (xs— 2) Gol xs; X3) Gy Cais, Ta) AXsA Le, 


\G (21, Xs) Gy (25. Xe) V(XL5— Le) G, (Ree) Gy(%e; X3)dX5AXe_. 
(3-20) 


In the limit of classical statistics the second and fourth terms expressing the 
exchange effects are unnecessary. 


Now we calculate the effective interaction U. Taking account of the perio- 


dicity of the one-particle Green function that G(r, -) =—G(r, 7+ ), where 
r=r,—r, and t=t,—f,, we may change the definition of v(x,—.2,) as follows, 
v(%1— 2%) =v(ri—r) SO (A—-b +n). (3-21) 


Then, by making the Fourier transform the integral equation for 7’ becomes 


VP (q, mn) =0(q; On) —0(q, On) O(q, On) B (q, on), (3-22) 
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where 
oe, 8 pe 
ie(qhan) oa \az| ar UG era aia re ane). (3-23) 
8 
(w,=nn/8 ; n=integer) / 
v(q, ©,) =v(q) {1+ (—1)"}/2, (3-24) 


Gigousy = 
q> Yn) 


3 DID Gok, He) GEL Ghat Oi) (3-25) 


i] 
Gy(k, on) =3 | dz | drGa(r, 2) exp(—iq-r tion?) 
68 i 


is 
for 2: odd, 
=} &(k)—4—tW, (3-26) 


0 for 2: even. 
From (3-22) we-get 
D (q, &,) =0(qy On) / {1 +0(q, on)O(q, On)}. (3-27) 


Using the above expression for G)(k, wn), we have 


A 1 Heese hy 
O( > Wn) = pat Keo “ : 3-28 
a Vo © Gj (kt g) 6k) Sie Cee 
The following two limiting cases are interesting. 
i) Low temperature limit (GB limit) : in this case f,m(k) and the cor- 
responding Q(q, @,) was calculated by GB in the limit of g<k): 


O* (q, om) =: R(w), (3-29) 
wh 

R(u) =1—utan™ a’, (3-30) 

U=MOn/W ko. (3-3) 


ii) Classical limit (Debye-Hickel limit) : in this case using f,>exp [2 (4 
—&(k))], we easily get 


0?" (q, On) =—BN9no+ OF); (3-32) 
(n: electron density). 


From (3-27) we see that, as in the case of the ground state, the interaction is 


effectively screened by the “ polarization ” of the medium. This screening is statis- 
tical, while in the case of the ground state dynamical. This screening was first | 


pointed out by Matsubara.” In particular [—4ze’ Q?* (0, 0) }-?=[4ze np}? =Ap 
is called Debye’s shielding length. 
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Using (3-7) and (3-20), we finally get the following expression for the grand 
potential : 


2=2,+294+29+ 2p, (3-33) 
where 
2,=— a $1 In[1 +exp{—A(E(4) —/)} 1, (3- 34a) 
Wes su S) (k—K’) fier, (3-34b) 
Mee apes ( huff 

ey OL 5 PERL ten, et —Srs)Fer—oF ta+ (ie oe 

Bek erat oo 0 (GY Ia ee ny Bk gy e ade qas 
(3 -34c) 
26= 55 SS [ln {1 +0(q)O(q, o.)} —v(q)O(q, on). (3-34d) 


Taking the suitable limiting procedure and using (3-29) and (3-32) for Q(q, on), 
we get from (3-33) GB’s result for the correlation energy in the low temperature 
limit and DH’s equation of state in the limit of classical statistics.” 

The higher order effects in the above two limits have different characters from 


each other. In the low temperature limit the exchange correction to the polari- 


zation effect is the next higher order contribution, while in the classical limit it 
is needed to include the higher order effects of two-body scattering, that is, the 
“ladder type diagrams” make the contribution to the next higher order. We will 
discuss this problem later in this series. 


§4. Time- and temperature-dependent Green functions 


We define one- and two-particle Green functions which depend on time and 
temperature as 


G(2x1, 22) =i Tr exp(— 86) T {9 (21) 9 (a2) } /Tr exp(— 36), (4:1) 
G( a1, t23 25, 2) =i Tr exp(—BH)T4 9 (21) 9 (2a) 9 (2s) 9 (2) }/Tr exp(— 96). 
| (4-2) 
Here 


9 (21) =$ (11, A) =exp (G/N - 364) $* (ry) exp(—i/h- HA), (4-3) 


where 4,==t,—ih§,. T is defined in the analogous way as Wick’s chronological 
operator : 


T{P (2) 9 (x) }=49(a)P (a) if AA 


f (4-4) 
—P (x2) x(x) if ASA 
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where /4,>A, means that 4>%, and £,> 2, or t,t and §,>s. 


419 


We consider operators U(/, 4) and U*(A, 4) which satisfy the following 


equations, * 
ih (QU(A, 4») /8A) =36,(2) UA, A), 
—ih(8U* (A, 4) /A4) =U* (A, 4) 26, (A), 
with 
U(Ay, 40) =U * (Ao, 40) = 1. 
Here 


H(A) =exp (i/- Hoa) -I6,-exp(—i/h- HA). 
From (4-5a), (4-5b) and (4-6) we get 
U* (A, 4) Uy a) = 1. 


The solution of (4-5a) is given by 


a A An-1 


UG, a) = (SE) fais | die | ahi) 2G) IG), 


h 


Ado do 


which may be rewritten as follows, 
a 


{2 


(4-5a) 
(4-5b) 


(4-6) 


(4-7) 


(4-8) 


(4-9) 


UG.A= (GY : | | died, PIG (A) ~HsGs)], 4-10) 


n! 


h 


where the integration over 4 is to be 
performed along a path shown in ; B 


Fig. 4. Using the relation 
exp (i/h- HA) 104) exp(—i/h- Ho4) 
=36,(A+4’), 

we find 

exp (i/f- Ho4) UA", 4) 

xexp(—i/h-o4) =UA+4, A440). cn, 

(4-11) 

It then follows from the equations 
exp(—i/h- #64) —exp(—i/h- 64) UC, 0), 
exp (i/h- #64) =U* (A, 0) exp (i/h- 260A), 


and from using (4-11), that 


Sestak ARN Sos eee 
* Ut is not the Hermitian conjugate of U. 


(4-12a) 
(4-12b) 


Aiea is Deca oie tec eter ea Ala Ne ay 


PF Rte eae ape eee 


ee Sint Te 5S : 
een a ne a hee = 


Se ae all Pi ie Tae 


oa 


Wt. . EV re is ? ‘ a5 
TA PA AL re SED D LAS reise eR J % 
ale ts ON ga ite ia RL ME Sto Ry oe) ie Meee Weel si. at ts | hey 


Jeo: 
Se 3 


ne 


4 


Ee oe te in ae 


ee 
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U(A, A) =exp(i/h- 36a) exp(—i/h- 26 A—A)) exp(—i/N- Ho4). . (4-13) 


Thus we have 


U(A, ANU, 4) =U, A). (Az 14) 
If we set A=/, in (4-14), we obtain 
CLOMS eiCy area (4-15) 
From (4-8) and (4-15) we get 
OFA GAR) HU ASA) = OAs Are (4-16) 
Gell-Mann and Low™ have shown that 
P,,=C, U0, + 0) Gn/ (Gn, U(O, + 00) Pn), (4-17) 


‘where ¥, and ¢, are the normalized eigenfunctions of the total Hamiltonian and 
the unperturbed Hamiltonian respectively. C,, is the normalization constant. For 
a typical order 4, >, we have 


GC (x15 a2) =1 3 CE", exp (— B26) 9 (21) 9 (aa) Pu") Pa’, exp (— BH) ¥,*) 
=i 1D x", U(co, 0) exp (— 3%.) U(—ih8, 0) UA, 0) (x1) UA, 0) 
x U-*(A, 0) B (x2) UC, 0) UO, — 2) gn") / DS Gn", U(eo, 0) 
x exp(—826o) U(—ihB, 0) U0, —~) ¢,,”). (4-18) 
Here 
(x) =exp(i/N- 2604) $(r) exp(—i/N- Hod). (4-19) 
Using the relation 
exp (26>) U(oo, 0) exp(— 826) =U(co — ih, —ih), (4-20) 
we rewrite (4-18) as 
G (ay, 22) =i Tr exp(—2%,) U(co—ihB, —ihB) U(— ih, 0) U(O, a) 
(41) U (A, 0) U0, 4) P (2x) UA, 0) UO, — 00) /Tr 
-exp(— 826) U(co —ihB, —ih8) U(—ih®, 0) UO, — 00) 
=i Tr exp(—826.) T{y)(21) $ (ax) U (co — ih, — 00) }/Tr U(co—ihi®, — co) 
=i(T {$(a1) 6 (ay) U (co —ihp, — 00)})o/CU(co— ihe, — 00) Do. (4-21) 


The above equation holds also for 4, <A. 


We have a similar expression for the 
two-particle Green function. ; 


The proof of the fact that the average of a normal product vanishes is quite 
the same as that given by Matsubara® and Thouless™ for the temperature-dependent 


Green functions. We shall briefly recapitulate the proof. We decompose ¢(x) 
and (2) into two parts: 


APTS OY 
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$ (x) =$, (2) +¢_(2), 


§(x) =, (2) +$_(2), a 
where 
§. (a) = VS) (1-9) ay* exp{ —ik-r + (E(k) — 4}, 
G(x) = V7? 3) Guar* exp{—ik-r +i (E(k) — 2) 4}, 
$.(24)=V-™ = Jed, exp {ik-r—i (E(k) —/)4}, 
f(x) = VS} (19a) ay exp {ik —i(6o(R) 4}. (4-23) 


The normal product of F(¢¢), where F is a functional of ¢ and ¢, is defined by 
making the substitution (4-22) in F, and reordering each term so that ¢_ and 
¢_ come first, followed by ¢. and ¢,, with a sign of + according to whether 
the permutation is even or odd. The contraction ¢ & is given by 


b (x) P (x) =T[¢(x) (2) - NIG (a) $ (£9) 
es, isa 
—[o(x), P(x). +[p- (2), P(e ASM. 
If gZ=1—/f;, we find that 
be (x) G(x!) = >} A—fe) exp ik: (r—r!) —1(E0(2) =) AA) } if A> 
— S\feexp{ik- (r—r) —i(&(k) —2) G—4)} if ASH 
(4-24) 
==iG,(x, x’) (4-25) 


and 
(N[p (a) P(2) o= Di (2He(1— Ie) Afi) + A 92)" fe) Ie Sa} 
exp {ik- (r—r’) —i(&(&) —#) 4-4’) } =. (4-26) 
Further, it can be shown that normal products of higher order vanish.” We can 


also prove the “linked cluster expansion” in the same way as in the case of the 
time-dependent Green functions or temperature-dependent Green functions. There- 


‘fore we may apply the same techniques as in § 2 and § 3 to the calculation of the 


Green functions (4-1) and (4-2), using Feynman diagrams. 

The Green functions (4-1) and (4-2) would be useful for the calculation of 
transport quantities. T he expressions for the transport quantities are given by a 
formalism developed by Kubo.” In the case that the external electromagnetic 
field is represented by a vector potential A(r, t), the response current is given by 

5 \ 


ee WAS AR Ae 
jens) Te pitt, Dee STI det lar’ oie), HO OLA Ee, 
(4-27) 


—-a 


: 
§ : 
ay 
x 7 
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where 
p=exp(—84)/Tr exp(—846), (4-28) 
jor) =e/2m-[-h/i-Vd* (7) $*) 4+ OM) n/ilg (r) |, (4-29a) 
ji(r, t) =(—e’/mce) A(r, t)$* 7) or) (4-29b) 
and 
jo(r, t) =exp (i/h- Hot) jo(r) exp(—i/N- Hot). (4-30) 


In the case that the external electric field is represented by a scalar potential 
g(r, t), the response current is given by 


i*{r, t) a 


0 
==-ly | 
0 
(4-31) 
The right-hand sides of (4:27) and (4-31) can be expressed in terms of Green 
functions as follows, 
en 


4m? 


—ie? : tie 2 
ed ee a eee / eY/ 
i*(r, 1) = Ate, )G(r0, 10) | dt jar >| 


lim Fa—P") 09/9") G(r, r’t?r’0,, rt.) —ce.| A? (r’, t-+2/), 


ril—r 


(4.27)! 
e hh? re B 
fr Dae \ dz | dp | dr'P lim oP!) Cs! Pl”) 
hs 0 0 rill ->rt 
G(r, tT 7p, Ra the: > rt (<—ihf) +9 ns (— ih’) yer, t+), 

(4-31)/ 

where 4, =4+0(05+4+0). 

For a classical gas we obtain 81 Be 

the Drude conductivity, if B 


we set G (a1, Dias alg gh sth) 
= 1Go (x, Xs) Gy (Foy ty). 
1Go (21, 2) Go(%2, 2X3) in 
(4-31), where G, is given 
by (4-24). 

a The Green function 
G(x, 2) is defined only in 
regions I and III shown in 
Fig. 5. To make a Fourier 


t1—t 


bE re 


where 
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transform of G)(2, 22) it is expedient that we extend the definition of G, ( Fig 2) 
to regions II and IV as follows: In regions I and II , 


Gy(k, 44) =i(1—fy) exp {—i(E(2) — 2) (A—A) } (4-32a) 
and in regions III and IV | 
Gy (ky As) = —if, exp{—i (E(k) — 2) (— A) }. (4-32b) 


Then the Fourier transform of ase 2X) is given by 


1 


‘e k é On 
es e = ican — (Ey (Rk) —#*) 


O(E—E)(k)). (4-33) 


It is desirable that we define an ordering symbol, which is different from Bo so iC 
_ that the definition of G covers the whole region. Details will be published later. 


Appendix . 
We derive the normalization condition for Fi’ (p). We make use of the fsum ay 2 
rule for the oscillator strength : 7 
SF elie Ne CAYO 
where 
ae ’ 2 est A.2 
fon (8) = ~ Ona| (Po; Px 4 Pee Pr=—— D3 pide ( ) 
V ? 
which may be rewritten as 
ee ; 
REN =o (k)| Di fee(p) [+ Son] SFe5(P)F (A-3) 


2m 


Here w,= {&(q +k/2) —&(q— plese The agers state amplitude Fas (P) is a : 


ines by the equation 
fe (p) =F pq [10(q—k/2) (1—mo(q +k/2)) J 


0h). my (p+k/2) —m(p—k/2) Syfe(p). ao 


h Wg — Wp— 10 {No ( (p+k/2) —m(p— k/2)} 


Inserting the explicit expression for fr: ( p) into (A-3) and rearranging terms, we 


i 
eet a oT | 


get 
ie BE Nop (®)| LEP) P+ Si enmeG-K/?) (1—m (q +k/2)) 


1 oe taney ig 4 


Si S} om (q—k/2) (—m(q+k/2)) | [1 +f (w, +70) ? 


f (wy +i) =v(k) > 1 (P) (1—no(p+k))| Wp +o, +i0 Wp—Wq—10 


1 | 


er ae 5,” hee ie er ge ee ee " 
Se ye ee Sorta, 0 - ye 


— 
Fe 


ya Nash a eae gS 


ae 


nie 


be Sor Sa 


ee SS ee Me a 
Be oat Re det 
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The direct calculation shows that the second term of the right-hand side in (A-5) 
=hk?N/2m. Making use of the techniques of Sawada et al., we get 


Dima er ON Ae = 
the third term in (A- Sarit a Lites pe eat JAZ Zt, (A-7) 


where the contour C, is shown in Fig. 5. Changing the contour C, to C; and “G, 
(Fig. 6) and calculating the residue, we find 


=] Z ne # h 2 Jw (Rk) 
SS = P , , 
PECs me ae (A-8) 


ho, (4) 


Fig. 6 


It is easy to rewrite the above expression as 


> Fe" (P) |? {20 ( p—k/2) — 1m (p+k/2)} =1. (A-9) 
The correlation energy can be written in terms of f;°(p) and f,?’(p) : 
Ra ee led en N 
wo = Gap | LS) SPP) Pb 3} 0) SAP) 1-2. 


0 
(A-10) 
It is easy to show that, using the above normalization condition for f;?’(p), we 
are led to GB’s result. 


hl. <eee? Green Function Method for Electron Gas. I 


; $i References 
1) Mz. Gell-Mann and K. A. Brueckner, Phys. Rev. 106 (1957), 364. 
2) K. Sawada, Phys. Rev. 106 (1957), 372. 
¥ K. Sawada, K. A. Brueckner, N. Fukuda and R. Brout, Phys. Rev. 108 (1957), “507. 
J 3) J. Hubbard, Proc. Roy. Soc. A240 (1957), 539; 243 (1958), 336. 

4) P. Noziéres and D. Pines, Nuovo Cimento 9 (1958), 470. 

J..J. Quinn and R. A. Ferrell, Phys. Rev. 112 (1958), 812. 

5) V.M. Galickij and A. B. Migdal, JETP 34 (1958), 139. 

6) A. Klein and R. Prange, Phys. Rev. 112 (1958), 994. 

7) E.™M. Montroll and J. C. Ward, Phys. of Fluids 1 (1958), 55. 
f 8) T. Matsubara, Prog. Theor. Phys. 14 (1955), 351. 
. Bloch and C. de Dominicis, Nuclear Phys. 7 (1958), 459; 10 (1959), 181. 
_§. Fradkin, JETP 36 (1959), 1286. 
. A. Abrikosov et al., JETP 36 (1959), 900. 
. Ezawa, Y. Tomozawa and H. Umezawa, Nuovo Cimento 5 (1957), 811. 
. Wick, Phys. Rev. 80 (1950), 268. 
hhwinger, Proc. Nat. Acad. Sci. U. S. 37 (1951), 452. 
ell-Mann and F. Low, Phys. Rev. 84 (1951), 350. 
anazawa, Prog. Theor. Phys. 18 (1955), 227. 
. Noziéres and D. Pines, Phys. Rev. 109 (1958), 741. 
. Horie, Prog. Theor. Phys. 21 (1959), 113. 
Tae 
nMLEG 


eS 


— 
SA 


Thouless, Phys. Rev. 107 (1957), 1162. 
ubo, J. Phys. Soc. Japan 12 (1957), 570. 


= 
& 


4g 
' 
f 16) 
17) 
' 
,. 


Progress of Theoretical Physics, Vol. 23, No. 3, March 1960 


Green Function Method for Electron Gas. II 


—— Dispersion Relation of Plasmons 
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The shift of plasmon energy due to the electron exchange is calculated. Our result is the 
| same as that obtained by Noziéres and Pines. The analysis of the experimental values of 
Watanabe referring to Bohm-Pines’ values is made and the agreement between our theory 

and the experiment seems to be good at high densities. 


§ 1. Introduction 


Several authors” attempted to improve Bohm-Pines’ dispersion relation of plas- 
mons by including the effect of electron exchange and reached the conclusions that 
the exchange effect gives a certain correction to the term of order k* (& is the 

wave number of a plasmon). The corrections, however, vary considerably with 
the authors and the characters of the approximations in their theories are not quite 
obvious. Recently DuBois” has calculated the shift of plasmon energy due to the 
electron exchange, using the Feynman-Dyson techniques of field theory. In the 
present paper we obtain the dispersion relation by the method described in I.” 

- The correction to the term of order k* is the same as that obtained by Noziéres 
/ and Pines,” who derived the shift of the plasmon frequency by Bohm-Pines’ theory. 


: § 2. Dispersion relation 
The two-particle Green function’* | 
Gla, 25 2, 2) =i (Lo, TH (a) Hao" (a er(a)}h) — @-D) 
satisfies the Bethe-Salpeter equation ; 
(Gti, 2 5 Ls, Xs) SIG (y,.. 2) Gra, 2) 1G 574) G(aeay Zp) 
+i)--\G(a, Ls) Ge; 29) 1 (aes -Te5 ty, 2) Gr, Lys a5 Fy) os ler Ne 


(2-2) 
Let 4, t;>%, t. Then, we have 


Giz, X25 X3, %y) = —i D1 Us(t, Xs) As( Lo; Xs); (2-3) 


* Throughout this paper the atomic unit, m=#=1, is used and the notations in I are followed. 
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where 
Xs(41, Xs) = (Yo, T{$ (21) $* (as) } Ys). (2-4) 
Applying Gell-Mann and Low’s procedure to (2-2), we have the following equation 
for the bound state amplitude ¥5(2x,, x3) of an electron and a hole, 
Xs(21, Xs) =i\Ga, en) G75 on) Ls (hes) Las Ls. Be) ee Le Ae hy 7 Ae 
(2-5) 


The interaction part J’ is given by the diagrams shown in Fig. 1 in lowest order. 
Then we get 


Xs(X; Xs) = —2i |G, Xs) G(x, Xz) V(25— Xe) X (Xe, Xp) AXsAXe 
+i\Gian, ARC o a Netiaaie wey Cal aaa ee, (2-6) 


where v(x—2’)=v(r—r’) d(t—V’). 

The first and the second terms on the ay 
right-hand side in (2-6) correspond a 

to the diagrams shown in Fig. 1 (a) 

and Fig. 1 (b) respectively. The 
factor 2 of the first term is due to the 


a) 2) 


Fig. 1. First order interaction part 


fact that in exciting a new pair an electron of either spin is available. The Fourier 


transform of (2-6) is given by* 


Lnw (bP) =iG (e+) G (p--=) |—20 (k) a 
+\o(@) Liew P+Q) a L, Cae 


which was first derived by Galickij and Migdal.” If we neglect the second term | 
in parentheses in (2-7), substitute the non-interacting one-particle Green function — 


G.(p) for G(p) and integrate the both sides over p, we get the Bohm-Pines dis- 
persion relation” 


1=— 2iv(k) \Go (e+ ‘a pe) roy 


no(p+k/2) —no(p—k/2) _ _dp 
wo—&)(p+k/2) +&(p—k/2) (2x)* 


BERS 2 (Pp) Paes) a 2-8) 
=4ne| (w—k-p)*— (R*/4) (27)° ( 


\ 


=—20() | 


* Hereafter p, q and & denote the four-dimensional energy-momentum vectors, while the bold- 


faced p, q and k represent the ordinary momenta, for instance, p=(pé), k= (kw), dp=dpde, etc. 


Confusion of the four-dimensional vector with the magnitude of the momentum will not occur, 
because the four-dimensional vector always appears in the argument of G or %. 


_* 5 “fiom, 


ie 
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In order to improve the dispersion relation we must take into account (i) the 
exchange energy and (ii) the ladder type diagram. The Green function G( p, €) may 


be written as 
G(p, €) =Gy(p, €) +Gi(p, ©) *(p, €)G(p, ©), (2-9) 
or 
G(p, &) =1/{Gs1(p, © —2 (p, &)} =1/ {&(p) —E—2(p, &)}, (2-10) 


where 3(p, €) is the irreducible self-energy part. The first order self-energy which 
is represented by the diagram shown in Fig. 2 is given by 


e ! 

2» (p) =| o(p—p) nop) CP. (2-11) 
If we substitute &(p) —3 (p) for &(p) in (2-8), we find that a 
term of In & appears in the dispersion relation. This logarithmic 
divergence is cancelled by the second term in parentheses in (2-7), 
which represents the effect of the ladder type diagram. The ladder 
type diagrams give, in general, contributions of higher order in 7, 
than the pair diagrams and may be regarded as a small perturbation. 
Then we may solve (2-7) by successive approximation. Taking 


; , Big. 2.) 20? 
the first approximation, we get 


, twp) = —210(B)G(p +4) G(p— =) 1+éfome(sta+) 
xG(p+a-—) 27 [Zn ae 213) 


Within our approximation (to the order of r,In 7, or r,) it is permitted to sub- 
stitute G)(p, €) for G(p, €) in the second term in parentheses of (2-12). Then 
we have the dispersion relation 


1=-neo|ifalrs tap £) 2 seffales La(r—4) 


y EV GL pag a eee eee 
x v(q) Ga (p+a+ 5 )G(o+¢ 2 (27)! rae 


= —2u(k) | Ny (p+k/2) —nm (p—k/2) dp 
\) wk: p+2® (p+k/2)—S9 (p—k/2) (2n)3 


s {jm @+8/2) =(p—/2) 
w—k-p 


x v(q) P+ a+k/2) —m(ptq—k/2) dp Ht 
o—k- (p+q) (22)* (27)? 


(2-13) 
instead of (2-8). 


1% 


ap spre meee 
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Expanding the terms.in parentheses in (2-13) in powers of e? and & and 
retaining terms up to orders e* and k', we get 


1=—20(0)| | No (p+k/2)—n(p—k/2) _ dp 
n wo—k-p (2n)° 


+2. {( (2 (p) — 1 (p—k)) (p+) 


k sls dps )* dqecs ) 
x v(q) 3 (k- ——=) Sy (SE ol ee i 2-14 
q) \3(k-P——5-) eg) + eg)" os (2-14) 
If we compare the above equation with (2-8), we see that the second term in the 
bracket is just the correction term to the dispersion relation of BP. Using the 


following relation, 


Be 
2p 


ple Be 


No (p) — 1% (p—k) = — O(p— po) + 0(p— po) 


erp expan) Noo pai ho 33 
Regge OP PoP! Dapp, 


and performing the integrations over p and q, we find that the correction term in 


(2-14) yields —3/20-a,'/w'-k'/p. up to order k?. The dispersion relation now 


reads 
oo Wiese po & (1 ac +O(R"'), (2-15) 
as 4 po 
which is to be compared with that of BP; ) 
=O +393 RP+O(R*). - (2516) 
Thus the correction factor due to the electron exchange is* 
iT ie ete 1 0.08581, (2-17) 
4 py 37 


which agrees with that of NP.” 
§ 3. Further remarks 


As mentioned in § 2, when the ladder type diagram is ignored the exchange 
energy gives a Ink term to the plasmon frequency. To avoid this difficulty we 
may as well include the electron correlation, which means here the action of the 


polarization cloud back on the electron. We consider the contributions to the self 


energy from the diagrams shown in Fig. 3. Then we have 


Zs (p, 6) =—i| Fee OP +h, E+w)v(k) eae (3-1) 


Hitec a Q 
* The correction factor obtained by DuBois is 1-75, He has taken into account the same 


diagrams as ours. The discrepancy might be due to his trivial mistake. 
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| Nee ees SS i 
i iy 00) : Be 
AU eh. (Oe ame 
a Fig. 3. 5® 
where 
€(k, ) =1+270(k) | nee Gi(p+Z)G (e-—=) 
dp my (p+k/2) —m(p—k/2) 

= k a a : me i 3-2 
pees )| (27) o—p-k+i0(m(p+k/2) —m(p—k/2)) S32} 


is the complex dielectric constant. Since we are concerned with the self energy 
up to order r,, we may replace <(k, w) in (3-1) by static dielectric constant 
€(k, 0);” 


2a Var Po Apy = k 2Po a k | 
ke 0) =e all ; ‘ 
€(k, 0) ay Re - ree In ey i (3-3) 


Then the sum of ¥” and 2” yields 


_ ya ye 1 dk abe iL. ( dk v (k) 
pekias 2 | ne (1 € (k, 0) ) | (anys PTH) a oye? 
(3-4) 


where use has been made of the relation 


i \ Gp, E) =n (p) a 

_ The first term in (3-4) is simply an additive constant which has no effect on the 

_ plasmon frequency and the second one may be interpreted as the exchange energy 
Daag of the screened Coulomb potential v(k)/¢(k, 0). This interpretation is most easily 
- understood by the language of diagrams; the neglect of retardation corresponds to 
__ that the times % and % of the vertices 1 and 2 in Fig. 3 are set equal as shown 
in Fig. 4. This diagram just corresponds to the first one in Fig. 3 in NP, where 
_ they evaluated the shift of the plasmon frequency caused by H,, in the BP theory. 


pla’ 


Fig. 4. 50+ 3@ 
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Our screened potential is essentially (at least, up to order r,) equivalent to H,,. 
If we substitute 3(p) for Y®(p) in (2-13), we find that the logarithmic divergence 
disappears, as anticipated at the start. 

At the same time, we must consider the effect of the ladder type diagrams, 
the second term in parentheses in (2-13). Here using “bare” Coulomb potential 
in the ladder is, also, the origin of the logarithmic divergence, which is, however, 
eliminated by introduction of the screening of the potential. This means, within 
our approximation, v(q) must be replaced by v(q)/€(q,0). The ladder type diagram 
corresponds to the second one in Fig. 3 in NP. After these modifications are 
both taken into account, we again get the correction factor (2-17). | 


It can be shown that the contribution from the plasmon state to the correlation — 


energy is not of the simple form 4{[Hw— (Hw) a-.|dk/(2z)* in our case. This 
might be due to the fact that the seperation of the bound state from the scattering 
state is not clear near the cut-off momentum owing to the damping of plasmons. 
In the theory of BP the damping of plasmons arises mainly through the short 


range collisions of electrons (NP). Therefore the damping is associated with the = x 


non-RPA corrections to the plasmon frequency. DuBois has calculated the dam- 
ping and discussed the determination of ko. 


Correction factor of dispersion coefficient 


—-———-— experimental value 
theoretical value 


18 


1.6 


1.4 


12 


1.0 


0.8 


LO 15 20 2.5 Ts 


Fig. 5 


Finally we add some comments on the comparison with experiment (Fig. 5). 


First we plot the ratios of Watanabe’s experimental values” of the dispersion co- a 
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efficients to BP’s theoretical values as a function of 7;. Because of very singular 
structure of the Brillouin zone, Ge is put out of consideration. On the other hand, 
for Be, Al and, Mg the effective mass is nearly equal to the true mass and 
we may regard the effect of the positive ion lattice as comparably small. In 
fact, the above-mentioned ratios stand in a straight line within experimental error 
and we entertain a hope that this curve can be approximately described by the 
function of 7, alone. Then we plot the theoretical correction.curve (2-17). At 
high densities such as in Be the agreement between theory and experiment seems 
to be rather good, whereas at lower densities the discrepancy becomes large and 
we will have to proceed to the evaluation of corrections up to higher orders. 
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The Green function method is applied to the calculation of the diamagnetic susceptibility 
of a dense electron gas. The exact high density value for the correction to the Landau 


diamagnetism is calculated. 


§ 1. Introduction 


The influence of Coulomb interaction between electrons on the diamagnetism 
was treated by March and Donovan,” and Kanazawa.” March and Donovan, and 
Fletcher and Larson” inserted one-electron energy spectrum, which was obtained 
by Bohm-Pines theory, into the formula for the diamagnetic susceptibility for the 


quasi-bound electrons :” 


2 2 
Y= e Ro E aE il a (1-1) 
Rake 


DA GHhALS dk. . 3k dk 


The effect of the long-range part of the Coulomb interactions including the effect 
of subsidiary conditions was investigated by Kanazawa in the scheme of Bohm-Pines 
theory. All these works show that there is a small correction to the diamagnetic 
susceptibility due to the Coulomb interactions. 

Wentzel® used an equivalent Hamiltonian which gives the correct high density 
value for the correlation energy and calculated the diamagnetic susceptibility. His 
conclusion is that there is no correction to the Landau value of non-interacting 
electron gas. His argument, however, is valid only in so far as the exchange 
effects are omitted. If we take the exchange effects into account, there remains a 
finite correction,” and in this case the equivalent Hamiltonian formalism of Wentzel 
cannot be applied. The diagrams which were taken into account by Wentzel are 
shown in Fig. 1a and Fig. 1b. The contribution from the process shown in Fig. 
la gives the Landau diamagnetism and the contributions from the processes shown 
in Fig. 1b vanish. Wentzel did not consider the contributions from other processes 
which are shown, for example, by Fig. 1c or Fig. 3c. In this paper we investigate 
the contributions from these processes and derive the exact high density formula 
for the correction to the Landau diamagnetism, using the Green function method. | 
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(a) (b) (c) 


Fig. 1. Diagrams contributing to susceptibility 
Wavy line and dotted line represent magnetic per- 
turbations and Coulomb interactions respectively. 


In §2 we express the diamagnetic susceptibility in terms of the two-particle 
Green function, which is calculated in a consistent approximation in § 3 and § 4. 

Since temperature dependence of the diamagnetism is expected to be small, 
we calculate the susceptibility at zero temperature. The interaction Hamiltonian with 
the magnetic field is treated as a small perturbation, and consequently our formu- 
lation is not applicable to the case of strong magnetic field (de-Haas van Alphen 
effect). 


§2. Magnetic susceptibility in terms of Green function 


_ We consider an N-electron system in a box of unit volume. As usual it is 
embedded in the uniform positive charge. We apply a static magnetic field, which 
‘is expressed in terms of the vector potential A(r) = >}A(q) exp (iq-r). Then 


. . g 
the Hamiltonian and the current operators are: (H=1) 


H=H)+H,+H'+H" (2-1) 
Ve he Diba a, €, =p'/2m (2-2a) 
. Pei Day V(k) Op +KAyr— KA pr Ay (2 i 2b) 
&-0 
Hie: —=\arj Gedo (2-2c) 
Hl =—\drjr)-Ar) (2-24) 
2c 
jr) =— ee b*(r) h(r) —$* (Pg (r)} (2-3) 
jir)=— “OM ¢@) (2-4) 


where Or) = Slap exp (ip-r), V(k) =47e*/k, a, and a; are the danthiboeon and 


creation operators of electrons. We have omitted spin indices for simplicity. The 


I expectation value of the current j.(q) + ji(q), which are the Fourier components 
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of the current operators (2-3) and (2-4), is written in the form: 
ta(q) =(¥@ |jalq, t)|FO = BK" (9) Ag (q) +O(A’) (2:5) 


where we haye referred to the interaction representation with H’+H’ as the 
interaction Hamiltonian which is switched on adiabatically in the infinite past. 
F(t) is the Schroedinger function in this representation which is obtained adiabatical- 
ly from ¥%, the ground state of H,+H., and ; ‘e 


j(q, t) =exp [¢( A +H.) t)j(q) exp [—i( A+ AL) t]. 
Gauge invariance and the condition of continuity require that” 
K**(q)= (P0ae— Gada) K(Q)- (2:6) 
Then the susceptibility is given by 


fax fim K(Q): (2:7) 
re: q>0 - ; 
elt hs 
Thus our problem is to calculate the expectation value of the current of our system. 
As is seen from (2-5) and (2-7), we need to calculate i(q) only to the 
first order of A. Therefore in the calculation of in(q) =(¥O [hq t)|U@)> we 


_ 


may replace Y(t) by Y and we have ; 
ir, = ilar, 9 [Bod= — 2A) Halo" 0) HG) Ba) = — 2A), 


mc 
Therefore 
, 2 2 " l ‘ Cs t 
i,(q, t)=—-22A(q), Ki? =— 8a. (2-8) Soe 
mc mc ect 
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This is the so-called London diamagnetic term, which is almost cancelled by the, 


paramagnetic part. 
Next we consider the paramagnetic current ip : 
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Fis 
(sb) 
(=>) 


AP bt (a) Pa) $* (2 )V'P (2!) 
+4 (aio (aid (2) $2}, (2-10) 
(x=(r, t)). 
Introducing the two-particle Green function 
Gy (1, 2:3, 4) =i Bo| TH (1) 6 (2) * (3) * (A) | Lo) 
where #(1)=¢(r, 4), we get (4=t>t/=te) 
(Bol jo (ars) jo (22) |Po> 


oy. 
Elim 0s —0'2) Vee Va G; Gay tas ay 2) we 1d) 
M” rhyo?r1;,9 


t/1,97ty,9+0 


and 
CP 0° (22) Jo* (2) | Poy =P | jo" CAN Tie (22) sae (2-12) 


From (2-9) to (2-12) we get the final expression of i) in terms of G,: 


mec 


2 rt 
i (r1, 4) = ie \der lim Vel") (7 .°—P’,*) G, re Ses A ay) 
xX Ag(r2) +c.c. (2-13) 


Thus the whole information of diamagnetism is contained in the two-particle Green 
function for the system. 


§ 3. Pair theory approximation 


For a high-density electron gas the two-particle Green function, which gives 
the correct high density value for thecorrelation energy, has been obtained in I: 


kaa (de toa iG, (A) Gea) 


Bs |daed.xoGo(1, 5) Gy(2, 6) B (5, 6) Gy(5, 3)G(6, 4) 


+ |daadxsGy(1, 5) Gi(2, 6) VS, 6) Gy(5, 4)G,(6, 3), (3-1) 


where 1 (x, x’) is the effective interaction, the Fourier transform of which jis 
V(k, w)=V(R)/E(R, w), E(k, ) being the complex dielectric constant and 
V(a, x')=V(r—r’)d(t—t’). G, is the unperturbed one-particle Green function 
and is. given by 
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3h G,(p, ©) expi(p:r—€2), (22) 
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G, (p;-&) = —[E—6," +70 (1 —2n,°) |* (373) 
(a) (b) (c) 


Fig. 2. Diagrams for correlation energy 
Helical line repesents the effective interaction. 


where 7,° is the occupation number of the unperturbed state. The contribution of 
each term of (3-1) to the correlation energy is shown graphically in Fig. 2a, 2b and 
2c. In this section we will use (3-1) for G,. Inserting (3-2) and (3-3) into 


(3-1) we get 
lim (V7,°—V2,°) (P.%—V’',") Gy (ryt, Pete; Pit, roto ) 
745277152 
: €,de, 
= +i3}| OS Gp.) Gi(pe) 
PyPo) (QT )* 


x (pit po) «(Pit hr) ge &Xp [7 (pi— P») - (rF;—T2) —1(€,—&,) (t,—t2) | 


ata 2, ees (pié) Gy ( p2&’) v (q, ) Go (pi E—w) 


x G)(potq, +0) (2P:1—-D «(2h2+) 2 exp l?q- Gurse needs 


Gs | ead —Gy ( pié) Gy ( pr&’) VQ G(a—4, &’+o) 
Py\PoF 


(27) * 
x G)(potq, €-0) (Pit Pat QDaPith—D 
xX exp [i(pi—P2— @) * (Fi Fz) — 20 (t,—t2) |. (3-4) 
From (3-4) and (2-13) we obtain 
: ist (qh =2{ 421 Fg, 0) Aa(a) tee. - (3-5) 
Therefore 
Ko (q) = 2) 2 [ pl ReF#(q, «) —2d(o)ImF* of G6) 
Here 
F*(q, 0) =F“ (q, 0) +i" (@ ©) + F,7°(q, @) (3-7) 
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Fs? (q 0) =, 3)| Sep da2P—9) sCulP, NGP—4, E—0) (3-8) 
: j | a C e dédé! y 
. | FY" (q, wo) =i rag 33\- (on)? U (q, v) (2p:1-Dal(2h2tQ e 
X Gy (Pr, E€) Go (pPi- 4 E—w) Go( Pr; €’) Go ( P2t+ |, &’+) (3-9) 
e / . 
2 (aq, c 1 ( ZEdE" 705 a, —@) (221-9) a CPD 
(q, 0) =i 72 oar (Pi— P2— 9) (21-9) a (22+) 2 
x G)( pr, €)Go(pi—q, E— @) Go (Pa, €) Go prt, & +e). (3-10) 


Here we notice that the terms F,**, F,°° and F,*° come from the first, the second 
and the third term of (3-1) respectively, and so it is evident that their contributions 
to K,**° are represented diagramatically as in Fig. 3a, 3b and 3c.* We write 


ig” as 


K,*? (q) =K@+K5+KG. (3-11) 


oe Ae 


(c) 
Fig. 3. Contribution from (3-1) or (3-11) 


If we put V(k)—0 for the moment, then the second and the third terms of 

(3-11) vanish. Therefore K} must give, when*combined with K,“* of (2-8), the 

_ usual Landau diamagnetism. » This is actually the case, as is shown in Appendix I. 

_Next we consider K45. Comparing Fig. 3b with Fig. 1b, we see at once that 

this is the term investigated by Wentzel. In other words, to take into account 

_ only the first and the second terms in (3-1) corresponds to Wentzel’s approximation, 

in which H’ is reduced to the parts involving only pair creation and annihilation 

terms. In our formulation the proof that K@j vanishes is quite easy, if we rewrite 
(3-9) as follows: 


me F,°"(q, v0) =—i is (q, wo) La(q, w) fice w) (e/2m)’, 
Bet aah La(q, 0) =>) (26+) aGo(p, €)Go(p+q, +a). (3-12) 
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* i@) =— (1/c)0E(A)/0A(—q), where E(A) = Ey+3742 (qx A(Q))- (qx A(— —q)). Fig. 3 repre- 
sents the diagrams which contribute to the second term. ° 
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we get 


La(q, @) =t> My’ (1M +a) (2p+a Te SR REA ods 
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where Wy, ,=&+,—&. Thus L(q, v)=L(q, —o). Returning to (3-12) and 
changing the integration variables as p>—p—q, €—>&—w, we find that L(q, ) 
—= —L(q, —w) = —L(q, w) =A) 

Therefore in our approximation (3-1), the term which gives a correction to 
the Landau diamagnetism is only K%, which corresponds to the diagram shown 
in Fig. 3c. The calculation is performed in Appendix I] and the result is: 
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(3.14) 


Here we encounter with two difficulties. Firstly, (3:14) is not gauge-invariant. 
From the form of (2-6), gauge-invariance is guaranteed if S‘quqeK** (q) =0, which 


does not hold. Secondly the integral of (3-14) diverges. 

These difficulties indicate clearly that our approximation of G, is not sufficient 
for the problem of diamagnetism. We must improve the two-particle Green function 
(3-1) by taking into account the higher order effects. This, however, is not 
surprising. The difficulty of gauge-invariance is rather evident at the beginning, 
because in the case of diamagnetism there is another term besides (3:14) which 
is linear in V(k). From perturbation theoretic point of view, they together form, 
the correct first order correction to the ideal gas value. Therefore it is not sur- — 
prising that a part thereof alone, (3-14), is not gauge-invariant. In the case of 
correlation energy, in contrast to our case, all terms which are in the same order — 
in the 7, expansion are all contained in (3-1). But now this is not the case. Thus > 
we must include, besides (3-14), all terms that are of the same order in 7;. To 
this purpose we first replace G) in the first term of (3-1) by G,, which we define 
as the one-particle Green function including exchange self-energy : 


G,(p, §) 7 =Go(p, 6) —2ee(P) 
3,.(p) =>)V (R) pve (3-15) 
k 


In other words, we replace, in the expression for the Landau diamagnetism (A2), 
9 by Ep=€p — ex ( p). Next we expand it in V(&) and retain only the first 


order. Then we get pala 
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(3-16) 
Combining (3-14) and (3-16) we obtain . 
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Ky =K+Kigp=2( 2) ov (p—p) ee) ee 
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c pp! p,q 


2 1 

(Sup pemaatus Cee La} (3-17) 
ptgq p,q 

This expression is evidently gauge-invariant as expected and thus the first difficulty 

has been removed. But the second difficulty still remains. _We will investigate it 

in the next section. 


§ 4. Elimination of divergence 


In the preceding section we have looked for the correction which is linear in 
V(k) and we have found it to be divergent. This is rather an expected result, 
since if we calculate the diamagnetic susceptibility in a simple manner using (1-1), 
it diverges in the Hartree-Fock approximation. As is well known in the calculation 
of the correlation energy, these divergences are removed by replacing V(k) by 
the effective interaction 1’ (k, w). Physically it means to take into account the 
correlation effect, or the screening of Coulomb potential, which removes the un- 
natural distribution of the energy level on the Fermi surface. In our calculation 
this effect is taken into account by replacing G,(x—’) in the first term of (3-1) 
by G(z2—.2’), which includes the polarization part besides the exchange energy, 
and replacing V(a—.’) in the third term of (3-1) by U (a2—2’): i.e, 


G,(1, 2; 3, 4) =—7G(1, 4) G(2, 3) (4- la) 
+ |dand.xiGy(1, 5) Gy(2;'6) B45, CG(5, HG, 3)... (habe. 


where we have omitted the second term of (3-1) which gives no contribution. 


The Fourier transform of G(x—z’) in our case is, as is well known, 


G(p, €)*=G"(p, €)*—3,.(p) —S'c(p, €). (4-2) 
2..(p) is given in (3-15), and 
dw O(k, w) 
~o(p, €)=>)\—— V(&) G (p+ €+e) == * _ . 4-3 
ale S 5 +Q(k, w) ( ) 


where O(, w) =€&(2, w) —1. 


Here we make a symplifying assumption : 
VEN = SOT oY (4-4) 
then (4-3) is integrated straightforwardly and we get 


2B) +2e(P, )=FV Oh a1 — TES t= BY E, Orbew (4-8) 


which is independent of €. Comparing (4-2) with (3-15) we see at once that 


ss dale Unica (Fe quis, gs 


Green Function Method for Electron Gas. II 441 


the contribution of the first term of (4-1) is K%*+ (3-16), except that V(p—p’) is 
is replaced by U(p—p’, 0). Contribution of (4-1b) is calculated in the same 
fashion as Appendix II, and the result is just (3-14) where also V(p—p’) is 4 
replaced by U (p—p’, 0). Thus we come to the final result : 


K*® (q) =K,"*(q) + Ke" (q), (4-6) — 
> ap abel it! e 3 
Ke** (q) ia (=) eS (p—p’; 0) (.g—Mp’) (191.9 —or) 
ye (Pt4D ef (P' +40)» (P +40) : 
So Se (4-7) 
Qing pr g Waa 7 
Expression (4-7) is gauge-invariant and finite. Its calculation is elementary but be 
somewhat lengthy, which we give in Appendix III. | % 
In Appendix III we use a further approximation of replacing U (Rk, 0) by a 
2/(k), where (q=k/ho) a 
es 
a9 EAM Na gor ZEN. g on a 
0 (h, 0) =A ge 287 [1 £ +o |h | a 
Be lp oe £ +0) |, (4-8a) a 
2 E a 
Bi =A £28) 7, 8 = £2. (4-8b) s 
kh T ve 


Then the result is: 
K# (q) = (Geae—e4n) Ke (Q), (4-9a) 


Be ea (4-9b) 


where [ vanishes independent of €, and 
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J=A log €+B+CElogé+::, (4-9c) a 
2 2 “ 
A==- i B= _(4— log 2). (4-9d) 3 


§ 5. Discussion 


Tey 


In our calculation we have made four approximations : 


(i) approximation (4-1) 

Cit) the approximation made in deriving the second term of (4:7) which 
originates from (4-1a) % 

(iii) neglect of retardation, 1.e. t 

(iv) replacement CEC a byeee 


These approximations are justified as follows. 
Cr), alts So and. § 4 we considered the processes that are represented dia- 


In other words, we considered the correction to Fig. 3a, 
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gramatically in Fig. 4. 
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which are of first order in H,, and replaced V(k) by the effective interaction 
(elimination of divergence). All other corrections may in principle be calculated 
by the prescription : 

(a) write down the processes in diagrams (e.g. Fig. 9) 

(b) construct the Green function G, which contribute to that diagram 

(c) insert it into (2-13) and perform the calculation 

(d) if divergences appear, they are always treated. by the principle of 

elimination of divergence. 


oO ee 


(a) 


Fig. 4. Processes representing each term of (4-2) Fig. 5. Diagrams representing higher 

Double line is the propagator of electron order corrections 

and hole including self energy. 
For example, we will briefly investigate the processes represented in Fig. 5. 
Fig. 5a gives no contribution, just as in the case of Fig. 3b. This is the consequence 
of the situation that the matrix element at the point (1) or (2) in Fig. 5a is of 
the form (p+4q)A(q), which changes sign by the replacement p>—p—gq, and 
the integration variables p and p’ are independent of each other. Thus in general 
diagrams of this type, i.e., diagrams which are composed of two parts each of 
which has one perturbation line H’ and which are both connected by single 
interaction line H,, give no contribution. The contribution from Fig. 5b does not 
vanish. However, it is of second order in H,, and if we compare the result with 
that of Fig. 4b, it contains a factor e*, or r,. Thus the contribution is of higher 
order. : 

(11) Approximation (ii) is justified in the same fashion. The contribution 

from (4:la) (Fig. 4a) is just (A2), except that pq is replaced by W( poz 
E(p+q)—E(p), where E(p) is the energy’ of the quasi-particle 


_E(p) =&'—2(p). 


Our approximation is to replace 


Athos 2 Sag ey eel CAO wren a2) . 
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so the correction to our approximation is 
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(5-1y— (5-2) = [*(p+q —=(p)P 
Wp, q) Ong 
which is also of the higher order in 1,. 

(iii) Properties of the approximations of (iii) and (iv) are also of the same 
type as before, because 1’ (k, w)—U(k, 0) and U(k, 0)— V/(&) are proportional 
to e® times integrals which do not diverge. 

Finally we note that J in (4-9b) vanishes independent of €, as is seen in 
(A9). This means that our original form (3-17) does not contain the constant 
term, although the coefficient of gq’ is infinite. Therefore, our procedure of § 4, 
that is, the approximation mentioned above, does not affect the vanishing of J in 
(4-9b). 

Thus we conclude that our result (4-9) is exact up to the second term of © 
(4-9c). 

It is interesting to compare our result with that obtained by Donovan and 
March. They give ? 


> 


(%/%) =1 +" [log r,+2(2+log 0.417—log 2) +-+-] 
7 
while (4-9) gives 
(X/%) =1 +27 {log r,+4+log a 
6z 2a 


Numerically, 
2(2+log 0.417 —log 2) =1.12 
4+log (a/27z) =1.51. 


We find that the correction is finite but very small. 
We are indebted to Prof. T. Usui, Miss E. Fujita and other members of the 


group of many-body problem for helpful discussions. 


Appendix I 


Landau diamagnetism 


(3-8) can be readily integrated with respect to €, using Ce3)r 
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(Al) is put in (3-6), where we notice that (Al) ‘is symmetrical with respect 
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EES papi pda) ee (A2) 
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Now we transform the coordinate system from (a7) to (xyz), where we take 


z-axis pararell to q. Thus 
Pa=p A=) Pia, etc., 
4 


then the integration of (A2) over p is straightforward and yields 


‘ 5 Ley, 3 
Kee Mey, + (Bee — tee. BAe SG Se 79 
me Hees gq / Ax’mc pitas 16! ; 
ah ts k,+4q 
She 4) log) Mot 3a. 
J all : 4 I kyo —3q 


Expanding logarithm in power series of g and adding (2-8), 


8 y ii 
K,°* (q) =Ki" + KG = — (Geug— gas) | ue aaa eS “|. 
mc ARs 
So that 


fe a RS ee roe (A3) 


127? mc 127°ar, 


where we have put 2=,’/3z’, taking spin into consideration. 


Appendix II 
Derivation of (3-14) 


From (3-10) and (3-13), 


Chaos dédé&' : ; 
_ =i(<) >I (an)? (PTE ald +39) 2V(p—p’) 
ING ERD NSD A ESRD E NGO E’) Go( p’+q, &’ +e) 

=~) 30440). (P'+44) 8 V(p— p’)| Zee 2) 


Oe 


a Ny (1— 7), 4.9) |x Nee See) — rp: Takia) (A4) 


as ar eo 
w—10 Wprg— OF 10 Wpig— O10 


p,q _ 


Here we note that F;“"(q, —w) =F,°°(q, w), because in (A4) if we change the 
variable from p, p’ to —p—q, —p’—g, nothing is changed except the sign of w. 
Thus in (3-6) the first term of the integrand vanishes. So that 


as is a 
erectile *(q, 0), (A5) 


which gives at once the result (3-14), since 0(w,,) =0 everywhere in the range 
of integration. 
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Appendix Ill 
Calculation of K?(q) 


In the calculation of (4-7) we can choose, because of gauge-invariance, a 
special coordinate system where the z-axis is parallel to gq. As was stated in § 4, 
we make an approximation of replacing (4-8a) by (4-8b). (4-7) then becomes 

é'(q) =¢ Ke(q) 
or 


2 
Ke(q) = - 1S (p—P') (ogg) (rors g— Mot) 
G mM qe! 


pele | pire Ps | (A6) 


p,q Opi,g “ng 


Since we seek for the value of Ke(q) in the limit of small g, we expand (1) .g—Mp ) 
and (n°,,,—m,) in power series of g. Changing the variable in (A6) from p, p’ 
to p—4q, p’—3¢4 for convenience, we get 


Se MPD 1 {f ¢(p-q) _ (P-9)* |9¢ 52, 
ete b) +24) = |PCo—bo) 


0 0 
Np +gla— 7 p—q/2 


- 
+f (p:9)° _ ¢(p-9) foc p—h) — PD" 4" p—k) | +0@), (A7) 
p Pp 3p ‘ 
thus 
Ke(q) =" [apap \dieda' | dede’ 7 
Cc (27) °cq* 0 ill 0 (p—p’)?+2Eky 
x vensy [yf eos #6052 | fa!8( pb) 3p — bo 
ee xz! x \ 
4 Ber as <3 eee 23! ( pl — hk aon yy, og | 
a4 1 xd(p—k)| 79 0( p!—ko) pee O'(p o) 3 OCP 0) 
#6 eil-2 518 ob) tb) OPA) | 
eet Pea ed 0 5, 3 
#5 (4:9b): (26) 
where xz=cosv/, x/=cos ow, 


ylal—2', y®=1—-2"; 


Sra » pcos oe ae Ses 
1=\dpdp (p—p’)?+2Ek, Fo ah Nicer 2 


x O(p—ho)O(p'— ko), 


1 y cos ¢ [” cosy’ __y cos Y | 
J=\dp ap’ (p—p!)?+26k x a! e 
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: f 297 / te S// ee. 
{20 pb] Se oO( ky) — 2 "0! (p!—ky) — 2-0" p!— he) | 


+2°8(p—ko)| 0p be) — 9 (pk) — 40" p— ke) Ih 
— ko 


In order to compute the integrals J and J, we use the following formulas : 
(P—p’)’+2Eky' =p’ + p? + 2Eky —2pp'(xx’+yy' cos ¢"), 9” =9—¢' 


ie GCE SNe aie ¢| SET tor OO 
0 a—P cosg” i 


=n| de" PAS ee an | 
0 


a—fP cose” zt x 


2a 


Then the integrations over p, p’ and ¢’ are performed to obtain 


I= (2/2) ko'Ji, 


EM 
él *) T= I-A FEL AY 2 —8) Jy! — 5 
where 
el pQa 1 ae moan a) Vf ) 2 
w= | dxdx'\ dp YY oS P—ai/a)y" 
J, \de x'\« bid GlRtosay 
r Pe / 2 
Jn! =\dadz'| dg Chie es EE RELY (2?+2”), 
et 0 (a—/ cos ¢)” 
\ a=T+éE—77),  Bayy’, 


Integrations over ¢, x and x’ are calculated- straightforwardly. Here we write only 
the result : 

BO NG 

J,/= (87/8)|—2—2€(2+€&)+6&(1 +&) (2+6&)7] 

J,/ = (87/3) [6(1+€)—(2 +6& + 3&) 7] 
where 

y=log ((2+6€)/8), 

and 


&J,/0 as 650. 
Thus we finally get . 


l=} (AQ) 
J = (82°/9) [log (€/2) +4]+terms which vanish with &. 


References 


1) N. H. March and B. Donovan, Proc. Phys. Soc. A 67 (1954), 464. 
2) H. Kanazawa, Prog. Theor. Phys. 15 (1956), 273; 17 CLOS7 yk. 
3) J. G. Fletcher and D. C. Larson, Phys. Rey. 111 (1958), 455. 
4) A. H. Wilson, Proc. Cambridge Phil. Soc. 49 (1953), 292. 
5) G. Wentzel, Phys. Rev. 108 (1957), 1593. | 
6) This is also pointed out by R. A. Ferrell, private communication: 
7) M. R. Schafroth, Helv. Phys. Acta 24 (1951), 645. 
8) Gauge-invariant expression (3-17) was first discovered by T. Usui, to be published. 


a ager 


heat ile ea 


4A7 


Progress of Theoretical Physics, Vol. 23, No. 3, March 1960 
Electron Pairs in the Theory of Superconductivity 
John M. BLATT 


Applied Mathematics Department 
Uuniversity of New South Wales 
Sydney, AUSTRALIA 


(Received October 20, 1959) 


The detailed mathematical correspondence between the Bogoliuboy theory and the quasi- 
chemical equilibrium theory is established by means of identities. The Bogoliubov-BCS 
Ansatz is a special case of the quasi-chemical equilibrium Ansatz, corresponding to perfect 
Bose-Einstein condensation of the electron pairs. 


Some time ago it was suggested’ that the phenomenon of superconductivity 
can be understood in terms of the formation of electron pairs which behave like 
Bose-Einstein molecules formed of Fermi-Dirac atoms, and which undergo Bose- 
Einstein condensation at a definite transition temperature. Since then, this approach 
has been refined mathematically” but no self-consistent calculation has been carried 
out with it. 

A self-consistent theory of superconductivity has been developed by Bogoliubov” 
and others,” giving good agreement with most experiments. Although it has been 
stated? that the physical picture underlying these self-consistent calculations is the 
same as a Bose-Einstein condensation of electron pairs, the precise formal relation- 
ship has not been entirely obvious. It is the purpose of the present note to give 
this formal relation. Similar work has also been done by Dyson.” Although in 
most respects the formalism of Bogoliubov et al.” is more elegant and easier to 


work with, for the present purpose it turns out to be more straightforward to 


establish the correspondence with the formalism of reference 5). Since Yosida” has 
proved that the two formalisms are equivalent, the detailed correspondence between 
the quasi-chemical equilibrium approaches and the Bogoliubov theory is thus esta- 
blished. 

We show below that the zero-temperature B.C.S. wave function is mathema- 
tically identical with a special case of the zero-temperature limit of the quasi-chemical 
equilibrium theory. Differences exist at non-zero temperature. Even at zero tem- 
perature, the more general wave function obtained from the quasi-chemical equili- 
brium picture may be of importance in understanding the Knight shift in super- 


conductors.” . se 
The ground state wave function of B.C.S. is the N-particle projection of the 


wave function 
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P= I1[(1—Ag)*? + (hn) ] | 0D & 
k 
where |0) is the vacuum state, hy, is a function of k to be determined by minimiz- 
ing the ground state energy, and bj, is the operator 
bp =-Ayp4G_ ie}. (2) 
Let us assume that A;<1 for all k; we take out a c-number factor i (1—h,,)*? and 
define 
x= Wir) he): (3) 


We then expand the product, noting that the operators 4, commute with each 


other : 


EKG! + Ox. by.) =] an 2 ar bi. tee D1r-Pm bom + eet Fo (4) 
k y zm 
The operator 
W = Dien Oie = 21 Pe Akt AK (5) 
k 


creates a pair of electrons with opposite spin, in the pair quantum state with 

unnormalized wave function ¢(kf, —k|)=g,. As a result of the operator identity 

(6;.)°=0, we can drop the restriction k#m in the last term of (4), and we ob- 

tain for (1) 

CWE; 
2! 


Pi constant| 1+ wrt +--[]0. (6) 
The p’th term in this series produces a wave function with exactly 2p electrons. 
Hence projection of (6) onto the N-particle space means retention of only one 
term in the series, namely the term of power p=N,=43N. Thus the B.CS. 
ground state wave function is identically equal to 


P,.¢.3,= constant "(W*)7?|0> CN2N,). (7) 


The physical interpretation of this function is simple: Electrons are created in pairs, 
each pair having one up-spin and one down-spin electron. There are N,=4N 
pairs altogether, accounting for all N electrons, and every pair occupies the same 
pair quantum state g(kf, —k|). Since all the pairs go into the same pair quantum 
state, this is an extreme case of the Bose-Einstein condensation postulated in the 
quasi-chemical equilibrium picture. 

In deriving (7) from (1), we assumed that A; <1, for all k. Suppose instead 
there exists a value k, less than the usual Fermi momentum ky, such that 


Ah, tor, Ree 
\ 8 
hi< Storer hee ( ) 
Since the factors in the product in Eq. (1) commute, we may consider the factors 
with k<, first; we define the wave function 


marae aes 
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Px, = IT bj |0> (9) 


where N, is the number of single-electron states below momentum &. The wave 
function (9) is just a filled Fermi sea state, describing a Fermi sea of single 
electrons, not pair states. The paired electrons sit on top of this Fermi sea; that 
is, we now treat the factors in (1) with k>&, just as before, to obtain the wave 
function 


Y—constant (W*)*? Oy, (N=N,+2N),). (10) 


The operator W* is defined as before, by (3) and (5), except that the values of 
k in the sum in (5) are now restricted to k>&). ; 

Thus, the B.C.S. theory with the assumption (8) represents a less extreme 
case of the quasi-chemical equilibrium picture, in that there are now single particles 
(below k=.) in chemical equilibrium with electron pairs; the latter, however, 
are still fully Bose-condensed. 

There is no compelling reason for accepting this extreme Bose condensation 
picture even at zero temperature. On the contrary, the repulsive pair correlations 
which arise from the Coulomb interaction between electrons must have an effect 
even in the ground state. This effect may be described qualitatively by saying 
that the single-particle states, out of which the pairs are made up in the B.C.S. 
theory, have a finite lifetime. A more satisfactory way of looking at the same 
effect, however, is in terms of the non-condensed pairs of the quasi-chemical equili- 
brium picture. Purely repulsive pair correlations appear naturally within this for- 
malism. They can never by themselves lead to Bose-Einstein condensation, but there 


is no reason for them to disappear completely just because there are Bose-condensed 


attractive pair correlations. The non-condensed pairs provide correlations between 
any two electrons, not just between electrons with kt and —k|.” 
The form (7) or (10) allows a qualitative understanding of the origin of 


the “stiffness” in the wave function which is needed for a Meissner effect. Lhe: 


wave function must be stiff enough to give a Meissner effect, yet must not be so 
stiff as to violate gauge invariance. Gauge invariance is achieved by allowing the 
pair state wave function ¢(k,, k,) to adjust itself to the vector potential. In par- 
ticular, it is necessary to include terms with k, +k,=q and k,+k,=—q, in addition 
to the terms with k,+k,—0. This has been shown by Bogoliubov.” The wave 
function of the N-particle system is nevertheless stiff, simply because a// electron 


pairs are put into the same quantum state of the pair, z.e., because of the Bose- 


Einstein condensation. The statement that all the electron pairs are in the same 


pair state is manifestly gauge invariant. 
From every set of pair wave functions %_(ky51, kes.) (s 1s spin coordinate) we 


can construct a set of pair creation operators W,* through 


w.* sy Ss La (ks, koSq) a, 5) ais (11) 
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Equation (5) is a special case of (11), namely the one in which g=0 unless 
k,=—k, and s,=— 5». 

The operators W,* do not obey the exact Bose commutation rules. However, 
A. it can be shown™ that the phenomenon of Bose condensation still occurs in spite of 
the altered commutation rules. 

The author is grateful to Professors S. T. Butler, H. Frohlich, J. E. Mayer, 
M. G. Mayer, L. Onsager, A. de Shalit, I. Talmi, and G. Wentzel for valuable 
discussion. 
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In the pair-correlatjon, or quasi-chemical equilibrium, approximation to statistical mechanics, 
there appears the possibility of a condensation phenomenon closely analogous to a Bose- 
Einstein condensation of correlated pairs of particles. However, the expansion used in earlier 
work to establish this phenomenon fails to yield an adequate approximation at and below 
the condensation point. In this paper, we give an alternative development, first formally for 
an arbitrary number of quantum states of the pair, then carry out in detail for the case of 
only one, or only two, quantum states of the pair. It is shown that, in spite of the Fermi- 
Dirac statistics of the particles making up the pairs, it is nevertheless possible to accomodate 
an arbitrarily large number of particles within a single pair state. Furthermore, if two 
quantum states of the pair are possible, and conditions are such that either the pair state 
would be occupied by a macroscopic number of particles if it alone were present, then 
the Pauli exclusion principle works in such a way that the lower one of the two pair states 
is occupied by a macroscopic number of particles, whereas the occupation number of the 
upper pair state remains independent of the volume. This result is not restricted to pairs 


whose mean separation exceeds their internal size, but applies also to pairs which completely 
The result is therefore of significance in the theory of superconductivity — 
1 size of the order of the Pippard coherence length, 


overlap each other. 
where the electron pairs have an interna 
which is much larger than the mean separation of their centres of gravity. 


§ 1. Introduction 


In the quasi-chemical equilibrium, or pair correlation, approximation to statisti- 
1). there appears the possibility of a condensation phenomenon similar 
“ molecules? which are associated with 
hown that the thermodynamic 


cal mechanics, 
to a Bose-Einstein condensation of the 


correlated pairs of particles. In reference 1) it was s 
properties of the system are fo 
cules, obeying Bose-Einstein statistics, 
atoms obeying Fermi-Dirac statistics. 

gives rise to correction terms, which were s 


to the Bose-Einstein condensation temperature, b 
rence 2), however, it was found that these correction terms must be- 


o a trivial error in a combinatorial factor. When this is done, the 
main unimportant above the condensation temperature, but they 


in chemical equilibrium with an ideal gas of | 
The overlap between molecular wave functions. 
hown to be unimportant not only down 
ut right through condensation. 
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become of major importance at and below condensation. Hence it has become 
necessary to re-investigate the nature of the condensation phenomenon, using a 
method of evaluating the trace of the density matrix which provides an adequate 
approximation not only down to condensation, but right through the transition 
region as well. 

The physical reason for the importance of overlap terms below condensation 
is as follows: Above condensation, the “ molecules” are well separated from each 
other. The overlap integrals arise from exchanges of atoms between different 
molecules, without exchanging the molecules as units; hence these overlap integrals 
give rise to small corrections only. However, if the condensation is similar to the 
Bose-Einstein condensation, then below the condensation temperature a finite fraction 
of all the molecules occupies the translational ground state K=0. In z-space, this 
means that these molecules pervade all of the container; thus they must necessarily 
overlap with each other significantly, and the overlap integrals can no longer be 
ignored a priori. 

The general formula for the partition function of the system in this approxi- 
mation involves the eigenvalues vz and eigenfunctions ¢,(k,, k2) of the “ quenched 
pair correlation matrix”. We shall consider in this paper two extreme special 
cases : 


< 


a) The molecule has only one eigenstate, 

-b) The molecule has only two eigenstates. 

If the condensation actually involves a macroscopic number of molecules occupying 
the translational ground state K=0, (i.e. k,=—k,), then these assumptions should 
nevertheless prove instructive. 

Section 2 contains a general transformation for the grand canonical partition 
function, which we then specialize to the cases (a) and (b) above. Section 3 
contains an explicit and complete evaluation of the partition function for case (a), 
assuming a simple analytic forms for the internal eigenfunction of the molecule 
in its ground state. We then show that a certain approximation is sufficient not 
only down to the transition temperature, but sufficiently far below it to encompass 
the entire transition region. This approximation involves only the volume V,, of 


the molecule ; it is independent of the detailed internal structure of the molecule, 


and is valid as long as the average distance between molecules exceeds their internal 
size. 

A discussion of the relation between this new approximation and the earlier 
power series expansion of the partition function (Appendix II of reference 1)) as 
given at the end of section 3. We show that the earlier expansion allows additional 
reductions, i.e., some of the sums which appears can be split into products of 
smaller sums. The new approximation scheme is equivalent to carrying out all 
these reductions, and retaining only a finite number of the irreducible quantities 


which appear. However, all terms which can be built from these irreducible quan- 
tities are retained, to all orders. 


_—s 
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Section 4 contains afirst discussion of case (b). The main result is that, 
below condensation, the lower one of the two quantum states becomes occupied by 
a number of particles independent of the volume. This is of course highly re- 
miniscent of the usual Bose-Einstein condensation. 

The discussion of section 4 is based on the assumption that the average distance 
between molecules greatly exceeds the internal size of the molecules. This assump- 
tion is not valid in the theory of superconductivity,” where the “ quasi-molecules ” 
have internal dimensions of the order of the Pippard coherence length, about 107° 
cm. It is important, therefore, to establish that the essential aspects of the Bose 
condensation persist even if the internal size of the “ molecule” greatly exceeds 
the average distance between “ molecules”. This is accomplished, for the special 
case (b) of only two quantum states, in section 5 of this paper. 

To the extent that one can generalize from this special case to the general 
case of infmitely many translational quantum states of the molecule, the work re- 
ported here provides a justification for the basic assumption used by Bogoliuboy” 
and others,’ namely to retain only those pair correlations for which k,+k,=K=0. 

It should be noted that- pair correlations with K#0 need not disappear even 
at absolute zero; nothing in the present theory requires this, and there is good 
reason to believe that such pair correlations are in fact there, and are needed to 
explain the experimental observations on the Knight shift in superconductors.” 
All that we show here is that the pair correlations with K=0 dominate the 
picture in the sense of a Bose condensate, i.e., the number of “ quasi-molecules ” 
of this type is proportional to the volume V, below the condensation temperature. 
Quasi-molecules with K #0, though represented only by intensive numbers for 
each such quantum state, can nevertheless make a significant contribution, by virtue 
of the fact that there are an infinity of such quantum states. However, the method 
of evaluation of the theory given in this paper is not applicable to this case, 
since it is restricted to at most two quantum states. 

Although most of the work here is formal and algebraic, we shall need oc- 
casionally to insert expressions for the eigenvalues v, and the molecular wave 
functions ¢,(h,, k2), to estimate orders of magnitude. Whenever this is required, 
we shall use assumptions corresponding to real chemical equilibrium between atoms 


and bound molecules, rather than to unbound “quasi-molecules”. In particular, we 
choose 
2K? i 
Uj z Uy EXP E (2n-B.-" |: (Ghosh) 
Am 


Here z=exp (4) =exp(44/kT) is the activity, E, is the (negative) internal energy - 


of the molecular ground state, K is the wave vector of the centre-of-gravity motion, 
m is the atomic mass. The index a has been split into two parts, the internal 
quantum number s of the molecule and its centre-of-gravity momentum K. 


It should be noted that for the cases (a) and (b) considered here, the fune- 
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tional dependence of (1-1) on K is not important. (1-1) merely serves to pro- 
vide an estimate of the ratio v,/v, for the two quantum states of case (b). In 
the physical case, in which infinitely many values of K are permitted, the 
functional dependence is of course significant, and it is very likely that (1-1) is 
qualitatively right above the transition temperature, but qualitatively wrong below 
it. In view of this possibility, we shall concentrate our attention primarily on 
features which are independent of the details of the dependence-of v, on Ka. The 
most important of these features is condensation of a macroscopic number of mo- 
lecules into the lowest state (i.e., the state a with the highest positive value of 
V_). It will be shown that such a condensation does occur, even if the “ molecules ” 
overlap each other completely. 

As far as the wave functions ¢, of the “ molecules ’ 
assume translational invariance, so that k,+k,=K is a constant of the motion. 
For the sake of simplicity, we shall also assume that the internal wave function is 
independent of K, i. e., Galilean invariance. This latter assumption is almost surely 
violated in superconductors, since the solid lattice selects out a preferred frame of 
reference. However, as an approximation for low-lying quantum states, the as- 
sumption of an internal wave function independent of K is reasonable, and that 
is all which concerns us in the present investigation. Thus, our assumption for 


Palki, Ro) 18 
Oalki, Ry) =¢x,;(kis, ky So) =0(k,+k,—K)w,|4 (k,— ke), Si, Sal, (Lazy 


. > 


are concerned, we shall] 


where k,, k, are the momenta of the two particles, s; and s, are their spin co- 


ordinates. 


§ 2. General expression for the partition function in the 
quasi-chemical equilibrium approximation 


In reference 2) we derived several equivalent expressions for the grand canoni- 
cal partition function of a system in the quasi-chemical equilibrium (pair correlation) 
approximation. First, the partition function of the “atoms” is separated from that 
of the “molecules”, Eq. (3-12) of reference 2). The molecular partition function 
is expressed as a vacuum expectation value, Eq, (3-13) of reference 2); the ope- 
rators which appear in this equation are combinations of Fermi-Dirac operators 
which obey “ not-quite-Bose ’” commutation rules; see Eq. (3-26) of reference 2) 
The result is then re-expressed in terms of operators which obey exact Bose oe 
mutation rules, Eq. (4-22) of reference 2). This equation is our startin int 
here, hence we repeat it for ready reference : eae 


exp(—9.2,,) = (Olexp(R+-S) exp(R*)|0), (2-1) 


where 


Re ype sabes (2-2) 
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S=—4 23 Creve" Ag Bs* B, Bs, (2-3) 
aBT 
Cs Siete as Se (hi, ko) Paks, Rs) Gy* (Re, ks) Ps* (Ra, hi). (2-4) 


The operators A, and B, operate in disjoint Hilbert spaces, and both sets of ope- 
rators obey Bose commutation rules : 


[A,, Ag* |_-=[B.z, Be*|-=0ag; all others commute. (2-5) 


Although Eq. (2-1) involves no Fermi-Dirac operators, it Maflars from the 
defect that the operators S, (2-3), contains creation operators B*, and therefore 
fails to commute with R. Thus the exponential exp(R+S) becomes difficult to 
evaluate. Quite apart from this obvious difficulty, there is another, less apparent, 
restriction on the use of (2-1), which we shall discuss at the end of this section. 
In section 4 of reference 2) we derived an expansion of (2-1) in powers of the 
coefficients C, which latter are similar to overlap integrals. Unfortunately, this 
expansion turned out to be useless at and below condensation. .The present section 
is devoted to deriving an alternative form for (2-1) in which all the operators in 
the arguments of the exponentials commute with each other. This form is not 
restricted to just one or two quantum states of the molecule, but is valid generally. 

We start by rewriting the operator exp(R+S) in the form” 


1 


pL Ss) eS) ExP| [Re) dv’ |, 


where EXP is the “ordered exponential function” and 
R(t) =exp(—tS) Rexp(4+2S) = 3) v2" Aa Bat) (2-7) 


B,(f) =exp(—tS) Ba exp(+t). 7 (2-8) 


Now let us introduce the overlap integral between two molecular quantum 
states a and # as an operator in k-space. We define : 


Chlae*|k')= 31 alk, Rl") pa (R", R’). (2-9) 


we shall use the symbol “tr” for the trace over this k-space. We also use the 
orthonormality relation 
SD) ealk, kh) G5*(k, bh!) =P ap (2-10) 
ke, kl 
and the antisymmetry of the ¢g functions to obtain the result : a 
tr (go") = —Sas- (2-11) my 
Furthermore, the quantity C4, Eq. (2-4), is given by 
, CH=4 tr (q,"9"). (2-12) 


Let us now introduce the k-space operator L(t) by 
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(BIL) |) =2 33 CElge"[Rt OY? AeBo (2-13) 
Then it follows from (2-7) and (2-10) that 
R@¢) =—# tr[L(/]. (2-14) 
By differentiating R(¢) with respect to t we get: 
dR/dt=exp(—tS) (RS—SR) exp(+tS) =R(t) S—SR(t) 
=—4D) (eave) CH As AgB, OBO 


=—ttr[L'@)]. hae 
Thus we have obtained the trace equation 
trad at} tet |: (2-16) 


By using the completeness relation for the eigenfunctions ¢,(k, k’): 
Di Palhi, Ra) Pa* Char’, Ba’) = 0 (ky — ky’) 0 (ky— ky’) (2-17) 
it is easy to verify that the corresponding operator equation is true as well, i.e. 
aLfat=L(t) (2-18) 


holds for all matrix elements, not merely for the trace. This first order differential 
equation has the initial condition 


L(0) =2 3} ¢,°A.Bp=M, (2-19) 
ap 
and hence the unique solution 


M 


EO = as 
@) 1—-1M 


(2-20) 


Now R(t) is given by (2-14). Since L(z,) ond L(t.) commute for all 4% and 4, 
the ordered exponential function in (2-6) becomes simply the conventional exponen- 
tial function of the operator 


ut uf 
|R@de=-4 (pda In(1—M). (2-21) 
0 0 


We therefore have obtained the operator identity 
exp(R+S) =exp(S) exp[3 tr In(1—M)]. (2-22) % 


We now make use of the fact that the left-most B-operator in S, and hence also 
in each term S” in the expansion of exp(S), is a B*, which gives zero when 
operating on the vacuum state from the right. Thus we have the identity : 


(O|exp(S) = (0. (2-23) 
Combination of (2-1), (2-22), and (2-23) yields 
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exp (—/2y)= (0| exp/4 tr In(1—M) ] exp(R*) |0). (2-24) 


This is our final form, which has the desired properties : 

a) All the operators A and B in (2-2) satisfy exact Bose commutation rules ; 
there are no Fermi-Dirac operators left. 

b) Bose creation and destruction operators never appear in the argument of 
the same exponentials ; one exponential contains only Bose destruction operators, 
the other only creation operators. 

For later use, we can make one more, minor change: the quantity R* involves 
a factor vi” for each factor A,’ B,*; see Eq. (2:2). In the vacuum expectation 
value (2-24), the N’th term in the expansion of one of the exponentials “‘ connects ” 
only with the N’th term in the expansion of the other exponential. Hence it is 


permissible to shift these factors vj” from one of the exponentials to the other, . 


so as to obtain the equivalent form 
exp(—f2) = (0| exp[3 tr In(1—2 3} vg? uy? qe" Aa Be) ] exp( >) A,* B,*) |0). 
ap T 


(2-25) 


We close this section with a discussion concerning the use of our starting form 
(2-1). In the derivation of this form, in reference 2), use was made of the closure 
relation (2-17) to get a simple form for the double commutator [[d,, 6;'], bs], Eq. 
(4-6) of ref. 2). If one expands (2-1) and makes use of the commutation rules 
for the B~ operators which occur in the quantity S, one encounters expressions 
in which closure can be used again, for example : 


Di CeeCon= 4" 3) tr Gy" qs") tr (qo ae"). 
This involves a closure sum over 0, and is equal to 


SGC ha — Atle, 6.°g): (2-26) 
6 


In using (2-1), it is advisable to make use of these closure reductions before 


any other simplifications are made. In going from (2-1) to (2-24), we have 
made use of closure, to derive (2-18). Since all the A and B operators in exp 
4trln(1—M)] commute with each other, no further closure reductions are possi- 
ble on the form (2-24), ie. (2-24) is already “fully reduced”. 


§ 3. One quantum state of the molecule 
We now make the assumption that the “molecule” has only one quantum 
state, 1.e., 
Vqa=O0 for all a@ except a%. (3-1) 


Since the sum over @, 9 in (2-25) contains the factor (vyv,)'”, all terms drop 
out except the term a=f=a). Omitting the index a, we then get 
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exp(— $2) = (0|exp[# tr In(1—2vgAB) ] exp(A* B*)|0). (3-2) 
The &-space operator g is given by (2-14) as 
Chale) = CR qeelk' = — 31 Paolk, Rl") Gao (R, Rk’). (3-3) 


At this stage we use the translation invariance of the theory ; the centre-of-gravity 
momentum K=k+k’ is conserved, i.e., we use the delta-function factor in ex- 
pression (1-2). For simplicity, we shall choose K=0 for the state a@ which we 
retain (the subsequent evaluation is independent of this assumption). Then in 
(3-3) k” must equal —&, from the first factor, and it must equal —k’, from the 
second factor. Thus we obtain the result 


(kiq|k = —1e..(%, =k) Oe =S— [ey Oe er. (3-4) 
That is, the &-space oerator qg is diagonal and negative-definite. Thus (3-2) becomes 


exp (—/2y) = Olexp[# 3} In(1 + 2/4 AB) Jexp(A*B*)|0). (3-5) 


Next, we observe that the operators B and B* serve two purposes : 

a) In a power series expansion of both exponentials, only equal powers give 
non-zero contributions, 

b) The N’th power term contributes a factor (0|B*(B*)*|0)=N!. The 
function (a) is however redundant, because the operators A and A* by themselves 
give exactly the same effect. Hence, if we can somehow supply a factor N!, we 
can omit the B and B* operators altogether. We use the identity 


Ni= et" dt (3-6) 


0 


‘in the following way: We replace the operator B in (3-5) by the c-number ¢, 


the operator B* by unity, and supply the integration over ¢ as in (3-6), to get 


ao 


exp(—f$2y) = \ dt e‘(0|exp[4 > In(1+2vp,tA)]exp(A*)|0). (3-7) 


0 


Next, we use the operator identity 


f(A) exp(A*) =exp(A*)f(A+1) (3-8) 


where f(A) is an arbitrary function of the operator A, and 1 is the unit operator. 
We apply this identity to the operator in (3: 7), and use the fact that 


(0|exp(A*) = (0| (3-9a) 
f(AFD|0) =f(1) [0) (3- 9b) 


to get our final c-number formula : 


exp on | dt e~ exp[} S3In(1+20/42)]. (3-10) 
0 
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Thus, in the case of only one quantum state to the molecule, the partition 
function calculation has been reduced to two quadratures: the integral over ¢, and 
the sum over &. 

At this stage, we shall choose a particular, not unreasonable, wave function 
for the molecule, and evaluate the integrals. We shall also show that a certain 
approximation, which is independent of finer details of the molecular wave function, 
is valid in an interesting region. 

The molecular wave function which we choose is the “ zero-range approxi- 
mation ” 

Nn &XP(= 27) (3-11) 


r 


$(r1, Te) =$(\ri—rs|) = 


This function is permissible for the singlet spin state ; we have omitted spin indices 


throughout the discussion so far. Strictly speaking, the index k contains both the. 


momentum vector k of the particle, and its spin coordinate s (which is either 


+1 or —1). It is easily seen, however, that for the case of singlet states the 


sum over spin indices just gives unity. Hence from now on & stands just for the 
momentum of the particle. 
Normalization of the wave function (3-11) gives 


N= (a/2zV)"" (3-12) 
where Vis the volume of the container. The k-space wave function corresponding — 
to (3-11) is 

4nN * 
¢(ki, ky) =0 (Ri +hk2) — ee (3-13) 


and the expression in the exponent of (3-10) can be transformed by an integration 


by parts into the integral 


ao 


is ay dy 
ee LAr ae 3-14 
4 S)In(1 + 2vpet) = >| (5? 241)(r+(y" ae 1) 
where 
_ 16nvt (3-15) 
Vai — 


The integral is equal to | 
3x z 
Bit) ERI BEALE 
4|140/Ita— 2» /Fatv 148) = (1-24--). @16) 


Combining (3-14) and (3-16), we get the result 
$> Ina + 2uu,t) =vt— H(t) (3217) 


where 
H@ =~ V8" [14/1 +2— 2) ,/4 ,a+V1+2) |. (3-18) 
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This function H(z) has the following properties : 


H(t) >0 all “z>0 (3-19a) 
dH/dt>0 all t>0 (3-19b) 

eT ee 7 _(vt)*+order @ for small t¢. (3-19c) 
Va} 


Substitution of (3-17) into (3-10) gives the following integral for the par- 
tition function of the system: 


ene ae \ at asus tree (3-20) 


This integral has a completely different behaviour for v<1 than for v>1. 
For v<1, the properties (3-19) of H(t) imply that H(t) can be ignored com- 
pletely ; for the integral converges even with H(t) =0, and according to (3-19c) 
the corrections due to H(t) vanish in the limit of infinite volume V. We thus 
get 

exp(— 8x) == *— for o<1. (3-21) 
ey 


“ 


This is of course precisely the “ideal Bose gas” approximation for the case of one 
quantum state. However, in the ideal Bose gas, expression (3-21) is valid right 
up to v=1; hence it is possible to put an arbitrary number of particles, including 
a number proportional to the volume V of the container, into this one quantum 
state, merely by letting v=z’« come very close to unity. We shall see that this 
is no longer the case in the present theory. 

Let us now look at the case v>1. With v>1, the integral (3-20) would 
diverge without the function H(t). The integrand has its maximum value when 
the exponent has its maximum, i.e., when 


Gt) di = od ot feet (3-22) 
A straightforward calculation gives 
Va? *& 
fmax = ———_ U. 2] é ‘ : 
ee (3-23) 


Note that a positive t,x exists only for v>1; note further that 4... is itself pro- 
portional to the volume. Because of this we can use a saddle-point evaluation of 
the integral; — 82, then equals the value of the exponent at t=Zyox (except for 
unimportant terms which have a much weaker volume dependence). This gives 


Vai ; 
— PB 2Qy= ot (v+2)(v—1)? for v>1. (3-24) 


Let us determine the equilibrium number of particles in this one quantum 
state, as a function of the chemical activity z, or of v=z’u. We get, in general 
> 
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NE OF, 9(=B2y) (3-25) 
Ov 
and hence 

% 2 

N=—<2 for v<l (3-26a) 
i 
70? 

N=** y(vt—1) fOr OS, | (3-26b) 

Q7 


(3-26a) is the Bose gas result: The factor v/(1—v) is the expectation value 
of the number of ‘ molecules”’ in this quantum state, and the factor 2 arises be- 
cause each molecule consists of 2 particles. For v>1, however, we get a number 
of particles proportional to the volume. There is an essential difference with 
respect to the ideal Bose gas of elementary bosons, however, in that the number 
N/V contributed by this one quantum state is finite only if v actually exceeds 
unity, and hence only if the pressure » (which equals 2y/V by general thermo- 
dynamic reasoning) exceeds the pressure at condensation. Thus, we can still put 
a number of molecules proportional to the volume V into one molecular quantum 
state, but the Fermi-Dirac statistics of the elementary particles shows itself in 
that we must exert a finite pressure in order to achieve a finite number density 
N/V. The value of the pressure depends on the internal wave function of the 
molecule. In effect, we are using the “tail” of the molecular wave function in 
k-space in order to accomodate particles without violating the exclusion principle. 
This can be shown very simply by repeating the above calculation with an assumed 


molecular wave function : 


g (ki, kx) =8(Rithk,)w for |k|<hy 


(3-13a) 
=() for |k|> Ro 
instead of (3-13). Straightforward calculation gives, instead of (3-26b), 
Now. (1- : ic for v>1. (3-26c) 
67" v 


Unlike (3-26b), (3-26c) leads to an upper limit for the number density N/V of 
molecules in this quantum state, no matter how large we make v. The pressure 
contains a term In(wv) and thus becomes infinite for v->co. The essential difference 
between the wave functions (3-13) and (3-13a) is just the sharp cut-off in k-space. 
The wave function (3-13a) is unphysical and the result (3-26c) is so as well; 
we have quoted it here merely to establish that we are using the tail of the mole 
cular wave function ¢(k, —) to accomodate the added particles. 

| A useful approximation can be found by assuming that v exceeds 1 only very 
slightly. With this assumption, we obtain from (3-26b) 


NVv= @=—1)." non 0=< 7-1 <1) (3:27) 
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Now z/a® is just the volume of the molecule, which we shall call V,,. Solving 
(3-27) for the excess. (v—1), we get 
DOV pp ak Volume of one molecule ei (3-28) 

V Available volume per molecule 


v—1l= 


In the case of a gas of “dineutrons” with a density of 10% dineutrons per cm”, 
the volume V,, is of the order of 107*’ cm’, and the ratio (3-28) is of the order 
of 10-48, Thus the excess of v above unity is very small indeed, and the approxi- 


“mation v—1<l1 is amply sufficient. 


This suggests the use of the following approximation to the partition function 


‘integral (3-20) : we replace the true function H(¢) by its lowest order term in 


an expansion in power of ¢, namely by (3-19c). This makes no difference at all 
for v<1; for v>1 we now show that we get results which are equal to the 
leading terms in an expansion of the exact results in powers of the excess v—1. 
Indeed, condition (3:22) now gives 


Tat yee 
A ea ae (3-237) 


and the approximate value of the exponent at this point leads to 


Vai ( v—1 ) 


Arr 


= BE se (2-24/) 


U 


These differ from the exact results (3-23) and (3-24) by terms of order (v—1)? 
only. If v—1 is a small number, we have therefore found a consistent and useful 
approximation to the exact partition function, which is valid not only up to the 
point v=1, but is valid sufficiently far beyond this point to encompass a region 
of considerable physical interest. 

Let us now trace back just what this approximation means in the general 
case. We have taken the expression (3-14) and have restricted ourselves to the 
first two terms (proportional to ¢ and to f°, respectively) in its expansion in powers 
of ¢. This however is nothing else but the ordinary power series expansion of the 
logarithm ; i.e., we write 


2 DiIn(1+2vp,t) = ve D3 fe (vt)? Sh Me to. (3-29) 
k k 

The first sum on the right side is unity : 

Di Me= Di le (k, —&) P=1. 


The second sum on the right can be used to define the volume of the molecule 
Vin» by 


Sw Sle Ohi 80) 


What we have shown, then, is that for the case of only one quantum state of the 
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molecule, the statistical mechanics of the system can be described to a sufficient 
approximation once V,, is known; finer details of the internal structure of the 
molecule are of no importance as long as the ratio (3-28) is small. 

This is an eminently reasonable result and could have been expected a priori. 
However, the approximation of keeping only the leading two terms in an expansion 
of the logarithm in (3-10) is not equivalent to an expansion of the grand canonical 
potential in powers of the ratio (3-28). This latter expansion is just the one 
derived in Appendix II of reference 1), and corrected in reference 2). It fails to 
be useful beyond the point v=1, whereas our present approximation method carried 
us beyond the point v=1. 


Let us investigate the relation between the two methods. The earlier expansion 


contains coefficients #,(@, @:,---, @;) which are, except for a factor, equal to the 
sum 


Doh Br Owe Ds (—1)"Ga,(Ri, 2) Poa (Rs, Rs)» Pas (Ros—15 Ras) 
a 
X Bar * Chi", ha") Pas (Ras—1, Ree). (3-31) 


The prime on the sum over permutations idicates a restriction to “ irreducible per- 


mutations which contain no natural pairs.” The restriction is best explained by | 


example: The permutation 


‘12 34 956 e 
bs oo. 78.12 


is “irreducible” in the sense that the sum in (3-31) does not split up into a 


product of two or more smaller sums. However, this permutation merely permutes — a a 


the “natural pairs” (1, 2), (8, 4), (5,6) and (7, 8) among each other, without 


breaking up any pair. Hence this permutation is not included in (3-31). Hf we 
now permute particles 4 and 5, say, in the bottom row, we obtain the permutation. 


12) 34° 96 ) 
a6 AG 7 7B. 12 


This permutation involves the breaking up of some of the “ natural pairs’, fore iam 


example the natural pair (1, 2) is replaced by the “ unnatural pair ”’(3, 5). How- 


ever, the natural pair (5, 6) is replaced by another natural pair, namely (7, 8), 


and the natural pair (7,8) is replaced by the natural pair (1, 2). Hence this 


permutation still contains some natural pairs, and is therefore also excluded from e 


the sum in (3-31). 


We get an acceptable permutation by interchanging particles 8 and 1, say, in- 


the bottom row of the above permutation, i.e., the permutation 


12) 34 *56 ) 
ee 46 71 82 


(Sug2) 4 


This permutation is among the ones which appear in the sum (3-31), and as long” i a 
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as the s quantum states aj, a, ---, @,(s=4 here) are all different from each other, 
nothing more can be done to reduce the sum (3-31). 

However, additional reductions are possible if some of the @’s coincide. In 
our present case, of only one quantum state, all @’s are in fact equal to a. The 
sum (3-31) for the case of the permutation (3:32) becomes 


Se (his he) ¢ (hs, be) G( Rs, ho) G (hr, Rs) G* (Re, hs) O* (ha, he) O* (rn hi) * (hs, Ka) 
kis-ke 


=[ >) ¢(hi, be) p* (ha, Re) PCRs, Br) O* (kr, hs) P=(Vn/V)*. (3-33) 


kt ke kg kz 


Thus, this particular term is decidedly reducible, even though it would have been 
irreducible if the four quantum states had all been different. 

The procedure of expanding the logarithm in (3-10) in powers of ¢ and 
keeping terms up to f’, say, is equivalent to reducing out the earlier expansion, and 
summing up, exactly, all those terms arising from combinations of the first 7 irredu- 
cible sums over #’s which arise. It is thus not surprising that the earlier expansion 
fails near condensation, no matter how many terms are retained, whereas the pre- 
sent procedure, in which only irreducible quantities appear, gives a useful approxi- 
mation with only two terms of the expansion of the logarithm. 

It may be noticed that the term in (vt)* arising from the expansion (3-29) 
has a positive coefficient, and the same is true of all odd powers of vt. When 
we break off with such an odd power, and substitute into (3-10), the integral 
diverges for large ¢. Thus, if a strictly convergent approximation is desired, one 
should truncate at an even power of ¢. The difficulty with odd powers of ¢ is 
more apparent than real, however. “The exponent in the integral has a maximum 
at a value of ¢ proportional to the volume, then drops down; only for very large 
t does the exponent increase again and go up to infinity. This latter behaviour is 
obviously spurious, arising from a region in which the power series expansion of 
the logarithm should not be used. Thus, when one truncates with an odd power 
of ¢, a sensible asymptotic evaluation of the integral consists in using the saddle 
point method for the first maximum of the exponent, and ignoring the spurious 
divergence at t=co. This is related to the fact that the basic Ansatz (Eqs. (2:3) 
or (2-26) of reference 2)) makes no allowance for the fact that the pair correlation 
functions become modified when more and more particles are crowded into the 
volume, until eventually the whole pair correlation appproximation breaks down. 
If we truncate the expression for the grand canonical partition function as a sum 
over numbers of particles N (Eq. (2:1) of reference 2)) at some maximum num- 
ber N, proportional to the volume V, we obtain natural cutoffs for the integrals 
which arise, and no infinities can occur. 

The approximation of neglecting all the higher terms in the expansion (3-29) 
will be called the “ quadratic approximation ” henceforth. It is completely adequate 
for a gas of ordinary bound molecules which have an average separation larger 
than their internal dimensions, i.e., for which the ratio (3-28) is much less than 


= 
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unity. Since this approximation is much easier to handle than the exact result, 
we shall start our discussion of the two-quantum-state case by using this approxi- 
mation (section 4). However, in the theory of superconductivity the inequality 
(3-28) is badly violated. The internal size of the electron pair which forms the 
* quasimolecule ” is of the order of 10°*cm, and the average separation between 
centres of gravities of pairs is less than this. 

It is therefore necessary to establish the Bose condensation phenomenon for 
the general case, and this is done in section 5. No new feature emerges from this 
discussion; the quadratic approximation, although not valid numerically in this 
region, already contains all the qualitative features of the general result. 


§ 4. Two quantum states of the molecule. Quadratic approximation 


We assume that the molecule has just two translational states, the ground 
state with centre-of-gravity momentum K=0, and a translational state with K 
different from zero. The internal wave function w, see (1-2), is assumed to be 
the same for both states. 

As a result of conservation of centre-of-gravity momentum, the operator ¢k|q,*|k’) 
has non-zero matrix elements only for 


k—k’=K,—K,. (4-1) 
As a consequence of this selection rule, we get the statement 
tr (qs; O52" I5.) =0 unless K,,+ K,,+ jon + K.,=K,,+K,,+ ely + Kz,. (4-2) 


In the special case of only two quantum states, a=1 and a=2, say, the selection 
rule (4-2) leads to the following simple result : Of the s indices a, let 2, be equal 
to 1, m be equal to 2, m+m=s; similarly, of the s indices 8, m/ are equal to 
1, m/ are equal to 2; then the trace (4-2) vanishes unless ny=n and n.=n,!. ' 
This follows directly from the observation that the condition on the K vectors, 
(4-2), can be rewritten as 


n,K,+n,K,=n,' K,+7,/ K, (4: 2a) 


and K,, K, are linearly independent vectors. 

We now use this to simplify the general formula (2-25). If we imagine both 
exponentials in (2-25), as well as the logarithm, expanded in power series, then 
we get expressions involving traces (4-2) and powers of these traces. Further- 
more, we get vacuum expectation values of the form 


(0| Ag, Aa*:* Ac, Bs, Bs,":* Be. Ax: Ano? Ay By BB; \0). (4-3) 


Such a vacuum expectation value vanishes unless the sets of indices a---a,, Bi Bos 
and 7;::-7; are permutations of each other. However, the condition obtained for 
the trace above, that m=! and 7,=7,' for the case of two quantum states, already 
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implies that a,---a, and ,:-8, are permutations of each other. Thus the only 


effect of the operators B:--B* in (4-3) is to supply a factor 7! m!. We again 


use the identity (3-6) for the factorial and the identities (3-8), (3-9) to reduce 
(2-25) to the expression : 


exp(—/2y) = \ dt, | dt, exp (—t,—t)-exp[# tr n(1—2 py (VataVate) gp") |- 
0 0 


(4-4) 


The sums over a, 9? in the argument of the logarithm go over the range 1, 2 only. 


‘The form (4-4) is still exact. 


« 


We now make the “ quadratic approximation ” of expanding the logarithm and 
keeping terms up to 2? but no higher. We use (2-11) to simplify the linear term ; 
the quadratic terms involve the traces 


tr (qr qn) = tr (GoGo ) = Wonk V (4-5) 
tr (go' qi”) = tr (gi ge”) = >} |w(&) |?|w (k—Z Ke) |? = V/V (4-6) 


where V,, is the molecular volume given by (3-30), and V, is interpretable as a 
“volume overlap” or “exchange volume”’; clearly, V, does not differ much from 
V,, as long as 4K, is small compared to the range of the internal wave function 
in K-space; if we denote the “size of the molecule” by a, then 


Vic V,,. for’ Kya<1. (4-7) 


The quadratic approximation to the partition function (4-4) is 


oo 


exp (—P2y) = | de| ae exp[(wi.—D t+ (@—DAa— (Ve V) (rit)? 
0 


= ( Vine!’ Vi) Cats) — (A V./ V) D1 ty 02 ty]. (4-8) 


In spite of the simple appearance of this integral, its evaluation in terms of 
tabulated functions is not easy. Rather than doing that, we shall discuss the nature 


of the integrand and develop reasonable approximation methods depending upon 


the values of v, and v,, as well as on the approximate equality (4-7). 
“Case 1: The simplest case is the one in which both v, and v, lie below 
unity. Then the quadratic terms in the exponent can be ignored completely, with 


an error which becomes zero in the limit of infinite volume. We thus get the 


Bose approximation : 
1 
(1—v) (1—v,) 


Of the two quantities v,, v., the v associated with the lower quantum state 


K=0 is larger than the other v, according to (1-1). We shall let state 1 be the 
ground state hence 


exp (—P2x) = 


for Oi Dal (4:9) 


T= 


we 
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U1 > U2. (4-10) 
The next case to discuss, therefore, is 

Sse? Oy ky! Oe ek: 

We see, by direct differentiation of the exponent in (4-8) with respect to h, 
that the exponent decreases with increasing /:, for all positive values of ¢ and ty. 
Hence the contributing region lies close to the ¢,-axis, 4 always remaining of order 
unity. We can therefore ignore the term (V,,/V) (este)? completely. With this 
approximation, the f, integral becomes the integral of a negative exponential, and 
we obtain 


exp[(v.—Da— (Vn/ V) (rts) 
1—-v.+tm(4V./V) vit 


een aady) = | ae (4-11) 


Since the exponential is a rapidly varying factor, the main contributing region is 
determined by the maximum of the exponent. This maximum occurs at 


Yyh= ¥ (1i—+} Position of max. exponent. (4-12) 
A VU, : 


At this point, the denominator of (4-11) equals 


Toe VHA (1- , Nae (AES) 


1 


The width of the maximum around the position (4-12) is of order V"?, hence ~ 


the variation of the denominator of (4-11) over this width becomes zero in the 
limit of infinite volume. We can also extend the limit of the 4 integration to 


—oo. This gives 


exp (— 2) = (V/ Vin)? vz" exp| 7: (2=1)| i (4-14) 


This result is as expected : The contribution from state 2, with v,<1, is given by | | Ss 
the factor 1/D, which is very nearly equal to the Bose gas factor 1/(1—v.), ber 9) 


cause of the inequality (3-28). State 1, on the other hand, contributes a free 


energy proportional to the volume, an 
the only quantum state present, see Eq. (B224'). 

Case 3: Both vw and v, greater than 1. 

We must now study the quadratic form in the exponent of (4-8). 
show that the quadratic form has no true maximum anywhere. To see this, 
observe that we can eliminate the linear 
of the origin. A true maximum could o 


(V/V) (cb +0?) + (AV/ VY) O12 ta= F (x1, £2) (4-15) 


ccur only if the quadratic form 


were positive definite. 


We. first), : = 


However, the eigenvalues of (4-15) are easily seen to be 
(Vn +2V.)/V and (Vm—2V.)/V:- The second of these is negative according to 


d in fact identically the same as if this were | )/ 7 


terms in ¢, and t, by simple displacement a 
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(4-7). Hence the point 2;=2,=0 is a saddle point of (4-15), not a minimum, 
and no true minimum exists. 

Thus the exponent in (4-8) must assume its maximum value somewhere on the 
boundary of the allowed region 4, f2>0. There is one maximum along the ¢,-axis, 
at the position (4-12), and a second maximum along the ¢,-axis, at the position 


i Me (i—+ -) Second maximum. (4-16) 
2 Vea Ug ; 

The value of the exponent at the maximum (4-21) is just the exponent which 

appears in (4-14), and the value of the exponent at the maximum (4-16) is ob- 

tained by replacing v, by v,. Hence we get 


_ Value of integrand at first max. —=exp| V ( tart ela 
Value of integrand at second max. AVin Vy De 
(4-17) 


Since v, exceeds v., by assumption, this ratio becomes exponentially large as 
the volume increases.* We can therefore ignore the contribution from this second 
maximum in the limit of infinite volume, we are allowed to approximate to the 


integrand in such a way that the approximation is good in the region: 
V,t,=order (V) Wats Order (1). (4-18) 


The simplest approximation in this region is to neglect the term (V,,,/V) (wet2)? 
in the exponent of (4-8). This, however, is precisely the method used to obtain 
(4-11)** and hence (4:14). Thus (4-14) is still a correct expression for the 
partition function in Case 3. 

This is the main result of this section: Even though both v, and v, exceed 
unity, only the ground state gives rise to a free energy, and particle number, 
proportional to the volume. The Pauli exclusion principle operates in such way 
that the number of molecules in state 2 remains intensive, even though this number 
would have been extensive if state 2 had been the only state present. 

We may think of the diagonal quadratic terms in the exponent of (4-8) as 
Pauli exclusion of a quantum state against itself, whereas the term (4V,/V) vt, Vet» 
can be interpreted as Pauli exclusion of one quantum state against another. What 
our calculation has shown, then, is that the exclusion of phase space for one quantum 
state due to another is dominant over the exclusion of phase space by one quantum 
state against itself; when the system is asked to accommodate a number of particles 


* This is true even if K, is the first excited translational state of the molecule, for then the 
ratio (v,;—v2)/v, is of order L~?, where L is the side length of the cubical box (see (1-1)). The 
exponent in (4-17) becomes proportional to L. 

** One caution is necessary here: The ¢, integration in (4-11) can no longer start at 4,=0, since 
the denominator would be negative there. In fact, the tg integral makes sense in this approximation 
only as long as the denominator in (4-11) is positive. However, the main contribution comes from 
the region near (4-12), where the denominator D, (4-13), is definitely positive. . 
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proportional to the volume,it finds it preferable to put all the particles into the 
lower one of the two quantum states, rather than distributing them more evenly. 

The fact that an extensive number of particles goes into the lowest state of 
the system is of course highly reminiscent of the Bose-Einstein condensation pheno- 
menon for elementary bosons. The only difference is that we now need to push 
v, beyond the value v,=1, in order to accommodate an extensive number of par- 
ticles, whereas with elementary boson v; would have been less than unity, by an 
amount of order 1/V. 


§5. Two quantum states of the molecule ; general case 


The result of section 4 is adequate, within the limitation of only two quantum 
states, for ordinary molecular gases in which the molecules are on the average far 
apart compared to their snternal sizes. However, the most interesting application 
of this formalism is to the theory of superconductivity, and there the electron pair 
correlations extend over distances of the order of 107‘ cm, much larger than the 
average distance between centres of gravities of the pairs. Hence it is necessary 
to extend our proof of Bose-Einstein condensation to highly overlapping “ molecules.” 

On the other hand, we are still primarily interested in the case of small 
centre-of-gravity momenta K, and we shall develop, in this section, an approxi- 
mation scheme based on the condition 


K,a<l1 (5-1) 


where a denotes the linear size of the molecule or quasi-molecule. Condition (5-1) 
ss much weaker than the condition for the applicability of the quadratic approxi- 
mation : 

a/d<€1 (5-2) 


where d is the average separation between centres of gravities of molecules. 

We start from the exact result (4-4). The operator (k\ga"|k’) is diagonal 
in k-space, but g," and gr have matrix elements connecting k to k+K and k—K. 
Let us choose the vector K to lie along the z-axis. The fundamental Brillouin 
zone for this problem is then the two-dimensional slab : 


ch, < +e, —o<ky< 1+ —iK<k,< +4; (5:3) 
Let k, denote any vector within this region. We then define ky, by 
k,=hkotnk (n integral) (5-4) 
and obtain the result : 
tr In[1—2 = (La Xe)? Ge" |= aa tr In F (ho) (5-5) 


where the prime on the sum indicates that values of fo outside the region (5-3) 
are excluded; F'(o) is an infinite matrix with elements on the diagonal and just 


off the diagonal, only. These elements are 


it 
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Fy o=1+22; 0" (hy) +2200" (ke—4K) (5:6a) 
| etn 2 (122)? w (kn) W (Rn +3 K), (5- 6b) 


where we have assumed w to be real, for simplicity. Since 
exp [tr (In F) |=det F, (5-7) 


let us discuss the determinant of the matrix F. First of all, we show that the 
off-diagonal elements of F occur in the determinant only through their squares. 
We let F® stand for the truncated operator F, in which only N rows and columns 
of the matrix are kept. For N=1 and N=2 we have, respectively, 


det (F™) =F (5- 8a) 
det (F) = Fy Fo— (Fiz)”. (5- 8b) 

Adding one more row and column to the matrix, we get the recursion relation : 
det FO = Fy iyi det OO ~ (Py tes)? Cetra: (5-9) 


Since the off-diagonal elements of F occur only through their squares in both (5-8) 
and (5-9), the induction is complete. 

Next, we show that products of adjacent off-diagonal elements do not occur 
in detF. To see this, assume that the element F,,,,., actually occurs in a term 
of detF: Then, according to the preceding discussion, the element F,,,,, must 
‘be a factor in the same term. Now Fresins2 lies in the same row as F,,,,, and 
Fnsons1 lies in the same column as F,,,.1.. Hence neither Fy.i.+2 nor Fy.2n+1 Can 
occur as factors in the term considered. The same argument excludes factors F,_1 » 
AMC 4.547 

Since adjacent off-diagonal elements cannot occur, we are permitted to take out, 
as a factor, the product of all the diagonal elements, and write 


“alee I Fun: det (1+G) (5-10) 


where G has zeros along its diagonal, and 


aoa 
exe =Gh at amet : F 
: CER cath hl re © sc 
The properties established so far lead to an exact expansion of det (1+G); 
we let Jn=(Ghns1)’ to get 


n nih>n+2 nm ni>n+2 nil>n +2 


Although this result is exact, it is quite useless for our purposes ; we require a 
product form, in order to be able to take the logarithm in a simple fashion. 

Let be an eigenvalue of the linear operator G, and let u, be the mth com- 
ponent of the corresponding eigenvector. We then have the recurrence relation 


Cader Un Lit Lan nal Upson (5- 13) 
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which must be solved subject to the condition that w, is normalizable, i.e., 2, 
must decrease to zero both for n—>0co and for n>—. Let p,, be the mth eigen- 
value. Then 


det(1+G)= J] (1+p,,). (5-14) 


Furthermore, the eigenvalues occur in pairs; let 4 be an eigenvalue, and w, be the 
corresponding eigenvector. Then the vector v, defined by 


SVge= (1) "te, 
also satisfies (5-13), with » replaced by —y. We therefore obtain 
det1+G)=1' Q—e2 (5-15) 


where the prime indicates that only positive values of 4, are kept. 

So far, everything has been exact. We now make an approximation based 
on the condition (5-1). This condition implies that w(k,), w(kn—4$K), w(kn tsk), 
etc., are very nearly equal to each other. Thus in the difference equation (5-13) 
the coefficients G,.,-: and Gyn+; are nearly equal. If they were exactly equal to 
each other, the difference equation would have an exponential solution, «,=exp(7q), 
familiar from the case of-a linear chain of equal masses connected by equal 
springs. We now make the assumption that the ratio #n,1/Up, very nearly equals the 
ratio w%p/U,-1. This is similar to the well-known W. K. B. approximation for the 
corresponding differential equation. Just as in the W. K. B. approximation, there 
are regions in which the solution oscillates, and regions in which it behaves 
exponentially. The results are: 


Exponential region: 


> 2AGpaiCnn (5: 16) 
Un+1 ~ i=" Gs AGn.n-1 Gane) 2 (5-17) 
Un OG sieht 


Of these two roots, one is larger than 1, the other less than 1. Thus the two 
linearly independent approximate solutions are such that one increases exponentially 
with increasing 1, the other decreases exponentially. 
Oscillating Region: 
Se DG "Ga pay) oe (5-18) 
Un+1 ~ Guncts 2B 5 | if |}. 3 
a ate) exp +7 arc cos 2(CinaGn an) (5-19) 


Just as in the W.K.B. method, some care is required to establish the connection 
across the turning points.* In our case, since Gyn+1 decreases to zero both as 
n—>co and as n—>—©o, there are two turning points, with an oscillating region 


* A more detailed discussion of this W. K. B. method for difference equations will be 


published elsewhere. 
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between them and exponential regions outside. In order to get an eigenvector, we 
must start from 2=—co with a solution which increases exponentially with in- 
creasing ; we then join to the oscillating region at the turning point n=m(/) ; 
when we continue the solution to the other turning point, 7=7,(/4), and join across 
it, we must join correctly to the solution which decreases exponentially with in- 
creasing 7. This provides a condition on the eigenvalue 4. For our purposes, we 
can replace sums by integrals and state the condition as 


ne (ie) 
| a cos pee dt=mn (5-20) 
nite 


where 7 is an integer and G(¢) is a smooth function which for integral t=n 
assumes the values 


G(n) = (Girnes EAE me (5 . 21) 


. We now use these results in formula (5-15). We take the logarithm on both 
sides, and replace the sum over m by an integral to get 


Ko 


In [det (1+G) ]= >¥ InQl—yp,,”) = | du (—3) In(l—-#*) (9-22) 
0 
where (4 is the largest eigenvalue of G, 
[y= 2G (0) (5-23) 


and m/(/) is the function defined by (5-20). In (5-22) we integrate by parts. 
The integrated term vanishes at both limits, since m(#))=0, and we get 


; 9 Lo mat) 
In [det (14+G)]=-—-| ay \ 4 


0 ny(h) 


, Late cos [4/2G (2) ] 
1— : 


The limits become much simpler when we interchange the order of integration ; 
furthermore, the inner integral can then be done exactly : 


+00 2G(t) 


In-[det(14G)J==—2- | az | dp Heare cos |#/2.G ()] 
sat tea, | te 
=3 | dt \n[3(1—2G*) +4 (1 4G)", (5-24) 


It is consistent with our approximations all along to replace this last integral by 
a sum. It is also consistent to replace G?(t) at t=n by Gini rather than by 
Gin-1 Grainst. In view of the fact that in the exact result, (5:12), the matrix 
elements of G occur only through their squares, this procedure provides a somewhat 
better approximation. Our final form is then 


RPE he. Pe 


- within the positive quadrant of the x,—2 plane. 
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In [det (1 +G) ]=tr [In (1 +G)]=3 st In{3 (1—2Gi net) +4(1—4G; n+1 bel : 
n=—0o ; ie 
(5-25) eS 
We now combine Eqs. (5-5), (5:7), (5-10) and (5-25), and we notice that the ‘ 
combination of the sum over 7 in (5-25) and the restricted sum over & in (5-5) ¥ 
is just equivalent to an unrestricted sum over the whole k-space. This gives the b 
result : a 
tr {In[1—2 > (5) 7 ge4)}} =Ai+ A, (5 - 26a) (3 

A= ps In F(R) (5-26b) 

H,= 3} 41n[3 1-262) +41 —4G2)""] (5 -26c) 

F(k) =14+ 22, w’(k) +22.w’ (k—$K) (5 - 26d) 

= 4x, 2,w' (k) ww (kR—-4K) 3 (5-26e) 

F(k) F(k+K) 


This approximate form is valid as long as K is small compared to the internal 
momenta in the molecule, whether or not the molecules overlap with each other 
in space. It is easily seen, by expansion in power series in 2; and 2, that we 
recover the quadratic approximation from (5-26). That is, (5-26) includes the 
quadratic approximation, but has a much wider range of validity. 

_In order to get a general result easily, we now assume that K is very small 
indeed, so that we can ignore the difference between w(k) and w(k—4K), re- 
placing both of them by w(k).. This is certainly valid if the excited quantum > 
state under consideration is a very low-lying state, since then K is of order L™, 
where L is the side length of the box. This replaces (5-26d) and (5-26e) by 


the simpler expressions 


F(k) =14+2(a2,+2,)w’(k) (5- 26d’) 
42, x,w* (k) 
G?= et es ; (5 - 26e’) 
© [142 (ait 2) w? (2) P | 
The partition function of the system is then given by (4-4) and (5-26) as 
/ fi i Ty 1 
exp (— 82) = (v1V2) | dex, | dees exp(——— i +41+4H,) rs Sots 
; 1 2 
0 0 ; 


In the condensation region, we can evaluate this integral by a saddle point method. 
Thus we need to know the location of the maximum of the exponent in (5-27), 
Rather than looking for this 
maximum directly, we shall do so in two steps. First, we shall consider a straight 
line of form 
Wt L2=C (5-28) 
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where c is some positive constant, and we shall locate the maximum of the ex- 
ponent along that line. Thereafter, we shall let c itself vary, so that we cover 
the whole positive quadrant, eventually. 

According to (5:26b) and (5-26d’) the quantity H, involves x, and 2, only 
through their sum, 2,+2,. Thus H, is constant along the line (5-28), and we 
can ignore it as far as finding the maximum is concerned. The expression — (2/01) 
—(x,/v;) has its maximum value on the z-axis, for v,>v2.__ There remains the 
term 4H,. However, H, vanishes identically when 2,2,=0, Le., both on the 
a-axis and on the x,axis; and H, is negative definite everywhere else.* Thus, 
along the line (5-28), the exponent assumes its maximum value on the 2-axis, 
re ati CN To, 

Since this is true no matter what the value of c is, we conclude that the 
maximum of the exponent of (5-27) within the region of integration lies along 
the x,-axis. This, however, is all we need for establishing the Bose-Einstein con- 
densation ; the rest of the argument is identical to that in section 4. 

This proof is restricted to values of K so small that (5-26d) and (5-26e) 
can be replaced by (5-26d’) and (5-26e’), respectively. Since this is the region 
of the main interest anyway, we shall not go any further here. 


We are grateful to Drs. S. T. Butler, R. M. May and M. R. Schafroth for 
many valuable discussions concerning this paper. One of us (T. M.) also would 
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On the Vibration of Disordered Linear Lattice. III 
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Eigenfrequency spectrum of isotopic two-component disordered lattice has been calculated 
approximately by a method which requires only a comparatively small amount of numerical 
work, An argument based on perturbation theory shows formally that the spectrum of 
completely random lattice is the same as that of virtual regular lattice composed of atoms 
with average mass, except at the edge and outside of the band. We have first investigated 
how far this statement is valid and obtained the result that the smaller the concentration of 
lighter atoms, the larger the frequency domain in which the spectrum can be regarded as 
approximately the same as that of virtual regular lattice. Next, we have calculated the 
spectrum in the neighborhood of the edge of the band where the above statement does not 
hold, by applying the moment-trace method only to that region. The result is that when 
the concentration of lighter atoms is comparable with or larger than that of heavier atoms, 
there is only one presumably rounded maximum at the position of the band-edge of virtual 
regular lattice, whereas when the number of lighter atom becomes smaller, there appears an 

_ impurity band, its separation from the main band coming out the more distinct, as the con- 
centration of lighter atoms gets smaller. Both results are natural provided the spectrum is to 
approach that of Poisson lattice as the lighter atoms become few. 


§ 1. Introduction 


In previous papers” we treated the problem of eigenfrequency distribution of 
linear disordered lattices containing isotopic impurities by the method of transfer 
matrix. Eigenfrequencies were obtained from the equation Trace H=2, where H 
is a product of transfer matrices. When impurities are randomly distributed, we 
must investigate the statistics of the quantity Trace H. In the limiting case of 
infinitely small density of the impurities, i.e., in the case of “ Poisson lattice”, it 
was possible to calculate its distribution function, from which we could conclude 
that there appears an extremely narrow impurity band centering about the impurity 
frequency of the lattice containing only one impurity atom, while the distribution 
of in-band frequencies remains the same as that of regular lattice. Schmidt” treated 
the problem by another but similar method and reached the same conclusion. He 
moreover obtained an approximate expression for the density distribution function 
of the impurity band. 

In the case of finite density of impurities, i.e., for ‘‘ non-Poisson”’ lattice, 
however, it is impossible to obtain such a perspective result. What we could 
obtain was at most the average eigenfrequency equation (TraceH)=2. The 
eigenfrequency spectrum derived from this proved to be identical with that of 
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“virtual regular lattice’? composed of fictitious atoms with masses equal to the 
average mass of the atoms in the random lattice. Owing to the fact that the 
quantity Trace H is not ergodic, however, we could not conclude that this is just 
the frequency spectrum of the real random lattice. There remained the possibility 
that the true average distribution is different from the distribution of virtual regular 
lattice, and also the possibility that there are fortuitous fluctuations from this 
distribution. 

The latter possibility may readily be excluded by the following argument: 
The squared eigenfrequencies are given by the eigenvalues of a matrix A whose 
diagonal elements are @;;=2k/m,, and nondiagonal ones are a;,;=0;41, 3 R/ (mm,)*”, 
where m, is the mass of atom in the 7th lattice point, and & is the force-constant 
which is assumed to be independent of 7. If the distribution of the mass of atoms 
is statistically stationary, matrices corresponding to different samples of the lattice 
will differ from one another only in permutation of rows and columns, and the 
secular equation determining the eigenvalues will remain the same for every individ- 
ual sample. This means that the eigenfrequency distribution itself is ergodic, 
contrary to the quantity Trace H. The above argument is indeed not rigorous in 
the mathematical sense, but physically it can be accepted almost beyond doubt. 
In fact, in the papers already published on the frequency spectrum of random lat- 
tices, its ergodicity was always assumed explicitly or implicitly as an obvious fact. 
_ The argument based on perturbation theory also supports this point of view.” 

The former possibility, on the contrary, turns out to be highly probable. A 
calculation of Maradudin et al.,*” based on the moment-trace method, shows that 
in the spectrum of random lattice there appears no such singular peak as in the 
case of regular lattice, but only a rounded finite peak. Though their calculation 
is only an approximation, this situation is most probable, since, as is. already 
mentioned in their paper, the randomness will destroy any tendency for large 
numbers of frequencies to be localized in a small frequency range. <A perturbation- 
theoretic argument shows, on the other hand, that this is not the case and, if the 
_ distribution of mass is completely random as in the case treated by Maradudin et 
al., the spectrum should be. identical with that of virtual regular lattice at least 
within the band.” Since, however, this type:of argument skips the problem of 
convergence and of certain ambiguities in the calculation which is inherent to 
perturbation procedure, its conclusion is not necessarily true. 

Yet we cannot entirely deny the validity of the result of perturbation theory. 
Firstly, it was shown by Maradudin and Weiss” by a different method that the 
spectrum should coincide with that of virtual regular lattice for sufficiently low 
frequencies. Secondly, the result for the Poisson lattice above mentioned suggests 
that the width of the frequency range in which the spectrum is (approximately) 
identical with that of virtual regular lattice becomes larger and larger as the 
concentration of lighter atom becomes small. For sufficiently small concentration 
the spectrum will differ from that of virtual regular lattice only in a narrow 
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region at the edge of the band. 

In the present paper we first investigate, for isotopic two-component disordered 
lattices with several concentration ratios, up to what extent the spectrum can be 
regarded as being identical with that of virtual regular lattice (§ 2 and §3). We 
arrive at the result, as expected, that the smaller the concentration of lighter 


atom, the wider the frequency domain in which the spectrum can be regarded as 
approximately the same as that of virtual regular lattice. 


Now, since the Poisson lattice has, as mentioned above, an impurity band 
well separated from the main, the non-Poisson lattice should also have an impurity 


band in so far as the concentration of lighter atoms is sufficiently small, for it is 


physically reasonable to consider that in such a situation both lattices should show 
the same behavior, although they are essentially different from the mathematical 
point of view. Further, it may be conjectured that, when the number of lighter 
atoms becomes large, the impurity band will gradually merge in the main band 
and remain merely as a tail of the latter. 

It is the second purpose of this paper to investigate how this transition occurs. 
In principle it is possible to pursue it by the moment-trace method used by 
Maradudin et al. In order to obtain detailed structures of the spectrum near the 
edge of the band, however, it will become necessary to calculate considerable 
number of moments, which involves enormously complex calculations. Here we 
shall show that, if we utilize the result above obtained, it is possible to pursue 
the transition, though qualitatively, by calculating only a moderate number of 
moments. The method consists in replacing the spectrum in the region up to a 
certain frequency w,, by that of virtual regular lattice and applying the moment- 


trace method to the remaining frequency region. When the concentration of lighter 


atoms is sufficiently small, the latter region becomes so narrow that we can obtain 
a considerable amount of information as to the fine structure of the spectrum. by 
calculating only a moderate number of moments. 

The calculation was carried out for the case of mass ratio 3:2 and for several 
concentration ratios, using the moments up to the 12th. The result shows that, 


when the number of lighter atoms becomes equal to that of the heavier ones, there _ 


appears an indication of an impurity band. Its separation from the main band 
becomes more and more distinct as the lighter atoms become less abundant, and 
the spectrum approaches that of Poisson lattice. 
In a recent work, of which we were not aware until our calculation was 
almost finished, Domb et al. computed the spectra of one-dimensional isotopic 
random lattices by the orthodox moment-trace method, and obtained similar results 


to ours. We shall make some remarks on their work in the concluding section. 


§2. Moments of the squared-frequency distribution 


Let M, and M,(M,>M,) be the masses of the two components, and p(M,) 
and p(M,) their probabilities of occupation. We consider here only the case in- 
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which the distribution of mass is completely random, i.e., there is no correlation 
between masses of atoms occupying different sites. Then the distribution can be 
described by these probabilities only. We denote the average mass by <M), 
average reciprocal mass by (1/M), etc. The force-constant k is assumed for 
simplicity to be unity. 

As is well known, the 7th moment M, of the whole squared-frequency distri- 
bution is given by the average value of the diagonal elements“of A’. The calcula- 
tion is straightforward when the mass distribution is completely random. We 
quote here only the results up to the 6th moment: 


M,=2¢1/M >, 

M,=2¢(1/M y*+4(1/M?), 

AM =8¢1/M*)+12(1/M)<1/M), 

AM .=4(1/M Y(1/M*) +32 (1/M )(1/M*) +18 (1/1? +16(1/M*), 

Ms=20(1/M?)?(1/M) +20¢(1/M*) (1/M>*+80(1/M*)(1/M) . 
+100(1/M®*) (1/M?)+32(1/M, 


Mg=156(1/M )(1/M?) (1/M?) +6 ¢1/M?)(1/ M)?+-72.(1/M*)(1/M)? 
4192¢1/M*) (1/M) +264 (1/M*)(1/M?) +146 (1/M?)? | 
4.24(1/M?)°+.64(1/M*). (2-1) 


The frequency spectrum of virtual regular lattice composed of atoms with 
mass (1) is known to be 


foo) = (2/2) (w;7— 0") ~"", (2-2) 


where w,=2/(M)"” is the extreme frequency at the band-edge, and consequently 
| the squared-frequency distribution function is 


ESE 


Jo(P) = A/z) (PP, —-)-, (2-3) 
where p=o’ and ~,;=07;=4/{M) (extreme squared-frequency). 
Now assume that in the frequency domain D==(0, w,,) the frequency- and 
squared-frequency-distribution functions of random lattice, f(w) and g(p), are identi- 
cal with fo(w) and y(/), respectively. Then the average value of ¢ in D is given 


by 


Pm Pm “m 
Beta roe wo a 
= | pg (0) df | I (9) dp= z | de (op aw [a (On) (2-4) 


where (,,=W,, and 


2 i; dw 
z J) (#7—o*)'” (2-5) 
0 


A (Om) = 


2 tee chet biel ee 
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is the fraction of the frequencies in 9. It is clear, on the other hand, that 


Pm pmax 
AG= \ pg (0) do+ \ 09 (p) de, (2-6) 
0 ae 


where Pmnax=Omax is the upper limit of the squared-frequency the value of which 
will be given later. 
From (2-4) and (2-6) we obtain 
; "pmax 


—AMy)/A=Aom)1=20= | pg(P)de/[1-Alon)]. (2-7) 


Pom 


The second term of the right-hand side is no other than the average value of p 
in the frequency domain S == (On; Wass) Denoting this by £<, we have 


L1=(Ma— 4, A(o,) /[1-Ao,) J, (2-8) 


from which (using (2-4)) we can calculate £, as a function of w,,. 
The same relation is obtained also for the pth moment of p in ¥ and G, 
i.e., denoting them by 7, and £,, respectively, we have 


Lp=|M,— Ap A (om) //[1—A mn). (2-9) 
Putting w=w,sing, w,=w, sin(z/2—0) =; cos#, we get from (2-4) and — 
(2:5) 
7G A (tm) = a sin’ g dg = Sane M) (x—20—sin 20) (2-10) 
0 
and 


A(@m) =1—26/z. (2-11) 


In the same way we have also 
a/2—68 


Pr “ oahy = 3 Paes 2 a < 
= | sin‘ ¢ dg= (M) JOA n(M)? 
0 , 


- 4 cos*@ sind, 


He 
Bare 10 2 32 
Aga 20x | sin °odg= 3(M)y 7A vie ee x(M > ; 3 cos’d sind, 


0 


n am /2—-0 D) 


BEA EL Git ene ts AS 32 cos" sind, 
M,A= = \ sin’ ¢ dg 3(M) Ws aiMy cos’d sin 
’ 0 


pee 18 2 Biigainsates 
. fee Pe ae 2 cos sind, 

| sin’ odg= 5(M) WA mM 5 cos’@ sin 

0 


a/2—8 

20,0 11 sh een) 

AN | sity de=sruy “4 —- ay 8 
vero 


cos" 4 sin@. 


(2-12) 
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§ 3. Estimation of cutting frequency o,, 


Let us next estimate the cutting frequency w,, up to which the assumption 
that the spectrum is approximately the same as that of virtual regular lattice is 
valid. From the theorem” that eigenfrequencies never exceed the maximum fre- 
quency 4/M, of the regular lattice composed of lighter atoms only, we obtain a 
condition 


£1 4/M,. (3-1) 
Using (2-8), (2:11) and (2-12), (3-1) becomes 
20(2(M )/M,—1]—sin20>2[(M ){1/M )—1]. (3-2) 


Since the left-hand side tends to zero as 6-0, this inequality gives ¢ a lower limit 
@,, and hence gives w, an upper limit «,. 


Table I 


Concentration ratio Estimate of 6; 


p(M,) =0.4, (M2) =0.6 | 9° 
P(M,) =0.5, p(M2) =0.5 | 7° 
p(M,) =0.9, p(M,)=0.1 | 1°30/ 


Table I shows rough estimates of 9, for three concentration ratios in the 
case of M,=1.2 and M,=0.8. We can readily infer therefrom that we should 
take smaller values of w,, as the number of lighter atoms gets larger. This is a 
natural consequence in view of the supposition stated in the Introduction, and will 
be further confirmed below. Similar conditions must hold also for higher moments : 


Ln = (4/M2)”. (3-3) 


A simple calculation shows, however, that they impose only weaker restrictions 
on w, than (3-1). 

Now there is another condition to be considered: The central moments in 
G, ie, the moments about <,, must have the values which are consistent with 
one another. For example, the moments of even order cannot be negative, and 
the fourth moment cannot be too large compared with the second moment (in 
consideration of the width of the interval G), etc. We surmise that, in general, 
if we can select an appropriate @-value in the region in which the central moments 
vary reasonably with 4, maintaining the values consistent with one another, it will 
give a justifiable value of «,,.. As will be seen below, this condition imposes much 
more severe restriction on w,, than the condition (3-2). 

Now that we need not here make distinction between absolute and ordinary 
moments, there are still other conditions” to be satisfied : 


Los te Saas p=2, 3, 4, eke, tise . (3-4) 


————— 


a ia FAAP db 
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Some calculations show, however, that these conditions are much less restrictive 
than the one stated above. In the following therefore we leave the conditions 
(3-2), (3-3) and (3-4) out of account. 
The central moments 4, can be calculated from £, by the formulas : 

[a= L— Mars 

b= Let 2465—3L£.h1, 

a= Li 4£&s £,+6£, 2 ie one ee 

b= Ls—5L £,+104£; LY—-10L, £Y+4£,', 

Pe= Lo—6 £5414 15L.L7—20£Ls:467+15L, £1'— 5x. (3-5) 


Figs. 1-4 show some of the results for the case of M,=1.2 and M,=0.8. 


The curves give the values of »,’s as functions of cos 4 =Wm/ Wz, 1.e., of the ratio 


of the width of 9 to that of the band of virtual regular lattice. From Fig. 1, 
which shows the moments of even order for the case of (4) =0.4, we see that 
when cos @ and hence the width of S becomes large, all moments become negative. 
This is the result as it should be, since, if the actual distribution has a rounded 
peak with a tail outside the band, instead of an infinite peak at the edge of the 
band, and if we take w,, too near to the edge, the value of A(w,,) will be estimated 

to be too large and hence, by . 
(3-5) and (2-9), the value of 
moments of even order will be 
estimated to be too small. In 
the region about cos4~0.76, 
we may well suppose that the 
moments are varying reason- 
ably, maintaining the values 
consistent with one another. ; : 0.74 
This value of 9, however, 
gives w,, which is far from 
the edge of the band. Bee 

Fig. 2 corresponds to the 

case p(M,) =0.5. Here also — 0.6 
the moments tend to be nega- 

tive for large cos@, but the Fig. 1 
width of the region of nega- : 
tive moments is much smaller than in Fig. 1, and we can take w,, much nearer | 


p (M,) =0.4 


to the band-edge (cos 6=0.90~ 0.87). Fig. 3 shows the moments of odd order ; 


and £,—4, i.e., the distance of £, from the band-edge (?,=4). We see that there 
occurs alteration of sign of vs, and #4, at about £,=4, which is naturally expected 
if the actual distribution is to have a rounded maximum in place of an infinite peak. 


\ 
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b(M;) =0.5 


Bige 2 


p(M,) =0.5 


0.1 


cos @ 


—0.1 


Fig. 3 


Thus we are amply justified in choosing w, corresponding to cos@=0.90~ 0.87. 

From the above results we may well expect that we can take w, nearer to 
the band-edge, as p(M,) becomes larger, i.e., as the concentration of lighter atom 
becomes smaller. In fact, calculation shows that, as illustrated in Fig. 4, the 
region in which / is negative diminishes rapidly when the concentration of lighter 
atom becomes small. It can be easily inferred that higher moments of even order 
also show the same tendency. 


It is remarkable that in the case of p(M,) =0.9, slightly increases before 
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p(M,) =0.7 


Pp (M,) =0.9 
p(M,) =0.5 


Fig. 4 


£1 


impurity band 


Pm PL . Pm PL 
Fig. 5A Fig. 5B 


it becomes negative. This behavior can be expected from the supposition that the 
distribution approaches that of Poisson lattice when p(M,)—>1: Consider the dis- 
tribution as shown in Fig. 5. If we take Pm comparatively remote from 7, as in 
Fig. 5A, €, will lie within the peak of the distribution and the dispersion about 
it will be small, whereas if we take ¢,, nearer to the edge, as in Fig. 5B, £1 will 
lie outside the peak so that the dispersion about it rather becomes larger. For 
higher moments such an effect will manifest itself more conspicuously, that is, it 
will become appreciable even at smaller p(M,). That this is actually the case is 
shown by Fig. 6, where we see that #4, increases, while / and 4 decrease, with 
increasing cos@ in the frequency region indicated in the figure. 

Thus all the results shown in Figs. 1—4 suggest that the actual distribution 
has a rounded maximum in place of an infinite peak and, moreover, is accompanied 
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0.6) p(M,) =0.55 


P(M) =0.6 


0.3 


0.92 0.90 0.88 


spectrum of — 
virtual regular lattice 


Pm PL Pm PL 
Fig. 7 Fig. 8 


by an impurity band. It is to be noted here that there is another possibility of 
explanation for the behavior mentioned above of the moments of even order: If 
the actual distribution be of the form as in Fig. 7, a situation reverse to the one 
mentioned in the explanation of Fig. 1 may arise, so that A(w,,) will be estimated 
to be too small. Then the moments of even order can increase with cos@. Since 


in the case of large p(M,) such a situation can arise near the band-edge (Fig. 8), 


the increase of even moments found above may partly be ascribed to this origin. 
To avoid this effect we should perhaps take w,, slightly less than the value esti- 
mated in the manner explained above. 

If we take into account the higher moments than the 6th, the upper limit of 
Wm Will come out smaller, finally tending to zero. This is natural, since the larger 
the number of moments we take into account, the more exactly the distribution 
can be determined, so that the deviation from the spectrum of virtual regular lattice 
which comes into question becomes smaller. As far as we use a relatively small 
number of moments, the upper limit of ,, will remain finite, and it may be al- 
lowed, as long as p(M,) is sufficiently large, to replace the spectrum by that of 
virtual regular lattice, in the corresponding degree of approximation, up toa fairly 
large frequency near the band-edge. 


yeasts 
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§4. Calculation of the squared-frequency distribution 


as ee ee , 
Le eT ee Rees lene 


From the results obtained above we can draw a somewhat detailed information ie 
as to the form of frequency distribution in the neighborhood of the band-edge, es 
especially as to the character of the impurity band, by the aid of moment-trace a 
method involving only a moderate number of moments (here, up to the 12th e 
moment of w, or the 6th moment of /). a 

Bit 
he 


9 (e) 


M,) =0.4 
0.4 p (Mi) 


0.2 


Fig. 9 


The calculation proceeds as follows: Taking the results of the previous section 
into consideration, choose an appropriate value of w,,, and calculate the moments 
£,, then the central moments /,, 
by using (2-9), ay Oy) es GCN? Bs 
(2-1) and (3-4). Next, presuppos- 
ing that the distribution in S is not 
much different from the normal 
distribution as far as the concentra- 
tion of lighter atom is not too small, 
use the Gram-Charlier series” which 
starts from the normal distribution 
as the zeroth approximation. Then 
we have for the distribution func- 
tion of the standardized variable 


x=(p—£:)/o (o= 12") 
g(x) =¢(a) +639 (x) /3! 
segr(a/ste 4D 
where g(x) is the normal distribu- 
tion function and 9” (x) is its pth 


derivative, which is given in terms 
of Hermite polynomial H,(«) as 
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gy (x) =(—1)PHp(z)9(a). 
The coefficients c,’s are p(M,) =0.55 
calculated from /4, as” 


/ 

! 
/ 
/ 


Ca= — fs/0°, 
f= uf 7 — 3, 
Cs= — f's/0° +10 15/0", 
Co= feo? — 15 p,/o° +30. 
(4-2) 
We see that c; is just the 


negative of skewness, and 
c, is the excess itself. 

We choose w, as near as possible, but not too extremely near, to the edge 
of the band of virtual regular lattice, in order to reduce as much as possible the 
effect mentioned at the end of § 3, which may possibly come into play. 

Figs. 9-13 show some results obtained for the case of M,=1.2 and M,=0.8. 
Here the upper limit of the squared frequency is f,,..=5. The broken line which 

extends upwards from the neigh- 

9 (py borhood of p=/,, indicates the 
p(M) =0.6 spectrum of virtual regular lattice, 

and that which extends downwards 
is the tail of the distribution in 
S obtained by calculation. The 
solid curve is obtained by smoothly 
connecting the distribution curve 
of virtual regular lattice and the 
calculated curve in G. (Such an 
arbitrariness is inevitable in a 
rough approximation as we used.) 
Corresponding values of Z,, 


Hy(p>1) and c,(p>2) are tabu- 
lated in Table II. 


These figures clearly illustrate 
how the spectrum approaches that 
of Poisson lattice as the concen- 
tration of lighter atom becomes 
small. When the concentration 
of lighter atoms is larger than 
that of heavier one, there is only 
one (presumably) rounded maxi- 
mum at the edge of the band 


grew $e 
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(Fig.9), whereas when they become 
equal, there appears an indication 
of an impurity band (Fig. 10), and 
its separation from the main band 
becomes rapidly more and more dis- 
tinct as the lighter atoms become 
less abundant (Figs. 11-13). These 
results are rather remarkable, in 
view of the degree of approximation 
here employed, although perhaps 
the curves represent the actual form 
of distribution only qualitatively. 
In Figs. 10 and 12, A and B 
show the results for two somewhat 
different choices of p,,. In Fig. 10 
they differ only slightly, whereas in 
Fig. 12 there appears a marked 
difference, which is due to the large 
differences of higher coefficients c, 
(Table II). This phenomenon can 
be explained by the fact that in 
Fig. 12A £, lies outside the band 
of virtual regular lattice, while in 
Fig. 12B it lies inside the band. Fig, 13 
A similar situation as stated in the 
explanation of Fig. 5 can then be brought about, so that the values of these coefh- 
cients may come out to be considerably different. This does not mean that our 
procedure is useless, but means only that in our approximation, which uses only 
six first moments, the form of distribution can be reproduced only very roughly 


g(e) p(M)=0.9 


when £; comes to such a position as in, Fig. 5A. The sensitivity of the form — 


of calculated curves to the choice of w,, rather enables one to infer with better 
reliability the structure of the spectrum in the domain GS. (From this it may 


also be inferred that if we had used . the moment-trace method for the whole 
frequency region, we could not have obtained such an amount of information as_ 


above about the detailed structure of the distribution in the neighborhood of 


band-edge, unless we computed enormous number of moments.) It is supposed es 


that, in the case of Fig. 10, we have no such situation owing to the absence of 


impurity band. Consequently the form of calculated curve depends so little on 


the position of £,, that the actual distribution is reproduced pretty well irrespective 
of the choice of wp. For the same reason the curve in Fig. 9 may also be 


regarded as a fairly good representation of the actual distribution, although here £; . 


is much smaller than /;. 
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Table II 
2 EM ee ee | | 
p(M,) =0.4 | p(M,) =0.5 | p(M,) =0.5 | p(M,) = 055 p(M,) =0.6 | p(M,) =0.6 (My) =0.9 
| RAO |S Be le orate Ales i ra 
eens 372295 | 4.03824 | 3.91805 3.99280 3.94413 | 3.80487 | 3.55320 
fs, 0.49576 | 0.17503 | 0.24521 0.17235 | 0.17033 | 0.23566 0.12080 
L3 —0.04905 | 0.00567 | — 0.00274 0.00776 | —0.02143 , —0.01054 —0.03409 
[4 0.43482 | 0.06251 0.12026 0.10161 0.13663 0.15755. | 0.12111 
Ls — 0.04360 | 0.00258 | —0.00212 |. —0.10749 | —0.20126 —0.11382 | —0.21154 
6 0.30780 | 0.02365 | 0.06715 | 0.34124 | 0.60197 | 0.41089 0.57357 
C3 0.14051 | —0.07741 | 0.02255 | 0.10852 | 0.2048 ) 0.09211 0.81190 
C4 — 1.23088 | —0.95955  —0.99996 0.42058 1.7093 — 0.16300 5.29856 
C5 | —1.15310 | —0.57250 | —0.15448 | —0.97769 14.7600 — 0.53026 33.58566 
CE | 5.98924 | 3.80402 | 4.55397 45.33970 81.1665 18.84190 230.865 


This is the reason why we adopted such values of w,, that £, becomes outside 


_ the band in all cases but in Fig. 9. 


§ 5. Concluding Remarks 


It may be said that the qualitative behavior of the spectrum of one-dimensional 
isotopic lattice has thus been revealed to a considerable extent. Now some discus- 
sions about the nature of approximation will be in order. 

The convergence of Gram-Charlier series becomes worse when the difference 
between the distribution to be inferred and the normal one comes out large. In 


Fig. 12A there appear regions in which the value of distribution density is negative. 


In Fig. 13 this becomes much more drastic, and moreover the curve exhibits a 
violent oscillation. This means that the convergence of the series rapidly becomes 
bad when the concentration of lighter atoms becomes small. This situation naturally 
is expected, since the spectrum approaches that of Poisson lattice as p(M.)—>0, 
which is highly singular. Strictly speaking, therefore, we cannot use the Gram- 
Charlier series in these cases, and must have recourse to some other method. In 
the case of Fig. 12B, however, we may still consider that the curve reproduces 


the actual form of the spectrum qualitatively. Even in the case of Fig. 13, the 
curve may be deemed to suggest that the actual distribution becomes quite singular 


and markedly different from the normal one, although the form of the curve itself 
is almost meaningless. Anyhow, it would perhaps be difficult to reproduce such 
a singular distribution with a good approximation, in so far as we follow the moment- 
trace method.* 


Our results cannot be compared directly with those of Domb et al., owing to 


* Domb et al.® obtained the curves similar to Fig. 13 for certain cases, and tried to explain 
the appearance of “two impurity bands” by a physical argument. In connection with the above re- 
mark, however, we cannot put too much confidence in such an argument. 
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the difference in the adopted values of constants. Inspection of the curves shows, j 
however, that their general qualitative conclusions agree with ours. For example, a 
it can be concluded also from our results that, as the concentration of light masses ie 
increases, the subsidiary peak (impurity band) becomes more and more dominant, — i 
before it merges into the main band. It seems that their results are in general = 


not so excellent compared with ours, as expected from the large number of moments 
they used. This is probably because they used the moment-trace method for the © 
whole frequency region. The “ delta-function method”, which they used at the 
same time, does not play such an essential role as our procedure of band-cutting, 
but only a subsidiary role of correcting the spectrum in the low frequency region. 
The result of this correction merely indicates that it is a good approximation to 
regard the spectrum as approximately the same as that of virtual regular lattice 
up to fairly high frequencies, the situation which makes the starting point of our 
procedure. j 

It may thus be concluded that although our method contains some ambiguities 
in the estimation of the cutting frequency w,, and, as a result, in the interpretation 
of the resulting curves, this deficiency can be compensated to a large extent by — 
the remarkable simplicity of calculation, provided sufficient care is taken in dealing 
with the ambiguities. Conversely, if we do not mind carrying out a complex 
calculation, it will be possible to obtain much more information than hitherto 
obtained as to the detailed structure of the spectrum, by formulating our method 
more rigorously and using it more systematically. | 

The author finally wishes to express his sincere thanks to Prof. T. Tanaka 
of Kyushu University for his continual encouragement, and to Mr. Asahi for several © - 
helpful discussions. He is also indebted to the Ministry of Education for the 
Scientific Research Fund. 
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Low energy S-wave pion-nucleon scattering is re-investigated based on the following two 
assumptions : 

I) Dilute nucleon-antinucleon pair extends to a range about 7~(2y)71; mw being a pion 
mass. 

II) Pion-pion interaction with attractive force contributes to the S-wave pion-nucleon 
scattering. 

Main characteristic features of S-wave pion-nucleon scattering are shown to be reproduced 
under these assumptions and at the same time reason of difficulties inherent in S-wave 
scattering is made clear in terms of potential scattering. 


§ 1. Introduction 


Small magnitudes of the phase shifts and their relatively large isotopic spin 
dependence, as is well known, are the characteristic features of low energy S-wave 
pion-nucleon scattering, for which no satisfactory explanation has yet been given 
from pion field theory.” 

Two different approaches may be possible to this problem ; the first is to notice 
that dispersion theory yields the relation” 


5) = -(4)+4 re raetaies ott at (1-1) 


where 
A (11) = (a_—a,)/#=2(a,—as) /3p. 


The first term of the right-hand side of Eq. (1-1) represents the second 
order perturbation result with renormalized coupling constant and the contribution 


_ from the second term may be interpreted as a recoil correction which somewhat 


suppresses the contribution from the first term. We put numerically 


the right-hand side of Eq. (1-1)=0.32-1 —014 1. (1-2) 
| L le 


Eq. (1-2) quite well reproduces Orear’s experimental formula.) This means that 
at least the difference of scattering length is calculable within the present quantum 
field theory. To obtain their phase shifts separately, we must know their avarage, 
3 (a_+a,) =(a+2a,)/3. Analogous formula to Eq. (1- 1), however, does not 
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seem to hold since the corresponding integral for this case does not converge. In 
this respect, it is very interesting to speculate that both scattering lengths a, and 
a; cannot in fact be calculated, only their difference a,—a,; being calculable within 


the framework of the present quantum field theory. From this dispersion theoretic ~ 


point of view, at least an additional parameter (a,+2a;)/3 should be added to 
the fundamental quantities M, », /? and 4 (poin-poin coupling constant) to deter- 
mine dynamical properties of pion-nucleon system. Similar speculation has 


been made by K. Symanzik® in connection with the renormalization problem in - 
decay interaction. 


Another approach, which is based upon the usual Hamiltonian formalism, is’ 


to suppose that difficulties inherent in the S-wave problems do not lie in our in- 
sufficient technique in solving the equation but in lacking our knowledge about the 
nature of the interaction. That is, if a suitable form of the interaction Hamiltonian 
is taken, both phase shifts 0, and 0; should be calculated to reproduce experimen- 
tal data at least qualitatively. 


In this paper, we shall discuss, standing on the latter point of view, that main — 


features of the S-wave phase shifts can be reproduced under the following as- 
sumptions. 

(1) The source of S-wave pions is extended to a range m~(2/)~", » being 
the pion mass. 


(II) Attractive pion-pion interaction (4(g-g)?; 4<0) is important for the 


S-wave pion-nucleon scattering. 

Assumption (I) means that the core of the nucleon which is probably made 
up of nucleon-antinucleon pairs is a very dilute quantity which spreads out to a large 
extent. In this paper we shall not touch the question why the nucleon core is so much 
extended. We merely point out that such an extended core is consistent with the 
conclusion from the electromagnetic structure of the nucleon” and also from the 


analysis of the nucleon-antinucleon interaction.” It will be noticed that the extended ne, 


nucleon core (~1/2/4) does not necessarily contradict the momentum dependence 
of the phase shift. 

As for assumption (II), the contribution from pion-pion interaction to the S- 
wave pion-nucleon scattering has already been discussed by several authors” and 


the effect of this interaction has been shown to be small for appropriate magnitude’ 
of the coupling constant, the reason of which will be made clear later. This in- — 


teraction, however, gives considerable contribution to the S-wave pion-nucleon scat- 


tering when combined with assumption (1). 
In § 2, we shall calculate qualitative behaviour of the phase shifts based on 
assumptions (I) and (II), and §3 is devoted to the discussion of the result thus 


\ 


obtained. 
§ 2: Caleulation of the phase shift 


In this section, we calculate phase shifts of the S-wave pion-nucleon scattering 
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based on assumptions (I) and (II). Under these assumptions, a perturbation treat- 
ment is expected to become a good approximation on account of a long range and 
shallow potential as we shall see in § 3. So we make use of the usual Tamm- 
Dancoff method, neglecting higher configurations to see a qualitative behaviour of the 
phase shifts. 

Effective Hamiltonian can be expressed as 


i Pe aye ie Tee A) dir we ate 
oar jeewmd r) +(4) aa (r) p( )d x i (r)x(r)d r| 


v 


+ |e) Ving(ndr (2-1) 


where V(r) means “ potential’ induced by pion-pion interaction (Fig. 1). 
In the static approximation this can be written as” 
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The range of this potential, being of a two-poin exchange F 
type, is ~1/2p. N H 7 

The first and second terms of the expression (2-1) are / 
the usual Foldy term of the S-wave interaction; the first ; 
term contributes as an isotopic spin independent repulsive / 
potential, while the second term contributes as an isotopic el 
spin dependent potential. We take the sign of 4 so that . ® BE 
the third term is attractive. : J ; 

In the interest of simplicity of calculation and without : 
losing the essential feature of the problem, we replace the : \ 
third term of the expression (2-1) by a separable source ‘ 
version N \z 

parsed: QD -( J ) rlexal+ V(0)9-9 (2-3) Fig. 1. Contribution 

2M 2M of pion-pion interac- 

ae ' tion to the S-wave 

! pion-nucleon scatter- 
G=\e(r)g(r)d*r and V(r)=VO)p(r). ne 


Here the same function (7) is used for the third term since the range of V(r) 
is about the same as that of p(r). 

In this case, the third term induced by the pion-pion interaction amalgamates 
into the first term, of the expression (2-1) to alter the strength of a repulsive 
potential. 


Applying usual Tamm-Dancoff method, we obtain the following result. 
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where & means incident pion momentum. 
Cut off momentum /, is taken to be 2, corresponding to assumption (I). 
The phase shifts 0;(i=1, 3) given by the expression (2-4) are plotted as the 
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function of the incident pion energy for appropriate values of 4 in Fig. 2. As is 
seen, the qualitative features of the experimental curves are well reproduced for 
the value of 1/47—0.3.* The remaining difference between theory and experi- 
ment may be attributed to the recoil effect and could be explained as follows.** 
The nucleon, due to the emission of virtual P-wave pions, is at some time in 
the relative P-state with the incoming “S-wave” pion and gives rise to a P- 
wave interaction. This process in fact gives a negative contribution and this is 
the physical meaning of the second term of Eq. (1-1) or (1-2). 


‘ § 3. Concluding discussion 


In §2 and § 3, we have investigated the S-wave pion-nucleon scattering based 
on assumptions (I) and (II). Qualitative agreement with experiment will be rather 
4 remarkable, considering the present rough calculation. This circumstance will be 
. understood easily in terms of potential scattering as follows. Usual Hamiltonian 
: - for S-wave scattering (first and second terms of the expression (2-1)) corresponds 
‘ to a repulsive short range potential which leads us to the fact that effect of an 
isotopic spin dependence becomes necessarily small. This is because the difference 
in height of the potentials is not much felt by the incident wave on account of a 
large damping inside the repulsive potential (Fig. 3, (A)). The situation remains 


Pate Vir) 


(A) Usual Hamiltonian without (B) Usual Hamiltonian with at- (C) Hamiltonian based on the 
pion-pion interaction tractive pion-pion interaction assumptions (I) and (II) 


Fig. 3 


unaltered also in the presence of the pion-pion interaction because the range of the 
_ potential induced by pion-pion interaction is much larger than that of the repul- 
in sive potential (Fig. 3, (B)). Assumption (I), however, alters the potential to a 


ee * We have used the expression (2-2), neglecting rescattering correction. Rescattering correction, 
however, gives a positive contribution to the Born term.8 So, numerical value of given here 
F ‘should be regarded as a lower limit. 

; ** The authors are indebted to professor G. Takeda for his suggestion of this explanation. 


y Dr. K. Ishida has pointed out that this difference is due to the t-spin precession by the 
-_-virtual P-wave pions. 
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long range (7~(2r)7) and shallow shape but their isotopic spin dependence re- 
mains the same as before. In addition, on account of assumption (II), the potential 
for the T=1/2 state changes to attractive but remains repulsive for the L==8/2 
state with an appropriate magnitude of the coupling constant (Fig. 3, (C)). In 
this case, the Born approximation will become a good approximation because the 
potential is shallow and long range so that the condition of a validity of Born ap- 
proximation is fulfilled. In fact, the damping effect is shown to be small as is seen 
from Fig.2. These situations are graphically shown in Fig. 3, (A), (B), and (C). 

From the treatment of P-wave pion-nucleon interaction we know that cutoff 
for P-wave pions should be taken as A, ~M in contrast to our S-wave cutoff A,~2/4. 
This situation may be visualized by a core structure with the extended (to ~1/2/) 
outer region and a very small (with radius ~1/M) spinning part. The former is 
supposed to be the source for S-wave pions while the latter is responsible for the 
emission or absorption of P-wave pions. This structure also explains that the 
charge radius of the core is rather large (~1/2) while its magnetic moment is 
not so large (~e/M). 

It is expected that the higher order effect in g’ is not important since the S-_ 
wave cutoff is very small (1;<M). Usually radiative corrections due to P-wave 
pions are not large because of the smallness of P-wave coupling ((ug/2M)?/42~ 
0.08). Therefore it is all right to neglect terms of g* or higher in Eq. (2-1). 

It is clear that sign and magnitude of 4 is essential to the present treatment ; 


of S-wave problem. Recent investigation” on the pion-pion interaction, based on — . 


the dispersion relation approach, will soon provide us a definite information on this 
point. If 2 turns out to be positive, the first standpoint will be more promising. 
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The notion of relativistic, or ‘particle’ rotator, which is the system ot four “beingréssen” 
centered on a moving point in Minkowski space, has recently been introduced to describe 
kinematically the average motion of extended particles in space time. In this paper, we 
further study this system as such and show its similarity with the bilocal theory introduced by 
Yukawa. The special example of the hyper-spherical rotator is treated in detail by replacing 
the original beingréssen variables with complex triad variables and relativistic Euler angles. 


Introduction 


By definition let us call relativistic or “ particle”’ rotator the system kinema- 
tically defined, 

a. by the coordinates x,(t) of its origin (2), and 

b. by the set of four orthogonal and unitary four vectors centered on (2), 
or, in other words, by a moving tetrad in Minkowski space.” 

The corresponding set of parameters can be used to describe several types of 
physical problems which, very characteristically, cannot be described on the basis 
of the point particle model. We shall mention only two. 

In a series of recent papers” it has been shown that the hydrodynamical des- 
cription of the spinor wave equations of quantum mechanics could not be carried 
out on the basis of point-like elements. Indeed, in order to describe the existence 
of an angular momentum density in such waves one has to introduce, alongside 
the coordinates x,(7) of the lines of flow and the invariant conserved density p 
supplementary “ beingréssen ” kinematical variables b,‘ describing the local “ spin ”. 

On the other hand, on the basis of a general model of extended particles pro- 
posed by Mller? and developed by two of us, (D. B. and J. P. V.)* one can 
show that the motion of average variables can be developed on the basis of the 
rotator kinematical variables. The motion of the origin of the tetrad just cor- 
responds to the behaviour of a central geometrical point (the so-called “center of 
matter density’) while the space and time like part of the tetrad’s instantaneous 


* Now at the Physics Institute, University of Nagoya. 
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rotation w,, describes the rotation and acceleration of matter in its neighbourhood. 

Furthermore, de Broglie and two of us (P. H. and J. P. V.) have proposed 
the idea that the time has come to substitute relativistic rotators for point particles 
as classical foundation of quantum mechanics. 

In the present paper, we shall make no specific physical assumption about the 
possible physical signification of the rotator variables and study directly relativistic 
rotators with the help of the usual Lagrangian and Hamiltonian method. 

In section 1 we shall discuss the behaviour of isolated rotators and show that 
the conservation equations resulting from general Lagrangian imply the existence 
of a second remarkable point center of a particular inertial frame, showing the 
similarity of our point of view with Yukawa’s bilocal theory” in Minkowski space. 

In section 2 we shall discuss a special type of Lagrangian and show in 
particular that this allows a simple classical interpretation of de Broglie’s relation 
E=hy. ; 

Finally, in section 3 we shall introduce relativistic Euler angles as internal 
variables and show that these new variables greatly simplify subsequent quantization 
of the theory. 


§1 


According to our program let us first recall certain general results on the 
Lagrangian and Hamiltonian method. Let us make two basic assumptions : 

A. That our rotator can be described by : 

a) The coordinates x,(z) of the origin of the tetrad, where 7 represents the 
proper time of the world line / followed by this point (2). 

b) The components J, of the four vectors constituting the tetrad. Let us | 
adopt the usual symbolic conventions. The index represents tensor components, 
varying from one to four (Latin indices representing space components vary only 
from one to three), and its repetition implies the usual summation. Since we 
calculate in Minkowski space all fourth components are purely imaginary for real 
vectors. In 6, the index ¢ (which also varies from one to four) is not a usual 
tensor component but rather differentiates the vectors themselves. We thus have 
three spacelike vectors b,' and one time-like vector which we write 7b,’. Their 
orthogonal and unitary character is represented by the relations : 


Be b,* —_ Ons d ae By = of”, (1a) 


From $,/’s which are functions of the proper time + of their origin, the in- 
stantaneous rotational velocity of the tetrad is defined by the skew tensor : 


ig Od)". 


As we have to assume” that 7b,’ points along the four velocity of the origin 
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£,=icb,', (1b) 


we see that the acceleration of x, and the instantaneous rotation of the tetrad in 
any rest frame » (satisfying the relations b;=b;=0) are determined by the vectors : 


Eid) Oy. 
a z ; 
O,>On b= ——Eyvap bai bg! bf 


where €,,a¢ is the completely antisymmetrical Ricci-Levi-Civita tensor and the symbol 
A represents the derivative dA/dz. 

B. The second assumption is that its laws of motion can be deduced from 
a variation principle with a scalar Lagrangian L (2, Za, ba’, ba®) where all variables 


depend on t only. This implies that the physical motion between two points 
Moe 


M, and M, will correspond to the minimum of the world-line integral | Las, 


that is, 
M2 
d\ Lis, DLs ae 0 (2) 


Mm 


for arbitrary variations 0x,, 0b,° which vanish at M, and M,. 


Fellowing Noether® we then see that the corresponding Euler equations : 


d ; OL ako ks 
G,=0 th G;= 
dt tied wi 7 Oz, dt 0x, (3a) 
and 
Pi Pedy (3b) 


dat ab, . 0b,¢ 


which determine the equations of motion, imply two conseryation equations. Indeed 
(2) must remain unchanged under any variation resulting from dz,’s and 00,!’s 


_ determined by an arbitrary infinitesimal Lorentz transform 0&,,—=—0€,,. For such 
- a transformation we have 


a1 -= 08, t, db,f =08,, BF. (4) 


From the invariance of L with respect to this infinitesimal Lorentz transformation 
we obtain the relation 


Mup=Gate—Gota, (5) 
where 


0 ’ 
Mas (bt E42, 28) (ot 4 2,9), 
BbE ax, 


be Ai, 
As is known” relations (3) and (5) represent the two essential relations of 


conservation of momentum and angular momentum of particles with extended 
- structures, 
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Starting from A. and B., the next step is to pass to Hamiltonian formalism. 
If-L depends in general on a certain set of kinematical variables q. (where @& 
denotes the usual components and differentiates the variables) so that Lae 
ga!) we can introduce the set of canonical variables //,* by the relations 

IT,£=0L/8G0 
and define a relativistic Hamiltonian H by the expression 
Hg) = Me ga Lge, Hs) (6) 


where we have expressed in L(q.‘, ga*) ga’ in terms of //,*. The equations of 
motion can then be written in the well-known form: 


I1,f=—0H/dqeé and 9.§=0H/8T,'. (7) 
H is evidently a constant of the motion since 
: ole ae Ds oe 
H= >= H1,' ye 0 
ale * * Ogat” 


in view of (7). We shall see that H is just proportional to the rest mass term as 
in the point particle case. From relations (7) we deduce moreover that the proper 
time derivation of any function f along the world line followed by x, is given by 


f=df/de=[f, H] (8) 


where [  ] denotes the usual Poisson bracket with respect to the variables q,* and 
their canonical momenta. 
As an example, let us describe in this way the usual point particle. We write 
L=imz,2, and obtain immediately 
Gi ma is 
1 
2m 


H= 


G.G.. (9) 
The canonical equations become G,=0, so that 
HPN, hobs 
H=——mce’ since 2%,2,=——C¢- 
2 
The Hamiltonian formalism for the case where 


C=L(z;, 23 Lat Vu» 9.) 


is performed by the Ostrogradski’s method.” Introducing the new variables 
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and 
H=G wena Lae eo: 
we get | 
2,-0H/0G,, G,=—0H/ez, 
0, =0H/On,,; 1,= —OH/dv, 


which determine the evolution of the canonically conjugated variables (x,, G,) and 
(v,, n,). This form will be employed later. 

If we now depart from the point particle model and introduce new parameters 
such as b,' into the Lagrangian, we can show immediately that such a step implies 
to pass from local to bilocal theory. 

Indeed, let us call 7+, the four vector defined by 


M?r,=M,,G,; (10) 


where —M?=G,G, is evidently a constant of the motion, and we assume M>0. 
If we introduce the world point y with coordinates defined by 


y(t) =2,—7,=2,(t) —M,, (2) G (7) /M, (11) 


we can show that this point (which corresponds in the extended droplet theory 
to Mller’s so-called “‘ center of gravity ’’) moves, in the absence of exterior forces, 
along a straight world line 4 with a four velocity «,—G,/M where M is the pre- 
ceding constant of the motion. 

To show this, let us differentiate (11) with respect to 7. We get 


dy,/d?=4,— (G,&,—G,&,)G,/M'=#,+G, Pree Onan CS: 
mE ; M? 
-where we have written m=—G,z,. This proves that y, moves with a four velocity 


parallel to G,, the relation peter the proper time dz’ of J, and dz being dt/= 
(m/M) dz. 

Thus the introduction of new “line” variables alongside the coordinate 2, 
determines a second point y, moving in a straight line J, around which / spirals 
in a more or less complex way according to the exact form of L. Moreover, if 
we introduce an inertial frame // (in which G;=0) we see that r, is purely 
space-like in that frame since r,G,=0. 


Both points are in a sense canonically associated, x, being connected i 


_ kinematical and y, with dynamical variables. We notice immediately that our 


model is quite similar to Yukawa’s classical model of bilocal theory” and thus the 
introduction of new “line” variables ,'(t) necessarily implies a passage from 
“local” to “bilocal” theory. This is not very astonishing since Yukawa’s model 
was precisely proposed as the simplest possible extension of the point particle idea. 
Our model, however, implies more degrees of freedom than the simple bilocal model. 
As was said before, the b,* variables associated with the relativistic rotator can be 
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bP 


understood as describing “internal”? average motions of matter in the immediate 
neighbourhood of x, in the case of extended relativistic particles. In this light 
Yukawa’s model appears as a very simplified schematization of extended particle 
models. 

On the other hand the new variables may be thought as a possible classical 
example of the “hidden” variables introduced a priori in the causal interpretation 
of quantum mechanics. Naturally, they are only “hidden” in the sense that we 
usually neglect them when we suppress particle extension in space time, reduce 
world tubes to world lines and leave aside internal motions (rotations, etc.) of 
matter around typical average points such as the center of matter density. 


$2 i 
We shall now study as a typical example of the preceding formalism the re- 
lativistic rotator described by the Lagrangian : 


1 ) 
La ~~ loap as thu (3,7 ia ee d,.) 2 a OMT ee 
: Cc 


with r~1, 2, 3 and 
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We shall assume moreover that the four vectors a, and bj” are physically in- 
itially well determined but that b, and b,? can be arbitrarily rotated around the 
hyperplane containing b,2 and £,=icb,!=va without changing the motion. This 
corresponds, as we shall see, to gauge invariance. 

In (13) the first term 


le — 7 Tivapivas= —+_ 2! Be (14) ; 


(= teh, )s e, 4~1, Ze 


ss a formal relativistic generalization of the rotation energy of the three-dimensional 
spherical rigid body, the term I-+4 playing the part of the non-relativistic moment 
of inertia. This results from the fact that the corresponding angular momentum 


tensor is 


papular rs 
OX OL, Ob,” 0b." 


if we take into account the relations 
eae 
b,?b,, —-—- £, 2.9 w- 
c 
This results immediately from the second term 4,, (b,"6,"—1/ c-£,4,—9,,) in (13), 


with the symmetrical Lagrange multipliers 4,,. The third term is also a Lagrange 


condition which means the constancy of Wap Wap: 
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We here note that our rotator is apparently similar to the one considered by 
Nakano”. However, our forth axis plays a distinguished réle through the 
identification (1b), while Nakano does not make such identification because his 
beingréssen parameters are associated to an Euclidian space in contrast to our 
b,§ which defines an internal Lorentz space. On the other hand he imposes the 
dynamical subsidiary condition which is not assumed in our case, 1. €., My G,=0. 
2 This condition means that the point y coincides with x and thus the bilocal 
s, feature degenerates. 

Ss Since (13) is symmetrical in the internal Lorentz space (i.e., for €=1, 2, 3, 4) 
m we shall call the present model “ hyper-spherical” rotator, which is also a quite 
: special example of possible relativistic rotators. 

Now the equations of motion result immediately by applying the formulas given 

in §1. We get with nu=90L/0Zq 


ie ela AL eS LA OL te ae 
oeboine AE ( = )=0 16 
AGE ra iladpoae Gee) 
Mup=Gate—Geta (16b) 


which constitute a simple generalization of Weyssenhoff’s usual relations.” 
To solve the equations of motion we first change variables and write: 


Loe pe (17) 


This is legitimate since L does not depend directly on 2,. Starting then from 
 (16c), we get 


1 . 
Mga Gu¥9= 5 Maa (Getp—Gavn) => Maa Map 


=U+)G 2,5 — 4 dme. (18) 


This is an important relation which shows that M,,2 Md,» and m are simultaneous 
constants of the motion, since we shall show that 4 is a constant of the motion. 


_ To prove this we first note that if we insert.the expression (15) into (18) we 
get 


ea Vey packs oh the! 
| 2 ek 
so that the relation (18) is written as . 


Cy Cie ene GU aN 

Ti = Sk } (19) 
Next we apply the Hamiltonian formalism stated in the preceding section to the 
form (13) of the Lagrangian. 


We get 
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(21) 


As we know that H and o, 02, are constants of the motion, the derivation 
of (21) yields that 


As IAS ios 
mc=— Aoi Gag 22 
1 a8 Cas fi (22) 


The relation (22) compared with (19) proves the fact we anticipated i4=0. We 
thus conclude therefore that m and M,,M.» are also constants of the motion. 


On the basis of this result,* the complete integration of the motion can be , 


carried out explicitly as has been developed by Halbwachs.” Starting from the 
basic relations (16) and the constancy of m and MagMus, he has obtained the 
following results : | 

ara ie “spin S.=M,, 2, is a constant of the motion (S,=0) with a constant 
length, S: S’?=S,S, 


where Mw = Epos Mae - 


b. The acceleration Z, has also a constant length and is always parallel to 


A Ce ae iy ‘if 

c. The “radius” r, has also a constant length (r, r,=constant) and remains 
perpendicular in the frame // (for which G;=0) to the spin. As a consequence, 
in that frame, the motion of x, around y, reduces to a circular motion with con- 


stant angular velocity 2 with 
‘ 1a fem Ion ton ge Wy 


* More general analysis of the motion (without necessarily requiring the constancy of Mas?) 
was performed by one of the authors (T.T.). This reveals the relations between six conserved — 
quantities of internal motion which are identified as the known intrinsic properties of elementary 


- particles (to be published). 
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This, as Mdller®? remarked, is just the classical analogue of Schrédinger’s 
Zitterbewegung. 

d. The rotation of the frame defined by 4,” is necessarily constant. This can 
be shown in the following way: we first notice that the quantities 


w = ee b,/ a 
“a 


are constants of the motion (#’=0) and represent the projections of the instan- 
taneous rotation velocity on the moving frame (b,”). According to our preceding 
results the “spin” has as projections on the axes of the moving tetrad constant com- 
ponents Iw, Iw”, Jo? and 0. If it points initially along b,° (that is, if we start with 
w'=a'=0), it will remain so and b,' and 3,’ will rotate around 4,’ with a constant 
angular velocity o=4,'b,2, so that b=wb,. Naturally in that case b,' and b,? are 
not physically completely determined since we can always rotate them by a con- 
stant angle around 0,,’. ) 

The preceding motion can also be understood as the classical analogue of De 
Broglie’s relation E=hv. Indeed if we start with the initial relation, 


NC Lye 1) a (23) 


this relation will be conserved by the motion so that if we suppose that Jo=S=h 
initially we get 


k=hy=mc’ 


in the rest frame. The total motion then appears as a spiral motion of the origin 
az combined with a space rotation of the tetrad on itself, a behaviour already stran- 
gely similar to quantum theoretical motions. 


§3 : 

We shall now introduce a new set of kinematical parameters: the relativistic 
Euler angles. This step is justified by the fact that it allows simple comparison 
with the non-relativistic theory of rotating spherical rigid bodies and also, as we 
shall see in a subsequent paper, facilitates the subsequent quantization of the 
theory. ; 

The introduction of the new variables rests on the remark that the 0,' para- 
meters define only six independent quantities taking relations (1) into account. 
This means that the orientation of the b,‘ frame 3, with respect to any fixed la- 
boratory frame //, (defined by the tetrad a, also satisfying (1)) is determined 
(except for an arbitrary constant rotation) by the six parameters™ of the homo- 
geneous Lorentz transformation which transforms //, into 3). 

As one knows” ‘these relativistic Euler angles determines the Lorentz trans- 
formation from a,‘ to 6, by the matrix relation: 
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fibre) cos (9+ /2) sin(g*/2), 0 ree 0 
| (se Unie aeie (~*/2) cos (g*/2) 0 0 
| b,? = 0 0 cos (g*/2) sin (g*/2) 
\ B,! 0 0 —sin (y*/2) cos (@*/2) 
cos (g~/2)sin (g~/2) 0 0 (cos (@*/2) 0 —sin (6*/2) 0 
—sin (yg /2)cos (g~/2) 0 0 | 0 cos(6*/2) 0 «—sin (0*/2) 
0 0 cos (gy /2) —sin (¢~/2) | sin (0*/2) 0 cos, (0772) -.<2 0 
0 0 sin(g~/2) cos (g=/2)/\ 0 sin(8*/2).0 cos (0*/2) 
feos (e/ 2): 2 0 —sin (@-/2) 0 ./ cos (¢*/2)sin. (¢*/2) 0 0 
0. cos (@—/2) O- ‘sin (07/2 || sin (¢* /2) cos (¢*/2) 0 0 
| sind /2 6 0 cos (75/2)-.:0 | | 0 0 cos (¢*/2)sin (¢*/2) |. 
y. 0 sin (7/2) Oreos 2) ) 20 0 —sin (¢*/2) cos (¢* /2) 
( cos (f~/2)sin (¢7/2) 0 0 (4, \ 
| —sin (¢—/2)cos (¢-/2) 0 0 | a,? | 
x is ea ad (24) 
0 0 cos (¢-/2) —sin (¢"/2) || a,’ | 
\ 0 0 sin(¢7/2)~ cos (¢~/2 / a4) 


The complex angles w*= {9*, g*, ¢*} and w =(07,¢, ¢-\ correspond to the 
relativistic generalization of the three-dimensional Euler angles. They are defined 
by the relations : 

g*=Git 1h, G*=0,+10,, $*=fitty, (25) 
where the real quantities ¢,, 4,, ¢, correspond to the usual space Euler angles, while 
2, 92, %, represent hyperbolic angles (varying from —oco to +00) expressing pure 
Lorentz transforms. The two sets w* and w” are thus complex conjugates of each 


other. 
Before we express the Hamiltonian as a function of these new variables we 


shall briefly discuss their geometrical meaning. 
As already implied in the work of Einstein and Mayer," we construct from 6,° 


a set of complex self-dual antisymmetrical tensors : 
| P,P#=6"b 0) £ (bbs — 6, by), 
: of which independent components are | 
y ! BrtZbf bp bi be tee be bf (26) 
Then it can be shown that each set of {B,*} and {Bj~} behaves as a set of three 
complex vectors spanning a complex three-dimensional orthonormal frame of axes : 
} CpreBmat, BeBe =o". (27) 


In exactly the same way one can construct from a,é the corresponding quantities by | 


echt lee ah ADD » bw s bos 


a 


eS 


a 
xa 
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: ; r 4 4 
ee ae a+ (a,’ a, —a," a, iy 

ys : Pe! 4 / 
Aj==as On — Oy gt Erin ay a; , (26’) 


with 


SS as yrs / 
VANES Af*=0y, A Assos (27 ) 


Now, utilizing definition (26) one can demonstrate after. a short calculation 
that 


ety + 
ie 
Bie 


fy 


; ; i or atl A oa 
cosg* cosi* cos¢*—sing*sing*, cosy*cos#* sing* + sing* cos$*, —cosg~ sind 


=| —sing*cosd* cos?* —cosy* sing*, —sing* cos*sin¢* + cos¢*cos¢*, — sing* sind* 


sind* cos¢*, sind* sing*, cosd* 
A i+ 
i Ay 
xo Ag= (28) 
“Ass 


This shows that defining four complex three-dimensional frames A* with Az”, 
A™~ with Az, B* with Bz*, and B™ with BZ, we can pass from A* to B* and 
from A~ to B~ by two complex three-dimensional rotations defined by the complex 


-Euler angles w* and w’, since relations (28) are idential (except for the complex 


character of all quantities) with the classical expression for real three-dimensional 
ordinary rotations (in terms of real Euler angles) in ordinary space. 

As the set By*, Ag* (or Bg-, Af) are equivalent to 5, and a,’ this rede- 
monstrates in a very simple way the well-known isomorphism established by 
Einstein and Cartan” between Lorentz transforms and three-dimensional complex 
rotation. These complex rotations can be represented in two complex conjugated 
three-dimensional spaces, E* and E~. If we choose a,‘ and b,* as rest frames, we 
see that Af+=ajz, and Bj*=bf so that the complex rotations w* and w~ can be 
understood as taking place in the three-dimensional ordinary space. 

If we now return to Minkowski space we must remember that any rotation 
(defined by a skew symmetrical tensor) takes place around a bivector which glides 
on itself under the corresponding matrix transformation. The meaning ‘of relations 
(24) and (28) then becomes clear. Relations (24) define a set of six successive 
rotations around six bivectors in a certain determined order (right to left) which 
bring //, into +). Relation (28) defines the corresponding transformation which 
brings the system of bivectors Af* on Bj*. One notes also that any self-dual 
skew tensor of the (+) type (such as m,,+im,,) is orthogonal to the (—) type 
(1,,—i,,), so that we have identically (m,,+im,,) (1,,—i%,,) =0. 


sina Koll mts 
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For more details on relativistic Euler angles the reader may consult specialized 
mathematical papers.’:”” 

Let us now return to the hyper-spherical rotator. Let us call JT (kinematical 
energy) the first term in the Lagrangian (13). 

In order to prepare the transition to the use of relativistic Euler angles we 
can first express T as a function of B7*. A rather long but simple calculation 
gives 


DE sje Ecim (BiB; | Be + 3S >B,7Br Ba) = (By Bret Br ORs 


(29) 


We see here appearing for the first time an essential property of the hyper- 
spherical rotator: its Hamiltonian can be split into two complex conjugated parts 
the first depending on w*, the second on ow”. 

This is very natural if one remarks that the skew tensor can be split into a 
sum of two self-dual tensors of the types (+) and (—). We have 


On= = (O,,+10,,) + = (4, — 10,4) = = Os eae (30) 


so that 


hardly teed pe, gas cba 
oy Oy =n On Op Oy = ie + ia P (31) 


taking into account the self-dual character of w;, and wj,. Relation (31) multi- 


plied by 7/2 is equivalent to (29). 
Introducing the expressions 


We aN Gilg sree er an 
2 
we see that the hyper-spherical Hamiltonian can be written in the new form. 
2 1 eats 1 = = 
= WLC Sie OO; OK Tig B On Ox 
SE ( Bi By*—4,,) +A/2 (wp OF FOZ OK — K?) (82) 
es 


where G=JT+A. 


That is exactly” the sum of two complex conjugated three-dimensional spherical 


rigid rotators (the proper time 7 playing the part of ordinary time). This sim- 


plifies everything. 
The angular momenta associated to w; are just 


St= GO wt (33) 
and correspond to the splitting of the angular momentum /,, into two self-dual 


parts : 
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es AE a hy ee Og iM) ee 
Mas=— (Magtih ae) ip 9 ( LB tiMLae) = 9 ap 5 ap > 


and we wrote the space components as 


Se = >, M5 ? a 
while the space-time parts are just proportional to them (since My,g*=+1Mag »> 


so that we can write: 


1 1 = 
T=——S; S; +——S; S,.. (36) 
re Sane rae es 
The physical meaning of expressions like S;* is clear. These quantities re- 
present the projections of the internal angular momentum ,, on the fixed self- 
dual bivectors (or rather their space-like parts) out of which we have built the fixed 
frames A* and A~. For example, we have 


Os Mile eM Aes (37) 


and similar expressions for all such quantities. 

Our last step is to make a new change of variables and express the Lagrangian 
and Hamiltonian in terms of relativistic Euler angles. This, with the help of ex- 
pressions (28), can be carried out exactly like in the three-dimensional case, so we 
shall just recall the results. 

We first calculate the projections of the angular velocities @+ (with components 
w;) on the axes of the moving frames B* and B-. ; 

We get (denoting by primed quantities such projections in order to differen- 
tiate them from unprimed quantities which represent projections on the fixed frames 
AX) : 

(o”*=cosg* sin + ¢*+sing* G+ 
w?* = —sing* sind* ¢* +cos¢* G+ (38) 
w* = ¢* +. cos d* f* 
and the Lagrangian becomes with the help of: (38) : 
L=/2 (g++? 4042 49¢6+ ght cos@*) 
+8/2(¢*+¢% +67 426" d- cos0-) +AK?=L*+L-44K? (39) 


where as we know 4 and K” are constants. 

This is exactly the sum L*+L~ of the Lagrangians of two complex conjugate 
three-dimensional spherical rigid bodies. Naturally the Lagrange condition terms 
with the multipliers 4;; have disappeared since the orthogonality conditions are 
automatically satisfied by our six Euler angles. 


| 


eayta rhs 


ere 
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We can now calculate the canonical momenta associated with the new variables. 
Naturally, we could vary separately in the Lagrangian L* (and in L~) , $2, 41, 
02, ¢,, and ¢, (that is the real and imaginary part of w* and w ), and consider 
L* as a function of these variables; the equations of motion being defined by: 


a\i* (¢1, Qo, o,, G5, Ji, Ds, ¢:, Go, Je 0, dy, ¢,) dt=0 (40) 


and the same variational equation with L~. However, we know that one obtains 
exactly the same equations of motion if one considers L* as a function of w* 
=(4' o*, d*)y- and L-~ as a, function of w =(0-,¢°;¢7) and ‘vary ‘these 
quantities independently. This can be shown directly. We get for the correspond- 
ing momenta : 

Pox = OL*/OG*=  (¢* + G* cos 6*) 

oo eae as aa (41) 

pos =OL*/30+= 3 G* 


so that the Hamiltonian H=p;g; —L becomes 
Ha (6. F + Pp P to I +S OK +P F +P), (42) 


if we neglect constant terms. Namely, 


BPA TE eee 2 —2Pos - cos8*) | 
toes 29 lea + sin’ @* Deke riche aes 
APO] [ite Canale 2 —2po- _ cos) | 
ee | pot + sin20- Oe Cre Pe Py 
aM ta sat) (43) 
D 
ee ase, 
or 
He 5 (5,6 St + So Se) (44a) 
=+5 ESTES) oS Se) (44b) 


One then checks immediately with the help of the usual Poisson brackets that 
[Sz, S7]=0, [Se*, Sj ]=0. , 
Comparing (44a) and (44b), we obtain the connection between our angular 


peat 
momenta and the projections of the momentum S,* in the form 
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Pps =S3 * 


Pox=S,* sing* + S,'* cos g* (45) 
Pys=—S,* sind* cosg* +S,'* sin §* sing* +S,* cos #* 


so that the projections of the momentum on the frames Bt and A* take the 
familiar form : 


=: shee F A cos o* 
ls. t= p,, sing*+ p,s cotO* cosy*— py an BE 
sin g* 
\ S'*= po, cosy*— p,, cotd* sing* + pys ae (46) 
ae gt 
on BAY and 
fe aah Be abe ais cos f= 
Sit poe sing? — pps COLO cos C+ pe age 
+ pe + sin b* sin 47 
‘Se = Pox cos Y = Put cot Si Wien pat = inf ( ) 


S3*= Py 
on, A= 
H* and H™~ are then evidently constants of the motion and we get, writing 
(S*)?=S,*S/+=SS, the ‘relations 


New? (S*)*]=0, LH, Py+|=9, LH, Por l=9, (48) 


which correspond to classical three-dimensional properties of the non-relativistic 


rotators. 


Concluding remarks 


In conclusion we want to add a few remarks. 
First we note that if we want to connect such a rotator with real physical 


“movements inside relativistic fluid masses, it must be understood that its behaviour 
constitutes only an average and very crude abstraction of real internal motions 


since we then necessarily neglect an infinite number of possible degrees of freedom. 
Secondly the introduction of this model as possible starting point for quantum 


theory (or elements of a new sub-quantum-mechanical level) raises many difficult 
but interesting problems. It is closely connected, for example, with very recent 


researches and ideas in quantum field theories, such as indefinite metric and non- 
linear waves, and we intend to discuss them in subsequent papers. Indeed, as three 


‘of us have shown (D. B., P. H. and J. P. V.), the quantization of the above 


rotator leads to the introduction of quantum numbers and energy levels which can 


be classified according to the well-known Nishijima-Gell-Mann scheme of elemen- 
tary particles. 


‘vint duom (hitebhieniih 
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Evidently the present model is a quite special one of relativistic rotators. One 


of us (T. T.) has classified possible relativistic rotators from wider point of view 
which makes the physical meanings of various quantities and conditions clearer. 
Indeed, we only need the three-dimensional symmetry in the internal Lorentz space 
(i.e., the rotator be spherical) so as to obtain the conserved iso-spin components, 


and it is then shown that only its third component remains conserved when. 


electromagnetic interaction is introduced. General theory of such spherical rotators 
includes, as its special examples, various models: the hyper-spherical rotator, 
treated in this paper, Matthison-Weyssenhoff’s particle,” Nakano’s rigid body, Hénl- 
Papapetrou’s particle, and others. These will also be given in separate papers. 

In conclusion we wish to thank Professors Louis de Broglie, Hideki Yukawa, S. 
Sakata and T. Nakano and also Dr. Halbwachs for many helpful suggestions 
and discussions. 

One of us (J. P. V.) wishes in particular to thank Professor Yukawa’ for 
generous hospitality in Yukawa Hall which made this research possible. 
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The problem of energy loss of a charged particle travelling through a fully ionized gas 
has been studied by taking account of effects of ionic motion. Contribution due to an ionic 
collective motion turns out to be smaller than that due to an electronic collective motion by 
order of m/M, where m is the mass of electron, M that of ion. The present investigation 
shows that the ionic collective motion cannot be excited by a charged interloper unless one 
takes into account effects of thermal motion of electrons. 


$1. Introduction 


Stopping power of an ionized gas for a charged particle has been investigated 
by Hayakawa and other authors in relation to the problems of astrophysics.” Here, 
we will examine the stopping power of a fully ionized gas at high temperature 
with particular interest in exploring effects of ionic collective motion. 

It is well known that the energy loss due to far distance collisions between 
the charged interloper and electrons of the ionized gas can be calculated by treating 
a system of electrons as a polarizable medium with a dielectric constant 


E(w) =1—a," (w’—iwr) (1) 


where w,'=4ze’n/m and »v is a collision frequency. However, as it has been 
discussed by Akhiezer,” one has to remember that only at low electronic temperature 
it is allowed to regard the electron plasma as polarizable medium with the di- 
electric constant €(w) given by Eq. (1). Therefore, although the magneto-hydro- 
dynamical approaches are widely used for investigating physical. behaviours of an 
ionized gas, it is very essential to formulate the present problem on such a funda- 
mental basis that has been presented by Bohm and Pines.” 

Now, at extremely high temperature, the thermal motion of ions may not be 
disregarded at all. Mutual correlation between the ions may give rise to an 
acoustic collective motion at low frequency region, yet so far there seems to be 
no investigation which has examined effects of the ionic collective motions on the 
stopping power of the fully ionized gas at high temperature. In what follows, 


aie hed ih Qo yh ig owe 
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following Yamada-Nakajima’s treatment of the collective description of the fully 
ionized gas, we will examine the interaction between the incident charged particle 
and the fully ionized gas, and then solving a set of equations of motion we will 
calculate the stopping power of the fully ionized gas. 


§ 2. Interaction between a charged particle and the plasma 


Let us consider a unit volume of the plasma, which is composed of 7 electrons 
and N ions. Let ze be the charge of ion, then because of the neutrality of the 
whole system, we have a relation »=Nz. When a particle with electric charge 
Ze and mass yp falls into a plasma, the Hamiltonian of the particle is given as 


H=py/ (24) — AnZe' > ik exp (ik: (%;—%p) ) 
+ AnzZe" Sik exp (zk - (%;—X») ) (2) 


where p) and x, are momentum and coordinate of the incident particle, 7 and j are 
the suffices for electron and ion. According to Tomonaga’s theory of the collective 
motion,” we have the collective coordinates of electrons with mass m and that. of 
ions with mass M as follows, 


qn! = (n/n) exp (ik-*,), (3a) 
Oy! = (M/N)**>}k7 exp (ik-x;). (3b) 
4} 


Using the above collective coordinates, we can separate the interaction term into 
short range interaction parts and long range interaction parts as follows. 


Hom= —42Ze? n/m)" ke T**g,! + AnzZe? (N/M )*? >) kote 0)! 


[kel <ke [ke] <hi, 
‘4 Anes Sip ee 2b AnzZe*™ D> kes, (4) 
|Kl>k, t \Kel>kle 7 


where &, and &,’ are the critical momentum of the electronic collective motion and 
of the ionic collective motion, respectively. 


Now, Yamada and Nakajima” have shown that in a Hamiltonian of the plasma 
a coupling term between the electronic collective motion and the ionic collective 
motion can be eliminated by the following orthogonal transformation, 
Qe =O (Wp2,/ (k)*) Qk (Sa) 
Q,! = — (Wp 2p/o(R)’) Ge + Qk (Sb) 
where w, =4ze'n/m, O,=Anz'e’N/M. After the transformation (5a, b), collective 
parts of the Hamiltonian of plasma is reduced to 


H, = S) (peb-n +0 (2) "4n9-w) ee D)(PrP at 2(k)7QiO-1) ©) 


2 \Kl<ke |Ke| <h, 
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where p_;, P_, are the canonical momentum of g, and Q,, respectively. The 
eigen-frequencies w(k), @(k) are given as follows, 


w(k)=0,2 + (36T,/m) FB k<k, (6a) 
2 (k= 2,2 (B+ Re) + (BeT:/M) RB k<ke 
= 02+ (3«T,/M) FB ke<kh< he (6b) 


where T, is the electronic temperature, T; is the ionic temperature, kf= (Ane*/«T,) 
and « is Boltzmann’s constant. 
Applying the transformation (5a, b)-to the Him (4), we get 


Ain= —4nZe (n{[ my Sk egy. 
|| <Ke 
+d Zet(N/M)"" S38" (1— (op/e(B))?)6~8"Os 
[kT <A! g 
+ short range part. (7) 


Since the second term vanishes for the limit of T,—0, we can conclude that when 
a charged interloper runs through the plasma the ionic collective motion can be 
excited only through the thermal motion of electrons in the plasma. 


§ 3. Equation of motion of the system and stopping power 


Since the short range part of the H,,, (7) describes two-body collisions between 
the interloper andthe particles in the plasma, its effect can be examined by usual 
treatment. Therefore, in the following, we will examine effects of the long range 

parts of the interaction between the interloper and the collective motions in the 
plasma. Then we may take a following total Hamiltonian for the system, 


Alina =, + po/ (24) —AnZe? (n/m)? ke gy, 


|Fel <Rtg 


+42 Ze"(N/M)""S*(1— (1p/a(B)) De ™O (8) 
[Fe | <kl 


where H, is given by Eq. (6). 
The motion of the interloper can be described by the following equation of motion 


po= —4nZe? (n/m)*!? SG (k/k) egy, 
\ke| <Kg 
+ 42zZe? (N/M) hee (k/k) {1— («w,/o(k) )?} e~*®O,, (9) 
Iki <ke 


and: the equations of the electronic and ionic collective motion are given as follows, 
Gn + (Rk) Qn = 40Ze? (n/m) kee, (10) 
O;,+2 (k)’Qn = — 4nzZe? (N/M) ‘2k {1 — (a,/w(k)) eh™, (11) 
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When the incident particle runs through the plasma with a constant velocity 
Up, solutions of the induced forced oscillation’ are obtained from Eqs.{10) and 
(11) as 


n= 4nZe’ (n/m) * ke {20 (Rk) } 3 { (w(R) —kevy) 7? 

+ (w(k) +kv) ?+i2d (w(k) — kv) —izd (w(k) +kv)}, (12) 
O,= —4azZe*(N/M)' ke {1 — (w,/@(k))?} 

x {2.0(k)}-1{ (Q(k) —kv,) 7+ (Q(k) +o) 

4+ ind (2(k) —kw) —izd (2(k) +kv) } (13) 


which satisfy the proper initial conditions that at = — oo, g,=9,,=0 and O,,=O1== 0. 
In Egs. (12) and (13), the terms of the d-function represent resonance excitation 
of the collective motions, and the other terms stand for the stationary state 
solution. i 

Now, Bohm and Pines” have calculated contributions of the far distant colli- 
sions to the stopping power by considering excitation of the collective motion in 
the electron plasma. Their calculation has been carried through by obtaining an 
electric field due to the steady state solution of the collective density fluctuation q, 
under the boundary condition that the excitation of the collective motion takes place 
behind the incident particle. 

To derive the energy loss, however, it is sufficient to find a force F acting 
on the incident particle, since the energy loss dE of the particle running over the 
distance dx is equal to the work done by the particle, —F-dz. Thus, we may 
simply find the stopping power, dk/dzx. Now, the force acting on the incident 
particle is just equal to the right-hand side of Eq. (9). Substituting the solutions 


Rokk: 
mi? 
Aa 


\) i ae 


(12) and (13) into the right-hand side of Eq. (9), we can obtain the force acting * : ae 


on the particle while the collective motions are excited in the plasma as follows, 


aja M stk i _ 13(y(k) —kvy) —8(o 
Pa (dnZe)? 2S {8 (k) — hte) — 0 ((b) +00) 


entire ay (at) 


x {8(2(k) key) — 8 (2 (k) +e») }. 1) 
If z-axis is chosen to be in the incident direction, 2- and y-component of the 
force vanish because of the axial symmetry of the summands of Eq. (14). So 
finally, we get 


= GO" ve (dh. 
fa Qn U9 oy Ae toa or a 


k,=w(k) /Wo 


(15) 


(Ze) see jak By (3«T,,/m)°R? 
ae Uo eT Cag t+ (3cT,/m) RP \k-=2(R)/ Vo. 


= ee 
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Here, it will be worth remarking that if we take w, in the place of w(k) in 
the first term of Eq.(15) it is reduced to Eq. (56) of reference 3). As it is 
discussed in section 2, however, the second term of Eg. (15) vanishes identically 
if we neglect the dispersion term of the frequency w(k). Hence, if we want to 
investigate the contributions of the ionic collective motion, we have to take into 
account the dispersion term of »(&) in the first term of Eq. (15). 

In the following, let us take k,=k,’ for convenience, and let. us approximate 
the 2(k) by the following expression, 


QR) = (Bel */M) ks A hig Sb SE (16) 


Then, the condition k.=w(k)/v» determines the value of k, in terms of &,, Ry as 
follows, 


Re = ws) (vy — Up) ci (wz"/ (wo — Ur) ) Os ae k,’) > (17) 
provided that vw,’~v;"=3«T,/m. The condition k,=2(k)/v gives 
k= (v*/ (v9 —v*)) (ko + Ry’), (18) 


provided that v,°#v**=3«T*/M. Substituting Eqs. (17) and (18) into Eq. (15), 
we get 


27 Uo Vee J T 


Vo 


p= Ze)? a) wor |e. dbf ae (hehe) | 


2 2 ee : - 
36 WAS BOLT eR sora [dk adky(k2+2)| Or (y—v*) + (h2-+k,) | ‘i 
Mi 


QR LVS Up" z 
; (19) 


On performing the integration, using polar coordinates, the upper limits are 
obtained as 


(ha + hy’) maz= ((vo — Vr) / V0) ke — (Wp'/ 0") (20) 
for the first integral and as 
(he + hy’) maz= (ve —v**) /09") Re? (21) 


for the second integral, respectively. After the integration, we obtain the 


- following result, 


| 
P= (Ze)'(22) ((0,'—v4") /ve) logy “=P 42 


Uo | Op 


L Q 5 2 2 2 
+5 Ze)*(2P) (Cox —0%)/v4) {logs |1 +3 (by/ba)*|—K/ (Bhe+ RE}. (22) 


This is equal to the rate of energy loss per unit distance dE/dz lj. The argument 
of the logarithm in the first term agrees that of Pines’ formula (Eq. (48) of 
reference 6)), but differs in two respects from his formula. Our formula has a 


“ee 
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4 2 2 2 > = 
factor (v,.?—v,"/v,) for the logarithmic term and misses the term (v)—vz’) 


X (v7 /vo)k- of Pines’ formula. Since our expression Eq.(15) is reduced to 
Bohm-Pines’ formula (Eq. (56) of reference 3)) when T,->0, our result seems to 
be the most consistent generalization in taking into account the effect of the 
dispersive nature of the electronic plasma oscillation. 


§ 4. Concluding discussions 


In this elementary investigation of the problem, we have shown clearly that 
the electronic thermal motion has an important effect. on the ionic collective 
motion. When the charged particle runs through a fully ionized plasma, the ionic 
collective motion can be excited only through the dispersive effect of the electronic 
collective motion. In general, we may conclude that it is essential to take into 
account the effect of the electronic temperature in a study of cooperative phenomena 
of the ions in an ionized gas. 

The effect of the ionic collective motion on the energy loss is found to be 
smaller than that of the electronic collective motion by the order of (m/M). Al- 
though this is.an expected consequence, when the velocity of the incident particle 
is slower than a critical velocity v., 


Vex (vp +0,7/ke)*”, (23) 
which is derived from the conditions k,=«(k)/vo and |k|<k,, the energy loss due 


to the far distance collision reflects the effects of the excitation of the ionic 
collective motion exclusively. Taking k.=k. for the definiteness, we get 


_4E | _06(Ze)*(2,2/v0) (24) 


- | far 


when v)<v- For the specified wale! of k= Ka, (Op Re)? -18 equal sto (v7?/3). 
Therefore, the expression of the energy loss, Eq. (24), seems to have a rather 
wide margin to be significant. Since the effect of the far distance collisions for 
the energy loss is known to be of the same order of magnitude as that of the © 
short distance collision effect, we may confirm experimentally a discontinuous drop 
of the energy loss at the critical velocity v-. 

Another interesting phenomenon seems to occur when the incident particle 


has such a velocity that : 
D> Vp > (3eT,/M)*, (36T,(M)". (25) 


In such a case, the incident particle gains energy from the electronic collective 
motion and transmit the energy to the ionic collective motion. Hence, when a 
charged particle beam is shot into the high temperature plasma, there may arise 
a short circuit effect for the energy transfer between the electronic motion and the 


ionic motion. 


"pineal "eee \ 4 F 3 ae a" 4 44) be a oe ed ae oR ta A CR De pan ane ae ee ae ee 
3 J ; 2") ae ne te ee 
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a We conclude this section by discussing that when one employs an electro- 
magnetic effect to diagnose the high temperature plasma, it is very difficult to get 
: direct information about behaviour of the ions since the electrons respond so easily 
to the external disturbance that masks the response of the ion. Hence, it seems 
to be very interesting to examine possibilities of the use of non-electromagnetic 
effect such as a neutron beam or an ultra-sonic sound beam for the high tempera- . 
ture plasma diagnosis. | 

The author is much obliged to Prof. N. Fukuda for his critical discussions 
and constant encouragement. It is also his great pleasure to thank Associate Prof. 
M. Yokota and Dr. M. Sato for valuable discussions. 
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S-Wave Pion-Nucleon Interaction 
and Nucleon Core 


Shigeo Minami 


Department of Physics 
Osaka City University, Osaka 


December 7, 1959 


Although many remarkable results 
for pion-nucleon interaction have already 
been reported, no satisfactory explanation 
for s-wave interaction has yet been given 
from pion field theory. This situation 
may be due to the fact that s-wave in- 
teraction is strongly affected by the 
nucleon structure. To our regret, we 
have not a reliable theory by which the 
phenomena in the neighborhood of a 
nucleon core may be explained. The 
purpose of this paper is to examine how 
the current pion field theory should be 
modified in such a range as 1/M and 
to discuss the assumption which has 
been introduced in the previous paper.” 
In order to study these problems we 
think it appropriate to take into con- 
sideration the s-wave pion-nucleon scat- 
tering. 

When the real parts of the forward 
scattering amplitudes for z*-p and 
n~-p scattering are denoted by D, («) 
and D_(w) respectively, the expressions 
for them can be written down by using 
the dispersion relation”. 


D(a) =[D_(@) +D,(@)]/2 


= Fi(w) +6, (o)s* (1) 
D(a) =|. Dao) = De (w) ]/2. 
=F,(o) +G (oye We I) 
ops (2M) 
Fy (@) =2f°-~+ : ; . 
sar, wi— (2/2M)? 2M 
(3) 


» (2/2M)*— 2 

Pili ory Es 

2 (w) St al (2/2M)? Dy 
(4) 


In these equations, & is the wave number 
of pion and w its total energy, # and » 
M are the masses of pion and nucleon 


respectively, and f is equal to (vg/2M), 2 


where g is the renormalized pseudo- 
scalar coupling constant. F,(w) and 
F,(w) stand for the contributions from 
the bound state and ought to represent 
the second order perturbation results 
with renormalized coupling constant. 
First of all we concentrate our at- 

tention on F,(/#) and F,(/) in the 
case of pion momentum k=0. From the 
expressions of D® (w) in (2) and D” (@) 
in (1), it may be said that the effects 
due to the internal structure of nucleon 
are almost cancelled out in the former, 
while these effects play an important 


* With regard to the expressions for Gy, (@) 
and G,(w), see reference 1). 
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role in the latter. Then F,(#) and 
F,() will mainly represent the con- 
tributions from the nucleon core (inner 
region ~1/M) and those from the pion 
cloud (outer region ~1//4) respective- 
ly. This can also be seen through the 
following expressions, 


Fi) =—f?/M, Fi(r)=2f?/pr. (8) 


Moreover, it will be possible to regard 
these Ff, (#4) and F,(v) as the perturb- 
ation results in the true pion field theory.* 

On the other hand, the practical 
straightforward calculation based on 
the Lorentz-covariant perturbation (the 
second order) gives the following re- 
| sults, 


D.(P) 


=i g . (6) 
M(+4/M) 1 ¥4/2M) 


Therefore 


2 


D® (py) ~— g 
OS Ma to) 
2-—97/M, 
Reis ho OM) eg es 
Df) ee M(4u/M) = 2f?/P. 
(7) 


D®(#) in Eq. (7) is almost identical 
with F,(#), while D®(w#) in Eq. (7) 
differs from F,(#). This discrepancy 

may be due to the incorrect application 
of the theory to the region of nucleon 
core which has been established in the 
region of pion cloud, and may corres- 
pond to the fact that the usual renor- 
malized coupling constant g differs from 


* It must be noted that the values of s-wave 
phase shifts obtained from the relation of (5) 
qualitatively agree fairly well with the experi- 
mental ones. | . 


the g, which has been defined by Deser, 
Thirring and Goldberger.” At any rate, 
comparing Eq. (5) with Eg. (7), we 
can see that the phenomena in the 
neighborhood of pion cloud can be ex- 
plained by the current pion field theory, 
while those in the neighborhood of a 
nucleon core cannot be explained. This 
defect can, however, be amended if only 
g: in the expression of D®() in Eq. 
(7) is replaced by f*. From this re- 
sult we may conclude as follows. The 
correct dynamics should have such a 
property as the effective coupling 
constant g is reduced to (p/2M)g in 
appearance when the dynamics is ap- 
plied to the problems in the region of 
a nucleon core. When pv-coupling 
theory is adopted, we obtain the similar 
one with the expression in (6) except 
the difference in coupling constant be- 
tween f* and g’. Thus it may be said 
that pu-coupling theory is promising 
in describing the behavior of the inter- 
action in a nucleon core. 

In the previous paper,” we have 


_ considered the z-N scattering in the 


limiting case of “¢=0 and w—0 in order 
to derive a significant quantity from 
G,(w). In the same limiting case 
Deser, Thirring and Goldberger® have 
shown the following result: 


D,(0)=D_(0)=—92/M, (8) 


where g,° differs from the usual renor- 
malized one and turns out to be very 
small. But it seems to be difficult to 
obtain the correct value of g,2. We 
think their result is very natural, be- 
cause it will be difficult to estimate the 
contribution from a nucleon core which 
may play the most important role in 


i on Dae (ee ei onli 
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the scattering in the limiting case of 
v=0. But, if the practical effect brought 
by the application of the correct dyna- 
mics to the phenomena in the region of 
a nucleon core is expressed in terms of 
the change of the value of coupling 
constant as was mentioned above, 
the unknown value of g;? should be 
taken equal to f°. This is a basis of 
the assumption g,,=f’ which has been 
introduced in the previous paper.” Final- 
ly we should like to emphasize that, as 


was shown previously,” the experimental 


result for s-wave phase shifts a,= — 0.117, 


. @,=0.167* can be explained by the calcul- 


ation based on this assumption, where 
7 is the pion momentum in the center 
of mass system in units of /. 


1) S. Minami, Prog. Theor. Phys. 22 (1959), 
901. 

2) M. L. Goldberger, H. Miyazawa, and R. 
Oehme, Phys. Rev. 99 (1955), 986. 

3) S. Deser, W. E. Thirring, and M. L. Goldb- 
erger, Phys. Rev. 94 (1954), 711. 

4) J. Orear, Phys. Rev. 100 (1955), 288. 


On the Eigenvalue Problem 
Associated with the Solution of 
Generalized Diffusion Equation 


Akira Miyake 


Department of Physics 
Faculty of Liberal Arts and Science 
Shizuoka University, Shizuoka 


December 10, 1959 


The solution f of the generalized ° 


diffusion equation under no external 


_ forces, 


Opens To. 
Ot V9 a dq" \ 


ee MAY, Ji, (1) 


Ag® kT dq° 
must satisfy the associated equation :” 


) 
57 exD(V/2kT)/} 


=Liexp(V/2kT)f}, (1’) 
where L is-a self-adjoint operator : 
aoe fe) po ze) 
en so = ) (v g pus 
Vege) Og" > dq° 


(2) 
g is the metric determinant in the space 
of generalized co-ordinates g*’s, D*® the 
diffusion tensor, and V the internal 
potential energy. Expanding f in terms 
of ¢,, the orthonormal eigenfunction of - 


joe 


Lgy =F Ady, 40), 
ne 3 
\i* tev il dq*=0;,, 2 
we may have 
f=exp(— V/2kT) 
X 31 4,(0) exp(—t)/, (4) 


where the summation is expectantly 
taken over 10.” In fact, based on 
Eq. (2), we can verify that the eigen- 
yalue of L is limited to 


i>0, (5) 
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and so the terms of 4<0 never appear 
in Eq. (4). The proof is as follows. 
Under no external forces, the ir- 
reversible entropy production of this 
system at the constant temperature Lt 
is given by” 
Die | =— “| (V+ET bogf) 
] dt irr. dt 
xfV 9 I dq* 


| Blogf , 1. eV 
e ealpapaea (Peer. oT 
a 2 Oq* kT 0Oq* 


dlogf , 1 ae ee Ne 
x ( q Id 
3G? aes ag? fV9 i dq 
220; (6) 


where the inequality is valid at any 


‘time ¢ for any function f(g, t) =0 
satisfying Eq. (1) 


and also for any 
function f(g, 0)=0 satisfying the nor- 
malizing condition 


\f@. OV 9 Mdg=1, 7) 


' q denoting the abbreviation of g*’s. 
_ On the other hand, integrating by | 


parts, we can have for any complex 
(gq) =¢1(q) + ¥2(q) 
|e Lyi’ @ I dg 


= \ (¢,L¢,+¢9,Le,)V9 Il dq 


Alo isp ie se vAe 
= fos {(s4 1 2) 
| 7 x Og" YN Meelis 


dlog ¢g, 1 oe) 7 
x BEAN 
( dq’ + ORT dg® /** 
log ¢, Lae 
+( ie 
dq” 2kT _ Og* 
Jlog ¢, 1 fe) V i 
x : 
( dq® ae 2RL Og a 
x Vg Il dq, (8) 


where ¢, and ¢, are arbitrary real func- 
tions of g. Choosing ¢, and 9g, pro- 
portional to {f(g, 0)}'” and using Eq. 
(6), we can easily see non-negativeness 
of Eq. (8), and then 


\e Loy g I dq*/ | d*pyg II dg*S0 


(8’) 
leads to Eq. (5). 
Thus we can have” 


* 1 N/a a 
D> Pr* (G0) Pr (QM) ay IT 0 (q*—q"), 
— V 9(qG) * 
(9) 


where the terms of 4<0 never appear. 


1) J. G. Kirkwood, J. Polymer Sci. 12 (1954), 1. 
2) A. Miyake, Prog. Theor. Phys. Suppl. No. 
10 (1959), 56. 


On the Test of Global Symmetry* 
Tetsuro Sakuma and Shinya Furui 


Department of Physics 
Hokkaido University, Sapporo 


December 11, 1959 


In this note, we consider the absorp- 
tion process of K~-meson by proton at 
low energy and give a method to test 
the global symmetry under the follow- 
ing assumptions : 

(I) Intermediate K-N states and pro- 
cesses 7+ 27 2+A** are neglected. 


* This work has already been published in the 
Soryfishiron Kenkyf 20 (1959), 197. 
(Mimeographed informal circular in Japanese). 
' ** S-wave scattering for this process does not 
occur in the order of 1/M. 
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~ (I) Only S-wave is taken into con- 


sideration.* 
(I) Global symmetry is valid. 


K-4+P33°45° 


1 
K-+PS +2’. O 


Transition matrix for the process (1) 
may be written as 


(nY|T|K~ P)=—(2Y|S|zY) 
x (xY|T*|K-P) (2) 


where unitarity of S-matrix and assump- 
tion (I) are used. Using the assump- 
tion (II) and the invariance under the 
Wigner time reversal, we obtain the 
following relation for the phase in eigen- 
channel of Eq. (3), 


esr — e2t81 ep t47 
or 4,=0,+(n+1/2)2 (3) 


where I is total isospin, 4; and 0; re- 
present the absorption phase and_ the 
mz-Y. scattering phase shift in the J- 
state, respectively. If we consider the 
z-Y scattering in the final state of the 
process (1), 2 interacts with isodoublet 
Yeon, Y") sand 2 (2, 27): inthe 
same form as 7 interacts with nucleon 
by the assumption (III), where 
YO=(O"—2) /y/ 2 and) Z°=(2"+2) 
en / 1? Se . 

On the other hand, z-2’ scatter- 
ing occurs in the J=0, 1, 2, states and 
z-A scattering does in the J=1 state, 
so we can obtain the relation between 
these two cases. We denote the 7— + 
and z-A scattering phase shifts as 9, 


* Present experimental results in the low 
energy region show that the S-wave is predo- 
minant. 


0,, 0, and 0,‘ respectively. a-Y and 
m-Z scattering phase shifts are denot- 
ed by a). and ay). We can expand the 
scattering S-matix by the projection 
operator of the J=1/2 and 3/2 states. 


S= Pye"? "12 -+ P59 €7*%3/2, (4) 


Isospin states of (a-2') and (m-A) 
states are denoted by 


led 3: [=O >= |20) 
[oS Ded Ne etc. (5) 


Using (5), we can evaluate the S-matrix: 


element for the process (1), 
e**0= ( 3'0|S|S0) = env? (6a) 
giz {21 SIA) 
= (Qe?**1/2 + ¢7#%3/2) /3 etc. (6b) 
From (6a) or (6b), we obtain 
COS 2 (@4j2— 3/9) = 1. (7) 
From (6a) and (6b), 


cos 2 (0,— 95) 


=5/9+ (4/9) cos2(a4j2—ayj2). (8), 


From (7) and (8), we get 
cos 2 (0;—d)) =1, 


so) >: [dj 0y| nz... n= 0, 1).2.t er 


If we take n=O, 


|o, —05| =0. i (9) 
Even if we take 70, the following re- 


sults would not be altered. (3) and (9) 
lead to 


[3, —d9|=|4,— 4] =0. (10) 


After all, we have shown that the dif- 


ference of absorption phases between | 


I=0 and 1 is equal to that of scatter- 
ing phase shifts and that the difference 
vanishes exactly. 
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On the other hand, the most re- 
cent expermiental data” have shown that 


|4,— 4,| = 62°+ 4°, (11) 


This result is quite inconsistent with 
the relation (10). In Fig. 1, we have 


10) 
N(S") 
N(zs ) 
0.8 
0. 67 
Alvarez et al. 
fo} 
0.47 
cos (4\— 4,) =0.6 
One 
GOSi( Ain) 
Global Symmetry 
0.0 : 
il 2 3 4 
NOM NOx) 
2N (> ) 


Fig. 1. N(3*)/N(37) and {N(3*) + N(37)}/2N(29) 


taking cos(4,— 4) as parameter. | 


shown the relation between N(3*)/N 
(3-) and {N(3*)+N(3-)} /2N(2), 
taking cos(4,—4,) as parameter. Cir- 
cles are the experimental result by 
Alvarez et al.” and that reported at 
Kiev Conference” (1959). If global 
symmetry is valid, the experimental data 
must be on the curve of cos(4,— 4) =1. 
However, the experimental data®” are 
quite far from the curve of cos(4,— 4,)=1. 

It will be quite difficult to under- 
stand the very large phase difference 
(11) with the errors due to the as- 
sumptions (I) and (II). Therefore, we 
may obtain rather conclusive evidence 


for inconsistency of global symmetry 
with the present experiments. It 
should be noted that above conclusion 
was derived only by kinematical con- 
siderations and not by details of the 
theory. For the assumption (I), we 
have investigated the contribution of 
the intermediate K-N states of Eq. (2) 
and obtained the preliminary result that 
we would be unable to get the consistent 
result with experiment”” so far as we 
admitted the assumption (III). Details 
will be published in a later issue of this 
journal. 

The authors wish to express their 
sincere thanks to Professor D. Ito for 
his kind guidance and encouragement. 


1) L. W. Alvarez, Report at Kiev Conference 
(1959); 

2) L. W. Alvarez et al., Nuovo Cimento 5 
(1957), 1026. 


Nonlocal Interaction, Causality and 
Integrability Condition 


Yoshio Miyatake 


Yoshida College 
Kyoto University, Kyoto 


December 14, 1959 


Nonlocal interaction formalisms 
have been thought not to satisfy the 
microcausality condition,” and also not 
to satisfy the integrability conditions 
when one wants to formulate them in 
the Lorentz-invariant formalisms.”) These 
both facts have a close connection to each 
other and are one of the most formidable 
obstacles for the construction of S-matrix. 
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Then, how can we regard them to 
have self-consistency? Do jthey not 
satisfy any integrability condition ? 

It is a well-known fact that under 
the assumptions of usual relation be- 
tween spin and statistics and of local 
interactions, the Lorentz invariant theories 
satisfy the CTP-invariance automatically 
and the CTP-invariance is equivalent to 
the condition of weak microcausality.” 
Does this fact not hold in the cases of 
nonlocal interactions, too ? 

As an example, we take up inter- 
action Hamiltonian between the electro- 
magnetic field A,(2) and the spinor 
field (x), 


Hye =—i(e/2) | Hee Ada") 
h(a A, (a1 2G(a2)} 
Xd‘x'd'*a"d*x" 

x FU(a!— 2), (2!— 2"), (1) 


where F is a c-number factor commut- 
able with all other factors and depends 
only on (2/—2x"’)’ and (2! — x'")? be- 
cause of Lorentz invariance. Then we 
have a charge-current four vector 


j.(t) =i(e/2) | Foor, h(a" 
h(x) 7,2G(x!)\dsa! dx" 
Ee eels 2! 2). 6 2) 


Now, if we adopt the same transform- 
ation properties of field operators under 
the CTP-inversion as in the case of local 
interaction, j,(z) changes’ under the 
CTP-inversion as usual : 


jl (a) =ile/2) {9 @ 778 2) 
= (27,0 (2) Visaia a” 
x F(a? — 2), Aa! =)") 


a! (e/2) \ {ett r.(— 2!) reer 
eT ef art Mae A Gen EGE 
See eer Od oad eck. 
XF((—2'+2")*, (—2'+2)’) 

=> ie/2 | B(ax!)7r,6(a") 
— h(a!) 7 O(a) d* xid*a! 
Dee ANG seen ae (ae meray): 

The vacuum expetcation values of pro- 


ducts ‘of field operators are the same 
as in the local case and the vertex 


Td (C= 2")*> (ata) 18. ai 


variant. 

Consequently, in this case the CTP- 
theorem and, therefore, the weak 
microcausality hold as usual, i.e., for 
self adjoint, real fields A(x) and B(x’), 


(A(z), B(x’) ]po=0 
for (x—2’)?>0. (4) 


So, in this case, the commutators of ob- 
servable quantities are found to be zero for 
space-like points if we take the vacuum 
expectation values of them even though 
the original commutators are not zero. 

From this fact we may conjecture 
that in the cases of nonlocal interaction 
formalisms, even though the integra- 
bility conditions are not satisfied, when 
we take the vacuum expectation values 
of them, they are satisfied and we may 
have a hint for the construction of \S- 
matrix. The details of this problem 
will be discussed elsewhere. 


1) E.C.G. Stueckelberg and G. Wanders, Helv. 
Phys. Acta 27 (1954), 667. 

2) T. Okabayashi, Nuovo Cimento Suppl. 9 
(1958), 597, Appendix I. 
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3) R. Jost, Helv. Phys. Acta 30 (1957), 409, 
W. Pauli, A lecture note at the University 
of California. (1958). 


On the Extremum Property in 
the Variation Principle in the 
Theory of Transport Processes 


Huzio Nakano 


Department of General Education 
Nagoya University, Nagoya 


December 26. 1959 


We have recently introduced a vari- 
ation principle in the theory of trans- 
port processes” and also in that of electric 
or magnetic susceptibility or relaxation 
phenomena.” We can develop the pro- 
blem a little further. We shall here 
investigate on the transport phenomena 
and discuss on the latter problem in the 
On the problem of 
transport phenomena the variation princi- 


ple can be reduced to the form quite ~ 


analogous to the Kohler-Sondheimer 
principle? concerning the Boltzmann 


equation. 


As we have shown,” any transport 


- coefficient o,, and the internal entropy 


production @ in the system are obtain- 
ed respectively as the extremum yalue 
of the functionals of state operators ‘+? 
and ©, 
Rai PS): or GLP On ery 
i 
= \a Tr{ PO pee (sv 


+i[H, VO) er" 
BE FO) one" Oe Ph has at) 


with 

O=J a4 for og, fei 
or 

O= 3) Xa da tor Be as 

q (1a) 

where H is the Hamiltonian of the 
isolated system, the operator J, repre- 
sents the flow, e.g., the electric (or the 
matter) current J,(or J,=J./e) or the 
energy current Jy, X. is the generalized 
force conjugate to J,: J.-E—(T/e) 
grad (¢£/T), JvT grad (1/T), and pe 
represents the equilibrium or the grand 
canonical distribution. By making use 
of the substitution 


oo 


1 GER®(E) TR (EB), 


es) — 
= 20 


1 
E—H+i(s/2) ’ 


LE) (2) 


we can rewrite the expression (1) as 
ora(2) or O(L)=—(¥, LP) 
$2 (0, Ue (3) 
where we have defined the inner product 
(@, T)=(¥, 0) 
8 
== \ ai Tr(Ppce*™ Ve"), (A) 
. 


and the operation 

LP | (ROFRO+ROUR) dE, 
(5) 

and have made use of the abbreviation 

U=LQ. By substituting (5) into (4), 

we get in the limit s>+0. _ 


co 8 
i 
@, LY) =—— | dE \ dar (Dpoe 


0 


“id Sali (ia lilitl I bin 
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x (ROPER + ROTR™) e474 


) 6 
= | dt | di Tr[peD{U(t+id) 
+¥%(—t+71)}J=(%, LO), (6) 


which shows the self-adjoint property of 
the operation L. We can see also the 
non-negative property 


CAE BPea (7) 


for any hermitian operator ¥Y. Based 
upon the properties (6) and (7) of the 
operation L, we can now prove that the 
extremum of (3) is nothing but the 
maximum. Thus the formal feature of 
our principle is quite analogous to the 
Kohler-Sondheimer principle, although 
there are essentially remarkable differ- 
ences between them. It is possible to 
suggest the variation principles in our 
case in the same way as in the Kohler- 
Sondheimer principle. We suggest them 
here in the following forms : 


(1) (¥, L¥Y)=maximum, under the 
condition (¥, LY)=(¥, U). 

(Il) —(%, L¥)+2(%, U)=maximum. 

(du) (%, LY) (%, U)?=minimum. 


The maximum values in (I) and (II) 
give the transport coefficient o44 (con- 
ductivity) or the internal entropy pro- 
duction 9, and the minimum in (III) 
gives their reciprocals (resistance). If 
we take s=+0+iw(w real), we can 
make the same argument concerning the 
real and imaginary parts of (6). We 
shall soon write its detailed report in 
this journal. 

I should like to express my cordial 
thanks to Professors K. Tomita and T. 
Matsubara and other members of Rese- 


arch Institute for Fundamental Physics, 
Kyoto University, for their kind and 
helpful discussions. I also wish to ex- 
press my heartful thanks to Professor 
T. Matsubara who had advised me to 
visit his Institute. 
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In the previous note” we develop- 
ed a step further the variation principle 
in the theory of transport processes we 


had suggested before in this journal.” — 


We shall here make the same investig- 
ation on the problem of susceptibility 


or the relaxation phenomena. For the 


sake of definiteness we shall discuss the 
magnetic problem. 

As we have shown,” the magnetic 
susceptibility 7,, and also the increase 


of internal energy U, due to the ap- 


plication of magnetic field can be 
obtained respectively as the extremum 
values of functionals of state operators 
@* and @@, 
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UD? OD 0m UO, Cee) 
=Tr{O, [H, @]—iso™] 


EHO OS) Po O];, (1) 
where QO represents the operator 

M, for %,.(O, OD), 

QO= (1a) 

— 3) HLM, for Up(@™, 0). 

yeony.e (1b) 


Here the operator M, stands for the v- 
component (v=2z, y, z) of magnetiz 
ation per unit volume of the system 
and H, for the applied magnetic field. 
H and pc represent respectively the 
Hamiltonian and the equilibrium or 
grand canonical distribution of the 
system sin the absence of the external 
field. By making the substistution 

\ R® (E)OR® (E) dE, 


Gy 1 
en S77 2) ce 


1 
Cy 
D Ble, On 


we can rewrite the expression (1) as 
\ dE 


x Tr{[Pe, 9] (ROR —ROR™ ) 
+2[Pc, P| (RM OR™— RO OR) } 


oy 


es (P) or Uxn(P) oe Am 


= <- \ dte-* Tr{—|e, 9] 
xX (P(t) —9(—d)} 
+2[c, P]iQ(¢) —Q(—2)}}. (3) 
We now define the inner product of 
any two operators @ and V 
(¥, 0) =(@, ¥)=Tr(¥0) (A) 


and the operation 


KO=— | [ROR 
70 ee 


—~ ROR”, pel| dE. (5) 
Then we get 


1 
(, KO) = 4 | dbTs{[p0, #1 


x (RPOR™ — ROR?) }¥X (6) 


with regard to which we can easily 
prove the self-adjoint and non-negative 
properties, 


(@, KT) =(£,K0), (@, X®) >0 
mee) 
for any hermitian operators @ and Y. 


The expression (3) can now be rewrit- 
ten as 


%..(@) or Un(@)=—(@, XP) 
+2(@, X) (8) 


where X==)(Q. In the limit s>+0, the 
expression (8) or (3) takes the maximum 
value when the state operator is the 
solution or the Schrédinger equation of the 
system in the presence of the applied 
magnetic field. In the same way as in 
the previous note” we can express the 
variation principle in different forms, 


(1) (@, X®)=maximum under the 
* condition (0, X@) = (@, X), 
(II) —(@, X@)+2(@, X)=maximum, 

(Il) (@, XO) (®, X)?=minimum, 


where the maximum values in (I) and 
(II) are the susceptibility Z,, or the 
internal energy increase U, and the 
minimum values in (III) are their re- 
ciprocals. In the case s=+0+iw (w 
real), where the absorption and relax- 
ation phenomena appear, we have to 


"investigate sie jen and gid Paitive parts 
~ and consider the variation principle with 
een to these parts. The detailed re- 
- port will soon be published in this 
rae fected! 
I should like to express my sincere 
- thanks to Professor T. Matsubara who 
gave me the occasion to visit the Re- 
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of Kyoto University. 
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Formulas in the Fermi Theory of Beta Decay. II 
On the Beta Ray Angular Correlation 


Zyun-itiro MATUMOTO 


Department of Physics, Faculty of Science 
University of Tokyo, Tokyo 


(Received October 31, 1959) 


Our previous work on beta spectrum, which has taken into account the finite charge 
distribution of the nucleus and the screening effect, is extended to the beta ray angular cor- 
relation. Formulas are given for the allowed and the first forbidden beta-gamma angular 
correlations including polarization of the gamma ray, and the second forbidden beta-gamma 
directional correlation, where we assume the mixed interaction of vector and axial vector 
types (VA) and the non-conservation of parity in beta decay. Since these formulas for the 
allowed and the first forbidden transitions have already been given by Morita (M.) and 
Morita (R. S.) for the case of the point nuclear charge, we only rewrite them in this paper. 
If we use the effective radii theory again, our final formulas can be expressed in forms 
similar to the familiar expressions for light nuclei in the usual formulations. The deviations 
of the coefficients from the usual ones are graphically shown as functions of beta ray energies 
for Z=+10, +30, +50, +70 and Z=+90 (for f*-decay), and significant deviations are 
found for heavy nuclei except for the allowed transition. Those are especially significant 
for the non-unique first forbidden, and the unique first and second forbidden transitions 
(several ten percents for Z~90). One of the important results is that our theory is again 
insensitive to the nuclear charge distributions. 


§ 1. Introduction 


Since the discovery of non-conservation of parity in beta decay,” much experi- 
mental data on beta ray angular correlations, which include the measurement of the 
polarization of both gamma ray and nuclear spin, have been accumulated. As the 
results, the validity of the two-components theory of neutrino” and the universal 
Fermi interaction (V-A type”) are now decisive.” Furthermore, recent analyses” 
and experiments” show that the interaction Hamiltonian for beta decay is proba- 
bly invariant under time reversal,” and now most of the fundamental features of 
beta decay can be explained. 

On the other hand, there is another important problem, that is, the finiteness 
of the nuclear charge distribution in a nucleus has very serious effect? on the /- 
decay of heavy nuclei especially in forbidden transitions. Many authors have in- 
vestigated this effect with appropriate assumptions for charge distribution,” but 


most of their treatments require very laborious calculations. The accuracy of the 
result is, however, not so improved as one may expect, because of the uncertainties 


of the nuclear matrix elements and the associated approximations. 
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Yamada and the author” have obtained formulas for beta spectrum, which in- 
clude most of the important corrections in the theory of beta decay synthetically. 
The corrections are (1) the finite nuclear size effect in a narrow sense,” (2) the 
finite de Broglie wave length effect,” (3) the effect of the decay in the internal 
region of the nucleus” and (4) the screening effect of atomic electrons (though 
their values are not given explicitly). The result is expressed in a very practical 
form similar to those in Konopinski and Uhlenbeck’s low-Z approximations. The 
errors involved were investigated in detail and for almost all nuclei we can use 


the formulas within errors of several percent. One of the important characteristics 
of our theory is that our formulas do not depend explicitly on the nuclear charge 


distribution. 
The aim of this paper is to extend our previous work on beta spectrum to 


the case of beta-ray angular correlations. In their recent works Kotani and Ross” 
treated the finite nuclear size effect in a similar way to ours, and their treatment 
in their second paper on $-7 angular correlation corresponds to the content of the 
present paper. Many authors have already derived formulas for the allowed and for- 
bidden transitions,” but most expressions were given on the assumption that the 
nucleus can be treated as a point charge and with the associated approximations. 
We can see that the deviations from these simple formulas become considerably 
large for heavy nuclei, and, for instance, the coefficient of P;(cos@) terms is_re- 
duced about 50 percent in the case of Tm™ as was shown by Dolginov,” where 
@ is the angle between the beta and gamma rays and we took the same magnitudes 
of the nuclear matrix elements. The present analysis also shows the large deviations 
from their simplest formulas clearly, especially for the non-unique first forbidden transi- 
tions. In § 2 we investigate the asymptotic behaviour of the electron wave functions 
at infinity. We find that we can approximately describe the Coulomb phase shifts 
by those in the case of point nuclear charge, for the effect of the finite nuclear charge 
distribution of the nucleus to it is very small. In §3 we obtain formulas for the 
first forbidden beta transitions, by assuming VA interaction and non-conservation 
of parity. Formulas for the allowed and the second forbidden transitions are given 
in the Appendix. We follow the notation and formulation by Yamada and Morita,” 
and Morita and Morita” mainly. All the effects of the finite nuclear size and the 
screening are included in the. particle parameters, b%?,’s, and special attention is 
paid to the effect (3). The final formulas are expressed in the familiar forms 
similar to those for light nuclei of the usual theories (e.g., Ref. 14)), and some 
factors which represent the deviations from it are shown graphically in Figs. 1a—5c 
for $*-decay. It will be understood that the errors in the usual approximations, 
except that of the allowed transition, are quite large for heavy nuclei. Especially for 
the non-unique first forbidden transition and the unique first and second forbidden 
transitions the deviations amount to a factor 1/2 or so. One of the interesting features 
of our theory is again the insensitivity of the nuclear charge distribution. § 4 is 
prepared for persons not interested in the derivation of formulas but only in their 
application. Some concluding remarks are given in § 5. 
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§2. Asymptotic form of electron wave function at infinity 


In the theory of angular correlations, the effect of the finite charge distribution 
of the nucleus is included in modification of electron wave function inside the 
nucleus and of Coulomb phase shift of the electron at infinity. The former effect 
has already been given by Eqs. (13) and (14) of Ref. 10) for arbitrary spherical- 
ly symmetric charge distribution, and the large differences between the wave func- 
tions for the uniform and surface charge distributions and those for the point nuclear 
charge have been shown graphically in Figs. 3a—6b. 

Now we have to derive the asymptotic form of electron wave function at in- 
finity, by taking into account the finite nuclear size effect. The wave function 
outside the nucleus is expressed as a linear combination of the regular and irregular 
wave functions; f(r), 9% (r), f27(r) and g?"(r) 

Tin =—a{l+4, mie (+b lee @), . (4) 
re 
6G) ae td Cr) 19 (7) +8. eager) i . 
where 7 is distance between the electron and nuclear center and p is defined as 
it means that there is no charge at r>p, and f,(r) and g,(r) are the small and 


large components of the radial wave functions, respectively. The quantum number 
« is defined as follows; «=+(j+1/2) according to j=/+1/2, where j is the 


magnitude of total angular momentum and / is that of orbital angular momentum - 


of the large component. The radial wave functions are normalized so that there 
are R electrons in a large sphere of radius R. 4,(r) and 4,""(r) are correction 
terms due to the screening effect (see Eq. (7) of Ref. 10)) and if this effect can 
be safely omitted (i.e., except for the region of small beta-ray energies) we can 
put 4,=4,77=0.. The coefficients, a, and 6,, are easily obtained by connecting (1) 
with inner wave functions (Eq. (9) or (14) of Ref. 10)) smoothly at the boundary 
of the charge distribution and by using the normalization condition at infinity. 
Asymptotic forms of f7(7) and y2"(r) at infinity was derived by Rose as follows : 


fr? (ry == | WE sin(pr+4.), 
sag > Op (2) 
(ti Pek C8 wos ye cos(pr+4,), 


6,=—arg!'(7,+iaZW/p) Pirie, tet eZW/ bn apr 


etl-4n= — (k+iaZ/p)""/ (tet iaZW/p)™, 
em —i(k—iaZ/p)""/ (et iaZW/p)™”, (3) 


where W and p are the energy and momentum of electron in natural unit (A=c=1, 
and electron mass is equal to unity), and @ is the fine structure constant, Z the atomic 
number of the daughter nucleus, and 7,= (k?—@Z*)'". k= |x| is the positive integer. 
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arg /"(7,+iaZW/p) means the argument of complex gamma function. The ex- 
pression for e* was already used in the previous paper in the process of the 


derivation of the asymptotic expansions near the nucleus (Eq. (4) of Ref. 10)) 


from the original expression by Rose.” Since uncertainty of the signs in e'”* causes 


no trouble after all, we shall use the above choice hereafter. 
Asymptotic forms of f,”"(r) and g,’"(r) are similarly given as follows : 


rf ns a eee sin (pr+9,), 
pane (4) 


0,=—argl'(—7,+1aZW/p) ++ : 1n+aZW/p-\n2pr, 


et-b=—=71(k+1aZ/p)""/ Geta ZW /p)*’, 
e*= (k—iaZ/p)"/Ge—1aZW/p)™. (5) 


These functions correspond to Eq. (5) of Ref. 10). If we use (3) and (5), 
the asymptotic forms of (1) at infinity are written as 


rfdryz— | WT sinter ten, 


tect : T—>00 (6) 
rge(r) = / WEF cos(pr+t.). 
cnr sind, +H, sin d, 
: cos 0, +H, coso, 
Sai, (WA Qe ee fan (POs aU re ae) (7) * 


a,[1+4,(p)] Fe (O92 (0) —92 (FE (0)? 


* H, is written explicitly as follows (see Ref. 10) for details) : 


= kRWar, \W? E,F 
pS pees oe Tw Fi” a 
ey —V/ Fuatp)i e100) ( kWr, D,= ” 


D;* was given in Ref. 10), p. 298 and 


Uy a i 
Ex = opera Tule) + gf Etta ((prte | are Vintatn ) 


_ 20QkRW+1)0 
(2k+1) (2k—1) 


aZ aZ 
{ 1427p [ ce—1 V 2h (eb re) EO 


RATE f 
+ (2k+1) je (0 | arr Vora) ) 
0 


R+Yx (1) rds SIS = (2) 
+,/ Oh Kz (0) V 2k(R+ 7p)” 1K;,@ OF 


where I(r), Kz (r) and K;®(r) are some functions which depend on the nuclear charge distri- 
bution (i.e., potential V(7)). 
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where f,'"(r) and 9,°"(7) are the unnormalized inner wave functions of the electron: 
given in Eq. (2) of Ref. 10). Here the expression (7) is the same as that given 
by Dolginov.”” For the purpose of estimating the deviation of the phase shift ¢, 
from 0,, it is convenient to use the following equation, since, as we shall see in 


§ 3, the phase shifts are always included in a form of subtraction between two of 
them. 


tan(C,—Cor) 


_ sin(d,—4,,) +H, sin(6,—0,,) +H, sin(0,—0,,) + H, Hy sin (0,—9.) 
cos (d,— 0.1) + fag cos (6,— G5;) a5 Hg COS (6,—6,,) a= dd; 18) COs (OF203) 


The values of H, for Z=+90 (f*-decay), W=5 and k=1—4 are evaluated in 
Table I, where we assumed the uniform charge distribution and used p=1.2 10-" x A”® 
cm, and which indicates that the deviations of ¢,—¢,, from 0,—d0,, are usually 
quite negligible, except for «=+1. For example, for Z= +90 and W=5 the devi- 
ation of sin(¢_,—¢,)/sin(é_,—9,) from unity is about 0.3 percent and for 
cos (£,—€_2) /cos(0,—6_,) it is smaller than 0.1 percent. If time reversal invariance 
in beta decay is violated, such a term as cos(€_:—¢,) appears and cos(€_1—¢,)/ 
cos(O_;—4,) deviates about 20 percent from unity. For smaller Z and W, H, will 
decrease rapidly, since it is nearly proportional to @Z(pp)’. These facts lead 
to the conclusion in the next section, that if time reversal invariance is valid in 
beta decay, our theory is again very insensitive to the nuclear charge distribution. 


Table I. Mixing- ratios of irregular to regular wave functions of electron 

The values are evaluated for Z==+90 (@*-decay), W=5 and k(=|k|) =1—4, 
where we assume the uniform charge distribution inside the nucleus and use 
p=1.2A1/3X10-%cm (A: mass number). 


k 1 2 3 4 
B- Hoge 184X107 3.24 107° 555x107 | —5.67x10-M 
Hy |, —140 7 —2.23 4 8.7500 9% —3.81. 4 
| be | 
| | i, | 
gt Heese 2aGl ad Me) OO ho ge ta 5.96 4% 5.84 4% 
Hi | sae” de a 249. OTs a) 3.91 4% 
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§ 3. Formulas for the first forbidden beta-gamma angular correlations 


In the first subsection, we shall rewrite the formulas for the first forbidden 
beta-gamma angular correlations, taking into account the finite nuclear size effect 
and the screening effect. In this paper, we mainly follow the notations and formu- 
lations in the previous works by Yamada and the author, Yamada and Morita,” 


and Morita (M.) and Morita (R.S.)™ (abbreviated as (M, M) hereafter). As 


we already mentioned in § 2, the effects are mostly included only in the radial 
part of the electron wave function inside the nucleus and the Coulomb phase 


536 Z. Matumoto 


shift at infinity, where the latter effect is shown to be generally negligible, that is, 
6.—Cuv2O,—6,. Thus in the formulas given by (M, M) only particle parameters 
b%, must be rewritten with careful consideration on the finite nuclear size effect 
(especially the effect (3) in §1). 

The other important problem is the treatment of the phase shift, which always 
brings about some difficulties and cumbersome calculations into-the theory of angular 
correlations. For a point nuclear charge, simple expressions in a convenient form 
are derived with some approximations (e.g., Eqs. (36)—(52) of (M, M)), but their 
validity will be satisfactory only for light nuclei (less than Z~30 at most). How- 
ever, it is still a good approximation for the allowed transition. They are, of course, 
calculable up to the desired accuracy, so we expect an exact estimation to be made. 

In the following treatment, we shall show a method, by which the phase shift can 
be separated into two parts, and our final formulas can be given in a form which 
is very similar to those by Eqs. (36)—(52) of (M,M). The deviations in coeffi- 
cients are expressed by several multiplication factors, which are graphically shown 
in the figures. In the second subsection, further parametrization is performed and 
then a number of nuclear matrix elements are restricted to a few adjustable para- 
meters. Formulas for the allowed and second forbidden transitions are given in 
the Appendix. 


3A. Reformulation of angular correlation function 


The complete formulas for the first forbidden transition, including the non- 
conservation of parity and polarizations of related quantum and nuclei, are given 
by (M, M).” They are expressed by parameters 5%, defined in Eqs. (3) and (4) 
of Ref. 17), which include all radial wave functions and phase shifts of electron. 
If we use them, the angular correlation between beta rays and circularly polarized 
gamma rays was given in Eq. (3) of Ref. 14) as follows: 


OO, p: P—1) = DY} (1), WALL 5 nj) @ptD)™ 


x Pie 1) Eee pT (Falls) Cilla lta) Teaches gs 9) || X P,, (cos 4), 
(8) 
with 
Fle eg es) =F, (L’ Ljajs) 

= (21) 2a (27, F 1) 2L+)) Cle) 

X (LE 1—1\n0) Wi ja jel’ ; nja)s 
where @ is the angle between beta rays and circularly polarized gamma rays, and 
j, ji: and j, are spins of successive nuclear levels for the decay scheme, 7 (9) j: (7) js. 


L means the ranks of the gamma rays. 0 and 0’ are equal to 0(+1) for magnet- 
ic (electric) radiation, and p is +1(—1) for the left (right) circularly polarized 


a 


‘la via Balla ‘edie dalle 
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gamma rays. W(abcd;ef) and (j1:j.7ym.|jm) are the Racah and the Clebsch- 
Gordan coefficients. If we observe only the directions of the beta and gamma rays, 
only the terms involving P,,(cos @) with even » remain. 


Similarly, the beta-ray angular distribution from oriented nuclei is expressed 
as 


OO; 8) = 3} PaCj) (—D) HE" W GILL; nj) OW, Py (cos), Q) 
with 
FAQ) = 3) (-— DT" Gjm—m|n0)a,,, 


™ 


where @ is the angle between beta rays and nuclear orientation and m is the 
magnetic quantum number of 7. a, is the relative population of the initial 
magnetic substates. The correction factor for the first forbidden transition is simi- 
larly expressed as : 


C,(W) =b) — (1/3 ) bP + (1/5 ) bY. (10) 


(M, M) also gives the expressions for triple cascade transition. 


Here 5%, given by (M, M) must be rewritten in the following forms, if we 


take into account the finite nuclear size effects (especially the effect of the decay 
in the internal region of the nucleus). We here assume only VA _ interaction 
among SVTAP, and take the Hamiltonian density given by Eq. (15’) of Ref. 10), 
where, if G, is the coupling constant of parity conserving parts, G,/ is that of parity 
non-conserving parts, or vice versa. For f-decay, 


B® = (|G4l? + |Gi’|?)[(@?/9) Ly* (@-7, o-r) +My" (o-r, o-7) 
— (29/3) No* (o-r, 7-1) +Lo* (7s, 7s) +27{ (g/3) Lo* (o-T, 7s) 
—N,* (o-r, 7s) }], 

b® =2Re(G,* Gy! + G’* G,) [— (7/9) {A(o-r, r) +A.(r, o-1r)} 
+ (¢/3) {Nu(o-r, r) +Nu(r, o-r)} +m (o-r, r) 
+m (r, o-r)— (29/3) Lu(o-r, r) +2M(o-r, Fr) 
—i(g/3) {A(e-r, @) —A, (a, o-r)}+iNu(o-r, a) 
+1(9/3) {A (7s, 7) —A(r, 75) } +iNu(r, 7s) 
+ 2iDy (7s, 7) — {A 7s, &) —A(@, 7)} 
+21m(G,* Gy’ +Gy’* G,) [(@?/9) {Ai (o-r, r) — A! (Fr, o-1) 
— (q/3) (In(o-r, 7) —Iu(r, o-7)} — {mi (o-r, r) 
—m,'(r, o-r)} + (29/3) M2 (o-r, r) —2Ji2(o-T, 1) 
+i (9/3) (A! (o-r, &) +A) (a, o-r)} —iJIn (or, @) 
—i(q/3) {Ay (7s, 7) + Ai! (r, 75)} +iIn (7, 7s) 
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— 21H (7s, 7) + Ay (7s, &) —Ay' (@, 7s) J 
+4Re(G4* Gy’) [—7(¢°/9) {A(e-r, oXr) —A(o Xr, o-1)} 
+i(q/3) {Nu(o-r, oXr) +Nu(oXr, o-r)} —i{m(o-r, o Xr) 
—m(oXr, o-r)} —i(q/3)Lu(o-r, Xr) +iNy(o-r, 6 Xr) 
— (9/3) {A (7s, ¢ Xr) +A (e Xr, 75)} —Nu(o Xr, 7s) —Lu (7s, © Xr) J, 
bP =—V3 | (\Grl?+ Gr) L@/3) Let (7, 7) +211, 7) 
+ M,°* (r, r) + (29/3) No* (r, r) +Ly* (@, &) 
+1 (2q/3) {Lo* (r, @) —No* (r, @)} J+ (|Gal?+|Ga’|) 
X[(¢°/6) Ly* (o Xr, o Xr) + (2g/3) No* (6 Xr, o Xr) 
+41L,* (¢Xr, oXr)+M,'* (¢ Xr, ¢ Xr) | 
+2Re(G,* Gyt-G,/* Gy) [2L,* (7, o Xr) —iM)* (r, o Xr) 
—1(9q/3) {No* (r, Xr) —No* (@ Xr, r)} 
+ (q/3) Ly* (6 Xr, &) +Ny* (o Xr, @)]}, 
bP =/2 {4Re(G,* Gy’) [Ae(r, 7) — (q/3) Nur, r) —m(r, r) 
— (q/3) Li (r, r) +N (r, r) +4,(a, @) 
+i (9/3) {A,(r, @) — A, (a, r)} —iNy(r, @) +i, (a, r)] 
+2Re(Gy* Gy) [ (¢/6) A (o Xr, o Xr) +44,(6 Xr, o Xr) 
+ (29/3) Nu(o Xr, o Xr) —2m,(o Xr, o Xr) 
— (q/3) Ly (o Xr, o Xr) —Ny(o Xr, oXr)] 
+2Re(Gy* G+ G,/*G,)[ (q/3) {A (a, Xr) +4,(e Xr, a)} 
+Nnu(o Xr, @) — (1/2) Li. (a, o Xr) 
+i(q'/6) {A(r, ¢ Xr) —A,(o Xr, r)} 
—i(1/2) {A,(o Xr, r) —A,(r,  Xr)} —i(q/3) {Nu (o Xr, r) 
+Nu(r, oXr)} +24 (r, o Xr) —m,(e Xr, r)} 
+i(q/3)Lu(o Xr, r) —i(q/6) Lu (r, o Xr) +i(1/2) Na(r, o Xr) 
+iNy(o Xr, r)|+2Im(G,* Gy’ +G,/* G4) [— (¢/3) {A (a, o Xr) 
—A,! (6 Xr, @)}+JIn(o Xr, @) +4H,,(a, o Xr) 
—1i(q°/6) {A! (o Xr, r) +A, (r, oXr)}—i(1/2) {A!(e xr, r) 
+ Ay! (r, o Xr)} +2(9/3) {In (o Xr, r) +Ju(r, o Xr)} 
—i{m (o Xr, r) +m (r, « Xr)} +7(9/3) Hy (o Xr, r) 
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+i(q/6)H(r, o Xr) +iJis(o Xr, r) —i (1/2) Jar, Xr) ]}, 
bP =—V6 | (\G)|?+|Gy’!*)[(29/3) Lu, r) —Li* (r, r) 
—2Nn(r, r) —2ily, (a, r)|+ (|Gal?+|Gy’|’) 
X[(¢/3) Lu(o Xr, o Xr) — (1/4) L,* (@ Xr, o Xr) 
+Nu(oXr, oXr)|]+2Re(G,* G+ G* Gy’) [ (1/2) Lia (@, o Xr) 
+1(q/6)La(r, Xr) —1(9/3) Lz (o Xr, r) 
—i(1/2) L,* (r, oXr) —i(1/2) Na(r, o Xr) —iN»(o Xr, r) 
+2Im(Gp* G,+Gy'* Gy) [(1/2) Ha (a, o Xr) +2(9/6) Hn(r, o Xr) 
+i(q/3) Hy(oXr, r) —i(1/2) Jur, ¢ Xr) +iJu(o xr, r)]}, 
b= (1/16 ) (|Gal? +1Gy/ |?) [62Ln (7s, Bi) —2Lu(o-r, By) 
+6Np(o-r, By) |, 
bP =— (V5 /2V3) {2Re(G,* Gi +G,*G,)[— (4/3) (, Ba) 
+A, (Bi;, r)} — (3/5) {A (r, By) +4,(Biy, 7} 
—qL,(r, By) +3Nn(r, By) +3iLn (a, Bis) | 
+2Im(G,* Gi’ +G,’* G4) [(¢°/3) {Ai (7, Bis) — A (By, 5 
+ (3/5) {A,’ (r, By) —A,! (Bis, 7)} +¢Hn(r, Bis) 
—3Ja(r, By) —3iHa(a, B,;) | 
+2Re(G,* Gy) [—i(¢/3) {4.(e Xr, By) —A (By, oXr)} 
+1(3/5) {A,(o Xr, By) —A(By, «Xr)} 
+ 2ighy(o Xr, B;;) +6iNy(o Xr, Bi) | . 
bP = — (1/2) {2Re(G* Gut Gy* Gi!) [—gLarlr, Bis) -3L1" (r, Bu) 
43Ny(r, By) +3iLn(a@, Bi) ] 
+ 21m (G,* Ga +Gy’* Gu) [—dAn(r, By) +32 (7, Bis) 
43iHy (a, Bry) |+2(\Gal?+1Ga')) [iglaa(o Xr, Bis) 
448L,* (¢Xr, By) +3iNa(oXxr, By)]}, 
bY = (9/v/10) { -2Re(G,*G/+G,* Ga) [A(r, By) + (Bu, ¥) J 
421m (Gy* Ga +Gy'* Gy) [Ar (r, Bis) — Ar! (Bus, 7) 
+2iRe(Gy* Gy’) [A (o Xr, Bij) — 4A, (Bi, Xr) ] i 
LB =V/5 (|Gul?+ |G’) [(G7/12) Lot (By, Buy) + (8/4) L* (Bu, Bu) 
bD=—7/10 -2Re(G* Gy) [(G/12) Ai (Bi, Bis) + 9/20) An(By, Bu) I, 
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bg =— (877/42) (|GaP?+1Gi)Li* By, By), 
bY? = (9/1/10) 2Re(G4* Gy’) -A,(By;, By). (11) 
Here g is momentum of the neutrino, and Lj4(X, Y), Mii(X, Y) and 
N,-1(X, Y) have been defined in Ref. 10) (see Eq. (17) on p. 309), but we have 
used here the following definitions for nucleon operator {X as “the reduced 
matrix element”, a quantity similar to that denoted by Racah’s (|| |!) symbol or 
Yamada and Morita’s Yt symbol. 


Lia(X, Y)=@F(0)p)7| (mx) 2O_\"( (mv) 22) 


+(fmcx 2) (fm 4@ J]. 12) 
Mya(X, ¥) =F ()p)“| (fmex) L22).)* (ec) 2) 
{fac #2" (Jamon *2)] o5 


Nea(X, Y= er (op)| (mex) HO)" (fmy) 2 J 


-( [me 4) (fon £02)] ao 


Similarly, the other terms are defined as follows (if we use the notation of (M, M)): 


Linsi(X, Y) = (2F(p) p?) 7 


x | {men f \" (ja fn) COS (Ce — Cee) 


— (fmrcxy BEY" (fey) Saenle) ) cog .-t-a-n) | 
Ja Pe Oa) Oks OF (0) p”)** 


x| (fmcx) £2 \* ( MY) Fl) sin (C4 Coes) 


L Tei 


& (Jman eae (fm) set 2 AC, )sin(o—t-ern) | aie CLE | 


r 


Ny,er1(X, Y) = (2Fy(p) p?) 
«[ (men 22)" (Jno £2) oat 


oe (jmcx) soy (jm unt) | cos (C;—C-a+») | 


wy ere Pate (Ferry 
Wt " 
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Tinrr(X, Y) = (2Fo(p) p*) 
| (fmon L2@)"( [ancy 2 ) sina ten) 


4 (jm a)" (fmay tant 4 sin(—C-win) | 
Exp (X, Y)=(2Fo (0) p*)~™* 


x| (focxy 22-)" (farcry) L@? ) sin C—Cae) 


+(fmcxy 22 "(farcry Ger ) sin C2 Casn) | 


Hagel X, Y)=CRile)p) 
x| (jroo fel ee (| my) fe 20). -) cos (6, ery 


+(fmecx) 222))"(fmay Ge ne ) cos(¢-1—C-wsn) |. 
Nyx(X, Y) = (2Fo(p) p*)- [een fa oo)" ((ncv) 2) 


=(Janco 2)" (fea £20 J] snceamen 
PTC, Fs ES CAI) op 
«fn £09)" (fmon 2) 


+(froy 42 \*(fmcr) £42) boos (eat). 
Nexi(X, Y) = (2Fo() 2")? 
xf (me 2)" [mary Sen ) sina euen) 


— (fren 42) ((arc Bay 2D) sin(C—Cees | 
Jinvi(X, Y)=(2Fo CO an 
~ x{ (MED LC) "(nx 2 =) ) cos(¢4—C-ceen) 


— ( {aecx) 2-)"( fcr) St fas) \ cos (C4 —Cevs)- 
A(X, ¥) = eRe) (fm) LP)" 
x (fame) LEZ) sin a6), 
Te 


oA4l 


(16) 


(17) 


(18) 


(19) 
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A(X, ¥)=@Fa(e) 2) (fx) LAO 


\" (jay Ie | cos (C_4—C;x)- 
(20) 


m(X, Y) = (2F(¢) py (fmcxy) HO)" ( (ec) 42) sin 4-80), 


mi(X, Y)= AF (o) 6) (fmcxy He)" (fay ID) c08(6-1—£1). 
(21) 


In the derivation of (11)—(21), we have assumed that the strong interaction 
is invariant under time-reversal, i.e., this means that the nuclear matrix elements 
Mo Xr), M(a), Ms), Mr), W(e-r) and 2N(B,,;) must have the same phase’” 
except for the relative sign. If this assumption is violated, the following replace- 
ment €,—C,,2€.—Ce + is required for each pair of matrix elements, where @ is 
the relative sign between them. It causes serious complexity in our theory, because 
we may not estimate them in this case at the present stage. However, the validity 
of the time-reversal invariance is now very reliable. The second functions of Eqs. 
(11)-(21) appear when the time-reversal invariance for beta-interaction” is violat- 
ed, but now the validity of the invariance is also very reliable.” £,(7) and g,(7) 
are the inner wave functions of the electron, which have approximately been given 
by Eq. (14) of Ref. 10). If we replace here f_,(r)/r*, 9_-2(r)/r*"4, etc., by their 
values at r=p, they tend to Eqs. (21)—(34) and (36)—(52) of (M, M), where 
A,’ and m,! were cancelled out of the expressions. 

Here we shall evaluate Eqs. (27)—(37) more explicitly by introducing effec- 
tive nuclear radii defined in Eq. (21) of Ref. 10). Now the phase shift can be 
separated into two parts as 


O,— 91 =Ne— Quer + (2/2) (|!| — ||) +E e005 
Exe = —argl'(7,+1aZW/p) +argl (7p +iaZW/p) + (2/2) (72 —7e+|«| — |e’|), 
and, for example, cos(¢,—{¢,,) is separated as 
COS (Cx — Car) = COS {7e— Her + (2/2) (|e’| — ||) } [eos Ex, 2p 
— tan {pe ert /2) (|x| — ||) } sin Ex,x]. 


Here, using Eq. (3), we calculate only cos{7,—7,,— (2/2) (|«’|—|«|)} in an analy- 
tical form. €&, 4, is not so small except for light nuclei, and in fact for 290 oe. 
approaches to 7/3 for the low energy region. However, this treatment is still now 
performed for the later purpose. After the calculation, the first functions of Eqs. 
(15)—(21) are expressed in the following. 


ER AOC OS. =({mo no)” (J RCV) fear) ) VF) Fe) 


0 (?) 


Lert] (ebay) 22) 


ue yr i Le ee 
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Fy () 


aZ W = 
24 (X) Sunn pay tt 


(23) 


MeentX, Y)=((mxX) I(r)" (MC) hea) )VaO EO) 


Seer Pr ; | 
(2k) ! (2k+1)W 


BaOg y)=({meon@) [MO ba) LORE 


Aeayed 2 Pash eet, (24) 


Ny (X, Y)=—( MX) hr))" ({monr.@) pee [Se] 
x| por ty Od. | 


an 
EW 2X)? ae I (25) 


Nick, =—({mcxy 6) )(JMAD EAC 7) OY 


Caged 2 aime 1 ae 4 
Seca: ; : P| SUPE Pye | 
? (2k) ! E 2k+1 kR 20,(X) Xe, ner (2k+1)W Niet . 


yee (9) 
F(p) 


2k. R! PB ~ ? 
x 
| (2k) ! P 2W ke 8. 


ARs y)=(fmcx) i) (fm a) 


F,-1(0) 
Fy (p) 


nie aa fo : ( omen ( Sa 


W+1 al Ww-1 aZ p | 
+ —— aes (Oy 28 
EQR+1) 2p,(X) | F@R+1) 2pe(Y) (2k+1)’ ay 


m(X, ¥=—(fREhe)) (JRL) 


= 


The multiplication factors are defined as follows: 


Op, net Fier O bk+1> On, k+1— fay nx1— Giesa/ W} Jiew+1> 
Neti eed Chee 4, c+ 1 Je, k+19 
W 
a VAL Te + 1 Br Wot + = 
Linea=Dierdenat Te ( kje+1 pare) (Ge nei — Juke) ) 


2.= (1 + 4_;) (1 +4) ’ 
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where 


a# gi=F[A4+4_.) 1+ 4p41) (008 & 441 —tan (7-«— Qeir+7/2) sin Ey +1} 
+ (14-4, (14 dices) {008 &,441—tan (a—7-a+n +2/2) sin x41} |, 
#42 =F (14+ 4-4) 1+ 4 (041) {008 &e,241-+ C0t (4_2— 9-41, +2/2) SiN E,, 241} 
+ (1+4,) (1+ 4yi1) {008 &z,¢41+C0t (Ye— Yuri t+ 2/2) sin &,.1} 1; (30) 


i Bl +r, \\¥? (eas Bru 1/2 

giv {( ART )( ee )} i i( =) ( a )} oy 
I,(r)’s involved are defined in Eq. (3) of Ref. 10), and are nearly equal to unity. 
They are given in Figs. 3-6a.of Ref. 10) for the cases of uniform and surface 
charge distributions of the nucleus. p,(X) and p,(Y) are the “effective nuclear 
radii”, which were defined by Eq. (21) of Ref. 10) as the ratio of two nuclear 
matrix elements. They correspond to the ordinary nuclear radius ¢ appearing in 
the Konopinski-Uhlenbeck low-Z approximation, and depend on &, Z and also the 

‘types of the related nuclear matrix element. The deviations from p will be con- 
siderably large (order of ten percent for heavy nuclei). As we here assume the 


invariance under time reversal for strong interactions, we can treat them as real 
quantities. 

In the above treatment the expressions were given for $~-decay. In order to ~ 
obtain the corresponding b%%, for #*-decay the following substitution should be per- 


formed : 
Z>—Z, G,->G,*, G,’>—G,’*, G,>—-G,* and G,’>G,'*. 


Now if we compare the above formulas with those given by (M, M) or Yamada 
and Morita,” we can easily find a close correspondence between them. In fact, if 


we put O=op=%2=Aa=Me=1, Fe (0) /Fo(e) =1, Le (r) =1 and o,(X) =e (Y) 
=p, then the expressions (22)—(28) tend to Eqs. (40)—(47) of (M, M), eg., 


Ey enue eee Pg) [A 
Na Y= oer cet oat O (fmeonin)* 


x JMOL) —+ ( mexy)* (MAY), 


- where Ny is defined by Eq. (41) of (M,M). This approximation is the “low-Z 


approximation ”,"” and it is in fact correct for Z->0, but considerably wrong for heavy 
nuclei. 


Here we plot )/Fy_1()/Fo(e) as function of beta-ray energy, W, in Figs. 
la—c for k=2, 3 and 4, where the values of W are taken from 1.2 to 5.0 (mc) 
and the solid lines corresponds to Z= +10, +30, +50, +70 and +90 for §*-decay, 
respectively. We here used the assumption that the radius of nuclear charge 
distribution is given by p=1.2A"?x10~ cm, but it must be noted that they depend 
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V F, (0) /F(¢) 


1.0 


0.9 


0.8 


0.7 


0.6 


Fig. la. WV F,()/Fo(e) as function of beta 
ray energies, W, and atomic number, Z 


In Figs. la-c we estimate them from 
W=1.2 (mc?) to 5.0, and the solid curves 
express them for the nuclei with |Z|=10, 30, 
50, 70 and 90, respectively. Here we used 
the value p=1.2 Al/?xX10-8 cm. 


V F; (0) /Fo(0) 


vad 2 3 4 5 
Fig. 1c. WV F3(0)/Fo(o) 


V F, (0) /Fo(e) 


Fig. 1b. V Fy (0) /Fo(0) 


very sensitively on the choice of 
(oc pre Ft) : 
for §?-decay are shown in Figs. 2a-d, 
and 7, and %* in Figs. 3a-d, where 
we neglected the screening. For Z=0, 
they are equal to unity in all regions, 
but for heavy nuclei the deviations are 
considerably significant. As will be 
seen from (29)—(31), o« and % depend 
only on phase shifts of electron wave 
function at infinite distance (only on 
Z and W), and are independent of p. 
Thus they are calculable to a desired 
accuracy. We will discuss these effects 
in § 4, after getting some more infor- 
mation. We also give here oy; and o%, 
in Figs. 4a-d, which will be needed 
for the case of the second forbidden 
transition (see the Appendix). 

Now, if time reversal invariance is 
violated in the beta-decay interaction, 
further terms defined in the second 


Similarly, o,. and op 
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1 2S 4 5 ad 2 3 4 5 
Fig. 2a. o4. for B--decay Fig. 2b. o12 for B--decay 


The solid curves correspond to the nuclei with Z=10, 30, 50,70 and 
90, respectively. 


0.95 


0.85 


1 2 3 4 5 ~1¢ 2 3 4 5 
Fig. 2c. oy. for B+-decay Fig. 2d. oi for f*-decay 


The solid curves correspond to the nuclei with Z=—10,—30, —50, 
—70 and —90, respectively. 


equations of (15)—(21) will appear. 

They can be easily obtained in a more explicit form with the similar treatment, 
but the correspondence to (M, M)’s formula is not obvious. Furthermore, following 
the remarks towards the end of § 2, we must perform more careful estimation for 
the approximation, ¢,—¢,,20,—0,. As the validity of time reversal invariance 
is now very reliable by recent experimental information, we will not estimate their 
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1 2 3 4 5 if 2 3 4 5) 
Fig. 3a. x12 for B--decay Fig. 3b. 72+ for B--decay 
The solid curves correspond to the nuclei with Z=10, 30, 50, 70 and 90, 
respectively. 
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Fig. 3d. yt for p*-decay 
Yay ey, Say = 0 


Fig. 3c. x42 for B*-decay 
The solid curves correspond to the nuclei with 
and —90, respectively. 


n simple forms as the following, where we use the 


magnitude, but rewrite them 1 
functions inside the nucleus. 


explicit forms of the electron wave 
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3B. Further parametrization of bY?7, 
In this subsection, the parameters, b/?,, are parametrized by using the follow- 


ing parameters, which are independent of W and p. 
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The definitions of a,, « and uw? are slightly different from those of the earlier 
paper (Eq. (29) of Ref. 10)), and the parameters for the ek which involves the 


, primed coupling constants are 
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Each index of the parameters in (33) and (34) indicates magnitude of a (vector) 
sum of the momenta of the emitted electron and neutrino. If we use them and 


Eqs. (26)—(36), b%2,’s are expressed as follows: 
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Here it should be noted that y.” and 2 are always combined in a form 
2y"?—2z,, and the same situation holds for y’,"” and z’,, too. In order to show 


these relations explicitly, we use the following equations, Im (G,*G,’/ + GpG,’*) =0= 
lin (Ga G.f-- GG) or. im (tar ee ear, 2) Oe 


§ 4. Summary 


This section is prepared for persons not interested in the derivation of the 
formulas but only in their application. 

For #-ray angular correlation we must consider not only the behavior of wave 
functions of electron inside the nucleus, but also the Coulomb phase shifts at 
infinity. The radial wave functions of the electron have already been obtained 
in Eq. (14) of Ref. 10) by Yamada and the author, taking into account the finite 
nuclear size and the screening effects. For their explanations, refer to § 4 of Ref. 
10). The corresponding expressions for their asymptotic forms at infinity have 
been given in Eq. (6) of § 2 of this paper, where f,(7) and g,(7) are small and large 
components in the non-relativistic limit, respectively, and are normalized so that 
there are R electrons in a large sphere of radius R. The conventional notation 
and units are used as far as possible. The phase shifts, £,, were obtained in Eq. 
(7) as function of the phase shifts of the regular and irregular wave functions, 
(i.e., 6, and d,, respectively) and H,. H, represents the degree of mixture of the 
irregular wave function to the regular one, and gives the measure for the deviation 
of ¢, from 0,. It has been shown for |«|=1—4 and for f$*-decay in Table I, 
where we assumed the uniform charge distribution of the nucleus. They are general- 
ly quite small and in actual cases we can safely use the approximation, ¢,~0,, for 
the terms remaining when time reversal invariance is valid in_beta-interaction. 
Therefore, if it is the case, our theory is again insensitive to the nuclear charge 
distributions as far as we treat the nuclear matrix elements as adjustable parameters. 

In §3, we derived the formulas of @-ray angular correlation for the first forbidden 
transitions. Using the expressions of Ref. 14), we have given in Eq. (8) the formulas 
for the angular correlation between the beta rays and circularly polarized gamma rays. 
If we observe only their direction the terms involving P,,(cos 7) with even 7 remain. 
Similarly, the beta-ray angular distribution from oriented nuclei and the beta spectrum 
have been given in Eq. (9) and Eq. (10), respectively. When we took into account 
the finite size of the nucleus (especially the effect (3) in §1) and the screening, 
the particle parameters 6{'2,’s were expressed in (11) for VA interaction by using 
combinations of electron wave functions and phase shifts as Eqs. (12)-(21). X and Y 
represent arbitrary nucleon operators, and W(X) and YN(Y) represent the “ reduced 
nuclear matrix elements”? by Yamada and Morita“ or those denoted by Racah’s 
(|| |) symbol. For the Coulomb phase shift we have usually used the following 
two approximations: One is €,—€,,220,—0,, which is permitted by the discussion 
in § 2, and another is the “low-Z approximation ” which is valid for light nuclei 


ey 
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(ex. Eqs. (36)-(52) of Ref.14)). The “low-Z approximation”? has been required 
for the reason that one has scarcely been able to make an analytical simplification 
of the final expressions owing to the difficulty of the exact treatment of the Coulomb 
phase shift. Thus we have separated the phase shift into two parts; One is the 
part which is calculable in analytical forms and another is the remaining one. The 
latter part is usually less than the former part, but not always so especially for 
heavy nuclei. By making the simplification of the former part of the phase shift 
and using the explicit forms of electron wave functions (Eq. (14) of Ref. 10)), we 
could arrange the first equations of (15)—(21) in forms of Eqs. (22)—(28), which 
had the obvious correspondence to those in the usual theories. I,(7) is an energy 
independent function shown in Figs. 3a—6d for a few particular cases in Ref. 10). 
I,(r) is not much different from unity and [,(r)—1 for Z->0. p(X) is the 
“effective nuclear radius” defined by Eq. (21) of Ref. 10), and Az, px, and vg are 
the factors defined in Eq. (19) of Ref. 10) which are nearly equal to unity when 
we omit the screening effect. o's, 7’s and 2’s have been defined in Eqs. (29)-(31), 
where 4, is the screening correction term (4,=0 without screening). Those multipli- 
cation factors depend only on W and Z, but do not depend on p and the nuclear charge 
distribution. If we put o,=op=%.=%j=2=1, iF i.(p) /Fo(e) =1, 4.0) ST and 
Px X) =0,( Y) =p, then the expressions (22)-(28) tend to Eqs. (40)—(47) of Ref. 14). 
o’s and 7’s have been shown in Figs. 2a—4d for Z= +10, +30, +50, +70 and +90 
(for $*-decay) as function of W, and for heavy nuclei considerably large deviations 
from unity have been found. It means that the approximation for the phase shift 
in the usual theories is quite wrong for heavy nuclei. Similarly, we obtained in 
Eqs. (22a)—(28a) the expressions for the terms which should vanish when time 
reversal invariance is valid in beta decay. o’’s 7”s and &’s have been given in Eqs. 
(29a)—(31a) and (32), but we did not estimate them, because the validity of time 
reversal invariance is now reliable. 


In § 3B the particle parameters b%},’s have finally been represented in Eqs. 
(35)—(41) by the parameters 2’s, y’s, z’s and w’s defined in (33) and (34). The 
ax’s et al. in our theories are adjustable parameters, which include the nuclear 
matrix elements. 

The explanation for them has already been given in p. 319 of Ref. 10), though 
their definition is slightly different from those of Ref. 10). If time-reversal invariance 
is valid in beta decay, all the primed parameters vanish in Eqs. (35)—(41). See 
the following section (§ 5) for more detailed discussions of the results. The formulas 
for the allowed and the second forbidden transitions are given in the Appendix. 


§ 5. Concluding remarks 


The expressions in the previous section and the Appendix give us information 


on the magnitude of the deviations from those with the usual low-Z approximation. 


Those are evaluated by the quantities (multiplication factor) Fx_1(9)/Fo(p), 2; 
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unique first forbidden beta-gamma directional correlation. We show )/F, (7) /Fo() °%2 
in Fig. 5a. As is seen from the figure, the angular dependent coefficient, b¢?,, 
which is the coefficient of P,(cos #) term, decreases to about 70 percent for Z7=70 
and, moreover, about 50 percent for Z=90 by the factor 1/F,(”)/Fy(~) “% the 
main terms (linear in x), while the angular independent term, 677,, changes little. 
For the $*-decay the situation is less significant, but bY7, decreases about 80 percent 


VF, (0) [Fo (0) *F12 


1 2 3 4 5 1 2 3 4 5 
Fig. 5a. VF, (0)/Fo(0) -o1 Fig. 5b. VF, (0)/Fo(0) -x2 
for *-decay for B*-decay 

In Figs. 5a-c, the solid curves (VF, (0) F, (0) /Fo(0)) +423 
correspond to the nuclei with 1.0 


Z=10, 30, 50, 70 and 90 (for 
B--decay), and the dashed 
curves correspond to the nuclei \ 
with Z=—10, —30, —50, —70 0.8 Fy = 
and —90 (for. $+-decay), re- 
spectively. 
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Fig. 5c. (WF, (0) F2(0)/Fo(0)) +093 
for Bt-decay 
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for Z=—70 and about 70 percent for Z=—90. The deviation is about five per- 
cent even for Z=30 or smaller nuclei. When we observe polarization we must 
investigate bf, with odd n. In this case the deviation is comparatively small, be- 


‘cause the main term which is proportional to 2? depends only on 2,. The next terms 


linear in x depend on both 2, and ,/F, (0) /F, (0) -%, and F,(e)/Fo(e) 2, deviates 
significantly for heavy nuclei. This is shown in Fig. 5b. For the allowed transi- 
tion there is no question, because they depend only on 4,* and 2,. But for the 
unique first forbidden transition, 6S) and 0{ change considerably by factor 
F,(¢) /Fo(@), while 5% is less than those. 

For the non-unique second forbidden beta-gamma directional correlation, the 
main term in b£}, depends only on /,*, thus the situation is not so significant as to 
the non-unique first forbidden transition. But the next term depends on 4,*, 2,*, 
V F,(e)/Fy(p) em and G/F, (p)F,(p) /Fo(p))o- G/F, (p) Fa(p) /Fo(p)) 28. is 
shown in Fig. 5c and large deviations are found. The coefficient of P,(cos @) 
term deviates significantly by this factor. Thus, we must not neglect these 
large deviations, and these quantities are calculable to the desired accuracy. Ac- 
curate tables for them are very desirable. Here we must be careful to treat the 
p-dependence. If we take these effects into account thoroughly, the error involved 
in our theory becomes equal to that for the case of beta spectrum in our previous 
paper.” In conclusion, we wish to emphasize here again that more careful treat- 
ment is needed for the theory of the $-ray angular correlation, and in addition the 
difference in the charge distribution of the nucleus is not so effective when we use 
the nuclear matrix element as adjustable parameters and the time reversal invariance 
is valid in beta-decay. 

For electron-neutrino angular correlation the same conclusion holds in the allow- 
ed and first forbidden transitions. 

The author is very grateful to Dr. M. Yamada who suggested me of this prob- 
lem and gave many helpful discussions and encouragement. The author is also 
indebted to Drs. M. Morita, R. S. Morita, J. Fujita, T. Kotani and M. Ross for 
helpful discussions and correspondences. The author is indebted to the Yomiuri- 


Yukawa Fellowship for the financial aid. 


Appendix 
b%, for allowed and second forbidden transitions in the VA interaction 
Following the procedure in § 3, we here give the particle parameters b¥?,, 
after the parametrization for the allowed and second forbidden transitions. For 
the latter transition only the expressions in the case of directional correlation 
(i.e., 6%, with even m) are derived, because the experiments which measure the 
polarization are probably not available for such a transition at the present stage. 


rn 
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For allowed transition 
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For the second forbidden transition 
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In the above expressions, we omitted for brevity the factor IG.) M(T) [,(r) |? which 


might be multiplied in each b%},, and also the terms which involve the primed 
parameters. 

In order to include the latter, we have only to add the parameters with the 
primed coupling constants to those with the non-primed coupling constants. The 
correction factor of $-spectrum for the second forbidden transition is 


ClWw y= — (1/ V ‘5 oe = EU TAR ) >, 
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Dependences of the results of the first Born approximation on the choice of the approximate 
wave functions of helium are examined in collision processes of electron with helium. So 
far the wave function 

¥ ~exp{ — (27/16ap) (7) +7) $ 
has been used almost exclusively as the analytical wave function of the ground state of 
helium. In this paper 


Y~exp{— (¢/a9) 4 — (¢//a0) 72} + expt — (¢//a0) 1 — (E/ 40) 72} 
is used, It is found that the theoretical results are quite sensitive to the values of the 


parameters ¢ and ¢’ and with suitable choices of ¢ and ¢’ we obtain considerable improvements 
within the first Born approximation. 


§ 1. Introduction 


The first approximation in Born’s theory of collisions is worked out for the 
elastic scattering of electron by helium and for the excitation of the 2'P ‘state of 
helium from the ground 1'S state by electron impact. Our main concern is to ex- 
amine the dependence of the results on the approximate wave functions of the 
ground state of helium. It seems that so far the following function has been used 
almost exclusively as the analytical wave function : 


Po(r1, Te) = (|r) )(Elr2) ee) 
where 
$(Elr.) = (C/ tag exp, — (C/a) r;} > 
(1) C=277 16-1 6815, 


This function, hereafter called the function (I), gives the value Ey= —2.8477 a.u. 


as the ground state energy. In this paper we employ the so-called open-shell- 
type wave function : 


Po(r1, 2) =(N/V2) {h(Clr) o (C'|re) + (C/lra) (Cle) } (2) 
where 


-* On leave from Kyushu University, Fukuoka, Japan. 
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ed erly) 3 j—-1/2 
N=|1 de 64 (CC | 
pe AC aes 
is the normalization factor. The function (2) includes the function (1) as a special 


case with ¢=¢’. We choose two sets of the parameters ¢ and ¢’.. The first choice is 


(II) ¢=1.19, ¢/=2.184. 


The function (2) with these parameter values will be called the function (II). 
According to Taylor and Parr,” this choice gives the best value of the ground state 
energy E,=—2.8756 a.u. under the functional form (2). The second choice is 


qm) ¢=1, 


ee 


- 


The function with these parameter values, called the function (II), is design- 
ed specially for the present purpose. ¢=1 means that the screening of the nuclear 
Coulomb field by the inner electron is supposed to be complete for the outer electron 
and the wave function (III) has longer tail than (I) or (II). The choice of 
¢/=2.1 for the inner electron comes from the fact that |Z,(¢=1, C= 271) 
Se, (C=C’=1.6875) |>1E,(C=1, C’=2)|.. In fact, the function (III) gives the 
energy value E,=—2.8554 au. which is definitely better than that of Gps 
—2.8477 a.u. 

The differential cross section for the elastic scattering of fast electron by helium 
is treated in § 2. For smaller angles serious discrepancies are found between the 
experiment and the result of the first Born approximation based on the function 
(1). Massey and Mohr” ascribed the discrepancies to the neglect of the polari- 
zation effect of helium in the first Born approximation. In fact, they obtained ex- 
cellent agreement between theory and experiment by working out the second Born 
approximation for this problem. Their interpretation is believed to be essentially 
correct but we shall show that by using the functions (IJ) and (III) we can 
obtain considerable improvements even within the first Born approximation. Then 
it will be recognized that the discrepancies are partly due to the poorness_ of 
function (I) as the ground state wave function of helium. 

In $3, we discuss the energy dependence of the total cross section of the ex- 
citation of the 1'S-2'P transition in helium. Rothenstein” attempted to improve 
the result of the first Born approximation based on the function (I) by extending 
the method used by Massey and Mohr (above) to calculate the second Born ap- 
proximation for the excitation cross section. The method requires tedious and lengthy 
calculations and is not applicable at energies close to the threshold. Again here, 
we shall show that we can obtain qualitatively the same improvement by replacing 
the function (1)with (II) or (II) within the first Born approximation. 


§2. Elastic scattering of fast electron by helium 


The differential cross section [(4)dw for an elastic collision of an electron of 
velocity v with a spherically symmetrical field of force of potential V(r) is given 
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within the range of validity of Born’s first approximation by 


Rais {er Vir)rdr| do, —K=2Gn0/A)sm G2). 


I(@)do= —\— 


0 


If V(r,, r,---,1r,) is the wave function of the atom (atomic number z), we have 


vin=—e | ( z ras Ss = ) Ps) Pdevede. (4) 


In our present case z=2 and %(r,,r.) in (2) is to be inserted to the above 
formula. A straightforward calculation yields that 


e 3 ]-1 / ge 
Viry=—e[1+ 64 (£6) | {ep ecttier 


geneg es ? A 
4+(L 4) eer y 19g CO (24 SEE) eeruaorl 6) 
ie a (€+¢')§ r 2a, 


Then J(@) can be calculated to be 
64 (6¢')? F "7 2(2¢)?+ (a, K)? 
I(0) = (4as)|1 +e | SAS ES 
SL CECA: LLCO (aay F 
2(26’)? + (aK)? +198 CoD en ZAC GO hago i 
{ (26)? + (ao) *}? CPO Cae ander 
As is seen in the above formula, J(#) remains finite at 9=0 in the first Born 
approximation : 


1(0) = (4aa*)| 14 ae) | Pian 


AS ia Cae BR ogee 


(6) 


256 (¢t’)* | 


; 7 
feral), c 


Then we find that 


Tn (0) /L,(0) =1.376, Inn (0) /Z;(0) =2.317. 


Table I. The scattered intensity 7(@) forsan electron of incident energy 
100 ev in units of zaj? 


0 () ¢=¢/=1.6875 (Il) ¢=1.19 ¢/=2.184 | (Il) ¢=1.0 ¢’/=21 
0° | 0.157 | 0.216 » | 0.364 

10° | 0.148 0.200 . 0.325 

20° 0.126 | 0.159 | 0.238 

30° 0.0979 0.115 | 0.158 

60° 0.0375 0.0384 0.0442 

90° 0.0154 0.0153 0.0164 

120° 0.00818 0.00805 0.00842 

150° 0.00565 0.00556 0.00576 

180° | 0.00501 | 0.00493 0.00509 

a 
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Here J;, In and Itn correspond to the cases (I) ¢=¢/=27/16, (II) C=1.19, ¢/=2.184 
and (III) ¢=1.0, ¢’=2.1 respectively. These ratios are, of course, independent of 
energy. We see that the cross section for smaller angle is quite sensitive to the 
choice of the values of €¢ and ¢’. If we make reference to Fig. 22 of the text of Mott 
and Massey,” we recognize that the above ratio, 1.376 or 2.317, means a consider- 
able improvement for smaller angles and thus the first Born approximation seems 
to aquire wider validity than hitherto supposed. In Table I the calculated values 
over the whole angles are shown for 100ev electron. Large angle cross sections 
are insensitive to the choice of ¢ and @’. 


§ 3. L'S-2'P transition in helium by electron impact 


Let us consider an inelastic collision of an electron with a normal helium 
atom in which the atom is raised from the ground state 1'S of energy E, to the 
2'P excited state with energy E,. According to the first Born approximation the 
differential cross section is given by” : 


In (K) dK= (82m? e!/N' he?) (dK/K°) |&n(K) |, (8) 
En (K) = \ Po (ri, r>) (eure) v* (1, T:) dt dt, (9) 
K°=k, +k’ —2k) ki cosa, (10) 


where k,fi and k,fi are respectively the initial and final momentum vectors of the 
colliding electron and a is the scattering angle between ky and k,. The conser- 
vation of energy requires that 


(h?/2m) (ko — ky’) =E,— Eo. (11) 
In our present treatment the wave functions are 
P(r, 12) = (N/V2){P Clr) PC lr) +O Clr) $ (Clr) } (2) 


r:)$ (|r) } (12) 


Per, rs) = (1/V2 lrg in) +7 
where 
f (d|r;) ae (0°/may’) 1/2 4-(8/a) r¢ ; 


g(r|ri) = (77/327a,°)*” r; cos O,e° 0, 


We take that 0=2.003 and 7=0.965 according to the variational calculation of 
Eckart® and-the function “,(r, r2) gives Hi=—2.1224 a.u. With these functions 


we can obtain the analytical expression of In (K) without difficulty. Then the cor- — 


responding total cross section is given by 


Emax 
Qn= \ In (K) dK, (13) 


Amin 


where 


¥ 


Mat Leu € o 


as Pee 
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Koni Rb es Krone = ho Ri. (14) 


The explicit expression is 


eels — i . 
Qn =128 (na?) | 1+ 64(CC) | in 
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Po eee Hee 


o°® 


laa [H (x!) —H(«)}} |. (15) 


Here 
S(C, 0) = | $ (Clr) ¢ (lr) de=8 (C0) *?/(C+0)*, 


=C+ (7/2), 0 =¢' + (7/2), 


—] i iL AL il 1 
G(x) =log = te det sie 
oe x i. x E; Re et 30° Ax* ‘ 5x? 


Eee ee eee 
ey 


> 
x 22° 


{vs =1+ (1/0) (Ro + ky)" ay’, 2, = 1 (io) (Ro t+k1)* ao’, 

lz_=14+ (1/0) (—k)tae,  lxt=14 C/o”) (&—k,)2 a2. 
As in the preceding section we have examined the three cases, (1) C=('=27/16, 
CI) €=1.19, ¢’=2.184 and (III) €=1.0, ¢’=2.1. Numerical values of total cross 
sections given by the above formula (15) for three cases are included in Table II while 


in Fig.l the variations of the cross sections with electron energy are illustrated. 
It should be noticed that in Fig. 1 the curves (ID) and (III) are adjusted so that 


ee  Aasthe ib) Me (far 4k 
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three curves coincide at the electron energy of 300ev, in order to make it easy to 
compare these curves with other theoretical and experimental ones. Fig. 1 is to 
be compared with Figure 4 of Rothenstein’s paper® and we see that the “ shape” 
of the excitation function is changed to favorable direction by replacing the func- 
tion (I) with (II) or (III) which is better than (1), at least, from the energetic 
point of view. According to Rothenstein, the second Born approximation introduces 
the correction which “ reduces”’ the intensity of the small angle inelastic scatter- 
ing and the total inelastic cross section. In our calculations the replacement of the 
fuction (I) with (II) or (III) gives rise to marked increases of cross sections as 
is seen in Table II. 


0.15 


Qu X0.576 


0.10 
On 0.328 


Total Cross Section (units of 7a‘) 


0.05 
50 100 200 300 


Electron Energy (ev) 


Fig. 1. Total cross sections for 11S-21P excitation of helium 
Scales have been adjusted so that the three curves agree at 
the electron energy of 300 ev. 


Table II. Total cross sections for 11S-21P excitation of helium by electron 
impact in units of zap’ 


Dee aed | (Il) ¢=¢/=1.6875 (I) ¢=1.19 ¢/=2.184 (UD ¢=1.0 ¢/=2.1 
| | 
25 0.106 | 0.117 | 0.173 
50 | 0.141 0.214 0,327 
75 0.127 | 0.196 0.324 
100 | 0.112 0.180 | 0.305 
200 | 0.0767 | 0.130 0.226 
300 | 0.0592 | 0.103 | 0.180 
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§ 4. Conclusion ‘ 

. 

It has been shown that the results of the first Born approximation for the 3 


electron scattering processes by helium are rather sensitive to the form of the ap- 
proximate wave function for the ground state of helium. For example, the func- 
tions (I) and (III) are not very different energetically but yield significantly diver- 
gent results for the collision cross sections. Probably the collision cross section 
would be much more sensitive to the details of the approximate charge distribution 
of the ground state of helium than the ground state energy. Tentatively we have 
calculated the diamagnetic susceptibility of helium which gives a measure of the 
shape of the wave functions. The result is that the functions (I), (II) and (III) 
give —1.67X10-°, —1.96x10-° and —2.54x10~°, respectively, while the experi- 
mental value is —1.9X10~° in units of erg per gauss per mole. This implies that 
the electron cloud described by the function (1) is contracted too tightly and on 
the other hand the function (III) has a too loosely extended tail. 
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On High Energy Limit of Fermion-Fermion Interaction 
Tetz YOSHIMURA 


Yokohama, Japan* 
(Received November 5, 1959) 
It is investigated what asymptotic behaviour of the vertex part of the fermion-fermion 
interaction is compatible with Lehmann’s spectral representation for the one-body propagator. 


In contrast to the results of Abrikosoy et al., it is shown that no term may be neglected in 
the equation for the vertex part. 


§ 1. Introduction 


Last year Abrikosov et al.” have proposed an asymptotic theory of the fermion- 


fermion interaction by applying the asymptotic theory of Landau et al.” developed — 


for the cases of the interactions of the first kind. They adopted a system of ap- 
proximate integral equations for the one-body propagator and the vertex part col- 
lecting terms which might give the main contributions, and estimated these quanti- 
ties using a cut-off technique. The fundamental assumption on which the asymptotic 
theory of Landau et al. is based is that the so-called first approximations of the 
one-body propagator and the vertex part are well determined by solving a system of 
finite number of integral equations. This assumption is inherited by the theory of 
fermion-fermion interaction of Abrikosov et al. Even in the cases of interactions of 
the first kind it is doubtful that the sums over all terms in the perturbation expansion 
are logarithmic, though each term is logarithmic.’ In the case of the fermion-fermion 
interaction, straightforward application of the perturbation theory gives the so-called 
unrenormalizable divergences, then it is meaningless to collect several classes of dia- 
grams in conformity to the perturbation theoretical estimations. 

Our purpose is to show that solution of the equation for J’ proposed by 
Abrikosov et al. and of any system of finite number of approximate integral 
equations does not have asymptotic behaviour required by the spectral condition of 
Lehmann” with use of Schwinger’s” theory of Green functions without cut-off. 


§2. Derivation of equations 


In order to avoid unnecessary complications, we consider the self interactions 
of a fermion field and take the following Lagrangean density : 


* Present address: 51H Yaguchidai, Naka-ku, Yokohama, Japan 


Saydl T. Yoshimura 
L(e)=- 1 [Be, (r.2-+m) o@ ]+ 1 | ( O7,-mI@), 9 | 


yng Sx [P(x), O.4(x)][P(a2), O:¢(x)] 


++ ($2), 72) 14+, ¥@I, | (1) 


where 7 and 7 are fictitious fermion sources. Applying Schwinger’s procedure of 
defining the Green function, we obtain the following functional differential equation : 


a) o =. 
: Old 0><O\¢ 0 
Ee 10106) 5-5 Cay + OPC=IIO O14 (2) 10) 
O O ee Se 
e920) go = 0\¢ (2) | |e, t! 9) =O =z). 
(2) 


In the theory of Green function, G or 0°G/0707|,-7-0 should be given as boundary 
condition (but not sufficient) for the functional differential equation if pertur- 
bation theory is avoided, and we can introduce constants with dimension of length 
as parameters on which G and 0’G/0707\,-;-. depend. Then the dimensional 
analysis is not applicable. In this note we shall consider boundary conditions 
different from either that corresponding to the perturbation theory or the so-called 
asymptotic condition. 

We define the one-body propagator and the vertex parts: 


G(z— 2’) =G(x, a’; 0,0), (3) 


ONC ok Ly) = | day doy ax: a2nJG (Baa )G ian 


OGG ts 7) Col lgtes ly gee a : 
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O7 (x3/) 07 (xe!) G (ei 2): (5) 


H=H=0 


In the momentum representation we can write the integral equations for G 


and I’ as following: 
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M= 339.40.) daGWO.+8,[0.|G@ aa] Ou, (8) 
P= 339.0;O0,+1N+0+T.. (9) 


1s 


c 


Fig. 1. Definitions of T,, 7% and I, in Eq. (9) 


The equation for /” is illustrated graphically. Yt is a divergent constant which 


canbe removed by mass renormalization, and an analogous term does*not appear 
in the cases of interactions among different fields. 


§ 3. Asymptotic hehaviours of the vertex part 


In order that G can be represented in the spectral form of Lehmann 


— { rp Pr (©) + Pa (2) \ 
Ge) = \4¢ | (10) 
3*(p) may not increase more rapidly than izp(lg(|p?/m?|) "(n< co) for |p*|> 0. 

Now we consider what boundary condition should be adopted. 

At first, we limit ourselves to considerations of cases of non-oscillating asympto- 
tic forms. 


\ 


In order that G has spectral representation and no divergent constant appears 
in Eq. (9), at first sight it is reasonable to choose boundary condition /” which has 
asymptotic behaviour 


De T. Yoshimura 
I'( pi po > P35 Pit po— ps) =esbes |p:P;|)~).- (11) 
Now (11) should be understood to mean that the lower bound of a, for which 
P'(pi, pos Ps p)/(Salpebal)*< 0 (pi=pitpr—pfs) (12) 


takes place independently of ratios among p;,p,’s, is —2. If /’ involves logarithmic 
factor, a set of a satisfying (12) is an open set. In such a case we adopt the lower 


bound of the closure of the set. 
It should be noticed that (11) is not a necessary condition. Other possibilities 


shall be considered afterwards. 
Substituting (11) into (9), we obtain 


P.~O(S1p;p5)) 7), (13) 
P,~ O(( 33 |p:bs)))- (14) 
Then for validity of (11), the lowest order term of (9), Sig,O;-O; must be cancel- 


led by. other terms of the right-hand side of the equation in the limit |p,;p,;|—> 00, 
then we obtain following conditions : 


Sm | dade O.Gq) GG.+4—P) 0G) 
x & (dh; q2> pe 3 P3> Ps Rah) eS 9:0;-0O,-—Ta, (15) 


= (pi, Pas Psi Pas Ps» Ps) ~OCC SPs) )), (16) 
therefore the last term of the right-hand side of (9) may not be ignored. In the 


equation for = (Fig. 2) the last term (Fig. 2, e) must cancel the second term 
(Fig. 2, b), so that it may not be neglected. 
If we adopt boundary condition /’ such as to have an asymptotic form, for 


example, 
EOC Supe = OCS pepe os (17) 


and require that the leading terms in 3* contributed from the first and the second 
terms of (17) cancel each other in the limit of |p?|->00, the spectral condition for 
G may be valid. Substituting (17) into (9) we obtain 


[~~ OLS Pepi ees (18) 
[inp OU CS epi a ate (19) 


In the case of 1<a@<2, the condition (15) is modified, but (16) remains valid, 
then the circumstances are not changed essentially. Substituting (16) and (17) 
into the equation for =, we see that the contributions of terms corresponding to 
Fig. 2, a, b, c and d are O((3}|pipj|)°**), OCS Pid) 7°”), OCS p.hy|) 92-82) 


and O((>}|p.p;|)~°/-*), respectively ; then these contributions must be cancelled 
by the last term. 


<9 ne wa op 
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Fig. 2. Graphical illustration of the equation for = 
Directions of the lines are not distinguished for brevity. 


In the case of a=1, I, and I’, become O(1), accordingly >1g,O;-O; may be 
cancelled by /",+/,. But the circumstances about the equation for = are similar to 
the case of 1<a@<2, and also in the case of a<1. 

Continuing such considerations, we conclude that it is not reasonable to con- 
sider a finite number of equations, namely to assume =, (pi, --, Pn+2s Pr's “11> Pass’) 
with > being negligible, where 


1 "> 


Nery 
£,=Gt—— Gt (21) 
074 On 


In the above considerations we have assumed the asymptotic form of J’ to be 
of form (11) or (17). Although the asymptotic form of J’ were suchas 
exp{— Alllg (|p:p,;|/MZ)}, (16) must remain valid ; accordingly the circumstances 

4,9 


are similar to the cases considered above. 


§4. Comparison with the theory of Bogoljuboy, Logunov and Shirkoy 


Comparison of our argument and the results of Bogoljuboy, Logunovy and Shirkov” 
is an interesting problem. They assumed that /'(p, p; Pp, p) has a spectral repre- 
sentation of the following form: 


oF r(€ dt 
Gee bei Le ee (22) 


and obtained an asymptotic expression for /’(p, p; Pp, p), summing the perturbation 


series for Pr: 


Pes ee ee ak 


ab Pe 
ae CW | aes 
i Re RS a — Be a 
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foe} 


ae et ee 
ro pip. =1 408 | em acclaim HPF 
! ae ad (23) 


tap le (p/m) apd pe) +e (— pe /m’) |” 
where f, is the root of the equation 
14+ 9p27lg (— pe/m?) =0. (24) 


Then, Bogoljubov, Logunoy and Shirkoy’s result may be interpreted as a special 
case of (17) with a=0, but (pi, fo; Ps, ps) with differrent p,’s must have asympto- 
tic form not similar to that of /"(p, p; p, Pp). 

Though the result of Bogoljuboy, Logunov and Shirkov is not incompatible with 
the spectral condition for G, the cancellation of gO-O in the equation for /’, (6), by 
other terms is not required in the procedure of obtaining Bogoljuboy, Logunov and 
Shirkov’s result, so we cannot obtain asymptotic expression for [’(pi, p23 Ps, Ps) 
with different /,’s from such treatment and have no reason to choose /"(pi, f2; Ps, Ps) 
which has form (23) when p,=~p,=~;=fs2©. Now it should be noticed that 
the result of their treatment is not compatible with the assumption that the asymptotic 
behaviours of 2* and J’ are determined by a closed system of equations for 2* 
and /°. 


§ 5. Conclusion and further outlook 


In this note it is concluded that the spectral condition for G is not com- 
patible with the assumption that the asymptotic forms of 2* and J" are deter- 
mined by a closed system of equations for them. In order that G has spectral 
representation and no divergent constant except for mass renormalization appears in 
the equations for ** and /’, cancellations must occur in the equation for J”. 

On the other hand, 2* or /’ should be given as boundary condition for the 
functional differential equation. Then our problem to be solved is whether it is 
possible to give a boundary condition compatible with the spectral condition for G 
and absence of divergent constant except for the mass renormalization. 

The circumstances are similar to the case of pseudoscalar meson theory with 
pseudovector coupling. 

The above considerations are related only to the cases of absence of a Kono- 
pinski-Uhlenbeck type interaction. If a Konopinski-Uhlenbeck type interaction 
exists, the condition for validity of the spectral representation for G is violated, hence 
it is not required that the asymptotic behaviour of 3*(p) is i7p(lg|p?/m"|)". We 
shall consider such a case on some other chance. 


The circumstances are not changed, even if we assume generalized spectral re- 
presentation” for G 


rs 


be 
- | a 


4 
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CRY = Cea ml dc 7pPA©O +Jo(0). ae oe parat are 
SOSA 295 a error icy pr ara aE RSC 


which corresponds to the special case 


3*(p) > —i7p—m + O((p")™), |B’ |>o. (26) 


In the above considerations we have assumed that the asymptotic forms of the 
propagators and the vertex parts are monotone. However, the question about the 
possibility of oscillating asymptotic forms is very interesting in connection with 
Heisenberg’s argument that the propagator of non-linear field oscillates in neigh- 
bourhood of the light cone. 
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Asymptotic Theory of Interacting Fields without Hamiltonian 


Tetz YOSHIMURA 


Yokohama, Japan* 
(Received November 5, 1959) 


Asymptotic properties of the propagators and the vertex parts of quantized fields with 
interactions for which the Hamiltonian formalism is impossible are considered with use of 
Schwinger’s theory of the Green functions. Possibilities of divergence-free theories are suggested. 


§ 1. Introduction 


It is expected that the introduction of interactions which do not satisfy the 
conditions for the validity of Lehmann’s” theorem is a possible method of avoiding 
the difficulties in the present quantum field theory, whose possibility was suggested 
by Umezawa,” who named such interactions the c-type interactions and estimated 
that such interactions may become predominant in the region of length R,~10~*’cm. 

If such interactions exist, the singularities of the propagators on the light cone 
may be weaker than that of the so-called free propagators. In presence of the in- 
teraction which makes the field equations quasi-linear, the canonical formalism is 
impossible, therefore Heisenberg operators at different times are not connected by 
canonical transformations ; accordingly the expansion with respect to the complete 
set of eigenstates of the total Hamiltonian is meaningless and Lehmann’s theorem 
does not hold. 

Of course, the perturbation theory is not applicable to such interactions. Then 
we treat the problem using Schwinger’s” theory of the Green functions derived from 
the Lagrangean formalism. 

In this note we consider the cases of the Konopinski-Uhlenbeck interaction 
and the case of boson-fermion interaction recently treated by Watanabe.) 


§ 2. Konopinski-Uhlenbeck type interaction 


In this section we consider the Konopinski-Uhlenbeck type interaction as an 
example of the interactions for which the canonical formalism is impossible. In 
Fierz”” paper it is written that the canonical formalism is possible with suitable 
choice of the canonical variables. But validity of his theory is restricted in the second 
order with respect to the coupling constant, and rigorous Hamiltonian cannot be found. 
Therefore Lehmann’s theorem does not take place, and it might be expected that 


* Present address: 51H, Yaguchidai, Naka-ku, Yokohama, Japan. 
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the singularities of the propagators on the light cone are modified. 

Now we define the propagators and obtain equations for them using Schwinger’s 
method of functional differentiations. 

In order to avoid unnecessary complications we consider a fermion field which 
has the following Lagrangean : 


Lee =— + [F02), (7, 2+ mm) ea) |- 4 | (- FO 7,4 mba) 9 | 


4 ok ae 
+ eee 1c (x), Or (x) iF (x), 7.0; oe 
| 42, 07,9 | @, 09 @)] 
Xu 
++ $@),7OH4H@, 1) © 


where 7 and 7 are fictitious fermion sources introduced by Schwinger. g;’s are 
constants with dimension [L’]. 

Usually the Konopinski-Uhlenbeck type interaction is understood to be of V 
and A type, but S, T, and P type interactions do not vanish except for the lowest 
order of the perturbation expansion. Then we consider the generalized Konopinski- 
Uhlenbeck interaction. 

From the Lagragean (1) we obtain the following equation and a equation con- 


jugate to it: 


(7. = +n) $2) + 3 (PCa), Org (x) )-7401 oe 
40,9 @)| (2), 7-0. °F |-| ED), O17.$(2) |O@) 
+5 | Ont) [F(2), O.gh(2) 1] =0. (2) 
We define the generating functional as follows : 
Sy, 7) =F* exp[i | d'x l(a: 4 7) | | (3) 
Ua 4 D=2 EO), 1@O)+-, GF, $9], (4) 
Then the propagator can be defined as follows: 
Gla, 25 = (IEP 10) CO1E, D100 6) 


with suitable definition of “ vacuum expectation values.” 
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Then we obtain functional differential equation for this propagator : 


+o St erway —(0|g() 0), Ou. ely (2) 10)) fr. O52 
3 + get 7 OPO), 12 Or gee ay —COl# 10D) ) Jo. 

: [Ge ORO 1M), v O1( og Olt @ 10) ae, [0 
-[2-(425-- er @im), Outs (gets — (Ols(@) 109) fo. 
a +[ 25 OR 10) 52, Our ( Fs —Coln@ 10») Jo. 

F e d 
a +32] Gey 01D), 04( eT — Cl) 10) Jura} | 
3 Ga iy FT CO Kae). (6) 


In this case the anticommutation relation between ¢ and ¢@ at equal time is 
unknown, because of impossibility of the canonical formalism. Now we have adopted 
the condition that (0|[¢(x, 2), #(x’, %)].|0> is equal to cd?(x—x’) as the condition 
of the quantization, where c is a constant. The case of c=0 is excluded. If c¢ is 
equal to zero, the equation for the propagator is homogeneous, then the following con- 
siderations in “momentum representation” is meaningless. We define the one- 
body propagator and the vertex part : 


Ge 2 SG ee" 070) (7) 


Pha, X25 X3, zy) = | day’ dex dx! een Ce (%:— 27’) eg: (2%—— ZX’) 


0.GaS xs! sq, 4) | 


Gr freee fae 4). 
Sn (coats baal ee ee (8) 


By usual procedure we obtain an integro-differential equation for G, 


f ke = +i) + m (2 —)|@— oa £")G(2"— 2!) =cd(az—2'), 


tee (9) 
O; 


y=0 


Soe } pear e re £109: 


SPC ]7.02—— Spl r, 0, 2G) 
Xu Oy, 
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M(x, e)= 3) gi drdredee{7, 0. °C 2-9. (a. 2) 0G (2— 29) 
t=S,,P ‘ Xp 
£0,G(a— 2) G27, 0, Ea 9 
eh Os 


7 


—O;,G(x— 2) - SCT?) On Gir x) 
eo 


“ 


) 


Og. Gaz) -C@.—2) O,G(e—2) |} PG, cap retah e 


KB 
\ 


We can make IN be zero by suitable choice of 9;’s, and we do not consider it 


hereafter. 
Similarly, we obtain the equation for /’.. As it is very complicated, we illu- 


strate it graphically. 


WL =X DA + GQ +a 


Fig. 1. Graphical illustration of the equation for 
Directions of the lines are not distinguished for brevity. 


The system of equations for G, (9) ~ (11), is a system of non-linear integro- 
differential equations which involves another unknown function J’. The equation 
for I’ involves G7? (01/0707) eae ag and so on. On the other hand, G is bounda- 


ry value of the solution ot the functional differential equation (6) at 7=7=0, so 


st cannot be determined by solving the equation, but may be given arbitrarily as 
far as other requirements of the theory are not violated. 

Then the problem to be solved is not to solve the equations for G and the 
equation for /’ as a system of non-linear integro-differential equations, but the pro- 
blem whether it is possible that there exists M(x, x’) which makes the singularity 


of the propagator on the light cone weaker than that of the so-called free propagator, 


without violating the causality requirement and can be represented in form (11) 
with some function /’. Now it should be noticed that /’ cannot be completely 


determined even if G were known. 


We estimate the asymptotic behaviours of Fourier transforms (momentum re- 


presentations) of G, 1’, and [°@), assuming as follows : 
G(p) ~O(P |"), (12) 
(pis Pas Pas PO ~OCCS pep) °) Gs j=hs 3; pr=pitpr—ps), (13) 
749 | 


Il : Ea i G-~O ED, 7/2 
0° (pi, Pas Bs Pas Po» PY = CO 5a i (Coleeps)) 


BE |e 5s po=PitpatPs— pi Ps)» (14) 


i} 
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where # and 7 should be understood to be the lower bound of the sets of 9’ and 
7’ for which the following relations take place when all |p;f,|’s tend to co: 


I'(pi, pss Ps, b)/ Zips)" < co, (15) 
Lo” (Diy Pay Powis Pes Pa 7 o> (pep? = oa, (16) 


respectively. Here logarithmic factors are discarded because such factors do not 
change the order of powers. If G, I’, --. involve oscillating factors such as sinf(p;), 
the following considerations may be modified, but we do not consider such a 
possibility here. 

Assuming the absence of accidental cancellations, we obtain the following 


relations among a, § and ;: 


a—Max(9+P—3a, 1), (17) 
B=Max(9+28—4a, 5+ 8—2a, 9+7—3a,1). (18) 

Therefore we obtain 
a>, B=4a—9, 7=3a+8—9. (19) 


Then the propagation character is modified. (In derivation of the last equality 
of (19), the equation for 7“ has been used.) 
Now it is easily seen that if an accidental cancellation occurs in the equation 
for M, an accidental cancellation must occur also in the equation for /’, and so on. 
The relations (19) are not sufficient conditions for the absence of divergent 
constants. | But, if a>10/3 and if I” has, for example, asymptotic property such as 


DOWN el / Kips) gt he a), (20) 
i aj 
no divergent constant appears in’ the equations for M, I’, ’“, ---, even if the so- 


called bare term of the vertex part is not cancelled. 

Because it is possible to give /’ as boundary condition for the functional dif- 
ferential equation, instead of giving G or M, our problem is to investigate more 
concretely the conditions which must be satisfied by 7’ in order that M, 7", -- 
exist, not only in the asymptotic region. 

It should be noticed that because of non-linearity of Eqs. (9) ~ (11) by which 
M should be determined when /’ was given, the uniqueness of the solution M is 
not guaranteed. 


§ 3. Boson-fermion interaction 


Now we consider the interaction between a fermion and a boson fields recent- 
ly considered by Watanabe :” 


\ 
Ly (£) =9u$ (2) 7'¢ (2) OG(z)  G=1 or 7) (21) 


where ¥,, is a constant of dimension [Z?]. In order to avoid unnecessary com- 
plications, we assume ¢ be a neutral field. 


ne. 
b 
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Defining the fermion and boson propagators G, & by the usual procedure and 
adopting the quantization condition proposed in § 2, we obtain equations for them : 


3 lb (2) \ [ 3? 3 
gp to + In7 (0| — L104. 97! i. |) 
(i BO EPL UU Gr rane sale ax,02, ds (a) 


GG a, Sar otal) COX 20), (22) 


tO (EEL), (23) 

We define the one-body propagators and the vertex part: 
—G(2—a) = G (2 3 az! ;' 0, 0; 0); (24) 
G (¢—<’) =G6&, &’; 0, 0, 0), (25) 


\ 
Quo (x; 2! ; 2) =| dxdx/ dO" E—-#) G7 (2-2) 


o i, CL Coe Ae ae) 
ad (€') 


In “momentum representation,’ we can write the equations for G, G and /' as 


CR © fie Oe (26) 


qrins=0 


\ 


follows : 
lirp+mo+9u? | dar’ G(p—) (pa, P3@ Sq |G) =1, (27) 
\e- Ko + Jw #| dgS,l7'G (DIP, q—; &) G@-)]} G(&) =1, (28) 


Pp. 432-9 =7' (pa)? +e'| dk GPP (pk, Ley 
xG(q-b Pq—k 4; —DEG® 
+ | dk’ G(p—®) C'(p—-k, a; —& p-OF OO, (29) 


where I” is Fourier transform of @7*(61'/0J) |y=7-.-0 » and coefficients such as 


(27)~* are discarded. ; 
We estimate the asymptotic behaviours of G, © and /’, assuming as follows : 


Gp) ~OUP 1), (30) 
G(e ~O(|R|-*”"), (31) 
< Pp, a3 —-O ~OU 2 +1¢) + eal”): (32) 


Thus we obtain from (27) a relation among 4, 8 and 7: 


6—2a—B+7=0. (33) 


- 


The same relation is obtained from (28), hence two of a, 2 andy are independent. 


Considering the equation for /’ we obtain the following condition : 
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2a+fh>8. (34) 


The conditions obtained above are not in agreement with the results obtained by 
Watanabe in perturbation theory with cut-off. 
If conditions 
a>4, B>8-—a (35) 


are satisfied and if /’ and /"' have asymptotic properties, such as 


le" laf i o—@) 7" 
r’ Oe ee ky 3 (36) 
ogre) ( GF aliases cx th eee ) 


Fp | lps | pe 
Phat Ps pO ee ra (37) 
(p P Pp P ( Ch [Pe ps|) 7 —6/ ) 
2E>a, &>P—2, €+0'>6, d=a+P+7—6, (38) 


no divergent constant appears in the system of Eqs. (27) ~ (29). 
Then a possibility of divergence-free theory is suggested. 


§ 4. Conclusion and further outlook 


In this note we have investigated asymptotic properties of the propagators in 
presence of the interactions which do not permit the canonical formalism. We have 
obtained some relations among the asymptotic properties of the propagators and 
the vertex parts, but could not determine them separately in any case. However, pos- 
sibilities of divergence-free theories are suggested. For mathematically rigorous treat- 
ment of the problem, we must investigate the analytical properties of the propagators 
and the vertex parts. Though we have not made such a rigorous treatment in this 
note, we may think that the introduction of interactions such as have been treated 


above is a possible way of avoiding the divergence difficulties in the present quan- 
tum field theory. 


The amplitudes of real processes depend only on £;p;(i4j) because all p;’s 


are equal to squares of corresponding masses, then we can conclude nothing about 


the high energy limit of the real processes from the above considerations. 

It should be noticed also that there is no proportionality relation among coupling 
constants and the vertex part. 

A new principle which determines the solution of the functional differential 
equations independently of the perturbation theory should be obtained but it will be 
a very difficult problem. 
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Qualitative character of the S-wave pion—J-hyperon scattering is investigated, comparing 
with the corresponding S-wave pion-nucleon scattering. Information on S-wave pion—J-hy- 
peron scattering is obtained from K-~ capture experiments which have suggested large 
magnitudes of the phase shifts as well as large isotopic spin dependence. It is pointed out 
that these characteristics seem to be explained only when ‘doublet approximation proposed 
by A. Pais is abandoned. 

Effect of the K-coupling to the S-wave pion-S-hyperon and the S-wave K--nucleon 
‘scattering are also discussed and the result is that absorption process reflects rather significant 
effect on :both scatterings, especially K--nucieon scattering, even when K-meson-baryon 
couplings are weaker than pion-baryon couplings by an order of magnitude. 


$1. Introduction 


To investigate S-wave pion-»-hyperon scattering seems to give us important 
information for understanding the structure of baryons. Especially its comparison 
with corresponding pion-nucleon scattering is important for testing a possible 
symmetry of pion-baryon interactions.” Information on pion-»-hyperon scattering, 
however, is not directely obtained due to difficulties of the experimental technique. 
In this paper, therefore, we extract some of them from the data on K~ capture 
from hydrogen and try to investigate characteristic features of the pion-2-hyperon 
scattering, comparing with the corresponding pion-nucleon scattering. 

Experimental data of K~ capture from hydrogen are now available in some 
detail from the work of the bubble chamber experiments.” For K~ capture at 
rest from hydrogen, experimental accuracy has considerably improved but still seems 
to be compatible with the old branching ratios, 4:2:2: 3, {OY oN Gee eae 
reaction ratios. 

For K~ capture in flight, the ratio *~/2* has changed to become a value 
about unity at low energies.” We assume in the following analysis that A-meson 
is pseudoscalar, relative parity of nucleon and hyperon is even and the capture 
occurs through the S-state, the last of which is supported by a recent work carried 
out by T. B. Day et al.” and is also consistent with the isotropy of angular 
distributions at low energies. Under these assumptions, final state pion-+-hyperon 
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interaction becomes. S-wave interaction and we can deduce (§2) from the data 
on K~ capture some information on the S-wave pion-S-hyperon scattering and 
compare with corresponding S-wave pion-nucleon scattering. 

S-wave pion-nucleon scattering is characterized by small magnitudes of the 
phase shifts and their relatively large isotopic spin dependence, for which no 
satisfactory explanation has yet been given from the pion field theory”. Recent 
investigation” on these points, however, suggests that at least qualitative features 
of S-wave pion-nucleon scattering seem to be explained under the following 
assumptions : 

I) Dilute nucleon-antinucleon pair extends to a range above m~(24)*; / 

being a pion mass. 

II) Pion-pion interaction with attractive force (4g*: 4<0) contributes to the 

S-wave pion-nucleon scattering. 

In § 3, we shall investigate whether or not the characteristics of the S-wave 
pion-»-hyperon are explained with the same standpoint. In the case of pion-+- 
hyperon scattering, however, K-coupling effect would be expected to be larger than 
that of pion-nucleon scattering.* 

In § 4, effects of the A-coupling to the S-wave pion J-hyperon scattering 
are, therefore, qualitatively investigated and finally we discuss in §5 the results 


thus obtained. 
‘ 


§ 2. Phenomenological analysis 


We shall first direct our attention to the branching ratio for the K~+p—> 
+*°7*° reactions at rest and in flight. The matrix elements of these reactions 
are expressed in terms of eigenamplitudes for T=0 and T=1 if we assume charge 
independence : 


M(K-+p > 3-42") =,/1M,—2M, 
M(K-+p > 3" +27)=,/ 7 M+. M, (2-1) 


i IT 
M(K~+p > D+2") = / = Mo : 


Eqs, (2-1), when combined with observed branching ratios reported at 1959 
Annual International Conference on High Energy Physics in Kiev,” lead us to the 
following results. } 


* This fact has been emphasized by R. H. Dalitz et al.® 
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Table I * 
at rest | in flight E=150 Mey 
a Seal SOS ee 
|e) =62°.4° \@\=90° 
Doe o Pan SU DDT ean Ao 
Abas Zeon sets m9": 92 6 7** 


It may be noticed that r is rather insensitive to the incident K~ meson 
energy, while phase difference between M, and M, is large and energy sensitive. 

We, next, prove that the above large phase difference at rest is entirely due 
to the final S-wave pion-S-hyperon scattering phase shift difference, i.e. Op-i—Orao. 
For this purpose, we make use of the well-known fact that phase of a matrix 
element can in general be restricted under the assumption of Wigner’s time reversal 
invariance, which was first applied to the analysis of photopion production” and 
which generalization was widely discussed by M. L. Goldberger et al.” and by 
S. Fubini et al. The most general expression of S-matrix of a two-channel 
reaction, under the assumption of time reversal invariance, can be expressed in 
terms of the three real parameters. 


De® iAgGt» 
inert Dew 


A?+D*=1 


SS (2-2) 


where D, A, @ and 7 are real numbers. 
If we identify 6 and 7 to be real part S-wave phase shifts for K~-N and 


_ 3-2 scattering, expression (2-2) tells us that for T=0, in which case the /’- 


channel is not involved, the phase of the matrix element for K- +p —> S494 gt? 


reaction is given by 


phase of the reaction amplitude=0x-y+ Ore t ~ (228) 


t 


where Ox-y and 6;, mean the real parts of S-wave phase shifts for K~-N and 
¥-z scattering, respectively. For T=1, where three channels K~-N, A-7 and 
¥.q are involved, we cannot generally obtain such a simple relation as (2-3). 
However, as we shall see later, the reaction ¥4a—>A+z is not induced by 
S-wave pion in the lowest expansion of »/M (uz and M are masses of a pion 


and a baryon, respectively). So, we can approximately neglect the contribution 


from the reaction J+2—A+z. Then, the same relation (2-3) also holds for. 


hens tales 


* We have put M,/M)=re*?. 
** Fluctuation of the branching ratio at 100~ 
need not be taken too seriously. 


150 Mev seems to be fairly large, so these values 


ey een ae. es 


586 K. Kawarabayashi and T. Sawada 


From the above consideration, the following conclusion may be derived that 
the large phase difference between M, and M, at rest is due to the phase shift 
difference in the final S-wave pion-S-hyperon scattering: i.e, 9%:,(T=1)— 
0,,(T=0) ~ +62° at 90 Mev, since 0x-y is expected to vanish at zero energy. 


§3. Phase shift of S-wave pion-2-hyperon scattering 


We now investigate qualitative behaviour of the S-wave pion-+-hyperon 
scattering based on the analysis in § 2. For this purpose, we first neglect effects 
of K-meson-baryon coupling, which are considered later in § 4, and develope our 
arguments along that of the case for S-wave pion-nucleon scattering.” Then, 
effective Hamiltonian for the S-wave pion-5-hyperon scattering is given by 


H=G,(¥s-Vs) (@,-@,) +Go(¥s-@,) (Ws: Qe) (3-1) 


sap Go san sa—9 ss) M: baryon mass. 

Expression (3-1) is obtained upon application of the Foldy transformation 
to the relativistic pseudoscalar pion-baryon interaction. We have neglected the 
mass difference between 3 and A’, which does not cause any serious effect on the 
present approximation. Corresponding Hamiltonian for the S-wave pion-nucleon 


scattering is given as (~O(1/M)) 


Gx (by: iv) (2° Pr)- (3-2) 


bes 
2M 
Expression (3-2), as is well known, does not give any isotopic spin dependence 
for the S-wave phase shift. In contrast to the expression (3-2), Hamiltonian (3-1) 
gives rise to the splitting between 0;,(T=1) and 0;,(T=0) already in the lowest 
expansion of /M if ¢5,49'ss, on account of which larger splitting than the S-wave 
pion-nucleon phase shift splitting 0;—0; may be expected for appropriate pion- 
baryon coupling constants. It is also to be noticed that to the lowest order in 
p/M, the reaction ¥+2—A°+2 does not occursbecause we cannot construct 1sotopic 
spin scalar with the combination of W;, %, and g,. This reaction therefore 
occurs through the second order of the expansion in #/M. 


The Chew-Low theoretic approach for S-wave pion-nucleon scattering developed 


_by S. D. Drell et al.” can be applied easily to this case. The result is as 
follows : 


aa) =Cab + Cho OE k dol Ieee) +c, 8 ale, lee (zk) (3-3) 

wt J) aw wo!—w—té ov to 

where a,(w) (a=0, 1 and 2) represents the scattering amplitudes for ARRAN Si 
and 2, respectively. Cg is the crossing matrix and C,°, C, are constants defined 


by 
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a 
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Phe gees i 
oM (29° sa—J ss) for a=0 
Tria tt 2 3 
Cis ¢ gag 69 4 F389 28) for a=1 (3-4) 
i 
ane (Por tG sy) for @=2 
Co=— 2 | dn Baa —Cus){lBhe Co) 
Ty w \ 


4-3 (hp-* (wv) hig* (@) +he (@) Aa* (w)*) ; v(R) 


where h,*(w) is defined analogous as in Drell’s paper. 

Main features of Eq. (3-3) are identical to the S-wave pion-nucleon scattering 
except that phase shift depends on the isotopic spin state at zero energy which 
does not contradict the crossing symmetry.” 

The contribution of pion-pion interaction to the S-wave pion-2-hyperon scatter- 
ing is in general different from that to the S-wave pion-nucleon scattering since 
mesonic structure of the Y-hyperon may be different from that of the nucleon. 
But if we make the assumption that mesonic structure of the *-hyperon is the 
same as the nucleon except magnitudes of the coupling constants and isotopic spin, 
we can estimate the contribution in the following way. 


Analysis made in paper I” has shown that contribution of pion-pion interaction — 


to the S-wave pion-nucleon scattering almost cancels out the isotopic spin independent 
repulsive term (3-2) in order to fit. experiments. Thus we put as follows: 


i ew V(0) (3-5) 


a 


where V(g) mean the “ potential ’’ induced by pion-pion interaction and is calculat- 
ed in paper I. Then, we can easily see that expression (3-4) turns out to be 


’ 1 
Lear (29? s4—G' ss) — z ar! © 
CG A2K aT (—9 54 +39? sz) = Vides (3-6) 


1 
4M 


s of the expression (3-6) represent contributions from pion- 


(Cy +9? xx) — Parris +39’ ss) 


where second term 


pion interaction. 
Now, we investigate qualitative behaviour of phase shifts and roughly estimate 


magnitudes of the coupling constants ‘n order to fit the phase splitting (0,—%~ 
+62° at 90 Mev), using the Born approximation, since we are interested in 
qualitative differences between pion-nucleon and pion-»-hyperon scattering as al- 
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ready mentioned before. Magnitudes of the coupling constants are not determined 
separately because there is only one experiment which suggests 0,—O)~ 462° at 
90 Mev. So we examine two extreme cases, i.e. 9°ss/4x~0 (Case A) and 
g*:,/42~0 (Case B). The results are summarized in Table II. 


Table II. 

Case A | Case B 
phase shift 69, 62<.0 repulsive | 6,, 62<0 repulsive 
tan 6,=— (k/2z)C,° 6,>0 attractive 69>0 attractive 
magnitude of the Ps4/4n~T | Pss/4n~7 
coupling constant 6, —69~ 62° | 59 —0,;~62° 


We shall give some comments on the contents contained in Table Hl. For 
the case (A), which has been suggested by H. Miyazawa et al.,”” only the T=1 
state is attractive and a possible resonance for T=1 can be speculated. For the 
case \(B), the T=O state is attractive and in this case, resonance for the T=0 
state is favorable for the enhancement of the 2-production alone, suppressing A- 
production. In any case, experimental determination of the sign of the phase shifts 
for T=0 and T=1 state seems to be important to obtain relative magnitudes of 
the coupling constants 9*5,/47 and g’»;/4z. 

To deduce definite conclusion from the above analysis seems dangerous since 
we shave neglected the effect of K-meson-baryon couplings. In the next section 
we shall examine on this point. : 


§4. Effects of the K-coupling to the S-wave pion-2-hyperon scattering 


We begin with our consideration on the K-coupling effect to the S-wave pion- 
S-hyperon scattering from K~-nucleon scattering. Experiments on K~-nucleon 
scattering have shown” that cross-section of K~-proton elastic scattering at low 
energies. (o-,~~50 mb) is much larger than that of K*-proton scattering (ox+,~ 
15 mb) and of K~-proton absorption reactions (c*~15 mb), the facts of which 
suggest that K~ absorption process might play an important role for the K~-nucleon 
elastic scattering. Similar question is naturally raised also for the case of S-wave 
pion-+-hyperon scattering. From angular distributions for these scattering and 
reactions it is supposed that S-wave is dominant at least at low energies. This 
is supported by a recent, phenomenological analysis on K~-nucleon scattering de- 
veloped by T. D. Jackson, D. G. Ravenhall and H. W. Wyld who have succeeded 
in explaining these phenomena with two complex scattering lengths. These 
scattering lengths are calculated to be’ 


Solution A ay= £ 0.204+0.78 (unit 10-"cem) 
ay = ae Taye +0.39 1 


i le la hia cl 
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Solution B ay = £1.88 +0.827 (4-1) 
a= +0.424+0.41 7. 


Sign of real parts of the scattering lengths are still undetermined. 

Quantitative treatment based on the K-meson and pion field theory for these 
processes, however, seems very difficult. Nevertheless we try to estimate the effect 
of K-coupling qualitatively, using the Tamm-Dancoff method. Effective S-wave 
Hamiltonian is obtained by Foldy transformation analogous to the expression (3-1). 
Details of the calculation are shown in the Appendix. The results are as follows : 


(A) S-wave KN scattering 


Geen 2 ak a {1— (8, +282) 1 (&)} +30: (2) 

Qn (1—ayl’(k)) {1— (Pr +282) (A) } — 8 Oe (A) Cs) 
nee 

27 


a, + 2 BEY BBN) 14021, (2) {1-7 Ty} 


i / life / =i 2 28; — Bo W 
Aes al ome: PT, (RDU (k) {1 (Bi +) 3.) Ig() }~ — 0,1, (A) I (k) {1 — =~". 1,(k) } 


(B) S-wave 2-2’ scattering (above threshold) 


poi ae rae k (8,+28.) 1— a,],'(k)) +3 paeuly (k) (4-2) 
Py eat (P; +28.) 1(k) }{1—a,1’ (k)}—g er 1(R) Li! (k) 

tan 5 eee ss 
87 


ee hah) ) {1 asl (kx) — FL (A) (k) 1 (i (,)1,(k)) | 40st Ok) 
{1 — 7#—# 1(z)| {1 aly’ Ck) 21) A—-FL® | — a1 (kL Ck) 


(Gwe Roe Le ae absorption 


0 Bs EM wie Lae) V 6% : as 
M°(K- N22) = Gar ~G—a,l'(k)) (1— Fi +282) L(A) } VL (A) (k) 
TD 


et ay k V 
M'(K-N->n2) =—Gor “(i — (6, +B) (@) $1 — aI) G2) POLO) 
= GFR LOY ATUL ® (1— CA-PLO PT | 


0. 


1 = 0 rn k 2 
; rie f1— (22:— 8) (2) }1— — aul! (k) — 7/2) kL) 
 {1— (4: + Fa) (A) 18,1 Ux) (2) (1— C282) L(A) 


Now, we summerize the main characteristics of the expressions (4-2). 
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(i) Zero effective range approximation to the S-wave K~-N scattering 
holds good since energy dependence of I,(k) and I/(k) is insensitive to the low 
energy incident K~-meson energy. (See Figs. 1 and 2). 

(ii) Zero effective range approximation to the S-wave pion-2-hyperon above 


threshold does not hold good since energy dependence of I,/(k) is sensitive to the 


incident pion energy. This difference is due to that of exothermic and endothermic 
reactions. Thus energy dependence of the phase shift of S-wave pion-+-hyperon 
scattering becomes more complicated than that of K~-nucleon scattering. 


2.0 
hy 
15 
: incident K-meson momentum 
> outgoing pion momentum correspond- 
ing to the reaction K-+N—S+7 
1.0 ' 
0 0.5 1.0 k 15 (p) 


Fig. 1. Relation between incident K-meson momentum and outgoing pion momentum 


0.05 


0.2 0.4 


0.6 0.8 10 12 14 
Be (n) 
Fig. 2. Momentum depencence of I() 


In order to estimate the effect of K-coupling on the S-wave pion-3-hyperon 
scattering, it is necessary to determine the magnitudes of coupling constants con- 
tained in the expressions (4-2). Since we are interested only in the qualitative 
behaviour of the phase shift, we assume in the following f?yy/42~0, 9?s3/42~0,* 


These coupling constants mean, of course, bare coupling constants. 


A vere "hi «ff 
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the assumption of which seems to be consistent with all the experiments up to 
now and has been proposed by H. Miyazawa et al.” from another point of view ; 
and it determines the coupling constants f’sy/47, g°y,/4z so as to match the scatter- 
ing length ajtib, (4-1). Thereby we replace I(k), I/(k) with their average ¢ 
value, making use of the fact (i), i.e. 1(&) and I’(k) are insensitive to the incident af 
K-meson energy. Cut-off momentum is taken to be A,~2p as assumed in paper 

I. It turned out, as a result, that the only solution A. (0.2+0.78 7) had a following 
solution 


2 2 
Wate ted i) St 3. 
Az Az 


We next examine the consistency of these coupling constants. Inserting these 
coupling constants into the expression (4:2), we found the following results. 


(a) Scattering length for T=1 KN scattering 
a,=—0.302  b,=0.232 (10-"cm) ce 
Agreement with solutions A, is not good. | 
(b) Branching ratio o(1°)/o(+")* 
o (A) /o (3°) 0.04 at rest } le 


Experiments have shown that o(A°)/o(3") ~0.25 at rest” and seems to E 
increase with incident K-meson energy. ‘ 


(c) Phase difference 6,,(T=1) —0s,(T=09) 
tan 0,=0.26, tan 0)>=—0.47 0; 0,= 40° E 
These should be compared with the case of neglecting K-coupling effect. 


tan 0,=0.48, tand=—1.96 0,—%)=88° 


Experiments have shown 0,—0)*62°. The qualitative agreement is to be noticed. k 
We do not attempt to discuss the behaviour of the phase shift based on the 
expression (4-2) in detail, because experimental data are still poor. It should be — 4 
stressed, however, that the effect of K-coupling is rather large even if K-coupling 3 


ude than that of pion-nucleon coupling. ‘This is 


is weaker by an order of magnit 
due to the large absorption processes which significantly reflect their effects on the ; 


K--nucleon scattering and pion-»-hyperon scattering. 


* To calculate the above ratio, we make use of the following relation and insert the experi- 


mental value for 72=|M (1) /M(0) |?~0.16 
o(A%) _, | MaQ) 2 
(2) ee Ms(0) 


Mu(1) 
| Ma) _P_35¢0,16x| ae 


| Ms(1) Ms(1) 
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§5. Concluding Remarks 


In §2 and §3, we have investigated the scattering of pion with -hyperon 
to find characteristic features of pion-S-hyperon interaction compared with the 
pion-nucleon scattering. To obtain information on pion-2-hyperon scattering is, 
however, very difficult. We, therefore, deduced some of themfrom the A~-capture 
experiments which have shown that large S-wave phase shift splitting between 
0, and 6, is required for obtaining the observed branching ratios of K~+p—>++7 
reactions at rest. That this large phase shift splitting is hardly explained by a 
universal pion-baryon coupling proposed by M. Gell-Mann” is easily seen when 
we compare with corresponding S-wave pion-nucleon scattering phase splitting’? 
(0, —03%20° at 90 Mev). This fact remains true when 9’s,=9*ss, that is, doublet 
approximation” either is not favorable for the explanation of the branching ratio. 

Quantitative treatment of S-wave pion-hyperon scattering, however, seems 
difficult than that of S-wave pion-nucleon scattering because two coupling constants 
of pion-baryon interaction and moreover K-meson-baryon couplings are involved. 
In § 3, we, therefore, first neglected the K-coupling and tried to find the charac- 


teristics of pion-»-hyperon scattering and we found that large splitting between 


0, and 0, seems to be explained if we abandon doublet approximation. 

Experimental determination of the sign of phase shifts for T=0, T=1 and 
T=2 states is very much desired to obtain more information about relative 
magnitude of the coupling constants g?;,/4 and g’s;/4z. It should also be noticed 
that the sign of the phase shift for the T=2 state is always expected to be negative 
from the present treatment. Such a possibility has been discussed by R. H. Dalitz 
et al.” from another point of view. 

Finally we examined in § 4 the effect of K-coupling to the S-wave pion-+- 
hyperon scattering, using the Tamm-Dancoff approximation. The result seems to 
suggest that the effect of A-coupling through absorption processes is significant 
for the quantitative discussion, especially for that of K~-nucleon scattering. Similar 
argument is given by S. Minami” through a phenomenological analysis for K7- 
nucleon scattering. . 

To conclude our discussion, we should like to stress the fact that in low energy 
phenomena involving pion, K-meson and baryons the S-wave effect is in general 
large and dominant over the P-wave effect, while smallness of the S-wave pion- 
nucleon scattering seems to belong to a special case. 


The authors would like to express their deep gratitude to Professor H. Miyazawa 
for his guidance and kind encouragement. 


Appendix 


We start with the interaction Hamiltonian : 
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where ¢, and ¢, mean z-meson field and K-meson field, respectively. 

Applying the Foldy transformation unitary transformation such that only 
the large elements of Dirac matrices retain and neglecting the terms higher 
than O(1/M), we get the following effective Hamiltonian : 
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Here we have neglected the terms which change the orbital angular momentum, 
and for the sake of simplicity we neglect the mass differences of baryons. 

We can now write down the Tamm-Dancoff equations for the K-meson-nucleon 
reaction. If we neglect the intermediate states which contain more than one meson, 
only the one meson states enter into our equations-——i.e. zero-meson states cannot 
enter into the equations , because of the bilinear form of the effective Hamil- 
tonian with respect to meson operators. Also we are concerned only with the 


os 


states of strangeness (—1). 
In the center of mass system : 
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i 
Soy Us| eee Ns eye (A-3) 
+ (8, +28) ae 14 ae (R) 
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. where, for example, M%x(d) means the amplitude of the 0-isospin state that contains 
one nucleon and one K-meson with momentum 7. E, and e¢, mean the total energy 
of K-meson and z-meson with momentum /, respectively. aj, --- 0, are defined 
as follows: . 


a,=f 2 ./2M, 
Qf sal ols \ 
(Ki +2%) =1/2M 2g*s,—G'ss), 
(91 — B2/2) =1/4M (39?ss— 9x4), (A-5) 
(91 +2) =1/2M (95,4), 
7=1/2M (Gyx fist Ioafen) » 
0,=1/2M (Ixy fsxt9oa fin), 
b,=1/2M Gs fox —Qnw fox) - 


Our next task is to solve Eqs. (A-3), and (A-4) under special boundary 
conditions. 
S-wave K-N scattering 


We put the following form into Eqs. (A-3) : 


=— Mtn 


S-Wave Pion-S-Hyperon Scattering 595 
Mi «(2 ==0 (@)/— F)) an. anK 
(wo! = E,) Vv ion 
We eae Ck, 
(eo — E19) f Ei 
wa (L) =9 (ano! — Ey) + ax ASG 
: (w' — E,) VE 3 ( ) 
Miia: pee ee 
(eo! —€, —17) Vv Sen 
NDE (Pare) 
(m—&:—i4) V & 
where 
wWy= E—Ms, 
wo =E—My, (A-7) 
wo) =E—M, 


and 7 is a small positive number, From (A-3) and (A-6) we get equations 
for a’ and a’. 
For example, 
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We can immediately obtain relation (4-2) by making use of the relation 
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The other relations of (4:2) can be easily obtained in the same manner. 
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Photodisintegration of the Deuteron in the High Energy Range 
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The differential and total cross sections for the photodisintegration of the deuteron are 
calculated for the incident photon energies in the range from 80 Mev to 300 Mev. In the 
calculation, a full expression of the electric interaction between the deuteron and radiation 
is ‘used without expansion in terms of «r of each multipole or multipole transition. For the 
initial state, we adopt the pion-theoretical deuteron wave function which has almost 7% of 
D-state mixture. The plane wave is used for the final state.. The conclusions are 1) «r 
expansion is not justified in the energy range E, = 80 Mev and gives an underestimate for 
the cross sections, 2) the multipoles higher than E2 do not affect for E, < 80 Mev, 3) the 
large D-state mixture is important, 4) the retardation effects are important at such high 
energy as the meson effects have to be considered. 

It is shown that the excitation function agrees with the observed data in the energy 
range, if we add the meson effects to our result. 


§ 1. Introduction 


The photodisintegration of the deuteron serves as a source of knowledge for 
nuclear forces and interaction of the electromagnetic radiation with the deuteron. 
Especially, this reaction in the medium energy region (20Mev<F,<100 Mev) of 
the incident photon has been investigated by many authors,” because the 
reaction in this energy region does not seem to be affected by complicated effects 
such as virtual meson production but is to be determined mainly by the two nucleon 
‘nteractions. And it has become rather convincing that one can explain the 
main features of the photodisintegration of deuteron in the medium energy region 
in terms of the electric transitions without renouncing Siegert’s theorem, if one 
assumes a large D-state mixing in the deuteron and a strong positive tensor 
potential in the triplet odd final states. Both of them are natural consequences of 
the pion theory of nuclear forces.” 

In the high energy region, the importance will increase as to the multipole 
transitions. Concerning the electric multipole effects we can consider two kinds of 
effects. One is effects due to higher power terms of «r (« is the photon momen- 
um)* in each multipole and the other is effects of the multipole transition. Most 
of the authors, however, confined themselves to calculations of #1 (and E2) tran- 
sitions and, furthermore, took up only the first term in the power series expansion 


* Hsieh firstly investigated this effect for El transition. 
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in terms of «r of each multipole interaction. The present author and his collabo- 
rator have performed exact calculations in which the higher power terms (for £1 
and E2 transitions) are all included and they found that the expansion of the power 
series is not justified even at an energy as low as 80 Mev.” Therefore, it seems 
worthwhile to investigate effects of the higher power terms of «r in a more general 
way and to see how far they affect the results of the simple calculations. 

On the other hand, effects of the higher electric multipole transitions than the 
E2 transition have not yet been investigated. Of course, small contributions due 
to the higher multipole transitions are expected for the cross sections, because the 
higher the multipole transition is, the smaller the coefficient of the electric multi- 
pole interaction is. However, in the high energy region, the higher multipole 
transitions and, hence, the higher waves in the final states contribute to the 
reaction. Therefore, it is also interesting to see how much these contributions 
are effective to the results. 

Concerning the photodisintegration of the deuteron at the higher energies, it 
is clear that one cannot reproduce the hump in the observed excitation function 
around 280 Mev in terms of the electric transition, because the latter predicts a 
smooth energy dependence of the excitation function. Some authors’”** have 
investigated that how far we can explain the excitation function using only nuclear 
forces. Of course, the hump is due to the resonance production” of virtual mesons 
by an incident photon. The recent investigations, however, suggested that the 
virtual meson effects give an appreciable contribution only to the spin flip M1 
transition within the narrow range of energy around the observed hump. Then 
it is rather interesting to see whether one can reproduce all the observed data by 
just adding this contribution to the excitation function due to the electric transition. 

Our present purpose is to show the result of our calculations in the energy 
range from 80 Mev to 300 Mev of the incident photon in which a complete 
expression including all multipoles for the electric interaction is used. This full 
expression of the electric interaction has the factor exp(ier) and it is not legitimate 
to expand with «r and retain the first few terms. The calculation at 80 Mev of 
the incident photon is very useful for seeing the contributions of the multipole 
transitions compared with the exact calculations for the El and E2 transitions.” 
For the fmal states, we assume the plane wave for the sake of simplicity of calcul- 
ations. The approximation means to neglect the nuclear forces between nucleons 
in the final states, but can include all higher waves of the final states. However, 
this approximation is justified at the high energies as we shall see later. For the 
initial deuteron state, we adopt the pion-theoretical wave function,® which has about 
7% of D-state mixture and reproduces the quadrupole moment of 2.7X107"cm?, As 
it is well known, the large D-wave mixture in the deuteron gives rise to a large 
isotropic part in the angular distribution of the E1 transition and can give nice 
agreement with experiment in the medium energy range. Therefore, it is most 
desirable to use the exact form of the pion-theoretical wave function at the present 
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case too. However, for simplicity of calculation we approximate this pion- 


theoretical wave function of the deuteron by an analytic form which has 7% of 


D-state mixture and 2.6x107-” cm? of the quadrupole moment. 

We have emphasized the importance for the electric multipole transitions and 
the higher power effects of each multipole and have not touched the magnetic 
transition. However, it seems enough to see the order of the spin-flip magnetic 
transition which is largest in the magnetic effects. 

In § 2, we explain the method for the present calculations of the transition 
matrix elements. In § 3, the exact and the approximate cross sections are given 
for several cases. The conventional £1 approximation is derived and the correspond- 
ence with the partial wave method is clarified. The results of ‘the present calcul- 
ations are discussed in § 4 and other effects such as magnetic transitions or virtual 
meson production are discussed in § 5. Conclusions are given in § 6. The detailed 
formula for the calculations are given in the Appendix. 


§2. Electric transition matrix elements 


To represent the interaction of a photon with the deuteron, we shall use the 


form of the interaction operator 


e 


H'=\J-AdV (1) 


where J is the current operator and A is the electromagnetic potential. This 4 
is given by a plane wave with photon momentum « and polarization €. Following 
the method given by Foldy””, A is separated into two parts, namely electric and 


magnetic radiations 


1 


Acc & exp (ikr) = | ds{grad[€-r exp (is«r) | 
0 Fi 


—isr X[« X€] exp (iser) }, ge) 


where r is the relative coordinate r=r,—Tn- The first term represents the com- 

plete electric radiation and the second term represents the magnetic radiation. Here 

f the so-called retardation effects or, more 
specifically, the higher multipoles and the higher power of «xr in each multipole. 

1 For the moment, we consider only the electric radiation. After the integration by 
part and then, utilizing the equation for the conservation of the local current, we 
can write the electric transition matrix element in the following form : 


(t, ds, €-r[exp (er) exp (—i 5-7) |p) | i, 
; 


the integration over s takes account 0 
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where p(r) represents the charge density of the total system. Then we assume 
that we can neglect the charge density due to the virtual pions and obtain the 
following expression : 
ih 
‘ip Jds-e-x|< ? exp (i-ex)—t? exp (=i > ex) |I) (3) 
ele 2 2 

0 
where x=(fc/H)r and 7, means the charge projection operator of the 7-th proton 
c?=(1+7%)/2. If one simply puts s=0 in (3), then one gets the conventional ex- 
pression (1/2) €-r for the electric dipole interaction. We calculate the matrix 
element (3) without expansion of the retardation factor, in order to include all the 
multipoles and then higher order terms in each multipole. 

For each multipole transition, the final states are specified due to selection 
rules °S,+°D,->°P+'°F for £1 transition, *S,+°D,—*S+°D+°G for E2 transition, 
and °S,+-*D,>'P+*F 4°H for E3-transition, and so on. In order to také “inte 
account all multipole transitions we must take all final states and the plane wave 
approximation is the most conventional form for the purpose. Thus we assume 


1 = ° = < 
Y,=—— {€7%, exp|ikx] —£,7, exp[—tkx]}7,., (4) 


V2 


where k is the relative propagation vector of the nucleons and ¢;, 7;, are the iso- 


topic spin wave functions with ¢; and y; corresponding to the i-th particle, being © 


in a proton and a neutron states, respectively. 7, is the triplet spin function. 

For the deuteron state, we adopt the pion-theoretical wave function given in 
Ref. 6), which has about 7 percent of D-state mixing and reproduces the quadru- 
pole moment of 2.7X10~-%cm’. Thus, 


el u(x) 1 w (2) lee a . 
Y, W/4An | 3 ae mae 78. Sis = rs V2 (¢ 1 oa fpr i) de > (5) 


where S,. is the tensor potential operator, w(x) and w(x) are normalized as 
\[u(2)*+w(x)*|dz=1. For simplicity of calculation, we use the following analy- 
tical form which approximates the wave function very well in the outer region: 


u(x) =A,[exp(— ax) —exp(—f2)], 
w(x) =D, exp(—a@,x) + D, exp(—a,x) + D, exp(—a;2). Se 
The parameters are chosen as follows: 3 
A,=1.039 De=VAlt a,=0.4 
B= 01328 D,=0.656 a,=1.0 (7) 
= 1.972 ° Dj 01767. a0. 


The wave function (6) and the parameters (7) reproduce the deuteron parameters 
Pp=7%, Q=2.6X10-"%cm*. In our present deuteron wave function (6), the hard 
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core is not taken into account. Therefore, the D-state mixture differs from the 
pion-theoretical one and rather becomes a little larger. This difference depends on 
the hard core radius. However, the inner part of w(x) and w(x) does not con- 
tribute to the transition. The transition amplitudes in the 1 transition °D,->*P, 
°D->*F, are mostly determined by the wave function in the outer region. And the — 
higher the angular momentum of the final state is the more outer region affects 
the transition amplitude. Therefore, the approximation is justified in the present 
case. Thus the electric transition matrix can be calculated analytically by using 
(3), (4), (5), (6) without further approximations. 


§3.. Cross sections 


When we take into account only the electric transition for the photodisinte- 
gration of deuteron, the differential cross section is written in the following form, 
taking the summation over the final spin states and averaging over the initial states 
and polarizations for the transition matrix element (3): 


do=a+bsin®?6+c sint0+d sin’O, (8) 


where 6 is the angle between the incident photon direction « and the outgoing 
photon direction k. The coefficients a, b, ¢, and d are not constants but com- 
plicated functions of 6 and one cannot express the differential cross section as a 
simplified form involving the retardation term. The detailed expressions of these 
coefficients will be given in the Appendix (i). 

The differential cross section (8) involves all effects of the multipole transi- 
tions. Usually, we cannot separate these effects but only the dipole transition is 
taken out in the limit s=0 in (3). Then (3) gives rise to the conventional electric 
dipole operator (1/2) (€-r). Hereafter, we shall call this limit s=0 the “ conven- 
tional E1 approximation”. The integral over s is trivial and the coefficients c, 
and d, in (8) vanish. The coefficients a and b are expressed respectively as a 


and 0 in this case: 


a= B(h) <= \KPD) + (FD) I (9) 


b= Bb) | 3 (PSY + (PDy +9. (FDY— ZL (PD){FD)}, (20) 


Meee ee et Peek we leh he 
= Sere pecan (11 
in STAG (PoP ay eed es. 


where (PS), (PD), and (FD) are the transition amplitudes of the electric dipole 
transition. They mean transitions from the right side state to the left side state 
in the angular bracket. Detailed forms of these transition amplitudes are given in 
the Appendix (iii). The total cross section is reduced to the form 


on(s=0) =4nB(k)[(PSy'+-— (PD) + 2 (FDY. (12) 
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Further, if we neglect the D-state mixture in the deuteron wave function (s=0, 
w(r)=0), then, only the transition amplitude ¢PS) does not vanish. The 
differential and total cross sections are given by the following form: 


do (s=0, w=0) =B(k) = CPS) sin’ 2, (13) 


op(s=0, w=0) =42B(k)( PS)’. 


This approximation corresponds to the approximation used by Schiff, Marshall and 
Guth (S.M.G. approximation). 


§ 4. Results and discussions 


In our calculation of the electric transition matrix element (3), we have kept the 
full expression of the interaction amplitudes without using the multipole expansion. 
In Fig. 1, we have plotted the differential cross sections given by our calculations 
of (8) and the conventional #1 approximation (s=0) of (9) and (10) at 80 Mev 
of the photon energy. For the sake of comparison, we have also plotted the dif- 
ferential cross section given by our 
previous calculations” in which we 
took into account the final state 
interactions, making use of the full 
expressions for the #1 and £2 
interactions. 


(ub/sterad) 


It is readily seen from Fig. 1 
that the s=0 approximation gives 
rather poor results. This is not 
surprising since «R>1 (R is the 
deuteron radius) for the energy above 
90 Mev and it is not legitimate to 
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expand the interaction in terms of Anite (degree) 


Han Fig. 1. Angular distribution of the D(yp)x reaction 

/ at Hy=80 Mev 

Hereafter, we shall denote pe : 

The solid curve represents our calculation. The 
our calculated results where the dotted curve represents s=0. The dashed curve 
integration over s is performed by represents the £1+ E2 transitions which involve 
the symbol {ds. The comparison the final state interaction. 


of our curve fds with the H1+#2 curve previously calculated?) shows that the 
effects of the multipoles higher than #2 are not very large. This is also 
conjectured from the following estimate. The effect of the higher power terms 
of the £1 transition operator is to increase the cross section about ten percent” 
at our energy region and, on the other hand, the cross section due to the E2 
transition contributes about 1.3~1.5 percent of the El cross section.®.” This 
estimate for the cross section at our energy region is to be justified by our 
results listed in Table I. The interference terms between the £1 and E2 transi- 
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tions do not affect on the total cross section. 


The effect of the #2 transition main- 


ly shifts the peak of the angular distribution due to the E1 transition to the small 


angle through the interference terms. 
\ ds, especially the shift of the peak, 
agrees well with the result of the 
E1+ £2. If the transitions higher 
than E2 are effective, the peak of 
the angular distribution may shift 


(ub/sterad) 


to the smaller angle. If one assumes 
that the total cross sections of the 
higher multipoles decrease with the 
ratio o7(E2) /o,(E1), we are led to 
the conclusion that the difference 
between the total cross sections of 
the conventional £1 approximatio. 
and our calculation {ds mainly de- 
pends on the higher power of £1 
and E2. If one includes the final 
state interactions, the isotropic part 
of the angular distribution is ex- 
pected to increase. The effects of 


da/dQ. 


Fig. 2. 


The angular distribution of our calculation 


Angle (degree) 


Retardation effects on the angular distri- 
bution at E,=80 Mev 


\ ds means our calculation. 


the multipoles higher than E2 do not affect our previous results for E, < 80 Mev. 
In Fig. 2, the angular distributions of the cases s=0, \ds, s=1, are drawn. 
The effect of the higher multipoles in the angular distribution is to shift the 
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Fig. 3. The energy dependence of the transi- 
tion amplitudes 


peak to the small angle. The position 
of the peak does not so much change 
with the photon energy. But the height 
of the peak and the ratio of the maximum 
value to the minimum one of the differen- 
tial cross section decrease with increas- 
ing energy. The total cross sections due 


to our calculation become larger compared 


with those by the conventional 1 approxi- 


mation with increasing energy. There 


fore we can understand the large contri- 


butions due to the retardation though we — 


cannot estimate the contributions due to 
the multipole transition and the higher 
powers of each multipole separately. 
Furthermore, to discuss the angular dis- 
tribution at 300 Mev is rather meaning- 
less concerning the present calculation, 
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because there are many unknown effects which contribute to the angular distribu- 


tion. 

Next, let us consider the energy dependence of the angular distribution for 
the conventional E1 approximation. In the conventional £1 approximation, the 
transition amplitude (PS) of the *S,;>*P transition is most important up to 100 Mev 
but decreases very rapidly with increasing energy. On the contrary, the transi- 
tion amplitude (FD) of the °D,->*F transition does not so much decrease. The 
energy dependence of these transition amplitudes is shown in Fig. 3. The unisotro- 
pic parameter }, in the angular distribution formula (10) becomes smaller with 
increasing energy due to the negative interference term (PD){(FD). On the other 
hand, the isotropic parameter a does not contain any negative terms. The photo- 
disintegration parameters for the conventional £1 approximation a, bo, 77 (s=0) and 
our o7 are given in Table I for the photon energies 80 Mev, 200 Mev, 300 Mey. 

Concerning the D-state mixing in the deuteron state, the differential cross section 
and the total cross section are strongly dependent on the D-state wave function especially 
at high energies. If one neglects the D-state mixing in the deuteron (w(7) =0), the 
cross section formula is much simplified and reduces to the form calculated by 
Schiff,” Marshall and Guth.” They used Hulthen’s function for the deuteron wave 
function (S.M.G. approximation). This S.M.G. approximation, of course, could 
not reproduce the experimental results but is only useful for seeing the dependence 
on the D-state mixture of the cross section. The S.M.G. approximation P,=0 is 
compared with the conventional El approximation,in Fig. 4. The total cross 
sections are given in Table‘I. o7(S.M.G.) decreases rapidly with the increasing 
photon energy and even at 80 Mev the total cross section is nothing but only 70 
% of the conventional £1 approximation; moreover, the isotropic part is zero in 
the angular distributions as far as one also neglects the final state interaction. 
Therefore, one should naturally emphasize the importance of the large D-state pro- 


bability. 


Table I. Total cross sections in pb 


E, (Mev) 80 200 | 300 

or (exact) 197, 18.5 
or (s=0) 69.6 14.1 7.0 
or (s=0,w(r) =0) 48.0 4.6 1.4 
a (ub/sterad) 2. 0.7 0.4 
by (ub/sterad) 5.0 | 0.6 | 0.2 


Eee nt 
In Fig. 5, we have plotted the excitation function given by our calculations, 
{ds, the conventional £1 approximation (s=0), and the S.M.G. approximation 


(s=0, w(r)=0). For our calculations, {ds, we have evaluated the cross section 
only at 80 Mey and 300 Mev of the photon energy and interpolated it between 
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these energies to get the curve in 
Fig 5. Since the excitation function 
of the conventional #1 approxima- 
tion shows a smooth energy depen- 
dence, this interpolation will be 
justified. The prediction by our 
calculations {ds agrees with the 
observed results’ fairly well ex- 
cept for the hump region. Thus, 
it is quite plausible that one can 
reproduce all the observed results 
on the photodisintegration of deu- 
teron, if one also properly takes 
into account the virtual meson effects 
around the hump energy. 

As we have already seen, the 
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Fig. 5 The excitation functions 
exact calculation, 
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Angle (degree) 
Fig. 4. The Pp dependence of the angular distri- 
bution 
The upper curve corresponds to s=0. 
The lower curve corresponds to s=0, w(7) =0. 


multipole effects higher than #2 transition 
on the total cross section do not affect the 
results for 80 Mev >£,. But they increase 
with energy as one can see by the com- 
parison of the curve s=0 with the curve 
\ds in Fig. 5. And the effects of higher 
order terms in «r become larger than the 
cross section with conventional #1 approxi- 
mation (s=0) at 300 Mey of the photon 
energy. However, it would be meaningless 
to discuss the detailed angular distribu- 
tion or the ‘total cross section at these 
energy, because there are unknown virtual | 
meson effects at this “ resonance” energy. 


§5. Other effects 


Another important effect next to the 
electric transition is the magnetic transi- 
tion. After the interaction operator (1) 
is separated into the electric part and 
the magnetic part, the magnetic part is 
further separated into the magnetic convec- 
tion interaction, the magnetic spin interac- 
tion and the magnetic exchange interaction. 
The magnetic spin interaction plays an 
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important role in the very low energy region but its effect decreases with increasing 
energy. The last interactions have many ambiguities and are beyond the scope 
of the present paper. Here we shall content ourselves with estimating the order 
of the effect of the spin flip magnetic interaction. 

The spin flip magnetic transition matrix element is written as 


] | D [ 7 (kat/2) fs s 
ine as a [Bp (Hi? +7 pha + 74) | 
| Go GF MAN? 
—4 (key ]2) . ; (oP?—oe™) 
PYT a [ Up Ty” 4 73”) ote Pn (es = 7) ) ] re! ee oe 9 a aati #,). (14) 


Comparing this interaction with the interaction in (3), the difference of factors 
are 


hen Seay ee (15) 
€o—€, 2M (Hp Pn) 


(Nick, €>— €;) (1/2) (4p—Pn) is the order of unity and 4/M~1/6. The overlap in- 
tegrals are very similar to those of the electric transition. Therefore, the spin 
magnetic interaction may contribute about 3%, to the cross section of the electric 


transitions. Although it gives a different angular distribution, the angular distri- 


bution of the total transition does not appreciably change because there is no 
interference between the electric transition and the magnetic spin flip interaction. 

L. D. Perlstein and A. Klein™ have investigated the exchange magnetic inter- 
actions in the hump energy region, assuming the pseudo-scalar nature of the pion 


_and obtained reasonably good agreement with observation. If we add the ‘exci- 


tation function calculated by them to the results of our exact calculations, then the 
total cross section around the hump region becomes too large to fit the observed 
values (Fig 5). But this discrepancy may be removed if one adopts a suitable 


singlet final state wave function for the resonance transition. 


§ 6. Conclusions 


In the high energy region, the electric transition gives the main contribution to 
the photodisintegration of deuteron. The multipole effects for the electric transition 


are clarified at 80 Mev of the photon energy by the discussions in §4 and § 5. 


We could not treat the effect of the final state interaction in our special calculation. 
However, one can find the contributions of the deuteron wave function very well. 
From the comparison of our calculations {ds with each approximation, we conclude 
the following points. 

(1) The «r expansion is not justified in the energy region E,>80 Mey and gives 
an underestimate for cross sections.* 


* These conclusions have been reached also in reference 3) on the basis of less extensive 
calculation. 
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(2) The effects of the multipoles higher than E2 do not affect the results for 


E,<80 Mev. 


(3) The large D-state mixing of the deuteron wave function is decisively im- 


portant for the reaction, especially in reproducing the angular distribution 
and large cross section at high energies. 


(4) The effects of the final state interactions are not so decisive at high energies 


as at lower energies. 


(5) It is expected that one can reproduce all the observed results on the photo- 


disintegration of deuteron, if one properly takes into account the multipole 
transitions and the virtual meson effects around the hump energy. 


Appendix 
(i) The exact form of the differ ential cross section 


The exact calculation of the matrix element (3) is performed sersightforward 


and the differential cross section can be written in the form (8). The coefficients = > 


a, b, c, and d in (8) are given as follows : 


a=B(k)R16Y” 
b=B(k) RB (12X'" +27 Y?+3Z7*—4X" Y¥+32X'Y’+4X"Z+10YZ) 
= Bk) B(B2K? + 28XY +4XZ—8XX") | 
d=B(k) R122. 

ee ON RY, Y', 2; are the overlap integrals : 


Se-B 2 ds(k/K)*| ja(Kx) (3/8) w(z)x°dx 
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1 
Se ds(#/K°) (Sek one @) | ja(K2) 8/8 )w(a)2*de, 


0 
1 


es s"| ds(k/K®) (sone cos) | j(Kax) (3/78) w (a) dx 


0 


y=—87"| ds(k/K)-& | (iKzx) + jalKa)} @//8 Joo (a) 21d 


0 


Yla— et? {asca/K) Gs k—k cos 4) =| {j(Ka) + js(K2)}, 
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x (3/8) w(x)x'*dx, 


z= 27 ds(8/K) | i(Ka) | a) — Fe w (2) |2* dx, 
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where 
K=(s/2)«e—k, 


2 1/2 
K|=| (2-0-4 cos 6) +# sin? | y (A3) 


j,(Kx)- is the spherical Bessel function of order J. 


(ii) The conventional E1 approximation (s=0) 


If we put s=0 in (A2), (A3), K tends to k and we get the X, Yo, Zo. 
nee X=8-"{ TED lye wienat 


Y3Y,=—3- af jilkx) + ja(kx)|B/V8 )w(x)xrdx, — (Ad) 


Z>L= 210 j (kx) | (2) — Se (2) |x a's ho 


X'3—X,cos6, X"”— X,cos*6, .Y’>— Y, cos. 
(ii) Correspondence with the partial wave method 
If we adopt the final /-state wave function as follows, 
vi (kx) =kxj,(ka), (AS) 


the transition amplitudes for. £1 transition are written as 


CBS) = | ex falke) u(x) xrdx, 
CPD ye \ex j.(ka) w (2) edz, (A6) 


(RDS \ee 7, (bay a 


The final p-states of the conventional £1 approximation are the same for three 
yalues of J, “Py state=*P; state="P, state. Shen, X4, Ys Z, in (A4) are ex- 
pressed by (A6), 


at 


273 

eee ee 

Ty trates 

Y= — 3 4 {(PD)+(FD)}, (A7) 
ee Sh a 

Ly=—m 2 *1UPS) Te PDD} 


The cross sections in the literature are obtained by these relations. 
If one makes the transition amplitude L(/, J) specified by Z and J, 
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LQ0)=(PS)—//2¢(PD), —-L-(12) =(PS)-¥2 (PD), 
LQ) =(PS) +¥2-(PD), L (32) =2/3 (FD). 


The total cross section (12) becomes 


o,(s=0) =42B(k)- 5 (E*(20) 4+.31?(11) +5L2(12) +5L?(32) J. 
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This is just the total cross section formula for the £1 transition which is given 


by the partial wave method. Similarly, the differential cross section is 


written 


also. Thus, our conventional E1 approximation agrees with the partial wave methed 


in which the final state interaction is neglected. 
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Spinning Charged Test-Particles in General Relativity 


Anadijiban DAS 
Dublin Institute for Advanced Studies, Dublin, LTIRELAND 
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Equations of motion for charged test-particles in electromagnetic or vector-meson fields 
are derived from Fock-Papapetrou’s method. Equations for spinning charged test-particles 
are obtained in a general covariant way. 


§ 1. Introduction 


The derivation of equations of motion from field equations alone is one of the 
important consequences of general relativity. Two distinct approaches to the same 
problem exist : one due to Einstein” and his co-workers, and the other due to Fock,” 
and Papapetrou.” Motion charged test-particles have also been considered by 
Einstein,” Infeld and Wallace,” and Chase.” In the present paper we shall derive 
the motion equations of charged test-particles using the approach of Fock-Papapetrou. 
Papapetrou’s” equations of spinning test-particles are also generalised to include 
the presence of electromagnetic fields. Our considerations are equally valid for 
the case of mesic charges in vector meson fields. The resulting equations of 
motion reduce, in the flat space approximation, to the equations obtained by Corben 
and Bhabha,” and Bhabha,” except for the explicit radiative terms. 


§2. Equations of motion in the third order approximation 


In our notation, latin indices will stand for spatial components and Greek 
indices will include time-component also. The velocity of light is taken to be 
unity. Moreover, the partial, covariant and material derivatives of a tensor A’ 
are denoted respectively by 9,4). ',7,A_.', UV,A\ =DA™ 

The picture of a test-particle is a narrow world tube in space-time, inside 
which a line L will represent the motion of a particle. The coordinates of a point 
on L are denoted by X‘(¢), X*=¢. The main assumptions about the test-particle 
in this work are the following : 

(i) The material energy-momentum tensor and charge-current vector {he 
j" #9 inside the world-tube, and they vanish immediately outside. On the bounda- 
ry of separation junction conditions are T““ny=0, j*7,=0, i.e., there is no normal 
energy-momentum or current flux across the boundary. 

(ii) Any time-constant hyperplane slicing the material world-tube must be a 
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convex domain, i.e., no coordinate line can cross the boundary of the region more- 
than twice. 


Gii) |2*—X*|=|d2*|<R 0; also |T*’|, |j”| are bounded inside the tube. The - 


last two conditions imply that background fields are predominant, so that gravitational 
or electromagnetic field intensities %,, F,“ may be uniform (homogeneous) within 
the tube. Our coordinate system is admissible in the sense that g,,, and /’y, are 
continuous throughout. Field quantities will be expressed as power expansions in 
small parameters 02‘ with this understanding. 

The dynamical equations which furnish our starting point are consequences of 
combined Maxwell-Einstein field equations. These are 


Vj,Te=—V EY =—F,“;’, (2-1) 


where T°, E*® are the material and electromagnetic stress tensors, j’, fF, are: 
current vector and electromagnetic field quantities respectively. It can be shown 


that (2-1) represents the vector-meson case as well (provided the Lorentz-gauge- 
condition 7 ,¢’=0 is assumed), so that all our subsequent considerations apply equ- 


ally to both fields. 


Now the covariant Gauss’s theorem states that Ls (TA jak ae E(n) TT nghade 3. 
) 


o(Q 
where d2, do are the invariant volume and Roperte date elements, indicator &(7) 


=—+1, n’°ng=1, and 2, is any arbitrary vector field. If we apply this theorem. 
over the narrow four-dimensional volume element of the world-tube between two: 
adjacent hyperplanes given by ¢+ 4¢=constant, and ¢=constant, with the boundary 


condition T*°n,=0 and (2-1), we get 


\[—AafFe* PAT" B,A,— Pusha) /Gd'0=4\ Tham I' dv 
ro) 


Q 


Now if we choose the arbitrary vector field such that 4=1, 4=4=4=0, and. 


take lim 4t-30, (remembering 7q/ g/=\/ 7) we get 


a \ ri dut \ | OP a \ eg fa ®: 


at 5) Vs) v3) 
Similarly we can derive 
de \ cr! Pvu=— | | pak nala ei Sh \ Fy aia, (2-2a) 
At y 30 v3) v3 (6) 
eu 78 
A gir! dos \ redo \ Po |e Pe ae, 
dt Va (¢) Vs (t) Vs (¢) Vs (¢) 
(2-2b): 
Cas \ iter do= \ re dut \ ser du 
At yi V3 (t) v3) 
D 3 
bl et ge Pz e.d' v= | ea Rif dv. (2-2cy 


Vs (¢) Va (t) 


bee a 9 ers 


Pst a eee Se ee Le 


see tg 


es, 


My ee 
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The relative coordinates in a time-constant hyper-plane with respect to the instan- 
taneous X‘(z) of the line L can be written as 


dxt=xi'—X*, dxt=0. (2-3) 


Inside the world-tube the affinities and field intensities can be expressed according 
to the first mean value theorem (provided the assumption (ii) is valid), as 
DP ty HT OE OL py (ht Uae ale 
(0) (01) (2 ! 4) 
Boa DOs tere 20, Fe Ch Gy One), 
(0) (81/) 


Inserting (2-4) into (2-2a) and (2-2b) with (2-3) we get 


ban | TG <P" tT” du— F 4% \i? du \ 6x°O,T 27’ du— \ O° 0, F fav 
dt Vs e Vs a Vs Vs pine Vs conf) 
0[3] 0[3] 0[3] 0[4] 0[4] 
(2-5) 
* \ Te (re dy | 02% 7" du— \ 6x°T,,?r'd?v— \ O29 FS fade, 
Va Vs Vs Vs Vs 
0[3] 0[3] 0[4] 0[4] 0[4] 


In asserting the order of smallness of the terms in the last equations we have 
made appeal to the assumption (iii). Retaining only up to the third order terms, 
one obtains from (2-5) 


(a4) 
<| — +14 YM) = — KF, a y(u) 
(0) 
‘ (2-6) 
UM 64) tar 
Ge : 


where, U*=dX*/ds, ds= (Jagd X*dX*)"”, and M“) =U*\ r¥ dv, J™=U? Jide. 
Moreover, writing M=M“ (U*) -?, from (2-6) the Toren equation of raion 
follows as 


D(MU*) =—F,7J™, (2 2 
(0) 
This equation of motion for charged particle was also obtained by Chase” from 
the approach of Infeld and Schild. In the third approximation Eq. (2-7) is valid 
for any point in the time-constant plane because the point Xé (¢) was chosen ar- 


bitrarily. (This arbitrariness can be removed by setting \ 6x t* d*v=0) 
V3 


§ 3. Equations of motion in the fourth order approximation 


The second mean value theorem for I’,,“ and F,“ in the convex domain states 
that 


si te tale (hihi 
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Lote, peat 7 wi (XS 1) 482" 0 Li (X, t) +0x° dx? d,9,1’,,*(X' +4, 02%, t), 
(02) 


(3-1) 
d CGA Ce ooh Sie OX t) ape Beto LX, t) +0x°0x°0,0,F ,"(X'+6,' 0x", t). 
} ) (82!) 


Putting (2-3), (2-4), (3-1) into the set (2-2), one obtains 


soe aes 
are {e ie hare = ee “| Tt’, d’v—9O Da! \ 0x? rT Bu | dx" dz 8,2, Nr tee ee hire) 
Vs Ps Pe sf (82) 
0[3] 0[3] 0[4] 0[5] 
ae | jta'v—2, Fy" | dx* jtd*o— [axe 219,0,F jd’, (3-2a) 
Vs Vs Vs (oa 
0[3] pon Of Ay 0[5] 
e590 \ Td \ ca By ti | 6x*r Poul,” \ 02% 7", d°u 
dt J ”, dt @ J 
0[3] 0[3] 0[4] 0[4] 
— | bx" ba°0.P se” do Ff | dx%j du \ dxtdx°d, F,8j*d'v, (3-2b) 
Ov (01) 
V3 Vs Vs 
0[5] 0[4] 0[5] 
CR a keen ae 129) | dx*r"'d*v= | date”? dtv+ | dxtaredty 
dt Vs dt V3 Va Vs 
0[4] 0[4] 0[4] 0[4] 
7 \ 62% 0x*% 7% d®u— \ pron lo Td 0 \ On Or! Fy fidivk, (326) 


0[5] * 0[5] a Or5l 


Now, keeping terms up to the fourth order, the last set, after some calculations, 
yield the equations of motion and spin, respectively, as 


4 Me/U+E,“M 8,0 ,,7M = FAI 43, Fe So, 
ds (0) (0) (0) (0) 


dS“ 
d 


Ss 


UU Pease 
ds 


ve ye ( U") A dS 
ds 
Ee [Pt U« ( U*) =i L,,*| Me ae" (Te — Ue ( U") =a MH) 
(0) (0) (0) 
S19 A Bat 64-7 OE pai Pac B cr cogel Slag Oat) Fp NP es (3-3) 
(0) (0) (0) 


where we have introduced the relations 


Mer =Mer =—U' | date div, 


Vs 
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sen —U*| dan jrdty, (3-4) 


Va 


S Melee = Ss | daertdto— \ 0x? rds. 


V3 V3 


§ 4. Covariant forms of motion equations 


An arbitrary space-time transformation may be effected by the superposition 
of two transformations viz., (i) 2*=2x‘(x!), at=a2", and (ii) af=2", ct=z*(x'*). 
Furthermore, restricting ourselves, for the time being, to infinitesimal transformations 
only, we obtain the following transformation properties for the integrals, correct 
up to the fourth order approximation, 


Gx CON { OX” Kia) (par) 
(Xa8) == U p14 er > 
m ax axr |axr 0 axe) 
aXe TO XA -1 9X* | 9 

(Noe BELT TN 4) 1 PYACZ 
a BEE tae Saya ax | 
M@s) — OX* OX" M1») 
: ax’ ax” 
: Se NA NR SP LOX Er COME nce yt L agren 
a (axax OX” § ax axrax’ 
Br; 4d { OX" AX? AX (py -1 rer 
Be ds \ OX! OX” ax } 
as SRG: 3° Xe 3. dk Vo Beano ot Sipe 
Ee JO ate ee aera aa Une 7 ae son (U*) 1 Vp 7 ; (4-1) 


ie One can verify by direct calculations that (4-1) has the group property, so 
ia that transformation properties in (4-1) will remain intact for a finite transformation 
built up from a series of infinitesimal transformations characterised by (4-1). 
Furthermore, from (4-1) the following integrals, which obey formally the trans- 
ar formation properties of tensor, vector, or scalar, can be obtained : 


S48 = S(a8) Joao Z_ yon 1b 
5 d v> 


S 
yasy __ Bay (BY) BY 
) S87 — Sear Ye SO _ [ye Sear), 
i 
{ Be heigl a0 i Ph diy ee clas 
; (0) (0) : 
M=U,(U!){M@+47,,“S“U,— F234 U,}. (4-2) 
(0) (0) 


Introducing these quantities in (3-3), we finally obtain the covariant equations of 
motion and spin respectively as 


a eles, s 
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D(MU*4 Ug DS”) 3-48" U°R3°= —FAJts O20 0B ,* + D(Us A"), 
(0) (0) 


(0) 


(4-3) 
DS*° 4+U2U, DS**— U* U, DS“ =U, {5% FP — 30 Ft 4 S08" F 7}, 
(0) 


(0) (0) 


Eqs. (4-3) reduce to equations of Papapetrou” in the absence of electromagne- 


tic or vector meson fields, which in turn reduce to the results of Mathisson,” and 


Lubanski,” in the limit of special relativity. Again, (4-3) can be regarded as the 
generalization of the works of Corben and Bhabha,” and Bhabha” into general 
relativity, except for the explicit radiative corrections. 


My thanks are due to Professors J. L. Synge, F.RS., and Cornelius Lanczos, 


for valuable criticisms. 
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We attempt to clarify the origin of the discrepancy in the singular point between the 
condensation theory of Born-Green-Rodriguez (BGR) using the integral equation method and 
that of Mayer using the series expansion method. We interpret the BGR theory as the 
approximate theory in which Mayer’s “frame” is replaced by the “ring” (§2). In the 
framework of Mayer’s theory (§ 3), it is shown that the maximum point of the BGR isotherm 
gives the condensation point,-and that the characteristic temperature T,,, for the BGR gas is 
absolute zero, and that the singular point of the BGR isotherm is analytically explainable 
but has no physical meaning (§ § 4 & 5). By applying the results of the author’s previous 
paper to this case, the two-phase separation (the appearance of a “huge” cluster) and the 
horizontal line (starting from the maximum point of the isotherm) are deduced (§6). In 
connection with the present problem, some problems on the condensation theory are discussed : 
{1) A note on the integral equation method; 2) the different interpretations of an approxi- 
mation; the rule of equal areas; van der Waals’ equation; 3) the analytical properties of the 
condensation point; 4) the analytical behaviours of condensing systems; 5) the ideal Bose- 
Einstein gas] (§ 7). 


§ 1. Introduction 


From, their integral equation Born, Green, and Rodriguez? (referred to as 
BGR hereafter) have derived the equation of state** p=p(v) for a system of a 
very large number of molecules (particles). The isothermal curve*** obtained for a 
sufficiently low temperature is of the shape given in Fig. 1. They have interpreted 
the singularity Q on this isotherm as separating the superheated liquid from the su- 
persaturated vapour, and have considered that the horizontal line representing the con- 
densation range should be drawn by the rule of equal areas, just as in van der 
Waals’ equation of state. 

On the other hand, according to Mayer’s theory®” of condensation, the 
singularity on the isotherm must appear at the density of the saturated vapour, 
i. e., at the point (P in Fig. 2) at which the condensation begins. Thus we see 
a remarkable discrepancy (in position and interpretation of singularity) between 


* The contents of this paper were originally read at the meeting of the Physical Society of 
Japan held at Nagoya University on April 2, 1955 [cf. the abstract book of the meeting, 7, p. 21] 
and were published in 1957 [reference 1] in Japanese. i 

** p is the pressure; v[=V/N] is the volume per molecule, 
tS Hige Sorsrete 2c): 


Sl 2 i 


rq 
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P 


Fig. 1 Fig. 2 


the theories of Mayer and of BGR. 

According to Van Hove’s theorem,” the isothermal p-v curves obtained from 
the rigorous expression of the partition function for the real system should be 
non-increasing and so can never contain the unstable or even the metastable parts. 
Hence one may generally consider that the above-mentioned discrepancy arises from — 
the approximations (“superposition ”’ and “ linearization ”’) used in the BGR theory. 

In this paper, however, with a view to clarifying more essential circumstances 
underlying this discrepancy, we shall give a detailed analysis of the origin of this 
discrepancy and the character of the BGR approximation, and especially show how 
the BGR theory can be interpreted in terms of Mayer’s theory. In this connection 
we shall also discuss some analytical problems on the phase change. 

Here we note that, as to Mayer’s theory referred to in this paper, we leave 
the problem of the volume dependence of the cluster integrals out of account; this 
problem is discussed in another place. 


§2. The BGR theory and the BGR gas 


In the BGR theory,” an integral equation for the distribution function m,(7) 
of two molecules is obtained. Here this integral equation contains Kirkwood’s 
superposition approximation [723 (1r4, 12, Ta) =M2(T1, To) M2 (r,, 73) Mz (1s, T1) /m| about the 
molecular distribution functions and the approximation of linearizing the integral 


equation. Then one obtains the solution 
\ 


mira tex 6) /eT} [14s (= ae], 


where ¢(r) represents the pair potential (having a short range) and g(t) is de- 
fined by Eq. (6),* and € is a certain suitable constant, introduced in the approx- 


* f(r) and g(¢) of this paper represent a(r) and (27)3/28(¢) of BGR, respectively. « represents 


Boltzmann’s constant. 
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imation procedure, and is considered to be of the order of magnitude 1. More 
rigorously, € is considered as a function of v and 7, but this refinement will not 
essentially affect the qualitative, analytical arguments stated in the following. 
Eq. (1) is substituted into the formula for the pressure 
eae 
paKxTo— ~~ | mr) 8 (r) paride (2) 

; 0 
and thus the equation of state is calculated; hence the curve in Fig. 1. 

Though the BGR theory covers both the gaseous and the liquid state, we 
shall here restrict ourselves to the gaseous state. For the gaseous state, i. e., for 
sufficiently large v, it is shown that (2), in which (1) is substituted for m,(r), 
is expressed in the form 


p=«To(1- Soe v 3 ; (3) 


which is nothing but the virial expansion. Here the coefficients #, are given as 
follows. 


p= 4n{ rpanar, (4a) 
8, = (€*/4n*) \- {g(t)}*"*dt (k>2), (4b) * 
where 
f(r) =exp{—¢(r)/«T} —1, (5) 
sine) 


H(t) =4a)r F(r)- Za (6) 


0 
On the other hand, in Mayer’s theory,”’® the equation of state for the gaseous 
state is given in the form of (3), but here the coefficients #, are the so-called 
“irreducible cluster integrals”; and the set»of k+1 molecules composing /; is 
called an “irreducible cluster” or a “frame”. Mayer's rigorous expression for 


Pe is 
pee Wa SY IT fp dtydty--dt py, (7) 


hk! V J bFTS0> jet 
(sum over all products with all molecules more than singly connected) 
where Siuu=F (ry) =exp{—9(7i3)/kT}—1. It is very difficult to make explicit cal- 
culations of #, for all & by using (7). | 
But the expression (4a, b) is easy to treat. It is an approximation to the 


* Eq. (7.6) of réf. 2b). 


ey erpe ers 
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rigorous expression (7). This approximation is a natural consequence of the approxi- 

mations contained in the BGR integral equation. It should be remarked that each 

8, of (4a, b) [with (6)], apart from the additional factors, represents an integral 

over a “ring” of &+1 molecules [connected by the functions f(r) ]* (Fig. 3b), 

except for §, (Fig. 3a). [From this it is seen 

that 8, and 8, (€=1) of BGR are rigorous.| Thus By i 

we may say that the BGR approximation is such that 

“frames”’ are replaced by “rings ’”’.** [ eA ay, 
The hypothetical gas for which ?, is given by 

(4a, b) and which therefore consists of ring-shaped 

frames, may be called the “ BGR gas.” [cf. Fig. 4.] esse Bigs 
Incidentally, the “ ring-shaped frame ”’ approximation has been used by Mont- 

roll and Mayer,” who have confined their discussion in the framework of Mayer’s 

theory” from the beginning, and have directly given the ring integral expression 


to §; without employing such an alternative | 


method as the integral equation method. In 
this way Montroll and Mayer give to f; the 
same expression as (4a, b) where «=1. 

Thus we may consider that, though the 
method of BGR is different from that of Mayer, 
the work of BGR is substantially equivalent*** 


to Montroll-Mayer’s work (which is confined 


in the framework of Mayer’s theory), at least if 


Fig. 4. [A cluster in the BGR gas] ; 
we restrict ourselves to the gaseous state. 


Since the analytical structure of Mayer’s theory is generally valid irrespective 


of the explicit expression for §;, the BGR theory considered in the above way 


(i. e., considered within the framework of Mayer’s theory) cannot conflict with | 


Mayer’s theory (e. g., in the properties of the singularity representing the conden- 
sation point). However, BGR have obtained the queer result shown in Fig. 1, 


which apparently conflicts with Mayer’s theory. This paradox will be resolved in 


this paper. 
§ 3. On Mayer’s theory about the connection between 
singularity and condensation 


Consider the analytic functions G, and G; defined by (analytic continuation 


of) the following series: 


* Bp=lim[V 00] (€#/2V) || FS (r9) “SCH, eof esa .a) de dea Fie 


yi . . 
** The dependence of the ring integrals on the volume (V) of the gas container is neglected. 
“ee Whether €=1 or not, causes no essential difference in the analytical arguments. 
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Galo) = 3 Bao’ sy 
G,(v) = 348.0" (9) 


Then, according to Mayer’s theory,” the starting point of condensation v, is: 


given by 
Us=max{Vi, Vo}, (10) 
where v, is the largest positive real v (if any) for which 
G.(v) =1, (11) 


and wv, is the largest positive real v (if any) for which G, (and thus G,) is singu- 
‘lar.* It should be noted that wv, which -is also the (largest positive real) sin- 
gularity of the analytic function p(v) defined by the series (3) [virial expansion], 
does not necessarily give the condensation point v,. For low temperatures. 
(TST,,), v; is certainly given by vw; but, for high temperatures (T,> 7 >T™”) ,** 
we have v;>v, hence v, is given by v, and the singularity v) has no physical 
meaning but has only the mathematical meaning that it is the first singularity 
of the analytic continuation of the isotherm beyond the condensation point. —If 
T.>T>T.,, the slope of the isotherm is continuous at the point (v,) of transi- 
tion between the gaseous curve and the horizontal condensation line. 


§ 4. Condensation of the BGR gas from the viewpoint of Mayer’s theory 
We shall now discuss the BGR theory (stated in § 2) within the analytical! 
framework of Mayer’s theory (stated in § 3). 
For the BGR gas, we consider the analytic functions G,(v) and G,(v) [Eqs. 
(8) and (9)] where & (k=1, 2, ---) is given by (4a, b). Then, from (4b), Be. 


is known” to become 
B.= C(R+1)*"B,*- {1+O0(1/k)} (12) 


asymptotically for large k. Here C is a constant independent of k, but may depend: 
on the temperature and the intermolecular forces. 

Here it should be noted that in the BGR theory, for all sufficiently low tem- 
peratures (such that the condensation occurs), 8, is positive [owing to the domi- 
nance of the positive part of the function /(r)] and 8, for k=2 is also positive. 

From (12) we have 


lim {8,/ (k-*B,4)} =C(>0). (13) 


* If R is the radius of convergence of the series (8), (9), or (3), then Rv. Especially,. 
if all 6% are positive, then R=v 71. 


** Mayer et al.3¢).4),e) suppose the existence of such a finite range [T,,, Z.] of temperatures for- 


the real gas. 
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Hence, for a given 0(0<0<C), there exists a finite positive integer K such that 
C—8<P,/(k°78:*) <C+6 for every R2K. (ray ase 


Therefore, putting ¢.=C—0, n=C+0, (0<a<c), we have 
K-1 -°) : oo K-1 ee) 
$1 Bul be, SLR BPo tS So SD Ryo a SR Bo. 15) 
k=1 k= K k=1 k=1 k=K 
Hence* the series $!8,v~" is convergent for v3, and is divergent for v<fi3 
k=1 


thus the radius of convergence of >1f,v~* is given by #1". Consequently, the 


k=1 


function G)(v) has a singularity** at v=/i(=v», say) and this singularity is a 
branch point and the value of the function at this point is finite. [Fig. 5a.) Simi- 
larly, we have from (14) 


K-1 o co K-1 co 
ST EB, o bey SR BU ES DRG O* SS Dh RBev es > Ra Un 
k=K k=1 k=1 k=K 


k=1 


Hence the series Ska v* is conver- c 
gent for v>f and is divergent for 
v</,; thus the function G;(v) has 
a polar singularity at v=/1(=v) 
namely, we have G,(v)>+© as 
v—>v,+0. [Fig. 5b. |} 

The above statements are true 
for all sufficiently low temperatures 
(such that the condensation occurs). 
Hence, for all such temperatures, it, 
follows that v,>v. [where v; is the 
v for which G,(v)=1] [see Fig. 
5b],*** and that consequently, accord- 
ing to § 3, the starting point of con- 
densation is v,, which is different from Fig. 2a Fig. ab 
the singularity (vo) of Go, Gi. Conse- 
quently, for the BGR gas we have T,>T >T", for all temperatures below the critical 
temperature T.. In other words, for the BGR gas, we have T,, <0, that is, in fact, 


T= One 
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$5. Interpretation of the BGR isotherm 


In the preceding section we have obtained the condensation point of the BGR 


K-1 ios} © 
* Notice that the sum >) is always finite. Notice that $1-3/2 converges (while )4-"/? diverges). 


E fi 
*k Notice that B,>0 for every &. See the first footnote (*) on the preceding page. 
*&* In order that vp>vo, it is sufficient (but not necessary) that G, (vp +0) = +09. 
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gas within the framework of Mayer’s theory. We shall now show how the curious 
shape and the singular point of the BGR isotherm (Fig. 1) can be explained. 
According to the analytical behaviour of the function G,(v), stated in § 4, and 
using (3) or 
dp/dv=—«Tv”{1—G,(v)}, ALD) 


we can obtain the gaseous isotherm and its analytic continuation beyond the con- 
densation point. Thus we obtain a figure which is quite similar to Fig. 1 (obtained 
by BGR by numerical calculations”), excepting the part QL. The ranges (0, v,~") 
and (v,~1, v)") in Fig. 5b correspond to the parts GM (gaseous state) and MQ 
of the curve in Fig. 1, respectively. The points v,~' and v,' in Fig. 5b correspond 
to the maximum point M and the singular point Q of the curve in Fig. 1, respec- 
tively. Thus we may put 


Uz= U3. Vo Ve- (18) 


The fact that G,(v.+0)=-+ © in Fig. 5b, corresponds to the fact that the slope 
on the right side at the singularity Q is +o in Fig. 1. [cf. (17).] 

We will not go into the detailed discussion of the part QL of the BGR iso- 
therm, which may be considered to be an analytic continuation of the curve MOQ 
beyond the singularity Q into the liquid range. 

Thus in terms of Mayer’s theory we have explained the BGR isotherm ; namely, 
it is regarded as consisting of the gaseous isotherm and its analytic continuation. 
In such consideration there is no theoretical inconsistency concerning the singular 
point Q of the BGR isotherm and the condensation point M deduced by Mayer’s 
theory ; the point Q is the first singularity in the analytic continuation of the gaseous 


isotherm beyond M, hence it is explainable in Mayer’s theory, but has no physical 
meaning. 


Here it may be noted that the virial expansion (3) is convergent for vy >v—= vq 
as well as for vv» (gaseous state), and is divergent only for v<vo. 


§ 6. Appearance of a “huge” cluster in the BGR gas 


Now, for the BGR gas, we can obtain the horizontal part of the isotherm and 
prove the appearance of the liquid phase, by employing the rigorous proof of con- 
densation given by the author.” Here it may be noted that we have defined the 
BGR gas as the gas for which the §;,’s in the following rigorous expression of the 


configurational partition function (2y) are replaced by the ring integrals (4a, b).* 


(Yon 


m,! 


Lae (Ss lm,=N) I 
0 l=1 


ae 


(19) 


where the &,’s are the so-called “ cluster integrals’, which in turn are expressed 
as 


* Here we neglect the volume dependence of the b;’s and the 8,’s. 
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The theory of condensation is valid irrespective of the explicit expression for ?,. Thus 
for v<v, (=v;=vm) we have* [by reference 8] (cf. p. 678 of ref. 8b) ) 


InQ~Ing+ln¢, (21) 
where 
Ing=V 2 b,z,.—N, Inz, (saturated vapour), [z,=0)'], (22) 
Ind. = lnh7, = N, Ind) (liquid drop), (23) 
and 
NE=N,4 N= SV z' + Np. (24) 
Z 


From these formulas, we see (i) that a “huge” cluster (In by,) [which represents 
the liquid phase] appears and coexists with the saturated set of “small” clusters 
[which represents the saturated vapour| if 
v<vy, and (ii) that the isotherm for v<vm 
is horizontal, whence we deduce the horizontal 
line (representing the condensation range) 
drawn from the maximum point M of the 
BGR isotherm. [See Fig. 6.] Hence there is 
no discontinuity in slope at the starting point . 
(M) of condensation for every Shy Ge 2ey A Yoreas 0) 
is natural since T’,,=0. 

According to the discussions in § A5 of 
Appendix A of reference 8b), we have the fol- t 
lowing expression for the “huge ” cluster irk. 
integral for all sufficiently low temperatures (since T,,=0). 


Indy, = Na>} Bust —No In yo, (25) 
where y, is determined by 
S) kbp yt =1 (26) 
k=1 


and the 9, are the ring integrals (4a, b). This means that the “huge” cluster, 
i.e., the liquid phase (in thermodynamic equilibrium) contains no “huge” frame 
(ring) but consists of a large number of “ small” rings only. 

If we considered the vo 
obtain the isotherm for the 
would not necessarily be identical wit 


pure liquid phase. The liquid isotherm thus obtained 
h the liquid part of the BGR isotherm, ob- 


ulas the concise notations and expressions are used. For the corresponding 


* In these form 
see reference 8b). 


rigorous formulas and their proofs, 


lume dependence of the cluster integrals, we should | 
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tained as a solution of the integral equation, because the approximation in which 
the 8, in Eqs. (19) and (20) are replaced by the ring integrals and the approx- 
imation of superposition and linearization in the BGR integral equation are cer- 
tainly equivalent for the gaseous state, but may not necessarily be equivalent for 
the liquid state. 


§ 7. Concluding remarks 


In connection with the BGR isotherm discussed above, we shall now give some 
remarks on the analytical theory of condensation. 

1. If one derives rigorously the pressure p as a function of v, one must 
obtain a stable isotherm of usual shape having a horizontal condensation line. 
This may be true irrespective of whether one starts from the rigorous expression 
of the partition function or one uses a rigorous method (if any) of integral equa- 
tions. In this case, in the integral equations, the possibility of states of two- 
phase coexistence—that is, states of macroscopically inhomogeneous density—should 
not be ‘excluded. This may mean that the one-molecule distribution function (or 
the number density) 2, is not necessarily constant in space, and the two-molecule 
distribution function », is not necessarily a function of r==|r,—r,| only (but also, 
of r; or r,),* and so on. [The situations may differ according as the gravitation is 
assumed or not, that is, whether or not the liquid phase is located at the bottom 
of the vessel (with a horizontal definite boundary between vapour and liquid).] 

la. The BGR integral equation does not satisfy the above requirements, and 
moreoyer, contains the approximations of superposition and linearization ; hence it 
is not surprising that an isotherm of curious shape has been obtained as its solution. 


2. Now we may consider that, in interpreting the BGR approximation, there 
are two views: 


(I) One interprets the BGR isotherm as an approximation to the isotherm** 
which would be obtained if one forcibly as- 
sumed the existence of only one homogeneous a 
phase for every v. From this viewpoint every 
part of the isotherm—even the part MQ—has 
a physical meaning at any rate, though some ~ 
parts represent metastable and unstable states. 
Thus we may apply the rule of equal areas 
to obtain the stable isotherm and hence the 
horizontal condensation line. [The line AA’ 
inelig, «7: | 

(II) One interprets the BGR approxi- 
mation as an approximation to the rigorous ALA! 


* r, and rz represent the positions of the two molecules, 


** Whether or not the rigorous isotherm thus obtained would really have such a singularity 
as Q seems to be open to question. 
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sexpression for §,. From this viewpoint the part MQ (and the singularity Q) can- 
‘not have any physical meaning, and so the rule of equal areas (which presupposes 
every part of the isotherm—even the unstable part—to have a physical meaning- 
-on assumption of single-phase since for its proof the pressure in every part is 
-used for integration in evaluating the Gibbs free energy) is not applicable. In §§ 4, 
5, and 6 of the present paper, we have taken the view (II) and obtained the 
‘horizontal condensation line MM’. [Fig. 6.] 

2a. Thus we see that by the different methods [(I) and (II) | of interpretation 
-of the approximation, one obtains the different ranges (points) of condensation from 
the BGR isotherm. [Here we will not go into the discussion of the question which 
method of interpretation is more suitable from the physical and mathematical view- 
point.] Of course, in the rigorous theory, such a situation does not occur. 

2b. For other approximate theories, we can also use the above two methods 
-of interpretation. For example, consider van der Waals’ equation 


(pta/v’) (v—b) =KT. (27) 
If we take the view (I), the usual method applying the rule of equal areas is 
-valid [see the line AA’ in Fig. 9]. If we take the view (II), Eq. (27) is written 
in the form of (3), where 
M21 Ga Kl )—b}, (28a) 
By=—b*-(k4+1)/k (R22). (28b) 
And, for all temperatures below the critical temperature, the condensation point is 


-given by the largest v (say v,) such that G, (v) ae EO a Here we may 


Fig. 8 Fig. 9 


note that also in this. case, T,,=0. [See Fig. 8.] v corresponds to the maximum 
‘point M in Fig. 9; (thus v;=vm, U,=Vy); and we obtain the horizontal conden- 
‘sation line MM’. . 

3. The analytical structure of the theories of BGR and of van der Waals 
«considered from the viewpoint (II) will be realized (in a more general form (cf. 
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Fig. 10. (See footnote*) 


Figs. 10 and 11, ()]) for T>T,, in the theory of 
the real gas (cf. §3). For T>T,,, if there is a 
singularity (vq say) of the virial expansion, then ve 
is smaller than the starting point of condensation vy 
(which is the maximum point of the curve consist- 
ing of the gaseous isotherm and its analytic contin- 
uation) ; thus, for T>T,, the divergence of the virial 
expansion is zot connected with condensation. In fact, 
the condensation point vy corresponds to the first 
singularity** (on the positive real axis of z) of the 
analytic functions p(z) and v(z) defined by the 
following series : 


= = Z 
panel’ siz, ay Pig a 
Vo= Ss lb, z', (30) 


that is, 


* In Figs. 10, 11, 12, and 13, the analytical behaviour of G, vs. v7}, of p vs. v, of v71 vs. z, 
and of ~ vs. z are shown for all (or some) of the following cases: 
(1): T<T,, (P denoting the first singularity), 
Goya eee real gas, 
(i): T,,<T<T, (general case), 
(11): BGR gas (T<T,) [viewpoint (ID], 
' Gi): van der Waals (T<T,) [viewpoint (I])]. 
To economize space, all cases are included in one figure, except for Fig. 13. 

** This singularity is “analytical” (in the phraseology defined in reference 10)), since we neglect 
the volume dependence of the 6,’s in the present paper. For discussions of the question whether 
the singularity is “analytical” or “non-analytical” in the case of volume-dependent cluster integrals, 
see references 10) and 11). 
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(1) (i) (ii) (iii) 
Fig. 13 
z=v_'exp{—G(v)}, (30/)' 


= representing the activity (or fugacity) of the system. But the analytic function 
p(v) (with its analytic continuation) is regular* at vy. [Thus the variable v may 
be said to be a “(locally) uniformizing parameter”; by the transformation: of the 
variable from z to v, the ramified element of the analytic function p changes into 


“ 


a rational element.] A maximum point of a function is of course regular but may 


be likened to a sort of singularity since the point corresponds to an algebraic 
branch point of the inverse function. vm 1s such a point of p(v), and thus cor- 
responds to the condensation point, in the case that T> T’,,. . 

4. In the theory of the real gas for T>T',, and in the theories of BGR 
and of van der Waals considered from the viewpoint (ID), the functions 1/v and 
p of z|=activity] (and their analytic continuation) behave in the manner shown in 
Figs. 12 and (13) [ (i), Gi), (iii) | (the solid curves) .** Here the point M is an algebraic 
branch point; at M, dp/dz must be equal in the two branches. In this case, if 
the liquid function [the broken curve in Fig. 13, (i), Gi), (ii) | were obtained, it 
would, in general, be an analytic function other than the gaseous function, since, 
at M, dp/dz must be different in the gaseous curve and in the liquid curve. This 
means that the type (c) in the classification of analytical behaviours, which has 
been given by the author [ref. 9); p. 378 of ref. 11)], must be realized in this case.*** 

5. At this point we may refer to the ideal Bose-Einstein gas. In this gas 
the cluster integrals 6, are expressed by the ring integrals in which the function 
corresponding to the intermolecular connection (due to the apparent attraction by 
BE statistics) is given by f(r) =exp{— (x/*) r?} ; thus b= RY /PP, where A= 
h// Ixme«T. This should be compared with the BGR gas in which the /, are 


* Note that also z(v) [Eq. (30’)] is regular at vy. 
Eos Ch Eq. (30/) and d{ln z}/d{In (v-}) }=1—-Gy (v) and dp/dz=KT/(zv) =xT exp Go(v). 
# For T<Tm, we have not given this conclusion. About the question whether the singularity 
‘Pp (in Figs. 10-13) is algebraic or not, we shall argue in another place. 
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ring integrals. [For a more detailed comparison between the ideal BE gas and the 
BGR gas, see § 9 of reference 12).] It is interesting to note that, in the isothermal 
p-v curve of the ideal BE gas, there is no discontinuity in slope at the point 
(v,) of BE condensation for every T’>0 [see §5 of reference 5) for example]; 
thus we have T,,,=0, just as in the case of the BGR gas. This situation 1s con- 
sidered to be due to the rather weak connections (attractions) between the mole- 
cules :—the ring-shaped frames (BGR) or the ring-shaped clusters (BE). In the 
theory of the real gas, the temperatures 7 >T',, are considered to be high enough 
to make the attraction effects so weak that a case analogous to the BGR case 
[viewpoint (II)] occurs. From this it is also understandable that the ring approx- 
imation is rather good for relatively high temperatures. As to the van der Waals 
case [viewpoint (II)], it may be noted that, since 9, for k=2 is negative, the 
attraction effects are rather weak for all temperatures, so that T’,,=0. 


6. 


In conclusion it should be remarked that, starting from the analysis of 


the curious shape and the singular point of the BGR isotherm, we have been able 
to make several suggestive arguments on the condensation phenomena from the 


analytical viewpoint. 


1) 
2) 
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A possible scheme of the systematic one-particle motion in a many-particle system is 
presented from the first principle as a time-dependent formalism. The theory is formulated 
and interpreted exclusively for the optical model in nuclear reactions, although the present 
formalism can be utilized to study various problems in solid state physics. First the one- 
particle amplitude is so defined as to describe the processes of elastic scattering. Then it is 
shown that the systematic part of the amplitude, corresponding to the coarse-grained motion 
of the system, obeys the one-particle Schrédinger equation with the optical potential, and that 
the fluctuating part of the amplitude is governed by the Langevin-like equation with the same 
optical potential and by the fluctuation-dissipation theorem. This is just the scheme assumed 
in the previous paper from the semi-phenomenological point of view. The optical potential 
can be calculated from its definition given as the Fourier transform of the so-called “self- 
energy” part appearing in the equation of the one-particle Green function in the -medium 
of the target nucleus. From the definition it is easily seen that the optical potential is, in 
general, non-local and slightly energy-dependent. The optical potential is decomposed into 
two parts, one being the static (or energy-independent) part to be observed in the target 
nucleus in the fixed ground state and the other representing reactions of nuclear excitations. 
It is inferred ‘that the former would not be so different from the corresponding term of the one- 
particle potential as expected in the ordinary shell model, and that the latter is small due to 
the average effect originating in the energy spread of the incident beam. The former is 
purely real, while the latter has an imaginary part which is responsible for the probability 
dissipation of elastic scattering. The face of the optical potential may be of the same type 
irrespective of the question whether the incident beam is a simple short wave-packet or a 
mixed beam, so far as the coarse-grained motions are pursued. Finally it is proved that 
the fluctuation-dissipation theorem holds for the correlation function of the fluctuating source 
or amplitude if the system is excited in quasi-equilibrium. 


§ 1. Introduction and summary 


The one-particle approximation is extensively used to treat various many-particle 
problems in theoretical physics. As is easily understood, the one-particle approx1- 
mation should be justified only when for each particle the surrounding particles 
behave like a continuous medium to its motion. Such a situation is often. realized 
‘n familiar cases. For example, the Brownian motion is well explained by an 
‘Jlustrative use of the one-particle approximation. In the previous paper,” the optical 
model in nuclear reactions at low energies was discussed in a way analogous to — 
the theory of Brownian motion. There a neutron was regarded as a Brownian 
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particle moving in a medium formed by surrounding nucleons, under the assumption 
that the neutron amplitude obeys a Langevin-like equation with the optical potential 
and the fluctuating source. The purpose of the present paper is to formulate such 
a scheme of one-particle motion in a many-particle system through derivation of 
the Langevin-like equation from the first principle. The procedure contains con- 
struction of the optical potential for one particle, but detailed calculations will 
here be left for a forthcoming paper. 

The basic idea consists of separation of the averaged (or coarse-grained) one- 
particle motion from the complicated motion in the many-particle system. The 
same idea was already formulated to investigate the hydrodynamical model for the 
meson cloud produced in nucleon-nucleon collisions at super-high energies.” It may 
also be of interest to apply the present formalism to the problems in matter physics, 
for example, solid state physics.” Throughout this paper, however, we shall ex- 
clusively investigate nuclear reactions caused by collisions of a low energy nucleon 
with a large nucleus. It may be easy to extend the theory so as to deal with 
problems of some systematic interactions among two or more particles in a medium. 

A particle moving in a many-particle system experiences successive collisions 
with surrounding particles. If the motion of the particle is recorded on a micro- 
scopic time scale, we can observe all the possible types of fine interactions, such 
as virtual or provisional pair-excitations of the medium. In some practical cases, 
however, we have only to discuss the observation on a more rough time scale, on 
which it is impossible to record truly the fine variations of motion in a time- 
interval shorter than a characteristic time. The characteristic time may be con- 
sidered to be at most of the order of the lifetime of provisional states produced 
by pair-excitations. On such a time scale we may observe a coarse-grained one- 
particle motion. This one-particle motion is regarded as the average of microscopic 
motions over each time-interval whose length is of the order of the characteristic 
time. Deviations of microscopic motions from the average may be recognized as 
random fluctuations, so far as each time-interval of the order of the characteristic 
time can asymptotically be regarded as an instant in observations. Of course, the 
randomness comes from the large degrees of freedom of the system. However, 
one must pay close attention to the randomness. If we use a wave packet with 
a time-length long enough to discriminate the average spacing of energy levels of 
organized oscillations in the whole system, we could observe a new type of system- 


atic motion of the system (for example, the compound nucleus). Hence we should 
restrict ourselves to observations in a time-interval 


mT St< Ty, 


for usage of a single wave packet. Here ["=(h/z) is the width of a “ giant 
resonance” and D==(h,/T)) the average spacing of fine-structure levels. Such ob- 
servations would be realized by making use of a short wave packet with the time- 
length ty (ToK< ty < T»)) or with the energy spread 4H,™ (h/t). Then one can record 
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the random fluctuations or some kind of irreversible process, as is interpreted by 
Hayakawa et al.” and the previous paper. However, it may hardly be acceptable 
to consider the above short wave packet as the one produced in actual instruments. 
One may rather prefer considering the actual beam like a mixed beam to regarding 
it as a single and short wave packet. The mixed beam consists of a random mixture 
of a number \of long wave packets, in which each wave packet has a sharply de- 
termined energy but its center of energy distributes over the range 4E#,, The 
randomness in the mixed beam comes from the random mixture of wave packets, 
while the short wave packet shows an apparent random interaction with large 
systems. In both cases we can expect the same aspect of irreversible processes 
from discussions given by van Hove and Toda.” At any rate, it becomes necessary 
for derivation of the coarse-grained one-particle motion to discard or to average the 
fne interactions in each time-interval (¢<z).* To discard the interval (t<<») 
is equivalent to ignoring the high frequency parts. 

The coarse-grained motion may come to be of a two-particle motion in a 
medium. For a while, we shall deal with the case in which the coarse-grained 
motion can be of a one-particle motion. In such a case, it is most convenient 
to define the one-particle amplitude 7%(*, 7) so as to describe the coarse-grained 
one-particle motion. The amplitude 7 (x, 2) would obey the one-particle Schrédinger 
equation with the so-called optical potential. 

In § 2 we formulate the relationships between the one-particle amplitude and 
the state vector of the scattering problem, by means of the Green function. There 
:t will be shown that the conventional one-particle amplitude (one-particle Feynman 


amplitude) may be separated into two parts, the one representing the average or 


coarse-grained one-particle motion of the system and the other the deviations or 
fluctuations of the amplitude from the average. If the former does not contain the 
high frequency oscillations and the latter is subject to the fluctuation-dissipation 
theorem, it will be inferred that the system is specified by the systematic or coarse- 
grained one-particle motion. There we shall take the averaging procedure into 
account, although its full use will be given in §5. Moreover, we shall have to 
pay attention to the distribution of the target nucleus or the center-of-mass motion 
of the target nucleus. Its center-of-mass motions are to be connected with the 


uniformity in space and time of the Green function and the optical potential. In ~ 


§ 3 the equation of the one-particle Green function is constructed by making use of the 
functional derivatives with respect to the scalar external field ¢ artificially introduced. 


One may see that, by introducing ¢, formal calculations of the Green function or its | 


self-energy part become much simpler than the customary method using the spinor 
external field. The method has already been used by some authors”? in quantum 


* The choice to= (H/T) is the over-estimated value for the characteristic time. Strictly speaking, 
the characteristic time must be of the order of the relaxation time t, associated with the quantity 


7 defined in § 5. One may expect that to>t1. 


- 
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field theory, and it is especially useful in the case of the standard two-particle 
interaction. The self-energy part will be decomposed into two parts to prepare the 
static and fluctuation parts of the optical potential. Some formulas of the self- 
energy part will be obtained in perturbation theory. The various quantities can 
be represented graphically in a way similar to the method given by Klein and 
Prange” and others in the case of the uniform media. § 4 is devoted to definition and 
interpretation ofthe optical potential. The optical potential is defined by the Fourier 
transform of the self-energy part.* Its static part is real, and is non-local due to 
the exchange effect, The fluctuation part has the imaginary part and the non- 
locality representing the virtual nuclear excitations caused by the incident nucleon. 
The energy spread of the incident beam has an effect on the observed values of 
the optical potential through a sort of averaging procedure. §5 is connected with 
discussions on the fluctuation part of the amplitude and the Langevin-like equation 
as assumed in the previous paper. There we should. examine the fluctuation-dis- 
sipation theorem to be satisfied by the fluctuation part of the amplitude. If the 
fluctuation part of the amplitude were not subject to the fluctuation-dissipation 
theorem, the fluctuation part would contain another type of systematic motions 
different from the one-particle motions and the systematic motions of the system 
would not be of the one-particle motion. The fluctuation-dissipation theorem may 


hold if the excited states caused by impact of nucleon can be regarded .as in 


equilibrium in a somewhat long period, in other words, if the compound nucleus 
is formed and the oscillations with various energies are superposed during a some- 
what long interval. Such situations are consistent with the discussions given by 
Hayakawa et al.” In conclusion we shall briefly illustrate the method by treating 
the systematic two-particle motion in a medium. 


§ 2. One-particle amplitudes and Green functions 


In the present paper we shall consider the elastic scattering of a nucleon by 
a large nucleus with mass number A. Denote simply the Heisenberg state vector 
of the traget nucleus in the ground state by a ket-vector |A) being defined by 


- 


A= |) J atmrdtar-d adm, D9 (re, Df (a, 1) Iva) 


Pe hae et) (onb) 


where (x, ¢) is the Heisenberg operator of the nucleon field and ¥,(x,, x9:+-44; t) 
the amplitude of the target nucleus in the ground state. Here the reader must 
read the letter A in the symbol |A) as indicating the mass number and the ground 
state of the target nucleus. Now we must pay attention to the center-of-mass 


* After preparation of the manuscript, the author found the work by J. S. Bell and E, J. 
Squires, Phys. Rev. Letter 3 (1959), 96. They have formulated the optical potential by the procedures 


quite similar to our method. But their letter does not contain discussions about the fluctuation 
part of the amplitude. 
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motion of the target nucleus. If the center-of-mass motion were in a state with 
a definite momentum, in other words, if it were described by a plane wave, then 
the target nucleus would uniformly distribute over the whole space and, consequently, 
the incident nucleon would behave as if it were moving in a uniform potential. 
For a target nucleus bound in a region with atomic size the incident nucleon would 
move in an apparent potential with some extension of the order of atomic size. 
At any rate, the center-of-mass motion of the target nucleus is characterized by 
very low frequencies and, due to the large mass, is never modified by impact of 
low energy nucleons. Consequently, the center-of-mass of the target nucleus may 
be treated as if fixed in a very small region of order of the nuclear radius, with 
the understanding that the spatial average follows. For the fixed center-of-mass of 
the target nucleus, we certainly observe a non-uniform potential with a size of the 
order of the nuclear radius. Thus, for our purpose, we must consider that the 
state |A) is never an eigenstate of the total momentum operator P, but it can be 
assumed that the expectation value of P vanishes in the state |A), that is, (A|P|A) 
—(. This means that the center of the target wave packet is always at rest. Now 
we suppose that the center-of-mass motion of the target nucleus is described by a 
wave packet with the spatial dimensions .JX~Ro, Ro being the nuclear radius. 
Since the momentum fluctuation is of the order of 4P~(h/R), the spatial ex- 
tension becomes of the order of R\= (A/MR,)t ina time t= (i/4E,), 4E, being 
the energy spread of the incident beam. Thus we may accept the assumption of 
the fixed center if (Ri/R.) <1. Using the formulas 


= (fi/p) =4.5 Ey'?-10-% om (E, in Mev), 
Re=147 A 10-%em, 


one gets 
(Ri Roy 9 Ar SAE, 


The condition (R,/Ro) <1 can be realized in actual cases, so we may always have 
a wave packet with size AX~R). In contrast with the total momentum, the total 
energy operator (total Hamiltonian) has the state vector |A? as a member of its 
approximate eigenvectors. Since the condition (Ri/Ro) <1 implies the inequality 
(AP)?/ (2M) S4E,, the energy fluctuation is smaller than the energy spread of the 
incident beam. Thus the state |A) can be considered to be an eigenstate of the 
total Hmiltonian H, if the quantities of the order of JE, are discarded. Thus we 


obtain the eigenvalue equation 
H|A)=E,|A) + O(4E,). 
In what follows, we shall choose the zero point of energy to be such that 4=0. 


Hence the above equation is rewritten as 


H\A)=O(4E,). (2-2) 
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Now we consider the scattering states. Denote the scattering state corresponding 
to a nearly monochromatic beam by the ket-vector |Z,=; A+1), where the symbol 
+ stands for the outgoing and ingoing wave condition and A+1 means the col- 
lision of a single nucleon with a large nucleus having mass number A. As men- 
tioned in § 1, there may be two kinds of incident beams: (i) the short wave packet 
and (ii) the mixed beam. The system is described in case (i) by the state vector 

PoNier er Hiro — ona Pe oe Ope A (2-3) 


™ 


or in case (ii) by the density matrix 


E,=S|E,7; A+) w, (E, ; A+1). (2-4) 


‘Here both a,, and w,, are smooth functions having non-zero values only in the 


energy range dH, around the center /,. Particularly, w,, is the probability of 
finding the m-th state in the mixed state. For the transition pg, we have the 
transition probability 


W yan = (Eq |Z gl Ey) = 3 Ey |Bod 5 AF1)P tm (2-5) 
in the case (ii). The time evolution of the system is described by 
|E,* ; R/to>.=exp {((—2/h)\ Ho} |E,*; h/t) = x |\E,7; A+1),an) 
oan | 
=, (t; ¢') =exp {(—i/A) (Ht)} =, exp {(i/R) (H)} 
= SEb 3 A+1) tm (Est; AF1), ( 


where 
[En ; A+1):=exp{(—2z/h) (Hb) |E,t ; A+1). 


The vector |E,; ; A+1), could be decomposed into two parts, one corresponding 
to the elastic scattering and the other to the inelastic scattering. We may write 
this as follows: 


ae 3 A+1).=|E,t ; A+1)?/+|E,; : Aa 


where the superscripts e/ and ine stand for the elastic and inelastic parts respec- | 


tively. Both the vectors |---)¢ and |---)j"*’ must be expressed by some linear com- 


binations of vectors 


PAD, GP h*|A), P*bb* Pp* | A), ---: 


Asymptotically in the remote future, however, the vector |---)? will become a simple 
vector of the type ¢*|A), while the vector |---)#e? will lose the component pro- 
portional to this type ¢*|A) and will be expressed by vectors orthogonal to the 
vector ¢*|A). Therefore it may be acceptable to pursue the motions of a nucleon 
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in elastic scattering by the ¢*|A)-component of |£,} ; A+1),. We therefore define 
the amplitude 


An (q, t) =(Al¢(q)|E,t ; A+1).=(Al¢(q, 2) |Ee s A+1). (127 


Here we have considered that the nucleon after scattering will be found in a state 
of momentum q and energy E, equal to the initial energy E,,. The above decom- 
position is rewritten as 


Wilds Stas) Ee KD) (2-8) 


for amplitude, 7,” and 7," being the ¢/*|A)-components of the vectors |---)¢’ and 
|.--),* respectively. It is natural that the appearance of the vector |---),'"" originates 
in the pair-excitations caused by impact of the incident nucleon, and that the one- 
nucleon part of |---)/"’ represents the probability amplitude of finding virtual 
pair-excitation. Consequently the amplitude 7,,"*(q, 1) oscillates with frequencies 
higher than (E,,/#) by the inverse lifetime of excited states and asymptotically 
vanishes as ¢ tends to co. In contrast with 7,"" the amplitude 7,%’(q, ¢) oscillates 
with frequencies near (E,,/#) and never vanishes in the remote future. Thus one 
may infer that the time average of xi can be negligible in comparison with the 
similar average of 7%’. Moreover the change in the phase of 7%’ relative to that 


of 7“ may be regarded as random for varying ™, so that we obtain 


D1 mtn (F, t) =9, (2-9) 


or 
VSS UC pear Cel C Rie 


Now we define the amplitude 
1p(q, t) =(A|¢(@, 2) | Ee’: N/to), 
which is written in the form 


Lp (qo t= am kn (Gs 0) = Wandin (I, 


To the approximation 4E,~0 we may write 
1 =1,70CE,). 


Then the decomposition of 7, becomes 


1,= We 4+ inal (2 r 10) 


m >? 


which is nothing but the form expected in the previous paper” in which the functions 


7, % and € should be regarded respectively a8 Zn, %p and 7,i"* in the present paper. 
Similar situations can also be observed in the case of a mixed beam. Thus the 
motions of one nucleon under consideration can be decomposed into the systematic 
part and the fluctuation part. The systematic part or the coarse-grained motion 
can be described by the function, in the coordinate representation, 
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1, (x, t) =C(Al¢(@, 1) |B," 5 A/to) 
or (2-11) 
A, (x, tye, 2) =(Ald(x, t) Ey y* (x’, t’) |A), 


provided that 7, or A, does not include rapid oscillations with frequencies higher 
than the inverse lifetime of virtual or provisional excitation. 7%, or 4, is written 
in terms of 7,, as follows: 


Lp Xs t) = Si teeny oa, ( t) 


AN G9 is x, t’) ra > Nin (x, t) Wate (x; f’); | 


(2-12) 


where | 


Im(x, t) =(Al¢(«, 2) |E,7 ; A+1). 
As suggested by van Hove and Toda,” the functions %, and 4, (suppressing the 
x’, t'-dependence) would obey the same sort of equation so far as the coarse-grained 
motions are concerned. For the sake of simplicity we shall formulate the theory 
~ by making use of the amplitude 7,. 
“Next we shall study the relationships between the amplitude 7¥,(or A,) and 
the one-particle Green function. First, consider the vector 


ht.) = | d°x | ded (x, t)|A) (x) exp {(—7i/h) (E,D}9(t—-4; to), (2-13) 


where @,(x) is the wave packet function of the incident nucleon. g(t—t;%) is 
a function slowly varying in the region |t—z,|<<% and vanishing in the region 
|t—t,|=t, and is characterized by 

ag 1 

dt to 


\ae—n 5 fo) adt=I, 


Now it is quite easy to prove that the vector |E,;%/t) represents an eigenstate 
of H belonging to the eigenvalue E, with the accuracy 4E,~(h/t)). That is to 
say, we get 


(H—E,) |E, ; N/ty) = O(4E,). (2-14) 


Moreover, it can be easily shown that the vector |E,; t/t.) does not depend on 4, 
with the same accuracy, because 


in- d/dt|E, 3 h/t) = (E,— 7) |Z, > N/to) +O(4dE,) =O(4E,). (2- 15) 


To, specify gy corresponds to a choice of the boundary conditions. Here consider 
the functions g‘*) defined by 


JOGA h) = 


ee exp {(1/t)) (=a) t<h 
0. 


ti>h, 


I C—H; = (° aoe 
TEST L/egy exp Layee eee 
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For oa we obtain the vector |E,* ; 71/t) subject to the outgoing-wave boundary 
condition. This will be seen in the following way: The expression (2-13) can 
be rewritten as 

|E,* ; h/t.) = (1/t) | dt exp {(i/h) (H—E,) t+ (1/to) (¢—t)} |Pn? 


—co 


exp {(6/#) (H—Ey) 8} pp a I 


where we have used the equation 


. (x, t) =exp {(i/h) (Ht)} ¢ (*) exp {(—i/h) (Ht)} (2-16) 
and the abbreviation 


le») =| dixy" (x) |A) @,,(x). (2-17) 


ly,» is the initial state of the system. Applying the operator exp [— (¢/h) (H— Ep) til 
to the above equation from the left and using (2-14), one gets the equation 


E es (h/to) KE 
“p ? . ae = = Pp O 4 p 
| ws age E5) (hi/to) i? ) / 


H)\E,* ; h/t) +O(4E,), (2-18) 


of 
ae =e = 
P>) E,—H.+i(hi/t) 


Sqereidd = Pe H;... Eqs (2-18) is nothing but the Lippmann-Schwinger equation 
for the scattering state subject to the outgoing-wave condition and (t/t) ~=4E, 
certainly means the energy spread in the wave packet state.” This is just what 
was expected when we wrote Eq. (2-13). On the other hand we easily obtain the 
vector |E, ;h/t.) subject to the incoming-wave condition from the choice of g‘. 
Thus we can write the amplitude 7, as 

; 2 

tole, )= faba! | de (Alpe, OY", OIA) 


—-o 


X gp (a!) exp {(—i/f) (Ent) 9 Ut 3 bo). 
This expression suggests to us the definition of the one-particle Green function in 
the medium A as follows: 
G(x, e))=Ch) AIT DP) |A), (2-19) 


where T(---) stands for the well-known time ordering product and x or 2’ is a 
space-time point. In terms of G, the amplitude 7%, is rewritten as 


rele, N=i | da! | deG Cw, 2”) ole) exo (—i/P) (Ey) PE“ Hs | 
ag (2-20) 
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provided that the time ¢, is chosen in the remote past. Hence, if G obeys the 
equation of the type 


Di iG(x, 20 ¢t) Hoe e)0C—r)5 (2-21) 
the equation of 7%, becomes 
NU ALC Ra aes (2-22) 
From the definition (2-8) we can see the time-dependence of 7, in the following 
form : 
1,(x, t) =exp{(—i/h) (Ept)} %p(x, 0) +O(4E,). (2-23) 


In terms of 7%, or G, we can write the element of the S-matrix for the transition 
from p to q as follows: 


Si= (EL, 3 N/t|Es* ;h/t)= \a*x| dt exp {(i/f)(E,t)} 9 (t—th 5 to) @,* (X) Lp (%, 0) 


co til 
is 


ae \a°x| dz\ dx! \ dt’ exp{(i/h) (E,t)} 9 (t—t ; ts) 9, *(«) 


x G(x, 2’) Gp(x’) exp {(—1/h) (E,t’)}9™ (/—t! ; to). 


As is well-known, the Green function with time t<¢’ can be used for the de- 
scription of hole-propagation in the medium A. Detailed discussions. of the one- 


_particle Green function will be given in the next section. Here we discuss a slight 


modification of the definition for the Green function in the medium whose state 
is not a pure state but a mixed state. Then it is plausible to use the definition 


G(x, 2) =A)" S by (AIT (a) $* (2) |AY/ 31 64¢A A) 
= (ih) * Tr {pT P(x) o*(x'))} /Tr{p}, (2-24) 
where is the density matrix describing the state of the medium, that is, 
pram |A) db, Al, (2-25) 


b, being the statistical weight assigned to the state A. The definition (2-24) 
has already been used by the present author?) and others.” This is useful to in- 
vestigate the systematic motions or microscopic motions in macroscopic bodies such 
as gases, liquids, solids and nuclear matter with infinite extension. In what follows, 
we shall often write the expectation value of an operator Q in a pure or mixed 
state by the unique symbol (Q), that is, 


(Q)=(A|Q|A)/<AIA) 


or me TripOr/ Tripp ys (2-26) 
For example, we simply write (2-19) and (2-24) as 


rT Say Ger! 94 
= ; 
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Gla, e)= GA)“ CT (2) o* (@))?- (2-27) Ci. 

Similarly the many-particle Green functions can be defined by 
Gi (21, 225 21, x!) = (iN) = ¢T (¢ (21) gh (29) )* (21') p* C2). E 

4 

CEG eee ee aed ame | a 

CT (ae gh (xs) 9 (as) i (al) G* (ae) (ae) > ORB) : 

\ 

Fe sie tet atk ra, wa Uuaeiali peels ake aar9 Aherw fa) -qeta te Sym pe bp wheze). ese. 6 a 

| : : 7 ’ 
They may describe a kind of systematic motions among two or more particles . 
occurring in a many-particle system, just as the one-particle Green function may : 

be associated with a systematic (or coarse-grained) one-particle motion in a medium. ‘j 
In fact, the many-nucleon Green function may be utilized in problems containing :. 

the surface interactions or some direct interactions in nuclear reactions, provided ie 

- . . . “2 

that one identifies the closed shell of the target nucleus with a medium and regards a 

the incident nucleon and extra nucleons in the target nucleus as particles in a ia 

systematic motion. In various problems of transport phenomena, it is well known e 

. . . . es 

that the two-particle Green function 1s most useful for the calculation of transport 3 


coefficients. 
Finally, we shall explain a qualitativ 
of the Green function and the uniformity of the medium. 


function with respect to x, one gets 


e relation between the space-time variation 
Differentiating the Green 


“ 


gt i hye ey 


(2-29) tee 


Plex, t. x, 1) =—V'G (a, t3 81, FAUT, OG, #9), PD. 
Here we used the equation : : 
ré(x, = h)(P, o, 91, (2:30) & a 

P being the total momentum operator : 
p=\sr(, t) (h/iP p(x, thax. (2:31) 4 an 


state P or the density matrix / commuting with P, ng 


If the state |A) were an eigen 
form, the last term of (2-29) would vanish 


in other words, if the medium. were uni 
the function G would satisfy the equation i 
\ GHP) G(x, t; x’, =U, (2-32) it 


n depending only on the difference *—x’ 
rrelevant | 


and 


) 
that is to say, a uniform function i 


our problem for nuclear re- 


Eq. (2-32) means that G is a functi 
with respect to the spatial coordinates, 


to the origin of the coordinate system. Returning to 
actions in which the state |A) is not an eigenstate of P, Eq. (2:32) never holds — 


and consequently, the function G is not uniform. On the other hand, we can 
regard G as a uniform function with respect to the time coordinates, as long as 
'we neglect quantities of the order of 4E,, for we obtain the relation 


640 M. Namiki 
2 G(x, t; x', 1!) = (ih) 78 (x—2’) + ih) ek [OP 2 ymca, 2) ' 
Ot Ot / 
= 2 G(x, #3 #1) +E), (2.33) 
t 
where Eq. (2:14) was used. (The delta function 0° (2— a!) =0 (x—x’)d(t—t’) in 
the first member of (2:33) comes from the jump of G at its discontinuous point 


t=.) Thus we can treat G as a function of t—/’ alone with respect to the time 


variables. 


§ 3. One-particle Green function 


We shall restrict ourselves to systems described by the Lagrangian density 


Leite (x) EF pge(a) Ppa) 


He | b* (x) $* (a2!) U(a— 2) b (2) P(x) dx’, (3-1) 


where d‘z!==d*x' dt! and U(a2—2'!)=V (x— x’) 0 (t—t’/), V(x—x’) being the poten- 
tial for the two-particle interaction. Moreover, we assume that U(x—2’) isa 
symmetric function of x and x’. From the Lagrangian density (3-1), we get the 
Hamiltonian 


H=|y*@)|—* oq 


+3 \\ b* (x) b* (x!) U(x— 2!) b (2!) 6 (2) d' x! d*x (3-2) 
and the field equation 


ih #(a) = | - rs Fase Ue 2) (a) d'2'| (2). (3-3) 


For the sake of mathematical convenience we may introduce a c-number external 
field g(x) by adding the term 


— £* (x) b (4) 9 (2) (3-4) 
to the Lagrangian density. This results in the modification 
Ve he’ 
=? > — 1p? 
2m 2m RSS 


in (3-2) and (3-3). Thus ¢(x) obeys the operator equation 


Op ieee 
A =|— Fite) + | @ U2) Ha) da'|b@. 5) 


The external field g(a) must be switched on adiabatically at the becuning and 


ot ai 
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off at the end of the process. Although ¢(x) never modifies the specifications of 
the state of the medium, the Hamiltonian turns out to be a time-dependent operator 
due to the occurrence of ¢. Hence we distinguish between the initial state |A,)— 
and the final state |A,) of the medium, and then understand the fact that (A,|A;) 
~1. Now we know Schwinger’s dynamical principle”? 


3Ag|AD= G/M) (Ari a\ LdtalAr, (3-6) 
from which we get the useful formulas 
7) Ly Wea ee eae ee ; . 
ee (Ay|Ar) = (ih) (Arlo* (2) ¢ (2) AD, | 


5 r (322) 
Oh oe (ih) a (Ap|T {Q¢* (x) $ Coy |A),| 


O being an operator. In the presence of v, the definition (2-26) of (Q) should 
be modified as follows : . 


(Q) =(Az|Q|Ar)/(Ar| Ad 
or == Tr{oQ} /Tr {o} (3-8) 
where 
C= > |Ar) ba¢ Ar! - 
Thus one gets the formula 
Fig OO NO): ROOT (3-9) 
Now we proceed to derive the equation for the one-particle Green function. Sub- 
stituting (3-3) into the first member of (2-33), we immediately obtain the equation 


[atk roe, zy =0 (x— 2x’) 
Ot 


2m 
+ Gh) | dial! U(a— a) LT (bt (al h(a (a) o* (2))? 


for the one-particle Green function. The last term on the right-hand side can be 
written in terms of the two-particle Green function, that is 


[in 2a Plow, sO ee) 
Ot 2m 
+ih\ dt" U(a— 2") Gru (a",", x; al, x!). (3-10) 


Thus the one-particle Green function is coupled with the two-particle Green function. 
Similarly the equation of G,, includes the one-particle Green function G and the 
three-particle Green function G,;;. In general, the equation of the N-particle Green 
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function Gy is participated with the (N+1)-particle Green function. Hence we 
have arrived at the set of simultaneous equations for an infinite number of Green 
functions, G, Gi, Gry, -**. We may as well obtain, in a compact form, the equa- 
tion to be satisfied by the one-particle Green function alone, by eliminating other 
Green functions. This procedure may be achieved by means of functional differen- 
tiation with respect to g(x) introduced at the beginning of the present section. 
Denote the Green function in the external field g by G,. G, obeys the equation 


Jia + ¥ roa) |e, (2, 2’) =0™® (2— 2’) 
Ot 2n 


+ GA)" \ dba! U(a— 2") (T (9 (2) (2) (a) $* (2). 
Using (3-9), we can rewrite the last term on the right-hand side as follows: 
(ih) | dbx Ua— 2!) (T(* (2") (2) $2)" (YY) 
= V,(x)G,(x, 2") + in| d' gti yee Rreeee oat 
0e (x"’) 
where we have used the abbreviation 
V, (2) ==|d*2” U(a— 2") Co" (2!) p(x") ) 
=—ih\ da” OG er.) Ga ere a t/’+0). (3-11) 
Hence the equation for G, becomes 


h 2 17 
| in 24+ Fp ANY Secures 


—ih\ ad‘ U(x—2") — ve ; =| G, (x, a!) =8 (¢—-2'), (3-12) 


This includes only the one-particle Green function. Here it must be remembered 
that the function ¢(x) is to be put equal to zero everywhere after all calculations 


nN have been completed. The function defined by 


V (2) =lim V(x) = | (Alg*@", Noha", DAV ea") dia! 
Are 
= BPG 2) Ve) Palm, mada diay, (3-13) 


is interpreted as the static average potential* for a nucleon in the target nucleus 
whose state is always fixed. It is easy to prove that V(x) is real. V(x) would 


It is ae sho n that V (x) is inde e d negiect ua 
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naturally be reduced to a constant independent of x if G were uniform, in other 
words, if the target nucleus were in an eigenstate of the total momentum operator. 
This is immediately proved from the definition. On the other hand, the term 


eG tO) (3-14) * 
0g (x"") 
represents the exchange effects between the incident nucleon and the core nucleon 
or among core nucleons and the pair-excitation effects of the nucleus caused by 
impact of the incident nucleon, because the operation 0/d¢(x) means the creation 
of a nucleon-hole pair at x. The term (3-14) is to be regarded as the result of 
elimination of many-particle Green functions in the set of equations, in which their 
participation means possible exchanges among nucleons and possible excitations of 
nucleus. Such a situation (or effects of (0/d¢)) is well visualized by introducing 
the graphical method’? developed in quantum field theory, as will be seen later. 
In order to introduce the graphical method analogous to relativistic vacuum 
field theories, it is of essential importance to utilize extensively the fact that the 
annihilation operator ¢ can be interpreted as a creation operator of a hole in the 
medium when applied to the state vector of the medium. This resembles the 
creation operator for anti-particles in relativistic vacuum field theory. However, — 
there is an essential difference between relativistic vacuum field theory and the 
present theory. In the present theory # cannot always be interpreted as a creation 


Pnney, | eet Ug") 


70 


operator of a hole, because ‘the medium has only a finite number of degrees of 
freedom. Hence it must be understood that the complete parallelism between both 
theories holds if we discard the terms vanishing at the limit of infinite freedom 
of the medium. 

For the purpose of formulating the graphical method, we first assume the ex- 
astence of the inverse function G,~*(2, 2’) satisfying the relations 


Fees a2") G,(2", x!) d‘ x! =0® (a—2'), 
(3-15) 
|G, (a, x'")G,-(a", 2) d$x=0 (x—-2'). 


In other words, the inverse function G,-1 is nothing but the operator applied to 
G,, although it must be written as an integral operator. Now define the quantities 


<p (x)) and 4,(x, x’) by 
(g(x) =¢(2) + V,(2)— Via), : 
aoe). (3-16) 


* It may be worth while to remark that the Green function is free from divergences because 
the functional differentiation occurs only in the integral with the kernel U(2—2x’’). In contrast 
with this, the equation of the Green function contains the corresponding term ie (6/6¢ (z)) Ge (a, x") 


in the cases of some divergent field theories. 
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Then Eq. (3-12) becomes 


E Oy Se Vek 
Ot 2m 


= h\ dix!” 4, (x, Tats) Sa Cokes at!) = 08 (ae) (3-17) 
. g(x") 
The functions (g(x)) and 4,(x, x’) are regarded respectively as the external field 


and the two-particle potential modified by interaction with the medium. Differen- 
tiating one of (3-16) with respect to (g(2x)), we immediately obtain the formula 


9G, (2, 2) __ ((G (x, 2) 8G GO Ge, xy dted'e. (3-18) 
0<¢(x")) \\ Breet Con eee 

Replacing the functional derivative in (3-17) with (3-18), one can find the ex- 

plicit form of the integral operator G,~* 


Ge, we) =| in + p+ Ve) —(e(@)) |0° (a2) =I, (2, 2), 
Ot. S207 


as follows: 


(3-19) 
where we have used the abbreviation 
I, (a, x)=ih \\ d*xt Ed Cc. eG, @. TG as a) 
P.(§, 2’; x!) being defined by 
6G, “E,£ 


PG, 21; 2) =— (3-21) 
d¢e(x"") ) 
Here let us define the quantity 3, by 
2(2, x')=V(z)0 (2@—-2') +11, (a, 2’). (3-22) 


Then G,~* is rewritten as 


Ge, 2) =| ih 24 Fp (o(a)) ]0% (2-2) —3,(@, 2), (8-23) 
Se a2 
from which we find the relation : 
E Meal 4a 
PE, C3 2") =0 E20 Ea!) 4 222 O 3-24 
wes 0¢¢ (x)? Ca) 
For 4, and <¢) we obtain the equations ; 
See te ae ee \\§j dg" d*é! dé" dt! A(x, c’) 


KT, SU COG, CY 2) G, al 29 OC — 2) (3-25) 
and 


(v(x) )=0(x) —ih \ d* x" U(x=2!)[G, (x", t”; !, £0) —G(x", 275 xl’, t”-40)] 
(3-26) 
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from (3-11) and (3-16). Therefore we have formulated a set of five equations 
in five unknowns, G,, 4,, ¥,, /’, and <¢), which is rewritten in matrix form as 
follows : 


| Pe = p'—(e)—2,|G,=1, (3-27a) 

»,=—ihUG+in4,G,I,, (3-27b) 

4,=U—ih 4,0,G,G, U, (3-27c) 

foei+ 2s (3-27d) 
0¢g) 

(g)=9—ihU(G,—G), ~ (3-27e) 


where we used the matrix representations such as <x|po|x’)=(ihd/0t) 0 (a—2"'), 
(z|p\|a>=(h/i) 0 (x—2z'), (2|2,|2) =~, (2, 2’), (x\G,\2') =G; (2, £) and 
so on. : 

All the quantities needed are obtained from the g-dependent functions by the 
limit operation g—>0. Denote every function at the limit g=0 by the same letter 
without subscript ¢, for example, : 


PE tee im; 63-4): 
¢>0 
We then obtain the equation 


[in 2+ Forte, 2) — lata Se, 2)G(a", 2) =0%(2—2) B28) 


2m 
for the one-particle Green function, where 


epee) V(2) 0 (x—2’) 4 I(x Se ae 


(3:*29) 
M(x, x") = || der ded(a, BG Be END (EE ee) 
Evidently the function // includes the term 
IT (x, x!) =ihU(2—2')G(z, 2’) (3-30) 


which is interpreted as the exchange effect between two nucleons corresponding to 


dhe frst term Vinw2. This. fact will be seen’ from the comparison of the two 
terms 
V(x) G(x, 2) =—-ih | d'FU(@-HGE, HG, x), | 
| (Sioa) 
[1 (2, DGG, a)d'emih | dUG—DE, NCE, 2). 


Then we divide 3’ into two parts as follows: 


E(x, 2 )=D (x, e) +274, ©), (3-32) 
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where 
S Sd CF D(4) /, , ex Ne 
O3(e al) == V Cayo O Car el) Art) of (3-33) 
oO (ay Sale, a Ga. } 
The meaning or role of the division will later be clarified in the graphical repre- 
sentation and in construction of the optical potential. 

Now we can explain the graphical represen- 
tation. G(x, x’) is graphically represented by 
drawing a heavy solid line, connecting points x 
and x’, with an arrow toward xz from 2’. Ac- 
cording as t>?¢’ or t<7z’, the line corresponds to 
a nucleon line or a hole line in a medium. 


4(a, x’) is represented by a heavy broken line 


Fig. 1. The graph of I 


without an arrow connecting x and 2’. I(¢, £3; 2) 
is the vertex part with an outgoing nucleon point ¢, an incoming nucleon point 
£ and a force point x. The unperturbed functions G, and 4,=U are, respectively, 
represented by a fine solid line and a fine broken line. Now we can draw a graph 


~ 
X\/ 


YW 


(i) The graph of V 


(ii) The graph of [Tez A 
Fig. 2. The graphs of YS 


The right figures in (i) and (ii) show explicitly all lines of the 
medium particles. 


See | we Re as el 
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corresponding to /7 in a way suggested by its definition (3-29). Fig. 1 shows the 
eraph of //. This has the structure similar to the proper self-energy graph of 
an electron in quantum electrodynamics. The terms of ** are shown in Fig. 2,- 
in which the above-mentioned exchange is well visualized. There the graphs show- 
ing the medium particles are also drawn. 

If we had complete knowledge about the wave function belonging to the ground 
state of the target nucleus, we could calculate +* and might use it as the starting 
point of the perturbation theory. However, it is difficult to prepare the correct 
wave function of the target nucleus, so we should proceed to the perturbation cal- 
culations of G together with solving the ground state of the target nucleus. First 
we assume that the wave functions of the system have been found for the approxi- 
mate Hamiltonian H, defined by 


h 


2m 


Hy=\¢* (x) Vb (a2) dix+ \\P@E@, a’) (a!)d*ax'd’x, (8-34) 


where =(x, x’) is the non-local potential appropriately chosen. In this case the 
one-particle Green function G, obeys the equation 


2 e 
eesots, P*\Golx, 2) —\d2" B(x, 2") Gi(a", 2) =O" (a2). (8-35) 
Ot 2m 
If the function G, is used as the starting point of perturbation theory, it is con 
venient to rewrite the equation of G in the following integral equation 
G(x, 2) =Gy(x, 2) + \fdbal dix Gilx, 2V[2 (2% 2” 
— E(x", x") ]G(2", x’) (3-36) 
or symbolically, 
C2 ears ic: (3-37) 


The convergence or accuracy of the perturbation theory essentially relies on the 
choice of &. If in passing of the sncident beam the target nucleus is almost always 
in its ground state, we may consider the static approximation to be good and choose 
& as 


P= 55(G,). (3-38) 


This may be regarded as simple application of the Hartree-Fock method to our 
problem. For this choice we should solve the equation 


[mo pe (Gil |G=1, (3-39) 
2m 


for example, by the successive iteration. The effects of the fixed center-of-mass of 
the target nucleus are, in practice, taken into account through the explicit form of 
3*(G,| prepared at the first stage of this iteration. Besides (3-38), we have other 
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possibilities of choosing =, for example, ones suggested by Brueckner’s method. 
Detailed discussions will be postponed for a forthcoming paper. At any rate we 
can write the Green function G, in the form 


Golo £5 81, 1) = S120 () exp {— G/M Ex (t—-2)} 10 * | 
1 n 


fost 

» (3-40) 
=F LIP ex (G/MEQ =O} 15 0) | 
1 n 
Ped ay 


where the functions 7” and 7” are, respectively, the amplitudes of a nucleon in 
the 7-th state and of a hole in the 7-th state determined by Hy. They can be 
defined by 


pee (x) == ¢ D. p (x) | Vines) 
AD (x) = D4|h* (x) | Pz 442), 


(3-41) 


where @, is the vector representing the ground state of the A-particle system and 
P,, 4. the n-th state of the (A+1)-particle system governed by H). 
The perturbation series of 4 is immediately obtained as follows: 


A(x, 2") =U(a—2')— (ih) \\ dta" dt Ua 2" Ga", ONGC, 2”) Ue) 
Hea Wea ake ae ae ean Se : (3-42) 
Similarly we get 
PE, C3 2”) =8% E—0) 0 E—2") +ihUE-OGE, 2G (2", 0) 
a. sd ein ee ede med Ge adas stg Oe) (3-43) 


The graphs corresponding to the perturbation series of 4 are shown in Fig. 3 and 
the graphs of /’ in Fig. 4. The series produced by iteration of (3-36) or (3-37) 
is graphically represented as in Fig. 5, but the concrete form of (Y—=) depends 
on the choice of =. The graphs of 3* can simply be drawn by substituting the 


graphs of G into the heavy solid line in Fig. 2. Finally we write the perturbation 
series for 2” 


St Nene at \\ d' a!" dC! U(a!— 2") G(x", C)Gy(C!, 2”) U(2—2) G(x, 2) 
4 cin)" dtc" d'EU(a— 2 Gy(a, 8) UE— 2) GulE, 2G (x", 2") 


Ae ssh aaah S pope ty palatine hatha e tala Gea ae aaa ae a : (3-44) 
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U 
=> a ee 

G, Gy 

@e----- 
fet ees oe U 
U 5 ea pena ta cepa hes. chy 

e-— — 

G, Gy 


Gy + See 


Fig. 5. Graphical representation of the series of G 


or 


Fig. 6. Graphical representation of the series of J” 
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U 
U 
~~ 
A a Vea 


A 
Fig. 7. Interpretation of the first two terms of (3-44) 


which is graphically represented in Fig. 6. In particular, the first two terms are 
interpreted as the exchange-pair between two excited nucleons or holes. See Fig. 7. 
As understood from Fig. 6 or Fig. 7, the function 3” describes all the reactions 
to the one-nucleon (or hole) motions from virtual or provisional excitations caused 
by impact of the nucleon. 


Before concluding this section, it may be of interest to remark the resemblance of the equation 
Peal’ 0 
[in \ BELEK Ap (2) te Gala ae) = \ d‘¢ ITp(x, €)Ge(E, 2’) (3-45) 


to the ordinary eigenvalue problem of a differential operator. The ordinary eigenvalue problem is 
characterized by the equation 

Ly=hy 
and a boundary condition imposed on y, where L is a differential operator, A its eigenvalue and y 


its eigenfunction belonging to 4. There 4 and y depend sensitively on the boundary condition. 
Corresponding to different boundary conditions, one must find different sets of eigenvalues and 
eigenfunctions of the same operator L. Here equate the operator 7h \ d! 2x! Ag(a, 2’) (6/6 <e(2”)>) 
with L, HM» with 4, and Gg with y, respectively. Then J» may be regarded as an eigenvalue of a 
functional differential operator. In fact, Eq. (3-17) always has the same form whatever may be the 
medium in which the particle moves and whatever boundary conditions may be imposed on Ge. 
However, the equation, after replacement (3-45), is sensitive to the boundary conditions or the state 


of the medium. Therefore the replacement (3-45) may be regarded as a sort of eigenvalue equation 
accompanied with an appropriate boundary condition. 


$4. Optical potential 


In the present section we shall formulate the optical potential to be observed 
in nuclear reactions. The basic idea has already been suggested in the previous 
paper” and explained in the preceding sections of the present paper. 


~ i 
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In last section we have derived the equation 


i A) hi? | e 
| in PPE eE RE lee, a!) — \ da" S (22! G (ea!) =0 (a@— 2!) (4*1) 
for the onenucleon Green function. From the discussions given in § 2, it is easily 
shown that the amplitude 7,(x, 7), describing the coarse-grained motion of one 
nucleon in the elastic scattering under consideration, obeys the equation 
fake ees ( 
[int +t or ace t) = dial (a eo) se re) =—0. (4-2) 

Here we recall that the function 3(2x, x’) is a function of the difference (t—?’) 
with respect to the time variables and the amplitude 7, (x, ft) oscillates harmonically 
in time so far as all quantities of the order of 4E,~(h/t)) can be discarded. 
Consequently, the last term in the left-hand side of (4-2) can be reduced to the 
form 


e 


[ata 3 (a, 2!) byl", 2”) = [ater <x Ula! 1p(x", 0), (4-3) 


where the function (x|(’,|x’) is defined by 
(x| Vale = | dt’ exp {(i/N) E,(t—w’)} * (x, 2’). (4-4) 


Thus Eq. (4-2) can be rewritten as 


in 2 Fr |, Aas [deat a D|x!)tp(x’, )=0. (4-5) 
Ot 2m - 

This form of the equation permits us to interpret the function (x|U,|x’> as the 
optical potential for one nucleon. Therefore the optical potential is, in general, 
non-local and also dependent on the energy of the incident particle, and is time- 
independent with the accuracy 4E,. Only when the wave-length of the incident 
nucleon is much longer than the characteristic length for non-locality (in other 
words, the correlation length), we can treat VU, as the local potential 


D(x) ~ | dix) (a— dm] Vlada), (4-6) 


As seen in the last section, the non-locality of the optical potential comes from 
exchange effects among nucleons and virtual or provisional excitations of the target. 
Neglecting the exchange effects, we may treat U, as if it were local, when the 
static Hartree field is a good approximation and is a slowly varying function over 
the region of the order of the nucleon de Broglie wave-length. In uniform media 
the optical potential becomes uniform, that is, a function of »—.’ alone. 

First we discuss the properties of U3, corresponding to 3° defined by (3-33), 
which is regarded as the contribution of the target in the fixed state. From (3:33) 
and (4-4) we immediately get the formula 
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(x| DV |x") = V(x) 0 (x—x/) +ihG(x, 0; x’, 0) V(x—2’). (4-7) 


Therefore the static part U';’ never depends on the energy of the incident nucleon. 
Furthermore, it is easy to prove the hermitian property of U,°, that is 


Ca] Dao ba lO la (4-8) 


The hermitian property of @,° tells us the facts that 1’, is never responsible for 
probability dissipation of the amplitude of the elastic scattering, in other words, 
for the inelastic scattering or formation of any compound nucleus. Such properties 
of U5 show that U5 is worthy to be called the static part of the optical potential. 

The non-hermitian property of the optical potential originates in the fluctuation 
part 3” defined by (3-33). Denote the contribution of 3” to the optical potential 
by U,?. The fluctuation part U,F is, in general, decomposed into the hermitian 
part io f and the anti-hermitian part (’7", that is, 


v= USS 70 (4-9) 


Both the matrices U7" and (U'¥' are hermitian. In order to illustrate the concrete 
form of U,7, we shall calculate the function (x|(*¥\x’) to the lowest order in the 
perturbation theory formulated in the last section. Substituting (3-33) into the 
definition of U7 and using the explicit forms (3-40) and (3-44), we obtain, after 
some calculation, the contribution of the first two terms of (3-44) to the optical 
potential as follows: 


(x| U5 |x") 
= (ih) ma \ dt' exp {(i/h) (E,— E, — EE —E,) (t—t’)} Fim (x) F(x’) 


io 


AUS 3 | de’ exp {(i/h) (B, +E +E +E) (t—v)} Fy * (x) Fina (x), 


_ mn r 


(4-10) 
where we have used the abbreviations 
Fry #) =| d¥x"”V (22!) 1 (x) 10 (x, x!"), 
(4-11) 
Pests) af Bx! V (w— a") ¥ (0/1 (x, x1), 
Here 7; and yo are, a defined by 
(x, x!) = 7 12? (%) Xn? (x!) — XO (x) 1 Ces = 
Vv 
- 1 , (4-12) 
tig, 8 (YIN) — I Ca A(x}. 


The functions Fi, and F;,- have the properties 


t+. Siete 
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Pin = at aap Pipe aa he (4-13) 


©) 


Tn’ 


due to the anti-symmetry of 7{° and 7 To evaluate the time integrals in (4-10), 
we can use the formulas 


t 


(ih) ~* | dt’ exp| —a(e—1) |= —in0 (a) +P, 


—c. 


(4-14) 


~° x | 
— Gh) | ae exp| a(e—t) |=ind(a) ipa | 
a 
t 
Strictly speaking, however, the delta-function and the principal part should be treated 
as the functions 


3(a) = 1. sth 74s) Sg et ere Wee Nee (4-15) 
a a'+(h/t)’ a+ (h/t)? 
in the calculations under consideration. Only when (%/t)) can be regarded as 
zero on a rough energy scale, they can be put equal to the delta-function and the 
correct principal part, respectively. The explicit forms such as (4-15) may be 
obtained by introducing the factor exp|—|t—t’|/é] into the integrand. ‘This is 
evidently justified in the case of the short wave packet as mentioned in § 2. Hence 
we have the integral 
7 i 1 te 
\ ait) exp| Bat") aoe ee |27@, Kept Ts 

which gives us the Fourier transform SJ” of SY’ at a complex energy point with the 
imaginary part of the order of / /ty. Asis well-known (see Appendix or reference 13)), 
the Fourier transform 5” at such a point is nearly equal to the average of 3” on 
the real axis of energy over the range of the order of i/to. The latter, that is, the 
average, is nothing but the quantity wanted in the case of the mixed beam as 
mentioned in § 2. Therefore we have obtained the same form for the optical potential 
in the two cases, the short wave packet and the mixed beam. In spite of these 
discussions, we still use the notation O(a) and P(1/a) for the sake of simplicity. 
Readers must understand them to be given by the definitions (4-15). By making 
use of the formulas (4-15), we can immediately write down UF" and U2" as 


follows : 


mi) * ee, ee / és 
Fie (™)Figm(®) 4 py aan (@) Fran) (4-16) 


> 


x wih Fr x! =—Pp 
x|05"| ) “ E,—EO—Eo -E he E,+E; +Ew +E, 


* 


(x | DF x!) =a 3) 0 (E,— EO — Eg? — En) Fein 0) Fipin ®) 
imn 


p18 (Ey FE FEL + Bg”) Figg (%) Finn). (4-17) 
Imn 
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It is easy to prove the hermiticity of U7" and U7". The last term in the 
right-hand side of (4-17) vanishes in the cases a poles because it 
is impossible to realize the energy relation, H,+E,-’+E," + E;'=0, corresponding 
to spontaneous excitations of the target nucleus in the ground state. Inversely, ome 
first term vanishes for hole propagation, since the energy relation E,—E/° —E- 
—E,=0 is never realized. Thus we have only to keep the first term in the case 
of elastic scattering of a nucleon, that is, 

(x) UF saa S10 (E,— EY SEL’ — EO) Finn (®) Fc (%).. (4-18) 
imn 
It is evident that the E,-dependence of the optial potential just obtained is not- so 
sensitive as expected in the case of monochromatic beam, owing to the smoothness 
of the functions (4-15). 

From (4-16) and (4-18) we can calculate the expectation value of U% for 

the amplitude 7, as follows: 


(Xp, Ce 109) =((z,* (x) (| Br x") Xp (x’) d*x d*x! 


as 7 Tawa |2 
si 5 lf ae +P z ae pn ne (4-19) 
Gy, VET) =|(2," al OF, dxdt! = wp, (4-20) 
where 
p= SOE, Bi — BB.) |p| V erin) (4-21) 
= 


Here we used the abbreviations 


(p|V din =| 2," (x) Prin (x) ax 
; (4-22) 
(A|V | pli) = | hy (x) Finn (#) d*x 


From (4-20) and (4-21) we know that ('Z* has a positive expectation value, and 
that w, is nothing but the time rate* of the transition probability for exciting the 
target nucleus or for decay of its excited state. This is the situation just expected, 
because the antihermitian part U7, responsible for the probability dissipation of 


the one-nucleon amplitude, is one of the contributions of the fluctuation part 2” 


represented by Fig. 6 to the optical potential. It is noted that the probability 
dissipation of the one-nucleon amplitude is caused by the pair-excitations of the 
target nucleus. (For hole propagation we have the negative expectation value of 


* The characteristic time to in discussions in §1 is at most of the order of the inverse of w,, 
Hence it follows that to=w, | or =(h/'), T being the width of a giant resonance. 


oan 
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U#F* It is reasonable, however, because hole propagation can be regarded as the 
time-reversed process of particle propagation.) The expression (4-19) for the ex- 
pectation value of 17" has a strong resemblance to the self-energy of a particle or 
to the level-shift in quantum field theory. In fact, the hermitian part is) re 
sponsible for the shifts of the resonance level. Therefore the fluctuation part U7 
represents reactions of virtual or provisional excitations of the target nucleus to 
the one-nucleon motion in the elastic scattering. 

Finally we may state the criterion for the possibility of observing the optical 
potential for the elastic scattering of one nucleon in nuclear reactions in the fol- 
lowing way: The elastic scattering under consideration can be described by the 
so-called “ optical potential” if our perturbation series, which starts from the un- 
perturbed potential appropriately chosen, rapidly converges and UF is relatively 
insensitive to the energy of the incident nucleon. Another criterion will be for- 
mulated as the fluctuation-dissipation theorem for the fluctuation part of the am- 
plitude in the next section. 


§5. Langevin-like equation and fluctuation-dissipation theorem 
In § 2 we concluded that the one-nucleon amplitude 7,, may be expressed as 
the sum 
Lm(%, t) =%p(*, t) +X" (%, t) (5-1) 
with the accuracy 4E,. Zp» describes the systematic or coarse-grained motion, while 
yin’ vepresents the fluctuation part oscillating rapidly. Hence the decomposition 
given in (5-1) is to be compared with Eq. (13) in the previous paper,” which 
defines the fluctuation part ¢ of the amplitude 7% by the deviation from the average 
%. Therefore we are inclined to put 
LIne Me SE. (5:2) 


In the present section we shall justify the identification (5-2) by obtaining the 
equation to be satisfied by the fluctuation part é and by formulating its statistical 


properties. | 
Here we rewrite the Heisenberg equation (3-3) of the nucleon field ¢(x, ¢) as 


[int roe, t)— | atx’ a] Vale D9 t)=y(x,t), (5-3) 
Ot 2m 
where 
lx, Olde ial, DV EAP OD — [ater Gal Dl ro 0. 
(5-4) 


From (5-3) and (2-12) one immediately obtains the equation 


[at+ fr atatoe t)— | aed |x!) In(x!, D=fm(#, 2), (6°5) 
Ot 2m 
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where 


Fn (e, D=CAln (x, t)|Ex 5 A+1). (5-6) 


Taking into account the relation 


pees SNA at 


and Eq. (4-5) for %,, we can readily prove the property 


~y =e 
= Am ma. 


Let us now define a sort of average O of a function Q,, by 


O2332,0,/ sae ha ASE AA (5-7) 


Then it is quite easy to see the relations 
= 7 OC Ls Vi==0; é= > (5-8) 


which are just the properties assumed in the previous paper. Moreover, it is evident 
that ¢ or 7"" obeys the equation 


| in? — 2 |e=y, (5-9) 
Ot 
where 36 is symbolically written as 
pCR LEN CV os (5-10) 
2m . 


Eqs. (5-5) and (5-9) together with (5-8) should be identified with the Langevin- 
like equation assumed in the previous paper, if the fluctuation part ¢ (i.e. 7"") or 
the fluctuating source function f is subject to the fluctuation-dissipation theorem. 

To prove the fluctuation-dissipation theorem, we shall calculate the correlation 
function of €¢ or f namely, 


Ele, De*(a, ) or Fee, DFR). 


If nuclear excitations caused by successive pair-excitations continue during far longer 
periods than the lifetime of a single decay, we may regard oscillations of € or f 
as a sort of stationary random fluctuations. Thus the correlation functions become 
functions of (¢—?’) and, in particular, the correlation function of ¢ satisfies the 
equation for %. Hence we easily obtain the formula 


E(x, t)¢*(x/, t) =exp{— (i/h) Ka(t—#) E(x, YE*@, 2’) t>7’, 


=exp {(i/h) H2(t/—D} F(x, DE*(@’, 1) tv’. (5-11) 


Using the definition of ¢ or 7", one gets 


E(x, t)5* (x, t) =C Ald (x) Si $* (we!) | A), (5-12) 
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where 
eS) [Eat 5 ALLY ay MA Eat 5 ATU (Zan Et § AFT Ent 5 ALLIS 
(5-13) 


a] 


inel 


Owing to the randomness of 7,,"°(x, 7), it may be expected that the excited nucleus 
is in thermal equilibrium with temperature T and the operator = ime’ can be replaced 
by the operator* proportional to exp[—H/kT]. Therefore (5-12) is reduced to 


(rete (x,t) = > n(v, T)<x|v) Cy|x"), 


= 2 n(v, T)<x|v) (v|x’), 


(5-14) 


where |v) are |») are respectively the eigenstate and its time-reversed state of KG 
belonging to an eigenvalue £,, and n(v, T’) is the state density of the v-th state. 
In the derivation of (5-14) we used the assumption of random phase for the 


matrix elements of =/"”, that is, 

(; AF1EP|y 5 ALD =n, Fy6.05 (5-15) 
where 

(ys A+1=a,*{A) . or a ADs 


i) (x) — ys (x\y) a= Se (xlb> a,’ 


Substituting (5-14) in (5-11), we find the correlation function 


E(x, DF* (x, 1) = Sn, T) exp {— (i/N) E, (t—t’)} (a|») (ula) tt, 
= > n(v, T) exp {(i/h) E,* (t/—0)} (|b) |x”? ee a 


Now this expression can be replaced by the integral 


co 


‘ I i 
(x, t) Se ae t') = \ dw exp {—iw (t—t’) \n (a, aa} (x| eK ante opis |x’, 


—o 


(5:16) 


because, in the complex w-plane, the function (x|(ha— Ie )-\x/) has all its poles 
in the lower half, while all poles of the function ¢x| (ho—#*) |x!) are found in 
the upper half. Here n(w, T) is so defined as to become equal to 2(v, T) at 
w= (E,/h), and is related to the mean energy E(, T) near frequency « as follows : 


n(w, T)=Eo, T) /ho, 


E(w, T) being reduced to kT for hw<kT. From (5-16) we immediately obtain 
the Fourier transform of the correlation function, that is, 


* Note that &,’e? becomes this type irrespective of the initial distribution @,, in observations 


on a rough time scale on which we can consider to be tq(relaxation time) ==} 
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w 


|x’) (wo), (6-17) 


if il : 4 u 

EGuT) eS SS 
w & aS | BG | »| hase 
where €,(x) is the Fourier transform of ¢(x, t) and Im U,, stands for the anti-hermi- 
tian part of U,. By making use of the equation 


(ho— I) Boe) 7 3) 5 


the correlation function of ¢ gives us that of f, that is, 
F(x) FS (x) =—_ E(w, T)(x|—2 Im B |x 8(o—o)- (5-18) 
wm 


This is nothing but the fluctuation-dissipation theorem or the Nyquist theorem 
assumed in the previous paper. By derivation of (5-18) we have completed the 
interpretation that the imaginary part of the optical potential is responsible for the 
probability dissipation of elastic scattering coming from nuclear excitations, 

In the present section we have derived the fluctuation-dissipation theorem 
(5:17) or (5-18) on the basis of (5-14) or (5-15). The formula (5-14) or 
(5:15) plays one of the most essential roles in our discussions. It is not so easy 
to prove the formula (5-14) or (5-15) exactly. Nevertheless, we think that its 
use would be justified in observations on a rough time-scale as mentioned in § 1. 
Strictly speaking, the use of (37) or (59) in the previous paper must be justified 
by proving (5-14) or (5-15). 

There formula (5:15) may be proved if the excited nucleus can be considered 
to be in equilibrium, in other words, if the compound nucleus is formed and its 
oscillations with various frequencies are superposed in a somewhat long interval. 
Thus, under the same condition, we could expect the coarse-grained one-particle 
motion and the optical model for the many-particle system. The condition for 
appearance of equilibrium may be formulated in the following way. If we have 
the much smaller value of the relaxation time 7, associated with f (or 7) than 
the time = (A/w,), namely 


TS, 


we may expect that the system is in equilibrium. The time <, may be obtained 
as the damping time of the function given by 


Bie) = ||," @, OCALA 7, 07, 0) +9", 0) (2, D} 1A) 
XI pte’, 0) d> xd xe (5-19) 


The characteristic time used in discussions of §1 should be identified with 7 aS 
mentioned in the footnote of §1. When the condition 7)>7, breaks down, it be- 
comes necessary to find another type of systematic motion (different from the one- 


ee 
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particle motion), for example, the two-particle motion as suggested in the next 
section. 


§ 6. Conclusions 


In the present paper we have formulated, from first principles, a possible scheme 
for the one-particle approximation in many-particle systems, in particular, in nuclear 
reactions. The systematic part of the one-particle amplitude describes the coarse- 
grained motion of the system and obeys the one-particle Schrodinger equation with 
the so-called optical potential. The fluctuation part is governed by a Langeyin- 
like equation with the same optical potential and with the fluctuating source function, 
and is subject to the fluctuation-dissipation theorem. The optical potential is de- 
composed into the static part and the fluctuation part. The former is to be ob- 
served for the target nucleus in the fixed ground state, while the latter represents 
reactions of nuclear excitations. The static part would not be so different from the 
one-particle potential as expected in the nuclear shell model. The fluctuation part 


is considerably smaller due to the function (4-15), as is seen from its explicit 


form. Such an effect comes from the energy spread of the incident beam and has 
already been pointed out by Bloch’? and Hayakawa et al.’ The fluctuation part 
of the optical potential has an imaginary part as a result of the probability dissi- 
pation for elastic scattering. As is seen from the fluctuation-dissipation theorem, 
the imaginary part is proportional to the correlation function of the fluctuating 
source function, which may become larger near the nuclear surface rather than inside 
the nucleus. Therefore it is very interesting to investigate the imaginary part of 
the optical potential near the nuclear surface from the formula (4-17). The prob- 


lem may become easy to handle by assuming the one-sided extension of the infinite — 


nuclear matter.” 


We have so far discussed the one-particle motions in a many-particle system. 
There it has been expected that the coarse-grained motion of the system becomes. 
a sort of one-particle motion. Such an expectation, however, is not necessarily re- 
alized in every case. In some cases we should be concerned with systematic 
motions among two or more particles as the coarse-grained motions of the system. 
For example, let us consider the elastic scattering of a nucleon with a relatively 
high energy by a large nucleus which is composed of a large closed shell and an 


extra nucleon loosely bound by the shell. In this problem, we can no longer expect 


to describe the coarse-grained motion by the one-particle amplitude ¥,. (Moreover, 
the remaining amplitude 7,7" would not be subject to the fluctuation-dissipation 
theorem.) Thus we should utilize the two-particle amplitude and the two-particle 
Green function by identifying the closed shell with the medium. Now we could 
write the equation of the two-particle Green function G,, as follows: 


Gi (1, 23 1',.2’)=GaG, 23 1; 29 
. - \\ea, 3)G(2, 4) 1G, 4; 3’, AY G7, (3, 43 ¥, 9/) d*(3).d‘ (4) d‘(3') d'(4’), 
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where G is the one-particle Green function, J the interaction part between two 
particles and G,3(1, 2; 1’, 2)=G(, 1’)G(2, 2’) —G(1, 2’)G(2, 1"). Therefore the 
two-particle amplitude 7%,,(1, 2) to describe the coarse-grained motion obeys the 


equation 
Xn (i 2) ——¥ AA 2) 
4. \\Ga, 3)G(2, 4)1(3, 4; 3’, 4) In (3", 4”) d4(3) d*(4) (3) d*(4), 


where 7,3(1, 2) =%5(1)%; (2) —%,(2)%,(1). Here 7, and %, are, respectively, the one- 
particle amplitudes in the medium of the closed shell corresponding to the scattered 
nucleon and the bound nucleon. This is an example of the surface interaction or 
direct interaction. The deuteron stripping reaction may be treated by this formalism 
with some modifications. But we cannot directly apply the present formalism to 
the problems of inelastic scattering. Nevertheless, it might be useful to describe 
some inelastic scatterings by the optical model as suggested by Bloch.’ 


Appendix 


Here we shall briefly explain the situation that the Fourier transform 3” of 3” 
at the complex point E=E,+i(f/t) is nearly equal to the average of 3” on the 
real axis over the range centred at EH, with spread of the order 4 E,= (h/t). First 
we decompose 2*(z) into two parts as follows: 


De) za ogee ies ee 


where 2"(t) =0 for «<0 and 3,7(7)=0 for <>0. The Fourier transformation 


is defined by 
Sh) = | 37) exp {(i/f) Ex} dE 


on the real axis. The wanted average is written as 


3? (k)= \ 5" (E) A(E—E, ; 4E,) dE 


z d= exp (i/f) Ey} 27) di exp {(i/h)é=} AG, 4B,) |, 


where A(¢;4E,) is a smooth function which has non-zero values only near and 
in a region centred at the origin with the spread 4E,= (h/t). Since the function 
A is well approximated by (4E,/z)[*+ (4E,)?]-1, the above integral with respect 
to ¢ becomes 


| dé exp {(i/h)&z} A(é; 4E,) =exp{—|r|/t). 


Nt = 
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Thus it follows that 


5" (f) = | de exp {G/A)E,-— 


Je) S72) = S57 (x, +17) +5," (E,— ; 4) 


0 


This relation is just what we wanted to prove. 
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H(t—to)]|¢m), where |@mn> is the initial wave packet with a narrow spread in energy. This state 
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In this paper we investigate the relation between the observed mass levels of baryons 
and mesons as well as the resonance levels in pion-nucleon and kaon-nucleon reactions and 
the various configurations of particle states derived from Ikeda-Ogawa-Ohnuki’s symmetry 
theory which is based on Sakata’s composite particle model. It is found that there is a close 
correspondence between the theoretical levels and the experimental evidence. 


§ 1. Introduction 


In order to understand the success of the Nakano—Nishijima—Gell-Mann 
scheme for the strongly interacting particles on the realistic ground, Sakata” has 
proposed the idea of the composite particle model for elementary particles. Ac- 
cording to his composite theory, only proton, neutron, J-particle and their antiparti- 
cles are assumed to be the basic particles and other mesons and heavy unstable 
hyperons are compound states composed of these basic particles. 

Due to the lack of knowledge about the dynamics of composite particles which 
probably needs an essentially new law yet unknown, very few analyses have been 
made so far to develope the composite theory concretely. Now, in his original 
article, Sakata compared the introduction of A-particle as a fundamental particle to 
the introduction of neutron in the early stage of the history of nuclear theory. 
Along this line of thought Matumoto” considered that the mass levels of mesons 
and baryons other than proton, neutron and J-particle, as well as the resonance 
levels of pion-nucleon scattering, have a similar significance to what the nuclei and 
the resonance levels of nuclei have in low» energy nuclear physics, and he pro- 
posed the semi-empirical formula for these mass levels. The formula given by 
Matumoto seems to be naive and phenomenological, but we feel that the investigation 


in his way will be rather effective at the present stage of the composite particle 


theory and that a certain clue to the future development must be obtained in this 
way. 

Recently Ikeda, Ogawa and Ohnuki® have made a forward step in the develop- 
ment of Sakata’s idea. Ogawa supposed the existence of a certain kind of symmetry 
among proton, neutron and A-particle in Sakata’s composite model. He first 
assumed that in the limiting case of the equal mass the physical laws are invariant 
under the exchange between any pair of proton (p), neutron (n) and A-particle 


(A), and constructed a theory of three-dimensional unitary transformation in col- 
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laboration with Ikeda and Ohnuki. Then they took account of the mass difference a 
between A-particle and nucleon. This new symmetry is very attractive, since it 
seems to have abstracted some important aspect of Sakata’s composite model. In 
this theory new quantum numbers are automatically introduced by which various 
configurations of particle states are systematically classified. Thus in order to see | 
the contents of the new theory it is very necessary to clarify how the newly 
obtained levels of particle state correlate with those found in nature. 

In this paper we shall investigate what relations may exist between the theo- ie 
retical levels derived from the I-O-O theory and the experimental evidences, and 
attempt to find out simple laws hidden in nature. We discuss the theory up to 
five-body configurations. This will cover the energy region where the reliable ex- 
periments have been or will be performed in the near future. 

As we see in the following, rather remarkable correspondence seems to exist 


ray 


bese 


>, pe 


raat 


| a 


between the I-O-O theory and the experimental facts. This suggests us that Sakata’s We, ; 
composite particle model has obtained another strong evidence and the I-O-O theory | a 
based on the composite particle model may be a very prospective one in under- ag 
standing the nature of strongly interacting particles and their interactions. a 

In section 2 we discuss the mass formula which we use as the means for the : 


comparison of the theory with the experimental data. In sections 3 and 4 we give 
the discussions on the fermion states and boson states respectively. The final section 
is devoted to the summary and discussion of the results. The explicit expressions 
of the configuration up to five-body system which are necessary for the analyses in 
sections 3 and 4 are given in Appendix I. In Appendix II we summarize the 


theoretical and experimental values of the masses of the states. 
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§2. Mass formula for the composite particles 


he relations of the theoretically expected states with the experi- | | 


In discussing t 
sily 


mental data, we shall mainly examine their energy level, since it is the most ea 
obtainable information. 

In the I-O—O theory the basis vector of an 
body system consisting of m particles and 7 


, ea 


a es Bae cei te 


Bars 


‘rreducible constituent of the (7-+7)- 
antiparticles will be expressed as 


oD A a 


jy Jo In tl p 
ya C(t, ta; Med iru Pie fasdee Fe ne ae BS (1) : i i 
4,j=1,2,3 i, to Dion f ; 


1 2 3 
d-2,.% and: ¥° are them ei ca 


where 7, % and % are proton, neutron and A-particle, an 
ticle vy jn) will’ be . 


Information about C(a, %, °" be PII AD 


3 
antiparticles respectively. 
Now we assume that the mass of the particle corre- 


obtained from Appendix I. 
sponding to this basis-vector is given by 
jy Jo Jn 


Mae SS CGrs tas ea PS “5 jn)? mL PAs BA bE, (2) Aas 
4,g=1,2,3 4,49 tm ; 
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jy j j Jj J2 In 
where 7 (% LALIT D is the mass of the “sub-particle” % %--%%%---Z. 
Seton aah tji2 tm : 

In eenlysae this formula we further assume that the mass of sub-particle is 
independent of M, M’ and J, where M and M’ are the quantum numbers specifying 
each irreducible constituent, and J is the isotopic spin. We also assume in the 
following analysis that there is no spin dependence in the mass value of sub-particle. 

In the following discussion we neglect the mass difference between proton and 
neutron (we express proton and neutron by common symbol N), which results in 
giving the same value to all the particles belonging to a charge multiplet. 

Now the problem is to find out the masses of “ sub-particles”. This will not 
be supplied directly from experiment except in few cases. For its rough evaluation 
we propose the following mass formula which is analogous to Matumoto’s but 
contains a little simplification, 

fds in 


MLL LLL D ~ (nwt ny) my+ (14 +745) MA + wx Nyn— NNN) V(NN) 


ty to tin 


+ (nya-+max—Nwa— nag) V(NA) + (nan—man—nan) V (AA), 
V(NA) =V(NN) +4V, V(AA) =V(NN) +24V. (3) 


In the above Formula (3) my(ma) is mass of nucleon (/-particle), and my(7,) 
and ny(nx) are the number of nucleon (/-particle) and antinucleon (anti /-particle) 
respectively. myx, etc., are the numbers of nucleon-antinucleon pairs in “‘ sub-par- 
ticle”, etc. We call this formula the “two-body approximation” together with 
(2) for the mass of composite particle. In Formula (3) V(NN) and 4V are de- 
termined so as to give the experimental masses of pion and kaon correctly. This 
mass formula differs from Matumoto’s in that this is a two-parameter formula 
(V(NN) and 4V) instead of Matumoto’s three-parameter formula (V( NN), V(NA) 
and V(AA)). In Matumoto’s formula the “binding energy” V(AA) of A-A bond 
is determined so as to fit the mass of 5-particle, but here in the new formula it 
is the linear extrapolation of V(NA) value. The reason for taking this is that 
V (AA) (=—V(AA)) will be approximately given by 


V (AA) = V (my+4m, my+ 4m) =V (my, myt+ 4m) + 4mV! 
=V(my, my) +2dmV’, (4) 


where V(my, my+4m) = V(NA) andV (my, my) =V(NN), and 4m is A-particle— 
nucleon mass difference. We have no reason to believe that the value of V(AA) 
determined from the mass of 3-particle gives a better estimate to the real value 
than the above linear extrapolation, since it is hardly probable that the mass of 
&-particle is correctly given by the two-body approximation, as will be seen in the 
case of (I=3/2, J=3/2) resonance of z—N scattering at 190 Mev laboratory pion 
kinetic energy. The most reliable value will be supplied by the mass of z°/-meson 
if we can know it by experiment. Our intention to take (3) is not to reduce the 


i tk Beis 
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number of parameters, but to extract simple relations among the masses of particles 
and emphasize that in the limiting case of equal mass of /-particle and nucleon 
there must be no mass split in Formula (3). 

In the following discussion when we apply this formula, it will always be 
necessary to take into account the theoretical error of the order of about 200 Mey. 


Notations for states 


We use the following notations to represent fermion and boson states. For a 
fermion we write like F#(S, I) where subscript j expresses the number of particles 
plus antiparticles of which the fermion is composed, and we denote by superscript 
i. the class to which this particle belongs (each class corresponds to each irreducible 
constitent, see Apppendix I). S and J in the bracket are its strangeness and 
isotopic-spin. These notations will supply enough information for finding the ex- 
plicit configuration which is given in Appendix I. For boson we use similar 
notation B,'(S, I), the meaning of the suffices being the same as before. 


§ 3. Fermions 


In this section we discuss the fermion states of baryon number 1. Many ex- 
perimental data will be available for these states and we can expect interesting 
results. 


3-1. The system of one baryon 


p, n and A belong to this. These are the basic particle from which all the 
particles are constructed. We have nothing to say about it at present except that 
the physical nucleon and A-particle are, of course, the superposition of one-body state, 
three-body states, etc., having the same M(=3/2), M’ (=5/2), spin and parity. 


3-2. The system of two baryons and one antibaryon 


There will appear 3°=27 states in this three-body system. However, essentially 
new states which have different !M and M’ from those of one-body system are 21. 
These states belong to classes 1 and 3.* They are the characteristic states of 
three-body system. The remaining 6 states which representations are equivalent to 
that of one-body system may be new states if they have different spin and parity 
from those of the corresponding one-body states. But as we shall see below, such 
a case does not seem to have occurred in reality although it will still be premature 
to draw a definite conclusion. In the following we shall assume that the states 
having the same M, M’, I and S have the same spin and parity and discuss in 
terms of the states of the lowest cofiguration. ; 

The characteristic states of three-body system seem to have fairly good corre- 
spondence with ‘the actually observed hyperons and the resonance states in, the 


* The classes 1, 2, 3 and 4 of the three-body system in this paper correspond to the classes 
IV, IL, II and I of I-O-O’s article® respectively. 


666 S. Sawada and M. Yonezawa 


meson-nucleon scattering. Let us see it briefly in the following. 
(i) Strange particles 


F;!(—2, 1/2) may be assigned to £-particles 
and 
F;(—1, 1) and F;?(—1, 1) may be assigned to +-particles. 


The masses of F;!(—1,1) and F;?(—1,1) are the same as is easily seen from 
their configurations and mass formula. So the observed 3-particle could be F'(—1,1) 
or F;?(—1, 1) particles or possibly their mixture. Because they belong to different 
classes, they may or may not have different spin-parity. The present experimental 
data seem to support spin 1/2 for 3-particles. They might have different parity, if 
they both have spin 1/2. In future we may be able to find such a complexity of 
»'-particles. 

(ii) Resonance states in z—N scattering 

In the experimental data of z—N scattering below 1 Bev it is observed that 
there exist three resonance states, the well-known (3/2, 3/2) resonance at 190 Mey 
laboratory pion kinetic energy, (1/2, 3/2) state at about 650 Mey and (1/2, >5/2) 
state at about 950 Mev.” We assign F;'(0, 3/2), F;°(0, 1/2) and F;'(0, 1/2) to 
these resonance states respectively. The consistency of this assignment will be 
supported by the following fact. The masses of these states are given by the fol- 
lowing expressions from Formula (2), 


m(F;!(0, 3/2)) =m(NNN) 
m(F;3(0, 1/2)) = {m(NNN) +m(NAA)} /2 (5) 
m(F;3' (0, 1/2)) = {m( NNN) +3m(NAA)} /4, 


where m(NNWV) and m(NAA) mean the masses of NNN and NAA sub-particles 
respectively. If we determine the m(NNN) value by 190 Mev resonance and 
m(NAA) by 950 Mev resonance, we immediately obtain about 670 Mev for the 
resonance energy of F;'(0, 1/2) state.* This fits remarkably with experiment 
and may support our assumption that the spin dependency of energy level is very 
small and may guarantee the approximation to neglect the correction to the 


configuration coefficients C(t, ta, +++, im 3 Jip Ja» ***> jn) ue to actual A-particle-—nucleon 
mass difference.** 


* For the Saclay’s data which give resonances at about 600 Mev and 900 Mev pion kinetic 
energy, we can see similar relations. 

** In this paper we take the total energy in the center of mass system at resonance as the 
mass of the “particle” corresponding to the resonance level. Strictly speaking, this is not correct. 
We must take account of the energy shift between the actual resonance energy and the level energy. 
See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics, Chap. VIII, London. 
We thank Prof. S. Hayakawa for his calling our attention to this fact. However, we do not consider 
this problem here, since the discussion of this problem about all observed resonance states is practi- 


cally impossible now, and the arguments of the present article will not suffer essential change 
from it. 
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(iii) Resonance states in K—N scattering 

The K-—N scattering experiments are still at preliminary stage, so the experi- 
mental information is rather poor and not definite, unlike the s-N case. We have 
two states which would be observed as resonance states in K—N scattering. They 
are F,°(1, 0) and F;'(1,1). These two states having J=0 and J=1 are energe- 
tically degenerate.* We think it will be appropriate to assume that these states 
contribute to the resonance-like behavior around 200 Mev laboratory kaon kinetic 
energy in K*-m scattering,”** if the resonance really takes place there, since 
this will be the lowest resonance level of K—N scattering and the strange particle 
having strangeness 1 and mass <my+mx (mx is the mass of kaon) has not so 


far been found. The experimental clarification of degeneracy of these resonance 


states is very interesting, since we have not had such levels before. 

(iv) Resonance states in K-—N scattering 

In the K~—p scattering it is observed that the elastic cross section at very 
low energy region is very large.» At 25 Mey of laboratory kaon kinetic energy it 
is even four times of K*—p cross section and it gradually decreases as the energy 
increases. This feature -has been discussed by many authors. Among others 


Matthews and Salam” have proposed the existence of a resonance state at 25 Mev. 
We also maintain this is the case and assume that this corresponds to the state 


of I=0 in class 1, F;\(—1, 0). In order to confirm this, it is necessary to_ perform 


the experiment of K~—n elastic scattering and to see that no resonance occurs int} 


this process. 
(vy) Empirical mass formula for the three-body system of two baryons and 
one antibaryon 


We have not discussed much about the absolute value of mass of each level or the: 


relation of the value predicted by the two-body approximation with the experimental 


value. The values calculated with use of a two-body approximation are given in ~ 


Appendix II, together with the experimental values. It gives a fit to the experi- 
mental data within the error of 200 Mev. This may be satisfactory agreement if 
we remember the roughness of the argument. In order to look further into the 
problem of energy levels, it is required to have the knowledge of the details of the 
construction of these levels and the mechanism of the interactions. 


Here we shall refer to a notable feature which is observed in the difference betwe- 


en the predicition of two-parameter formula and the experimental data. It is 


V(NNA) ~V(NAN) 


/* These resonance levels and their energy degeneracy have been emphasized by Matumoto” 


as the important consequences of Sakata’s composite model and Matumoto’s mass formula. 
** The present K*+n—>K0+p data do not show such a resonance feature. This is very interest 
ing in connection with the degeneracy of J=0 and J=1 states. However, the experiment in this 


case seems to be rather difficult. Further investigation will be expected to clarify this point. 
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k s = . 
where V(77Z) is the difference between the experimental value and the estimation 


of mass Formula Ge 
ViQX 1) experimental value— Formula (3). 
tg 


Including this relation, the experimental data are expressed approximately 
by the next formula, 


k 


m(Ld 1) = Formula. (3) +V(%2%7%), 
ae Fe, 


VLLD = (1) {U— (m,+-n5) AU}, 
oR (n,-+n5) (Gixnnx/ 2 +1) : (6) 


If we choose U and 4U appropriately, the fit of this formula to the present ex- 
perimental data can be made within 50 Mey. Of course the above expression (6) is 
one example of representing the experimental data in correlation with Formula (3). 
It will be interesting here to note some possible contents which are involved in 
the term V(t22). It may contain contributions from various origins. For ex- 
ample : oe 

(i) The correction may arise from the fact that we use the parameters ad- 
justed to the data of the one-body system and two-body system. Even if the two- 
body approximation is a very accurate one, the contribution of the higher con- 
figuration states to the lowest configuration state will not be so simple as to be 
expressed by the “ effective’ two-body approximation. 

(ii) The three-body forces might be present. This can be probable since the 
phenomena under discussion are at short distance. 

(iii) There may be spin-dependence in the energy value of sub-particle. How- 
ever, this does not seem to be large if we remember the fairly good agreement 
of mass Formula (2) with the resonance levels below 1 Bev in z—N scattering. We 
need precise values of the masses of these levels in order to obtain more definite 
conclusion of the problem (cf. footnote of page 666). 

(iv) The correction to the configuration coefficients due to A-particle-nucleon 
mass difference, since the configuration coefficients used in the discussion of this 
section is obtained for the case when nucleon and A-particle have the same mass. 
This will be the second order correction to the Tass difference. 


(v) Although we have assumed VAX) =— Van in Formula (3), the actual 


configuration will not be similar for particle and antiparticle. (For example, in the 


sub-particle nn”, we may expect that neutron-neutron. distance is longer than 
neutron-antineutron distance). 


2? 


k 
We probably could not explain V(%XZX) in terms of the particular one of these 


. . i J ’ 
causes. This seems especially true for the case (ii). It is noted that the two-body 


\io ak dalite Jo eb 
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approximation gives lower values for ordinary particles, while it gives higher values 
for strange particles. 

We have not so far discussed the logical consistency of the results obtained 
in this section with Ikeda-Ogawa-Ohnuki’s theory. 

If our assignments in this section are correct, we have the state with spin 
1/2(F;'(—1, 1)), the state with spin 3/2(F;'(0, 3/2)) and the state with higher 
spin (F;'(0,1/2)), in the same class (class 1). This is apparently contradictory 
with the fact that all of the states belonging to the same class must have the same 
spin and parity. We do not know now what implications such an inconsistency 
has.’ We might think that the interaction responsible for the 4-particle—nucleon 
mass difference has an unusual character, and make a change in spin and parity 
of the state. é 

In connection with this we remark one interesting feature of the three-body 


& 
binding energy V(LXX). It does not give the same mass for all states of a class 


even if we make 4m=0.*** If this is really the case, it suggests a very interesting 
fact that we may not be able to switch on the interaction responsible for 4-N’ 
mass difference adiabatically. This interaction induces a change in spin and parity 
of the system, still leaving the original configuration nearly unaffected. We have 
not met such a peculiar kind of interaction before. This paradox seems to have 
a profound meaning and needs further investigation. 

Finally we shall emphasize that we have a necessary and sufficient number of 
states to explain the experiments and there do not appear surplus states which can 


not be related with the experimental evidences, so far as the present experimental 


data are concerned. This is one of the reasons why we have neglected the three- 
body configurations having the same M and M’ as those of one-body. 


3-3. The system of three baryons and two antibaryons 

There are 3°=243 states in the five-body system. In these 243 states the 
essentially new states which have different M and M’ from those of one-body and 
three-body system are 105. These 105 states are the states belonging to the classes 
1, 4, 6, and 10. -It is noted that particles of class 10 are physically indistinguish- 
able from those of class 6 (See Appendix I). 

In discussing these states the experimental data available for comparison are 
too scanty yet, except for a few cases, and also we can give only crude theoretical 


* There is no trouble to assume that the states having the same mass in the limit of 4m=0 
must have the same spin-parity so far as the present experimental data are concerned. 

*k It will be interesting to see that the mass of (3/2, 3/2) level of z-N scattering is the same 
with that of 3-particle in the case 4dm=0. This may still suggests that 2-particle is\spin 3/2 
particle», although the strictness of the argument is somewhat weakened. Similarly, the mass of 
the resonance states in K-N scattering at about 200 Mev coincides with the mass of 2-particle in 
the limit of 4m=0. This suggests that 200 Mev resonance states have J=1/2. This is consistent 


with the present experimental data. 
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estimation based on Formula (3) about the values of the energy levels of these 
states. We use this two-parameter formula when rough estimation is necessary to 
see the order of levels. 

i) New particles 

Several new particles may appear in this five-body configuration, but the number 


of new particles is not so large as one might expect. The possible states which might 


be observed as new particles are F;‘(—3, 0), F;\(—3, 1), Fs (—2, 3/2), Fs'(—2, 
3/2), Fs (—2, 3/2), Fs (—1,2),° Fs (1, 2) and F°(—1, 2); Fe 8; 0). and 
F,1(—3, 1) are energetically degenerated. F;'(—2, 3/2), F,°(—2, 3/2) and F,"(—2, 
3/2) are degenerated for their energy and isotopic spin, and the same circumstances 
are observed for F,}(--1, 2), F:°(—1, 2) and F;"(—1, 2). Of these particles our 
feeling is that the states with strangeness —3 will be observed as particle, but it is 
questionable whether the states with strangeness —2 and —1 will be realized not 
as resonance states but as meta-stable particles. In this respect two-parameter 
Formula (3) is not so adequate, since it gives value too critical for such a discussion. 
If the experiments can detect new particles in future, these new particles will be 
abovementioned particles. The states with strangeness —1 will appear with large 


mass, so they will be observed as resonance states in kaon-nucleon scattering or 
kaon-hyperon scattering. 


i1) Resonance states in z—N scattering 
It has been observed that in the z*—p scattering experiments the cross section 


shows somewhat resonance-like behavior around 1.3 Bey spread from 1.2 Bev to 
1.4 Bev.” 


This feature -is interesting when we consider the existence of four states 
having [=3/2 and corresponding energies. They are F;'(0, 3/2), F;'(0, 3/2), 


Fs; (0, 3/2) and F;°(0, 3/2). ‘Two of these four states (F;°(0, 3/2) and F?°(0, 


3/2)) are energetically degenerate. These states lie in space of about 100 Mey. 
The estimation of the energies of these states by the two-parameter formula seems 
to give a little lower value than that of the experimental observation if we associate 
these theoretical levels with the resonance-like behavior around 1.3 Bev. However, 
such a difference is to be expected, since even in the case of three-body system 
we have already met the situation that the experimental data of z—N scattering is 
higher than the theoretical value of Formula (3) by about 150 Mev. 

For the mass of five-body state, it will be interesting to make the following 
estimation. The mass of a sub-particle, for example, m(NNNNJ), is given in 
the case of two-body approximation as follows, 


m(NNNNN) =m(NNN) +m(NN). (7) 
In this equation we make some correction to the two-body approximation. In the 
right-hand side of the above Equation (7) we replace the theoretical value given 


by two-parameter Formula (3), m(NNWN), by the experimental value, 77..,(NNV), 


i.e., the total energy in center of mass system of (3/2, 3/2) resonance in 2—N 
scattering, 
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m(NNNN WN) =mex, (NNN) +m(NN). (8) 


_ Applying a similar method in the case of m(NNANA),* we obtain a new value 


which gives remarkable fit to the experimental value of the resonance around 
1.3 Bey. These values are given in Appendix II, 

Of course, we have no assurance that this procedure will always give good 
results. By applying the similar method to J=1/2 case, we find the existence of 
resonance states at about 1.7 Bev and 2.2 Bev laboratory pion kinetic energies. The 
experimental data are very poor at this energy region. We must wait for the 
future experiments. 

These resonance states in pion-nucleon scattering is given in Fig. 1, together 
with the present experimental data. 
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Fis. 1. The theoretical levels of resonance states and the experimental cross sec- 
tions in z-N scattering 

In Figs. 1...4 the levels indicated by thick lines are those of the experimental 

values for the three-body system and of Formula (8) for the five-body system, 

and the levels indicated by thin lines are those of Formula (3) for both 


Cases. 


* There are two ways of décomposition of m(NNANA), i. e., m(NAA) 4+m(NN) and m (NNN) 
+m(Ad).. However, they differ to each; other only by about 70 Mey. This might support the 


above approximation. 
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Fig. 2. The theoretical levels of resonance states and the experimental 
cross sections in K-WN scattering 
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Fig. 3. The_ theoretical levels of resonance states and the experimental cross sections 
in K-N scattering 
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Fig. 4. The level scheme of fermions 

iii) Resonance states in K-N scattering and in K-N scattering 

The experiments of K* and K™ scattering by nucleons are at the preliminary 
stage, and we have not reliable data with which the theoretical prediction is to be 
compared. At present we may say at most that the gross structure of the energy 
spectrum of the present experimental cross section may not be inconsistent with the 
theoretical predictions. The theoretical levels are given in Figs. 2 and 3 with 
the experimental K—N and K-N scattering cross sections. 

The whole scheme of fermions up to the five-body system is summarized in 
Fig. 4. 


§ 4. Bosons 


Contrary to the case of fermions, the main interest is in “ particles”, rather 
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than in “resonance states”, since the experimental information about the latter is 
at present scanty.* Thus the estimation of the masses of these composite states 
becomes much more important for discussing which levels are stable against rapid 
decay. However, our knowledge about this point is confined to the two-parameter 
formula. The two-parameter formula always gives value too critical for such a 
discussion and we cannot very well base our discussions on it, except in a few 
cases in which the instability of states seems to be rather apparent. 


4-1. The system of one baryon and one antibaryon 


3?=9 states are involved in this system. Seven states of them are identified 
with the observed particles and used to determine the parameters of Formula (3). 

The remaining two states are strangeness 0, iso-scalar particles, B,'(0, 0) and 
B?(0, 0). We denote them as zx” and z°” respectively. 


The estimation of the masses for these particles based on Formula (3) gives 
615 Mev for z” and 377 Mey for z”’. For such mass the z” decay into two pions, 
three pions and four pions are energetically possible. This implies that z°” would 
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Fig. 5. The level scheme of bosons 
The indicated levels are those of Formula (3). 


S ; : Ream : : 
B(0,I)’s are very interesting in connection with the strong pion-pion interaction. 
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decay rapidly whatever its spin and parity may be, and will not be observed as 
a particle. 

n°’ is more interesting. Its theoretical value, 377 Mev, is surprisingly close 
to our previous estimation of the mass of ‘“‘ second neutral meson ’’* from Ke; electron 


-energy spectrum.” 7°” must be 0 or 1* in order to be observed as a particle. 


Besides this reason, we have also another reason to be interested in 2°”. 2°”/ 
is not a characteristic state to the system of one baryon and one anti-baryon. The 
corresponding lowest configuration state having M=M’=0 is the “vacuum”. So 
the argument that 2°” will not exist may be possible. We do not know whether 
x’ would exist or not. The investigation of this problem will serve for the clari- 


fication of the essence of the “ vacuum ”’. 


4-2. The system of two baryons and two antibaryons 


Among the 3'=81 states, the new states characteristic of the four-body system 
are 47. The interest in the four-body system is of course in the point how many 
states will appear as new particles. For the discussion of this problem, it is ne- 
cessary to have correct information about the spin, parity and mass of these states. 
About these points, to our regret, we have no information except the rough esti- 
mation of mass by two-parameter formula. Some of them seem to be stable against 
the rapid decay caused by strong interactions. They are Bi(—2, 0), Bi(—2, 1); 
B2(—1, 3/2) and B/£(—1, 3/2), and their antiparticles, B,°(2, 0), B’(2,1), Bd, 
3/2) and B,(1, 3/2). Recently some possible evidence for a negative heavy meson 
with strangeness —2 has been reported.” This particle, if it exists, will be B,’(—2, 
0) or BJ(—2,1), and we can expect the meson of nearly the same mass and 
double charge. 

The whole scheme of bosons up to the four-body system is summarized in 
Fig. 5. 


§5. Summary and Discussion 


In this paper we have analysed the relations between the theoretical predictions 
of Ikeda-Ogawa-Ohnuki’s theory and the experimental evidences about the levels of 
baryon and meson system. And we have found that a rather close relation may 
be established between them, as far as we are concerned with the reliable experi- 
mental data. We have more interesting predictions for which we do not yet have 
definite experimental data but more accurate experimental investigations is now 
expected to proceed. About these predictions we shall emphasize the importance 


* This value may be a little larger, if we attempt the explanation of the behavior of Kte3 
energy spectrum by the contribution of the mode Ktesr>2”’+er+y as was examined in our 
previous article. However, the present estimation about the mass of AA sub-particle may contain 
an error. Whether 2” be the main cause for the bimodal ferture of the K*e3 spectrum or not, 
the leptonic three-body decay of K-meson seems to be the unique process which gives the informa- 


tion about 7%” in the decay process, if it exists. 
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of the following points, of which experimental clarification is yet insufficient. 

(a) [=3/2 resonance states in 7*~—p scattering around 1.3 Bev laboratory pion 
kinetic energies 

It is a very interesting problem whether we can clearly separate the present 
prolonged resonance, into three peaks by experiments, as once occurred in J=1/2 
resonance below 1 Bev. Since the spacing between levels is-relatively small, it 
might not show clear separation of each resonance state. 

(b) I=0 and J=1 resonance in K-—N scattering at relatively low energy 
(~200 Mey laboratory kaon kinetic energy) 

Experimental information about these levels is relatively scanty. These levels 
are particularly interesting, since the levels having different isotopic spin are ener- 
getically degenerate. 

(c) I=0 resonance of K—N scattering at extremely low energy 

It will be very important to confirm our assumption that the level is of J=0 
by K--n scattering experiment. 

(d) Among the new particles whose existence is expected, we are particularly 
interested in 2°’. Information about the mass of 7°” will give us a more accurate 
value for the A-A binding energy. Its relatively small mass may rather facilitate 
our. experimental detection. 

It is possible to construct the states with higher configuration in the I-O-—O 
theory than those we have discussed so far. In the case of fermion there will 
appear a large number of states which are to be related to resonances in very high 
energy nuclear reactions. However, the spacing between these higher levels will 
become smaller, and furthermore the intermixture of levels of the higher configuration 


~ states and the lower configuration states might occur. Then we shall recognize 


them not as individual resonance peaks but as very broad resonance with no peaks. 

Among the states of many-body systems we may also have new hyperons with 
large negative strangeness and mesons with large strangeness, but it will be very 
hard to find them by experiment since their masses are expected to be very large. 

In this paper we have not given the conventional field theoretical arguments 
for these levels, especially for resonance states: It might be a very difficult prob- 
lem for the current theory to give the explanation of the independency (or very 
weak dependency) on M, M’, I and J (spin of particle) of the mass of sub-particle. 
These curious simplicities together with the spin-paradox pointed out in section 3 
suggest us the need of drastical changes in our way of thinking and necessity of 
a new approach to the problem. 

Even if the situation does not need any drastical change and usual meso- 
dynamics has any meaning, we are very doubtful whether such a theory with 
Yukawa type interaction can succeed in explaining the many resonance levels ob- 
served in high energy reaction. If the discussion given in this paper is correct, 
the states observed as particles and resonance states are the characteristic states 
which have M and M’ different from those of lower configurations, and it will 


opt es 
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not be easy to construct such irreducible states from the theory in which the 
formation of particular mesons and baryons has already occurred. Or it will be 
very difficult to separate the essentially new. states that are responsible for the 
resonances even if such theory touches the reality in some aspects. 

We may say at least that the explanation of the second and third resonances 
in z-—p scattering in terms of pion-pion interaction will not be adequate,” since 
the analysis in the present article has shown that /-particle plays an important and 
essential role in these states. 
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Appendix I 


Here we give explicit expressions of the basis vectors of the irreducible | 


representations of the system of two-body (one baryon and one antibaryon), 


three-body (two baryons and one antibaryon), four-body (two baryons and two anti- 


baryons) and five-body (three baryons and two antibaryons) . 
The mathematical procedures to decompose each system into its irreducible 
constituents and to obtain the basis vectors of each irreducible representation are 
detailed in I-O-O’s article.” So we give only information necessary for under- 
standing the mutual correspondence between the classes and the irreducible con- 
stituents. aay 
The transformation property of the system of m-baryons and n-antibaryons is 
equivalent to that of mixed tensor Tin ui" of contravariant valence m and coya- 
rjant valence n. The discussion of the system of two-body and three-body has been 


: given in I-O-O’s article. So the problem to be discussed here is the decomposition 
of T,2° and T,{°" into their irreducible constituents. In the following we give the — 


Vv v 
decomposition into irreducible constituents and their characterizing equations. The 


notations keep correspondence with those of reference 3). 
(1) The system of two baryons and two antibaryons, T,5° 
28 is first decomposed with respect to the upper and lower indices by Young’s 


wy 
diagram 
8 ap a8] 
oo =T (yy ig TM + Srey + Dray 


Next we decompose T%, Ti}, TGsy' and Ti2*} by contraction operation : 


* It is to be noted that the decomposition by the contraction operation is in general not unique. 


i 
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TUBa=TarTy ot Thy, 
Thy= 7 wt Toy, 
rears vt Thy, 
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8 8 
Na 9B NB 
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9 
and besides the symmetry Neowie: Tye, 1 ie Ty, Ty, l ing Ty and Ty are cha- 


racterized by 


Tis -, Ty correspond to class 1, ---, class 9 of the system of four-body respectively. 
9 


(2) The system of three baryons and two antibaryons, 7,35 
We first decompose 7)?" by Young’s diagram with respect to upper and lower 
indices, : 


T= TES + TED + T+ TUS + Tay + TESy + Tay + Te, 
where T U8] and T&&) satisfy 
TOY + TGS) + Tas =0, 
and 
Pave Liat TO, 
respectively, and Tyi8" and T{88!" satisfy similar conditions. 


Ti, TRAP, TAY, TE, Tey and Te are decomposed further keeping 
their symmetricities by applying the contraction operation as follows : 


( 8 
TEP=T LTS +TS, 


oie Ti+ Ty 


BY > 


TESTO ATE ET Ty 


[Ly > 


xan 


slik dela 
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Tbr — T= OTH +0 eT ers TUL ST +O Ty +o Ty, 
20 20 20 20 20 


(pY) 


Try = Ta = (02 o8 — 6% On) T* + (0% ox — 68 oi) T* ak (0% 08 No Of Of) T’, 


wy) 
where re has the symmetry property, ad. 
Tie 6 Ty correspond to class 1, -:-, class 21 of the system of five-body 


respectively. 
Each class is characterized by quantum number M and M’ which are given by* 


=4$[ go +50 + (np—GQo+ 50)? +2 (Go+5o) |, 
M'=3([q0° ae as (te— ot 50)* +3 (qo — So’) — (qo+ 50) + 41, | 


where 7, is baryon number, s, is the maximum value of strangeness in the class, 
], is the maximum eigen-value of J; of the states having strangeness 5, and gq is 
the charge of the state having s) and h, i.e, g=l+(m2+50)/2. 


Notations used in the following tables 


(AB) =A(x)B(y) +B) AY), 

[AB]=A(x)B(y)-—B(a2) Ay), 

(ABC) =A (x) B(y) C(z) +A(2z) C(y) B(z) + B(x) C(y) A(z) 
+ B(x) A(y) C(z) + C(x) A(y) B(z) + C(a) B(y) AQ), 

(AAB) = A(x) A(y)B(z) +A(2) Bly) A(z) + B(x) A(W) A(z), 

[ABC]= A(x) B(y) C(z) — A(x) C(y) B(z) + B(x) C(y) A(z), 
— B(x) A(y) C(z) + C(x) A(y) B(z) —C( az) B(y) A(z), 

where A, B and C are all different from each other. 
In the case of five-body system the configurations of classes 10, 11, 12, 13; 


17, 18, 19 are obtained from classes 6, 7, 8, 9; 14, 15, 16 by the exchange A[BC]> 
[BC]A. 


Table I. Configuration of the system of one baryon and one antibaryon 
Class 1: M=3, M’=0 
—— eee 


\ 


Be (ody 1) nf 
Ap 
B,1 (0, 0) {—pp—nr+2A4}/V 6: 


* M and M’ in this paper are different from those of I-O-O’s article?) by factors 1/2 and 1/8 


respectively. The expression of M in I-O-O’s is, unfortunately, not correct about the sign of the 
second term. 
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— pn 


B,! (0, 1) | {pP— nat 2 
np 
B,! (1, 1/2) pA 
| ’ na 
Class 2. M=0; MW’=0 
BY? (0, 0) | . {pp+nn+ AA} /V/ 3. 


Table IJ. Configuration of the system of two baryons and one antibaryon 
@lass Taya 1 TM ye 


F3! (—2, 1/2) Receie 
AAp 
F;! (-1, 0) | {= (Ph p- (Ayn 2AAT 2/2 2 
: = (pAyah/E 2 
ete (abel) | { (pA) p— (nA) n}/2 
(nA) plY 2 
Fy) (0, 1/2) {—2ppp—(pn)n+3(pA)AS/2V 6 


{ — (pn) p—2nnit+-3 (nA) A} /2V 6 


—ppn 
{ppp—(pn)nslV¥ 3 
| £ (on) B— nai h/E 
| nnp 


F,1 (0, 3/2) 


/ pp 
Ra) (pn) A/V 2 
| nnA 
SE 
Class 2, M=3/2, M’=5/2 


FEAL Od Or “ L(pA p+ (nAywb2AAT YY 2 


- {2ppp+ (pnat (pA) A}2VE 

| {(pn) p+ 2nnn+ (nA) AS/2V-2 
FS Sh i lt a RS 
Class 3. M=7/2, M/=—1/2 


Fs (0, 1/2) 


Py Nae 
F;? (—1, 1) { [pA] p— [nA] n}/2 
pala. : i 
; : {= [pnt (oA) 43/2 
Eg, {[pn] p+ [nd] 43/2 
F,3_(1, 0) [pn] Aly 2 


oe Ne 


\ 
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Glass 455° M=3)/2, M’=5)/2 


Fy (1, 0) Noy eet ede {Led p+ [nA] [2 


Fy (0, 1/2) {Len]n+ [64] 43/2 
{— [pn] p+ [74] 43/2 


Table III. Configuration of the system of two baryons and two antibaryons 


Class 1. M=8, M’=0 


Lope CAS) — AA (pn) | 2 
AApp 

By (1, 1/2) | {(p4) (pr) +2 (nd) 23.44 HA) 3/30 

{—2(pA) pp— (nA) (np) +344 (pA) $/1/30 

(pA) nal 2 

Be, (—1;.3/2) {— (pA) (pn) + (nA) rin} V6 

{(pA) pp— (nA) (pn) }/V 6 

| (nA) pplV 2 

Bz (0, 0) {2pppp+ (pn) (pn) +2nnnn—3 (pA) (pA) —3 (nA) (AA) +6AAA A}/27/30 


{pp (pn) + (pn) nn—2 (pA) HA)}/2V 5 
Be (0, 1) {—pppp+nnnn+ (pA) (pA) — (nA) (HA) 3/1/10 
{— (pn) pp—nn (fa) +2 (nA) (pA) 3/2 5 


ppnn 
{— pp (pn) + (pn) nn} /2 
Bi (0, 2) {pppp— (pn) (pn) +nnan}/V/ 6 
{ (pn) pp—nn (pn) }/2 
mnpp 
Bp (1, 1/2) {—2pp(p4) — (pn) (@A) +3 (pA) AA} /1/30 
{— (pn) (pA) —2nn (mA) +3 (nA) 4A}/1/30 


— pp (nd) |\/ > ; 
BL (1.3/2) {pp (pA) — (pn) A) 3/6 
{ (pn) (pA) —nn (HA) FV 6 
nn(pA)|y/ 2 

ppaa 
Be (2, 1) (pn) AA ye 
; nnd A 

TT a Re a a SS 


Class 2. M=3, M’=0 


tie, {= (pA) (pr) —2 (nA) —2AA RAY 20/5 
12(hA) pp + (nA) (pr) +244 (pA) }/2/ 5 


BP (0, v {—4pppp—2(pn) (pa) —Annnn+ (pA) (PA) + (mA) (HA) +8AAA AY 21/30 
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{—2pp (pa) —2 (pn) eee (pA) (@A)}/2Y 5 


Be(0,23) | {4pppp—Annan+ (pA) (PA) — (nA) (AA) ¥/2 1/10 
{2 (pn) Pp + 2nn (pn) + (nA) (PA) }/2V 5 
Bz (1, 12) | {2pp (pA) + (pn) GA) +2(pA) AAS 2S 


{ (pn) (pA) +2nn (HA) +2 (nA) AAY/2V 5° 


Class 3. M=0, M’=0 


B§ (0, 0) | {appBB+ (pn) (Ba) + 2nenan + ( pA) (A) + (nd) GA) +244 AA} 2/6 


Class 4. M=6, M’=9 


Bé (—2, 0) AA[pn] |“ 2 


Be C1, 12) 2 {(pA) [pr] + AAA} 6 
| {(nd) [pr] — AAPA) SIV 6 


| {pp [pa] + (pA) HANH 6 
Bé (0, 1) | { (pn) [pa] — (pA) [24] + (A) [#4] }/2 V3 
{nn [pn] — (nA) [pA] $V 6 
| pp (nA 2 
B# (1, 3/2) | {—pp [pA] + (on) ASV 
; | {—(pn) [pA] +nn [AA] VV 6 
| —nn[pAl lV 2 


Class 5. M=3, M’=0 


BE (—1, 1/2) {— (pA) [pn] +244 [nA] 3/273 
{— (nA) [pn] —244[pA]}/2V°3 
Be (0, 0) { (pA) [pA] + (nA) [WA] }/27 2 
{—2pppl|a] + (pA) [2A] }/2V 3 

Bs (0, 1) {—2 (pn) [pal — (pA) [A] + (nA) [RA] 3/2 V6 


{—2nn[ pa] — (nA) [PA 3/23 


{2pp [PA] + (pn) [AA] }/2V3 
{ (pn) [PA] +2nn[nA]}/2V 3 


Bf (1, 1/2) 


Class 6. M=6, M’=-—9 


[pAlnn|y 2 
{— [pA] (pn) + [nA]nn}/V 6 
{Lp4]pp— [nA] (pa) 3/7 6 
[nAlpplY 2 
{ [pn] am—[p4] A) 3/6 
B§ (0, 1) {— [pn] (pa) + [p4] (p4) — [nd] HA)S/2V3 
{lpn] ppt [n4] (p4) 3/6 


B§ (-1, 3/2) 


B§ (1, 1/2) 


B§ (2, 0) 
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” {= [pn] GA) + (PA FAYE 
{ [pn] (pA) + [nA] AA} /V/ 6 
[pnJA A] 2 


Poet fea 8 UL RES AS SN er ea PO ees 
Class 7. M=3, M’=0 


Bf (-1, 1/2) 


{— [pd] (BA) —2 [nA] aay 2S 


| (2[pAlppt [nA] Ga) 27S 
Bg (0, 0) . { [pA] (GA) + [nd] GA) Y2VT 
ic {2 [pn] ant [pA] (nA) }/2 vs 
Be 0, )) {—2 pn] (pa) — [pA] (PA) + [nd] GAD} 26 
{2 [pn] pp— [nA] (pA) }/2V 3 
B, , 1/2) {— [pn] (7A) —2[ pA] AA} /2V 3 


{ [pn] (64) —2 [nA] AAY/2V°3 


Class 8. M=3, M’=0 


B§ (—1, 1/2) 


— [pA] (Bal /2 
~ [nd] [Ba] /2 


BS (0, 0) {—2[pn] (Bal + [p4] [A] + [x4] [AA] }/ 26 
~ [pA] [7A] 2 
B§ (0, 1) { [pA] [4] — [nA] [AA] } /2V 2 
[nd] [PA] /2 
B8 (1, 1/2) — [pn] [#4] /2 


[pn] [6A] /2 


Class 9. M=0, M’=0 


Bs (0, 0) 


{ [pn] [Ba] + Le) (PA) + ed] 25 


Taole IV. Configuration of the system of three baryons and two antibaryons 


Class 1. 


M=23/2, M’=35/2 


Ft (—3, 1) 


AA An 
— AAA (pa) |p 2 
AAABp 


F3 (2s 1/2) 4 


{ (pAA) (Bn) +2(nAA)AA—3AAA (HA) }/6 
{—2(pAA) Bp— (AA) (Br) +3A4AA (BA) }/6 


vary (G25 3/2) 


(pAA)nnlY 3 
{— (pAA) (pn) + (nA) rn} /3 
{ (p44) PB— (AA) (Gn) }/3 
(nAA) ppl V3 


tar te 


“incciicdin ton hadi 
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pe yale. {2(ppA) BB+ (pnd) (Pa) +2 (nd) —3(pAd) (BA) —3 (nA) (aA) 
+6AAAA A615 


{ (ppA) (Bn) + (pnd) nn—2(pAA) (nA) }/6 
Lite (—F8) {— (ppd) PP+ (nn A) mnt (pAA) (BA) — (nAA) (AA)}/3 VD 
{— (pn A) pp— (nn) (Bn) +2 (nAA) (64) ¥/6 


(ppA)an|/ V3 
| {— (ppd) (pa) + (pnd) nA} /2V3 
Fs! (—1, 2) | { (ppd) BP— (pnd) (Br) + (nnd) WAY /3 VD 
{ (pnd) pp (nnd) (Br) |2V 3 
(nn A) BB/ 3 


| 


> a > | 


{3pppPP + (pon) (Ba) + (pnn)nn—4 (pp) (BA) —2( pnd) (AA) __ 
+6(pAA) AA}/3 1/30 
{ (ppn) DP + (pan) (Br) + 3nnnnn—2 (pn) (BA) —A(nnd) (HA) 
+6 (nAA) A A}/3 30 


Fs! (0, 1/2) 


{3ppp (Bn) +2(ppn) mn—5 (ppd) (HA) }/6V 5 
{—6ppppB+ (ppn) (pn) +4 (pnn) mnm—5 (pnd) (nA) +5 (ppd) (BA) }/6 V5. 
{—4 (ppn) BP — (pnn) (Bn) + 6nnnnin+5 (pnd) (PA) —5 (nnd) (AA) 3/6 15. 
{—2(pnn) BP —3nnn (GA) +5 (nnd) (BA) /6 V5 


Fa (0, 3/2) 


pppnn 
{—ppp (Bn) + (ppn)nn}/V 5 
{pppPp— (ppn) (bn) + (pnn)ans/V'10 
{ (ppn) PP (pnn) (pn) +nnnan}/V/10 
{ (pnn) BP —nnn (Pn) }/V 5 
nnnpp 


F;! (0, 5/2) 


{—3ppp (BA) — (ppn) (2A) +4 (ppd) A. A}/6 V2 
F;! (1, 1) {—(ppn) (BA) — (pnn) (nA) +2 (pnd) A AY/6 
{—(pnn) (BA) —3nnn(HA) +4 (nn) AAS/6Y 2 


— ppp (A) |V 2 
{ppp (BA) — (ppn) (HA) /2V 2 
Fs (1, 2) {(ppn) (BA) — (pnn) (HA) $/2V 3 
{(pnn) (PA) —nnn(mA)}/2V 2 
nnn(pA) | 2 


pppada 
(pon) AA|V3 
(pnn) AA 3 


F;1 (2, 3/2) 


ae eee eee e ce eee e cree eee ccc eee - SEraDN EDN E= Taman SEa ST RSE AAS ST ee ae EE TT : 


Class 2. M=11/2, M’=17/2 


£ ik pAd) (pn) 9 (nAA) nn —3AAAGA )}/6 
{2(pAA) pp + (nAA) (pn) +3444 (PA) }/6 


Fp (—2, 1/2) 


F2 (—1, 0) {—2(ppdA) pp— (pn) (pn) —2(nnA)nn+6AAAA A}/6 2 


<5 ek 
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{— (ppA) (Ba) — (pnd) an— (PAA) GA) BVT 
{2 pp) BB—2 (nnd) n+ (pAA) (BA) — (nA) GAY} 
{ (pnd) BB+ (nn) (Ba) + (nA) (BAYHBYF 


{ — 6pppBP—2(ppn) (BA) —2(pnn)an-+2 (ppd) (PA) + (pnd) A) 
+6(pAA)AAS/6Y 6 

{—2(ppn) Pp —2 (pnn) (pn) —6nnnnnt (pnd) (pA) +2 (nnd) (HA) _ 
+6(nAA)AA/6 6 


F? (0, 3/2) 


{—3ppp (pa) —2 (ppn)an— (ppd) (AA)}/6 
{6ppppp— (ppn) (pn) —4(pnn) ant (ppd) (pA) — (pnd) GHA) }/6Y 3 
{4 (ppn) pp + (pnn) (pa) —6nnnnn+ (pnd) (pA) — (nnd) (HA) /6Y 3 
{2(pnn) pp + 3nnn (pn) + (nnd) (pA) }/6 


ie Gy 1) 


Glacsusue i= 3/2 Vite 512 


{3ppp (PA) + (ppn) (4) +2 (ppd) A A}/6 
{(ppn) (pA) + (pnn) (HA) + (pnd) AA} /3BY 2 
{ (pnn) (pA) +3nnn (HA) +2 (nnd) A AY/6 


F3 Ci 0) 


{2(ppA) P+ (pnd) (pr) +2 (nnd) n+2(pAA) (pA) +2(mAA) (A) 
+6AAAA A}/21/30 


Ps (0, 1/2) 


| 
| 
| 
| 


{6ppppp + 2(ppn) (pn) + 2(pnn)nn+2( ppd) (P41) + (pnd) HA) 
+2(pAA) AA}/29/30. 

{2(ppn) PP+2(pnn) (pr) +6nnnan+ (pnd) (PA) +2(nnA) (RA) 
+2(nAA) AA}/21/30 


Class 4. 


is (=e 0) 


M=19/2, M’=53/2 


Add ieel (ree 


Ff (2, 1/2) 


{(pAA) [pa] + AAA[HA]}/2 V2 
{(nAA) [pa] —AAA[pA]}/2V 2 


Pea; .1) 


{ (pp) [pn] + (pAA) [HA]}/2V 3 
{(pnA) [pn] — (pAA) [6A] + (nA) [24] 2V 6 
{ (nA) [pr] — (nAA) [PA]}/2V 3 


Fst (0, 3/2) 


{ppp lpn] + (pp) [RAS /2V 2 
{ (pn) [bn] — (pp) [24] + (pn A) [2A] } 2 © 
{ (pun) [pa] + (nn) [24] — (pnd) [BA] }/2V 6 
{nnn [pr] — (nnd) [PA] }/2V 2 


Fst (1, 2) 


ppplady | 2 
{—ppplP4] + (pon) [#4] }/2 V2 
{— (ppn) [PA] + (pan) [RA] 3/23 
{— (pnn) [PA] +-nnn [a4] /2V 2 

—nnn[pA] | 2 


_———. 
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Class 5. M=11/2, M’=17/2 


Fy5 (—2, 1/2) 


{= (pad) [pa] +3AAA ar ] 4/2 ari 
{— (nA) [pn] —3444[p4]}/2V 6 


io (S15 0) 


{(pAA) [PA] + (AA) [#4] /2V-3- 


BP 1 yt) 


{— (pp) [pa] + (pAA) [#4] /2V 3 
{— (pn) [pa] — (pAA) [pA] + (nAA) [AA] }/2V 6 
{= (and) [pn] — (nAA) [PA] }/2V 3 


OR (0, 1/2) 


{2(ppA) [pA] + (pn A) [#4] }/6 
{ (pnd) [pA] +2 (amd) [4] }/6 


F> (0, 3/2) 


{—3ppp [pa] + (pp) [A] }/2V 6 
{—3 (ppn) [pa] — (pp) [64] + (pnd) [RAIS /6V 2 
{—3 (pn) [pa] — (pn) [PA] + (nnd) [WA] /6 V2 
{—3nnn [pa] — (nnA) [pA] s/2V 6 


BS (LD) 


{3ppp [PA] + (pon) [AA] }/2V 6 
{ (ppn) [pA] + (pnn) [2A] }/2 V3 
{(pnn) [PA] +3nnn [nA }/2V 6 


ee EE EEUU UES 


Class 6. M=17/2, M’=—1/2 


Fy (—2, 3/2) 


A[pA]nn/V 2 

{—A[pA] (pa) + A[nA] nn} /V 6 

{A[pA] pP— A[nA] (Pa) S/V 6 
A[nA] pp|V 2 


Fe (-1, 0) 


{p[p4] (pa) —p [nA] nit+3n[pAlant+ 44 [pn] nn—4A[pd] (wA)}/2/30 


{—plpAl Bb + pind] (Ba) —n[ pd] (Ba) +n[nAlan—2Alpn] (Pa) 
2A [nd] (A) +24 [pA] (PAY }/2 VIS 


{3p [nd] pp +n[p4] BP +44 [pn] Pp—n [nA] (ba) + 44[n4] (PA) }/2/30 


Bee 152) 


PlpAlanly 2 
{n[pA] nn—p [pd] (pa) + pnd] nny /2V 2 
{p[p4] pp—n [pA] (pa) — p[nA] (px) +n[nA] nn} /2 v3 
{p [nd] pp—n [nA] (pan) +r [PA] PPS/2V 2 
n[nA] ppl 2 


Fg (0, ‘1/2) 


pay an —p [pA] (PA) +p Ind] A) —2n[pd] HA) _ 
{p [pn] (pa) + 2n[pn]nn—Pplp —3A[pn] (7A) +34[pd] 4 4 }/3V/10 


FS (0, 3/2) 


Ff (1, 9) 


{—plpn] (PA) —nl pn] A) —p [nA] AA+2A[pn] 44 +n[pa]AAy2Vv 5 


eee Ds ney f 
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— a = 


Wlassv7s, M=1li2) M/=17/2 


‘Class 9. M=3/2, M’=5/2 


{—plpn] (ad) +p lLpA AA 6 


Fes (1, 1) | {pl pn] (pA) —n[ pn] GA) + p[nd] 44 +n[ pd] AA}/2V 3 
| {n[pn] (PA) +n[nA] AASV 6 
F6 (2, 1/2) | plen| Adie 
n[pnjAA/y 2 


Ra Aa {24 nd) ALA] (BA) Y/2VF 


F,? (—2, 1/2) 
; {2A pA) BP+A [nA] (Ba) 32 


{—2p [pA] PP—p [nA] (pa) —n[ pA] (pa) —2n [nA] mn+3A [pA] (PA) 


Ff 51, 0) +3A [nd] (74) }/4V6 


{—p [pA] (pn) —2p [nA] nm +2A[pn]an+A[pd] HA)}/2V 6 


Pett) {2p [pA] pp + p [nA] (pn) —n [pA] (pn) —2n[nA]nm—2A[pn] (pr) _ 
E —A[pA] (pA) + A[nA] GHA) }/4Y 3 


{2n[ pA] pp +n|[nA] (pn) +2A[ pn] Pp—A [nA] (pA) }/2V 6 


{p [pn] (px) + 2n[ pn] nn +5p [pA] (pA) +4p [nd] (HA) +n[pA] GA) 
—3A[pn] iA) —6A[ pA] A A}/12V 2 

{— 2p [pn] pp —n[pn] (pn) +5n [nd] (HA) + p[nd] (pA) +4n[pd] (PA) 
+3A[pn] (pA) —6A [nA] 4A} /12V 2 


Fs’ (0, 1/2) 


{2pipnlant+p[pd] (HA) }/2V 3 
Fy? (0, 3/2) {—2p [pn] (pn) + 2n| pn] an—p [pA] (pA) + p[nA] (HA) +n[pd] (HA) F/6 
{2p [pn] pp —2n[ pn] (pn) — p [nA] (PA) —n[ pA] (pA) +n[nA] (HA) }/6 
{2n [pn] pp—n [nA] (pA) }/2V3 
{—plpn] @@A) —2p [pA] AAS/2V3 
Fs (1, 1) {p pn] (pA) —n[ pn] (A) —2p [nA] AA—2n[pA AA} 26 
{n[ pn] (PA) —2n[nd] AA} /2V 3 


A RAs SAE RAE RI Ne: peo clanba Pn Ete kk 
Class 8. M=7/2, M/=—1/2 


{—p [pA] (pa) —2p [nA] nn—2A [pn] na—A[pA] GHA)}/2V 6 
F8 (—1, 1) {2p [D4] PP + pn] (px) —n[ pA] (Gn) + 2A[ pn] (pa) —2n[nAl an _ 
+A[pd] (pA) —A[nd] GA)}/4V 3 
{2n[pA] Pp—2A[ pn] Pp+n[nA] (pa) + A[nA] (PA) }/2V 6 


{—p lpm] (ba) —2n[ pn] an+ ppd] (BA) + Al pn] (HA) —n[ pd] GA) 
FS (0, 1/2) +2p[nd] A) +2A[pA] AA} /4Y 3° 
{2p [pn] Pb + nl pn] (Pr) — p [nd] (PA) + 2n[ pA] (PA) —A[ pn] (BA) 

+n[nd] (7A) +2A[nA] AA} 43 


FS (1, 0) {plpn] (6A) +nl pn) (2A) —2p [nd] AA+2n[ pA] AA} 26 


{p [nd] (BA) +2p [pA] +n [pd] (BA) +2n[ndlan+Alpd] (A) 
+ A[nd] A) YAY 


Fi? (-1, 0) eis 


‘id aa, Del tes 
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| {-plpnl (Pa) —2n {pn na—p pA] (BA) —n[ pd] GA) —AlpA] ad) 
FS (0, 1/2) a —2A[pA] AAS/4V 2 
{2p [pn] Pp+n[pn] (pn) — p [nA] (PA) —n(nd) (HA) + A[pn] (BA) 
—2A[nA]AAY/4/ 2 
Class 14. M=11/2, M’=17/2 
Fy (=2, 1/2) AL pd] [Bri] /2 % : 
5 A[nA] [pa] /2 
F,4 (—1, 0) {—p [nA] [pr] +n [pA] [Pa] +24 [pn] [pa] — ALP] [F4] F 
—A[nA] [AA] }/4V 2. 
{pL pA] [pa] + A[p4] [#4] }/2V 2 
PAE 1s 1) {p [nA] [pa] +n[pA] [pal —A{pA] [PA] +A [x] [74] }/4 


{n[nA] [pa] —A[nd] [pA] /2V 2 


F54 (0, 1/2) 


—2p[nA] [24] iy 
+3A[pn] [24]}/4 6 
2n| pA] [PA] 
—3A[pn] [BA] 3/46 


{8p [pn] [pa] —p[ pA] [PA] +n[pA] [4] 


{3n[pn] [Pa] —n [nd] [74] +p [nd] [D4] — 


F4 (0, 3/2) 


pl pA] [#4] /2 
{—p[p4] [B4] +p [Hd] [24] +n [Pd] [AA] 2V3- 
{—p[nA] [BA] +n [nd] [74] —n[pA] [PA] 3/23 
—n[nA] [p4]/2 


Fy4 C1, 1) 


pl pn] [AA] /2 
{—plpn] [pA] +n[pn] [AA] }/2V 2 
—n[pn] [p4]/2 


 ———————— 


Class 15. M=7/2, M’=—1/2 


Begh (=p hy LT) 


{—plpAl [Ba] + AL pA] AV 2V2 
{pin d] [al —n Lp] [Pal — ALA] (BA) +4 ln] (14 
{—nbnd) [Br] — Ald] (BAV20/2 


F535 (0, 1/2) 


eee —plpn] [pail +p[p] [pa +-n[pd] [AA] +A lpr] [aA]}/4 
{—n[pn] [pa] +p [nA] [P4] + [nd] [44] — AL pn] [6413/4 


Fy (1, 0) 


{plpn] [PA] + nl pn] (ABI H/2V 


Meee ee TT 


Class 16. M=3/2, M’= 


Fo (1,0) 


5/2 


cry olny [pri] +n{pdl [pr + Alp} ipa) + A[adl [rd] }/4 


F,18 (0, 1/2) 


Fo (—1, D 


Class 20. M=7/2, M’=—1/2 


ip [pri] [pa] +p lp] [PA] +n[pd] [a4] —A[pn] [2413/4 
{nl pn] [Pal tn[nA] [4] +P [nA] [PA] + Lon] [6413/4 


pnd) aS 
— [pnd] (pn) /2V3° 
[pnA] pp/vY 6 
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F529 (0, 1/2) — [pnd] (74 )/2V 3 


[pnA] (PA) /2V 3 
[pnd] AA] 6 


Fe? (1, 0) 


Glss 21. M=3/2, M’=5/2 


Fy (—1, 0) | [pnd] [Ba] [2 


F321 (1, 0/2) [pn] [a4 1/2 v3 
| — [pnd] [pA] /2V3 


Appendix II 


In this Appendix II we give the theoretical and experimental masses of fermions 
and besons. The following numerical values are taken for the parameters in’ 
Formulas (3) and (6). 


my=939 Mev 

mn,x=1115 Mev 

V (NN) =—1740 Mev 
4V=182 Mev=1.03 x dm 
U=170 Mev 


4U=132 Mev=0.75x dm 


In Tables (V) and (VI) for the experimental value the arithmetical mean of the 
masses of particles belonging to a charge multiplet is given as the mass of the 
multiplet. 


Table V. The theoretical and experimental values of masses of bosons 


| 


s I = fate (Gunes oe ects Remarks 
=] 1/2 Bote (2-4) 1/2) 496 (Mev) bs 496 (Mev) K 
5 B.! (0, 0) 615 | nv 
0 By (0, 0) 377 20! 
1 Bet. (0. 1) 138 138 z 
1 1/2 By Qiipye | 496 496 K 
eee 


‘ee ele Jb RV Cary «4 
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: 0 f Be Ha) 992 | stable don 
1 | Bp = 2-1) 992 SOR? 
1/2 kas Pa eos ee) 1064 
= BAe) 873 
3/2 Bg (—1, 3/2) 634 stable for 
B& (—1, 3/2) 634 >n+K? 
| 0 B? (0, 0) | 1135 : 
| | 
| Be (0, 1) 849 
0 1 Bs (0, 1) 753 
Bs (0, 1) 753 
2 Bs (0, 2) 276 
1/2 BE, aj2) 1064 
B£ (1, 1/2) | 873 
al = E 
3/2 Bt (1,-3/2) | 634 stable for 
B# (1, 3/2) 634 +>n+K? 
: | Ny Bf (2, 0) | 992 stable for 
pea aks eta oe 8) | 992 Ma 
ee — OO EK 


Table VI. The theoretical and experimental values of masses of fermions 
of two baryons and one antibaryon 


Formula (3) | : 
Sy I State (two-body Formula (6) Experimental Remarks 
approx.) value 
—2 i Zawele etal ay 1/2) 1429 (Mev) 1335 (Mev) 1315 (Mev) iH 
resonance at 
0 Fy} (—1, 0) 1611 1479 1448 25 Mev in K-—p 
eae —|—— - —|———__—____—— 
Fins oe ok Gage ED) 1253 1215 aes a 
|e eae 8) 1253 1215 
a ~ a aes =e 2 
| (1/2, >5/2) 
F1 (0, 1/2) 1614 1727 1716 resonance at 
1/2 950 Mev in xz —p 
| (1/2, 3/2) 
0 F,3 (0, 1/2) 1435 | 1567 1543 resonance at 
| 650 Mev in z—p 
| (3/2, 3/2) 
3/2 FF (0, 3/2 1077 | 1247 1233) resonance at 
/ pee? | 190 Mev in z*—p 
0 F,3 (1, 0) 1617 _ 1579 1559 resonance at 
1 7 | e ~| 200 Mev in K*t—n 
1 Fy. Ad, 1) 1617 | 1579 1559 
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Table VII. The theoretical and experimental value of masses of fermions 
of three baryons and two antibaryons 


i} it State | Formula (3) | Formula (8) * **| Remarks 
be Z mG. Sole ca Na Toen, © tk SIO Se enh As Lae Nar Se = Jas pe 
0 FA (—3, 0) ~ |. 1743 (Mev) = = (Mey)ial 
mao = Es i at = ee st wae he ee ee ae 
1 tO Cer Ws b Raga iS may @ 7-0, ; eH 7 | 
a eos PED a tes =| eee 2 | 
f 1/2 Fe Clgeajaye Ve 1925 hee tei | 
\ | | 
5 Bae 2. 12) A S746 1632 
a ne Fl (~2, 3/2) | 1567 | dogag3 
5 3/2 Reic—2, 3/2). Ae 4567 | 1453 
é F;0 (—2, 3/2) | 1567 | 1453 | 
Be 0 Baa soy 2107 | 1944 / 
anes t | Le e | 
i: FV cL, 1) hehe 1868 | 1740 | 
y 1 nk Goats 9 aoe hate a) | 1638 | 
age =y Fé (21) 4y 1 oui 1658 
* Fi 1 Ds bs eles 1658 | 
A PUA) Dy cer peat | 1331 | 
2 Fg (-1, 2)» | / 11391 ha asat | 
F, (—1, 2) 1391 |) 4381 | 
F;) (0, 1/2)’ 2170 2278 
1/2 F,6 (0, 1/2) 1979 |. 2096 
F, (0, 1/2) 1979 | 2096 
4 F;1 (0, 3/2) 1812 1938 ; 
* , Fs (0, 3/2 1752 prolonged resonance 
: 3/2 _ /2) we around 1.3 Bev in 
F§ (0, 3/2) 1692 1824 z*—p scattering 
F, (0, 3/2) 1692 Rares tey 
5/2 F;1. (0, 5/2) 1215 1371 : 
; 0 Fre (150) * 2185 2127 
F;! (1, 0) 2185 2127 
ee Fh v(1,)'1) 2232 2174 
i 1 PRES 1) | 1994 | 1936 
ee FOO (TE ee 1994 |). 1936 
3 9 Fs! (1, 2) 1755 | 1697" 
i us F* (2) | 1755 1697 
Be 1/2 Ff (2, 1/2) 2295 cera 
5 | 2 FM (2, 1/2) 2295 poate 
é 3/2 Fy} (2, 3/2) 2295 ee 


—_.e_a——erer eee OO 


Sanit yee 


z its 
When there are two ways of decomposition, we take their arithmetical mean 

4K A. * 
We use mexp(NAA) adjusted to the resonance at 950 Mey in x —p scattering 


"ow hes 
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A Note on the Electromagnetic Response of Normal Metals 
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Physical Institute, Nagoya University, Nagoya 
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The general formalism of the transverse conductivity, developed in the previous note, 
is applied to the simplest example, i.e. the free electron gas, and shown to result in the 
same extremely anomalous skin effect as the usual method of Reuter and Sondheimer. 

It is also pointed out that the deficiency from the optical sum rule in this example indeed 
leads to the Landau diamagnetism as required by our general formula. 


§ 1. Introduction 


In the previous note,” Kubo’s formalism of conductivity” was generalized to 
include a space and time dependent electromagnetic disturbance. Though it is 
general, the formalism looks so much different from the conventional theory of 
conductivity that one might wonder how it works in actual applications and can 
lead to any result of practical use. The purpose of the present note is to answer 
these questions by applying the formalism to the simplest example, i.e. the extreme- 
ly anomalous skin effect of normal metals. 

In the usual theory of the anomalous skin effect,” an integral relation between 
current and electric field is obtained from the Boltzmann-Bloch transport equation 
and coupled with Maxwell equations under appropriate boundary condititions. In 
our formalism, on the other hand, the kernel of the integral relation is obtained 
from the general expression for the transverse conductivity derived in the previous 
note.” Hence the problem is to calculate the transverse conductivity. The calcul- 
ation is particularly simple in the extremely anomalous region, because here one 
may regard the system of conduction electrons-as a free Fermi gas} ignoring scattering 
by impurities or phonons. The well-known result of Reuter and Sondheimer® is 
obtained in this way. Though the example is rather trivial, it may be helpful in 
understanding our general formalism and for future studies of more complicated 
‘cases. 

In the previous note,” it was pointed out that the absorption v.s. frequency 
curve in general does not satisfy the well-known optical sum rule” and that the 
deficiency is related with the diamagnetic moment of a metal. In the final part 
of the present note, this general argument will be applied to the free electron gas 
to show that the deficiency in this case is related indeed with the Landau diamagne- 
tism. Although the effect is numerically negligible, the example is helpful in under- 
standing the case of a superconductor, in which the deficiency from the sum rule 


ry ray Ay 
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becomes quite appreciable because of a large London-Pippard diamagnetism as 
discussed by Tinkham and Ferrell.” 


§ 2. A general expression for the surface impedance 


When a transverse electromagnetic field proportional to exp{i(q:-r—wt) } 
exists in a metal, the current response of conduction electrons is characterized 
by the transverse conductivity” 


o(g, 0) = lim | cit es" Sg, 2). (1) 
‘ 
Here 
1 R 1 
Si(q, )= 2-33 (8.5 4.) Sul 1 (2) 
Tae qd 
and 


di<(P,(—q) P,(q, t+ihd)) (3) 


ne) 


Seep (a). 


is the relaxation function of the momentum density of conduction electrons. When 
expressed in terms of quantized Fermion field amplitudes, 


P(q)= h(pt+3@Q¥* (p, ©) ¢(p+4, 7) (4) 


where the sum extends over all possible momenta p and spin directions o. Note 
that im. (3) 


Blgae) eh? | Pl gyero e 


is Heisenberg’s motion with the field-free Hamiltonian H and also that ¢ ) indicates 
the expectation over the canonical ensemble exp(—/H). 

For simplicity, let us take the one-dimensional case, in which our metal. 
occupies the domain x>0, the electric field E(x) being parallel to the y-axis and 
the magnetic field H(x) to the z-axis. Though the frequency w is fixed, the field 
decays from the surface z=0 into the metal and thus contains various Fourier 
components with wave numbers q comparable to 0~', where 0 is the skin depth. | 
The wave number dependent conductivity (1) then implies a non-local relation be- 
tween current and electric field 


eres \ Ae'K (a2 Ee) (6) 


0 


where the kernel is related with the conductivity by 


if . 
KD 5. | da.0(\al, w) ete, (7) 
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In writing the generalized Ohm law in the form (6), we have tacitly assumed 
that the relation between current and field keeps the same form near as well as 
far from the surface. The assumption corresponds to the random scattering at the 
surface in the theory of Reuter and Sondheimer.. Alternatively one may assume 
the specular reflection at the surface. This is equivalent to assuming 


I(x) = | de! {K(a— 2!) +K(at2/)} EC). (8) 


Let us take this boundary condition because mathematics in this case is much 
simpler. Our problem is then to solve Maxwell equations supplemented by (8) 
under the boundary condition that the magnetic field, for instance, takes a given 
value H(0) at the surface. The solution can be obtained by applying the Fourier 
transformation to 


ida — fe 
OES Moe a K(x) E(x) =" HO)A(a), 9) 


which is assumed for —co<2x< co. The surface impedance is then found by 


el BN ly ph (10) 


Cc A(O) BO oe Ge + (4ttw/ic?) a (\ge|, @) ~ 


This is the general formula valid under our assumption. of specular reflection at 


the surface. 


§ 3. The extremely anomalous skin effect 


Now let us apply (10) to the extremely anomalous region. For definiteness, 
let us take the case of w~10"sec™’. Then our result (19) gives d~10-*cm for 
ordinary metals so that we are concerned with the electromagnetic wave with wave 
numbers g~07'~10°cm™', which is much smaller than the Fermi maximum 
Pr~10°cem~. Note also that h’¢’/2m<hw<E,, where E,=h?p7/2m is the Fermi 


energy. 


_ We of course assume that the electron mean free path / determined by scat- 


terings by impurities and phonons is much longer than 0, and therefore ignore 


scatterings altogether. Thus the Hamiltonian is given by 


H= >) E(p)¢*(p, o)¢(p, ¢), E(p) =i p?/2m. (11) 
From (2), (3), (4) and (5), it is easily found that 


1 ns i 
Sq, 0= 5 (NE) SA —cos'dy) (p,q) exp {+ (ep) -Ep+q)) |. 


(12) 
Here 4,, is the angle between p and q, and 


pe ene 


aN 
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F(p, q)=— ft (p+q)—f (Pp) 13 q 

( E(p+q)—£(p) re : 

where f(p) is the usual Fermi distribution function. The real part of the conduc- ae 
tivity (1) is thus given by 

o'(q, w) = 7 (Me) St pa —cos*d,,) F(p, 4)0(E(p +4) — E(p) — ho). : 


(14) is 
Since we are concerned with low temperatures and q<p,, we may replace (13) - 


by 0(E(p)—E,). Since h’q’/2m<hw, the energy conservation law expressed by 
the delta function in (14) is satisfied when v,qg>o, where v, is the electron 


velocity at the Fermi surface. In this way, we obtain 


Fae 2 J 

elite os | ne Tate (1-( 0) ) (15) 

4 m / Upq Urgd . : 

for vpq>w. A 
The imaginary part of the conductivity (1) is given by vag 

(am 

h ( he ) 2 2 i ii 

Oi, o)=A—|---- OOS CCN p id (ee p eee SO Fe 
(16) (ee 

saa a 

where P indicates taking the principal value. In the same way as before, (16) | 
reduces to : 
2 \ Ho 

(gq, 0) =3{7} + (_2.). Cea 

m ! Upq \ Urq ‘ 

We are now ready to calculate the surface impedance (10). To simplify the om 
calculation, however, let us ignore w in comparison with vrq. Then ‘ : 
& ee 

o qd. 82wd ( 1 ) eae 

= = = a 18 a 

Z ice | da. ge—io* 38°? V3 z ( ) ie 

0 i 

where ‘ | a 
| 2 1/3 ; Me 

ba (Meee | (19) 4 

37°ne" w Mat 


Our result agrees with that of Reuter and Sondheimer” in the extremely anomalous 
region (/0>1). § He 


§ 4. Optical sum rule and Landau diamagnetism Sine 


In the previous note,” it was shown that the conductivity (1) does not satisfy 


the optical sum rule, but 
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dwo'(q, «) ome (20) 


——. 8 


ae 


Here 7(q) is the diamagnetic susceptibility, which in general may depend upon 
the wave number g. 

Now, integrating from w=0 to w=vrq, we see that (15) does satisfy the 
optical sum rule without the second term on the right of (20). But this is only 
approximate because we have neglected q’p, compared with unity in obtaining the 
conductivity (15). To be more exact, we go back to the original expression (14). 
Integrating this over w, we find 
fi ; 158) he eee ; 
| door(g, w=, (7) SpA —cos'ty,) F(p, 9). 


‘ 


eS 

nx) m 
Expanding F (p,q) into the power series of g and integrating by part in momen- 
tum space, we easily obtain 


fee} 


6) f 
08 dwo'(q, w)=- 
T 


0 


2 
ne 


oD) 

mg 6d) HN (0) +O"). (21) 
Here 4, is the Bohr magneton and N(0) is the state density per unit volume of 
a single electron spectrum at the Fermi surface. Comparing (21) with our general 
formula (20), we obtain 


1(q) =3 42 N(0) +O(q’). (22) 


This is the well-known Landau diamagnetism. The second term on the right of 
(21), being of order of (g/p,)? compared with the first term, is an extremely 
small deficiency in practice. But it is still interesting to see that the deficiency is 
related with the Landau diamagnetic moment, because the deficiency becomes quite 
appreciable when the metal goes into a superconducting state. This has been dis- 
cussed first by Tinkham and Ferrell.’ For a superconductor, they have taken the 
observed absorption curve in the far infrared region which is approximately ex- 
pressed as 

(nO terco eae 


o/(q, 0) = (23) 


o’ (gq, w) 1— (@,/w)*), wrag. 
Here w, is the critical frequency corresponding to the energy gap and o’ the normal 


conductivity given by (15). Inserting (23) into (20), we obtain the Pippard type 
diamagnetism 


37ne* 1 - UV 
Aes — ( es > o=>- z 
@ AWC Cog ad 4u, ae 


' provided that v,q>,.” This is not so surprising in view of the fact that Pippard” 
has based his equation on the non-local equation of the anomalous skin effect. 


‘ee ee he bi 
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From the relation between the sum rule deficiency (23) and the diamagnetism 
(24), Tinkham and Ferrell have concluded that the London-Pippard diamagnetism 
of a superconductor is a consequence of the existence of an energy gap. But the 
question naturally arises why an insulator, in spite of its energy gap, does not ex- 
hibit such a large deficiency from the sum rule, nor the Meissner effect. What is 
peculiar for a superconductor is the fact that matrix elements of the current operator 
look as though electrons were still free, in spite of the energy spectrum’ with the 
gap. It is the task of the microscopic theory of superconductivity to derive this 
property of the current operator. The relation between the sum rule deficiency and 
the Meissner effect, pointed out by Tinkham and Ferrell, is rather phenomenologi- 
cal, in the sense that one can derive one from the other by our general formula 
(20). which is valid for superconductors as well as for normal conductors. 

The writer wishes to express thanks to Professor H. Frohlich for the kind 
hospitality extended to him during his recent visit to the Department of Theoretical 
Physics, University of Liverpool. 
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In view of the recent experimental evidence indicating m,0>m,+, in contrast with the 

well established result m,+>m,0, the problem of the electromagnetic meson self-masses is 

it ' reinvestigated, A semi-phenomenological approach is used by the introduction of a non- 
local effective interaction hamiltonian, gauge invariant up to the order e?, where new terms 
corresponding to one-photon and two-photon vertices are considered, to take into account the 
: effects of the strong interactions. It is shown that the contrasting experimental result can be 
RS explained as the result of the different nature of the neutral kaons as compared with the 
‘ neutral pion. Some different ways to realize the experimental results are explicitly discussed. 


§ 1. Introduction 


" 


I. 


‘f The problem of the mass difference m,+—i,0 has been treated by several 
a authors” under the assumption that charge independence holds, the mass difference 
a between the charged and the neutral components of the pion triplet being only due 
& to the electromagnetic interactions. The minimal electromagnetic interaction (i. e., 
4 8! s 

- A, dependent) is used, the resulting expression for the self-mass, calculated by 
9 means of perturbation theory being 

ei 

tae 2 

es yee oii (1-1) 

4 8x m1 

x 

y where 4 is a cut-off{ ad hoc introduced to arrive at a convergent result. For 


A~M, M being the nucleon mass, the experimental result 


pen 


M,+— M,0= (4.59 + 0.22) Mev” (1-2) 


3 is reproduced. 
‘ Recently, Gasiorowicz and Petermann® reconsidered the whole problem of the 
electromagnetic self-masses of mesons. They estimated the effect of the strong 


interactions and concluded that the following relation between the mass differences 
of kaons and pions would hold: 


Mj+—Myo _ mM 


: Lad 
4 Mr Me - me ae 


; . * A preliminary account of the present work has been presented at the XI Annual Meeting of 
: the Brazilian Society for the Progress of Science, SBPC, at Bahia, Brasil, July 1959. 
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a formula which could be derived from (1-1), assuming the same cut-off for both 
kinds of mesons. 


Meanwhile, the recent analysis of bubble chamber experiments at Berkeley has 
shown that K°(K°) is heavier than the K~(K+), a result which obviously con- 
tradicts the plausible relation (1-1’). The experimental results were: 


M y~-— MRo= — (3.7 + 0.7) Mev” 
Met — Mo= — (4.841.1) Mev”. 


(1-3) 


On theoretical grounds, this surprising result may well have deep roots. Ac- 
cording to Pais,” there is the possibility that K~ and K° have opposite parities and 
do not form an isotopic spin doublet, and so, they might have different masses.” 

We believe, however, from the fact that the mass differences are compara- 
tively small, that their origin should be found in the electromagnetic interactions. 
So, before entering into more theoretical thinking, a semi-phenomenological approach 
seems desirable, under the hypothesis of validity of the Nishijima-Gell-Mann scheme,” 
taking into account phenomenologically the effects of the strong interactions. The 
methodology behind this approach is the same as that adopted in a series of recent 
papers on the electromagnetic structure of the elementary particles.” In the 
present paper we take an effective interaction hamiltonian of spin zero mesons with 


the electromagnetic field, non-local through the introduction of covariant form factors — 


and satisfying the requirements of gauge-invariance up to the order e*. The form 
factors introduced correspond to one-photon and two-photon vertices. Besides the 
one-photon and two-photon minimal vertices 


je\d*x| d*y[d*9,d—3,9"8(2)]A,(9)n(e—-9) 
+e| deal dty|\d'e[6*6@) A.C) n(e-y) A) n(2—2), (1-4) 


also one-photon and two-photon vertices associated with the field strength F,, are 
considered. In particular, the one-photon /F’,, term is :* 


m 


wee {22x | d*y[2,9*8,8(2) —8,6*3,4(2) Fn (9) 92-9), (1-5) 


where « is a dimensionless constant. This term attributes to the meson, in an 
external magnetic field, a magnetic moment. It may be considered as the mesic 
analogous to the Pauli term (e#/2M) ¢co,,~F,, for nucleons. 

Although the effective interaction hamiltonian considered allows us a more 
general treatment of the electromagnetic interactions of charged mesons, as far as 


* This term, in the local limit, has been considered by Nakano, in the context of the p- 


formalism (unpublished). Henceforth, we will refer to it as the Nakano term. We are indebted to 


Professor Y. Katayama for kindly informing us about this point. 
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the meson mass differences are concerned, it is essential to point out the- different 
isospinor character of pions and kaons, which reflects in a different behavior of 
the neutral components of these two multiplets. In fact, the neutral pion, 7°, is a 
Majorana neutral, described by an hermitian operator. On the other hand, the 
neutral kaon K°, having opposite strangeness to its antiparticle A°, is a pseudo- 
neutral,” described by a non-hermitian operator. In this way, it is possible to 
attribute a Nakano interaction term to the neutral kaons, but not to the neutral pion 
since in this last case’ (1-5) would vanish identically. The Nakano interaction 
term gives to the neutral kaons a self-mass different from zero. Based on this 
assumption, it is possible to realize the experimental kaon mass difference. 

Another distinct possibility to realize the kaon mass difference, not involving 
the introduction of the Nakano interaction term, is to attribute to the neutral kaons 
the usual minimal terms (1-4). But since these particles are electrically neutral, the 
form factors describing their electric structure must be singular, that is, the Fourier 
transform of the form factor must vanish for zero momentum transfer. As the 
neutral kaons produce no electric current they are excluded from the charge gauge 
group. The gauge invariance of (1-4) for a change of gauge of the electromagnetic 
field, however, just requires the condition of singular form factors.* 

In section 2, the effective hamiltonian is discussed with more detail and the 
corresponding self-masses are obtained from perturbation theory. General expressions 
for the self-masses, using a spectral decomposition of the form factors are given, 
from which several particular cases are selected. An alternative integration method 
is also briefly discussed. 

Section 3 is devoted to the numerical discussion of the mass differences, 
along the line of the method used in the paper by Katayama et al.” 

Section 4 contains a brief analysis of form factors in terms of perturbation 
theory and baryons closed-loops. A possible interpretation of the origin of the 
Nakano term is there given and some estimations of the contributions of some form 
factors to the self-mass discussed. The conclusions of the present work are discussed 
in Section 5. 


§2. The effective interaction hamiltonian and the self-masses 


The effective electromagnetic interaction hamiltonian of spin zero particles, 
depending on covariant form factors to account for the effect of strong inter- 
actions, is, up to the second order in the elementary charge e : 


* In the time of writing the present work, a letter by P. T. Mathews and J. L. Uretsky 
appeared in the Physical Review Letters, 3 (1959), 297, dealing with the same problem. The solu- 
tion proposed for the kaon mass difference is similar to that presented here, although they used 
the difference of two Yukawa form factors to describe the inner structure of the neutral kaons. 


They reproduce the experimental result in a case, where ,/<r2) of the neutral kaon is ~3y, a 
somewhat large value. 


Penne 
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Ai = A, + AL+ As (2°) 
with 


H,=ie\ d*x\ d*y[4*9,6(2) —3,6*b(x) JA. (9) i (x—y) 
+e'\ d*x|d*y|dte[8*6(@) 14,0) hz») A) (2-2), (2-2) 


HH, = 42.2) dy[9,8"(2)8, 52) —3.6°9,8(2) Pag) e(2—y) 


+28 \arz|dty | d'29,[6*6(2)] LA) Fe (9) +P ()A@)] 
X J2(X—Y) 92(x—2Z), (2-3) 
Hy= = | dta\ dty| dte|dtw[§*(@) 60) los(e—y, ys, 2) 
KF (2) F,,(w) thc $450 CM) 


where ¢, A, and F,,=0,A4,—9,A, are the meson and electromagnetic field quanti- 
ties, respectively.* We have omitted here all the normal dependent terms. 

The effective hamiltonian (2-1) describes : 

a) the electromagnetic interaction of charged particles (charged pions or 
charged kaons). In this case, ¢ is a non-hermitian operator ¢, or dx. ; 

The form factors are subject to the normalization 


fataydta=1, |ys(2)d‘e=1, (2-5) 
or in terms of the Fourier transform of the form-factors 
G(R) = |g(a)e™d*e, 
G,(0) =1, .G,(0) =1; (2-6) 


b) the electromagnetic interactions of the neutral particles. As explained in 
the introduction, due to different isospinor character of pions and kaons, the neutral 
components of these two multiplets behave’ quite differently. In the case of the 
neutral pion, which is a Majorana neutral, the corresponding operator é is her- 
mitian. Then only the second term of H;, the second term of H, and the first 
term of H; survive. . 

On the contrary, for the neutral kaon, which is a pseudo-neutral, described by 
a non-hermitian ¢, all the terms of the hamiltonian may, in principle, contribute. 
The normalization conditions are, nevertheless, different : 


* Throughout this paper, we use natural units with #=c=1, the unit of length being 1 


yukawa (y) =10~-¥cm. 
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the first condition being equivalent to the fact that the total charge of the particle 
is zero. 
The hamiltonian terms H,, H, and H; are invariant under the gauge trans- 


formation* 
6 (x) > ee 6(z) 
b* (x) Se ™ G* (zx), DLA4=0. (2-8) 
A, (x) > A,+9,4 


To prove this result, we used the following relation, which reduces the non- 
local case, to a situation similar to the local one: 


| ge—y)dty=G0) 2. (2-9) 
OY, OX, 

Although H, is gauge invariant, the first term of it, the so-called Nakano 
term, is not. The second term of H,, however, does not contribute to the self 
masses. 

The hermiticity imposed on (2-1) requires real form factors. 

The different terms of H,,, correspond to two distinct classes of vertices: the 
one-photon vertices proportional to e, which may depend on A, or F,,; the two- 
photon vertices, proportional to e*, depending on A,A,, A.F,, or F,,F 4. 

The electromagnetic self-masses due to the effective hamiltonian (2-1) have 
been calculated by means of the covariant perturbation techniques and correspond 
to the following types of graphs. 


7 i r P i 
1 ee: 
(a) (b) ( 
) (d) 


(e) 
Fig. 1 
We get, in terms of momentum space integrals : 


2 4 
Sijhee pec ee Vek 1 [ # : 
ie ; (27)* | B= Te (p—hk)? +m?—i€ (2p k) G(R’) 
sean ONG) (pk, — p, | 
71 
; d*k. 6i 2 ? 
—4i Bey \ B_sé SEU ras {4 kGs(p, 0, k). (2-10) 


& 
* In the case of neutral particles (Majorana neutrals or pseudo-neutrals), in order that no 
electrical current be created, we may restrict the gauge transformation to: ¢—>4¢, A,>A,+0,4. It 


may be shown that H, is invariant under this transformation, if and only if G,(0) =0, that is, 
G, (A?) is singular. 


eae li iia IEEE TRAN 
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The first bracket term of (2-10) corresponds to the graphs (a), (c), and (d), 
the second term to the bubble term (b), the third comes from the bubble arising 
from the two-photon vertex of H;, (e). As we already pointed out, the second 
term of H, gives no contribution to the self-masses. It is understood, as explained 
before, that all the terms of (2-10) may contribute for charged particles, and the 
same may be said for the neutral kaons (in this last case, (2-7) instead of (2-6) 
would hold). On the other hand, only the terms (b) and (e) may contribute to 
the neutral pion self-mass. It is apparent from (2:10), in the local limit, that 
two types of divergences cccur: the well-known quadratic ones and the stronger 
divergences of fourth order, coming from (d) and (e). 

The integration of the expression (2-10) for the self-mass, which depends on 
the form factors G,(k’), has been performed in a general way introducing the 


spectral decomposition, 


a: 9: (7°) 
(R? +77—16)? 


0 


G,(R*) =- ays p=l, 2, (2-11) 


with a negative imaginary part —i€&, (p=1 for i=1 and p=2 for i=2), the in- 

tegration in momentum space being done with the usual Feynman techniques.* 
We restricted ourselves at first to the computation of the self-masses arising 

from graphs (a), (b), (c), (d), neglecting the graphs (e) which will be discussed 


in section 5. This means that only the usual minimal term plus the Nakano 
term contributes to the self-mass, which is written in the following form, (« being 


the dimensionless constant of the Nakano term) : 
OM =O My, +KOMy,+K Omg, (2-12) 


where 


4 


\j PROV AO) didn leg Iwi ay he(be nd) aia 


et 
Z 


4 


OM = 2 


4. 
J—n 


a 1 
dmy=U—s\\ th atayaidn  We- logi+d(1—4)?w,— (l>n)] 
90 


_2(3—n) lognt+2(1—n) (n—4) on 2} (2-14) 


* We are aware of the fact that this method is not ultimately consistent with an hermitian 
hamiltonian, a trouble common to all hamiltonian theories with cut-off. In the dispersion relation 
theory, one arrives at the 7€ integration in a natural way. Our Oe me self-mass relative 
to (2-2) are the same as those obtained from the dispersion relation approach, 
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eectear i 1 2 = 
OTs = | \9 (L) J,(n) dldn ES | ae [(2(6—1) + 420,— (ln) | 
00 
INE Re Oe hy) wie (ln) }} (2-15) 
with 
rae en Chl (2-16) 
8x” Ae 2137 ) 
and 
=/(1—A4) 
/ | 
2 log Evie I>A4 
V 4, 2 
al 
Of [=4 (2-17) 
Se ean part l<4 
v—4, Mora: 


in terms of dimensionless integration variables 7 and n (J=7?/m’). 

From the general expressions (2-13)—(2-15) we can derive the particular cases 
of Yukawa and exponential form factors, or combinations of them. The Yukawa 
(Y) and exponential (E) form factor correspond to the following expressions in 
configuration and momentum-space : 


/ . —Ar 2B : 
por) =P | px(r) = e™ 
Ge =—* Ge oe 2-18 
ee BLP iar BLP Ce) 
uk Se oes ge ae he 
V(ryy=¥ S VERS a 


In (2-18) we also indicated the radius of the form factors, which are defined 
in the sense of a root mean square radius (r.m.s.r.) by 


, dG 
Va O= ae 8a Sr a (2-19) 


We also performed the integration of (2-10) following the method used by 
Hiida and Sawamura” in the n-p mass difference problem. It consists in the 
ansatz G;(x) =G;(x) -0 (2), or in momentum space G;,(k°) =G,(k?), the integration 
in the ky plane being done using the residue theorem. Though the general formulas 
corresponding to (2-13)—(2-15) have been derived in this case too, we will restrict 
ourselves to the numerical discussion of a special case in the next section. 


Ve ee 


[PART ye Ae 
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§ 3. Particular expressions for the self-masses. Numerical discussions 


In order to study the influence of particular choices of form factors and re- 
spective values of the radius on the self-masses, we considered four different cases. 
We also included the case of a singular form factor to be used to describe the 
electrical structure of the neutral kaons. 

Case A. Y-E form factors with equal r.m.s. radii 

This case corresponds to take a Yukawa form factor for the minimal interaction 

term and an exponential form factor for the Nakano term, that is, 


G, (B*) =Gy@’),. G.(k?) =Gr (FP): (3-1) 
To obtain the self-masses, we substitute 


9, (2) =zad (l—a), 92(l) =4a’ 0 (i—2a) 
with - 


(r?y= 


in formulas (2-13)—(2-15), the result being 


(3-2) 


am 


(dm (a) =,-a[4+a loga— (a+2) (a—4) wa} 
| 

< Om,3 (a) Bee 6 log2—a loga+ (a—4)*? wa+12 (a—2) wea} (3-3) 
\ Om! {ayes — Baers ee (3— 2a) + Boa log2a+2 qd —a) (4,,—2) Won - 


This case represents the ‘simplest possibility from the viewpoint of the con- 
vergence of the self-mass expression (2:10). Since no sure information exists about 
the radii of the form factors, we may well take them equal. 


Case B. E-E form factors with equal r.m.s. radii 
This case is similar to Case A with 

G, (hk?) =G, (k’) =Gz (k’). (3-4) 

In this case we must put | 
9, (L) =xb? 0! (1—b), 92(1) =2b*d (1—b) 
with 
Cr a1 2/f OMe (3-5) 

We get 


amg) =U, 2 _[@—8) + (Bb=10) en] 


2 
Fine b)=— ar = 205] (3-6) 


4 5 
Pelee — po [ab— Feat 2)(4,— Darl. 


b 
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Case C. E-E form factors with different r.m.s. radii 
This case is similar to Case B, with the difference that now different radii are 
taken for G, and G,. This introduces one more degree of freedom for the reali- 
zation of the mass differences. 
Case D. 2Y-E form factors with equal r.m.s. radii 
Here 
) 2 i 


A 
he an oe 
Q(B) Saray t ages 


2 ~]2 
G@e=|—o]. (3-7) 
o Vv 
the corresponding r.m.s. radii being equal, 
(re) =r") (3-8) 
where 
(niy=6 (5+ a (3-9) 


Condition (2-6), @,+a@,=1, together with (3-8) gives a, and a, as a function 
Glew tAs anid “y*. 
Case E. Singular form factor 
We considered only the case 


&/2 Rk? 


G, R? a eG G Kk? = . 
(R’) LB? 2(k*) =0 (3-10) 
which may be written as the difference of a Y-form factor and a E-form factor 
42 42 2 
CE Se ee id-* | . 
(k’) BLP ae (3-11) 


For singular form factors, definition (3-19) for the r.m.s. radius is no more 
valid. However, we can define a radius, with the meaning of the second moment 
of the charge distribution as: 


dG, | 


oe Oe Fee (3-12) 
In this case we substitute, according to (3-11), in (2-13)—(2-15) : 
7 9, (1) =za[0(I—a) — ad’ (J—a)] 
92(Z) =0 
with 
a=, (rt) =— (3-13) 


which gives for the self-mass the expression 
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L dm {=F {Omit (a) + 0m,? (a) —3l'a(1—2e,) Be (3-14) 
We may define the extension of the charge distribution as 
ér2,)=12/2 (3-15) 


which corresponds to the radius of the exponential part of (3-11). 
For large values of a (or 6), a situation which happens for pions, it is more 
convenient for the numerical calculations, instead of their asymptotic expansions. 
For instance, in case A 


dmit(a)=T| (3+ eet : zt —-)+(34 4434.) log a | (3-16) 
a a a a 


which for large a, reproduces approximately the Feynman-Petermann expression 
(1-1). 

In Cases C and D, as well as in the Hiida-‘Sawamura case, we have omitted 
the detailed expressions for the self-masses, restricting ourselves to the presentation 
of the numerical results. 


Numerical discussions 

I) The pion mass difference 

As it is well known, the pion mass difference can be realized assuming a 
vanishing self-mass for the neutral pion, the self-mass of the charged pions being 
due to the minimal interaction term H,. Our problem in this section is to ex- 
amine the influence of the Nakano interaction term in the pion mass difference, 
under the same assumption that 0m,.=0. This was done, assuming Cases A or 
B, for the charged pion. The values of the Nakano constant « which reproduce 
the pion mass difference are the roots of the quadratic equation (2-12) 


OmMy +O My +? OMe: = 4.59 Mey. (3- 17) 


In Table I, we give the numerical values of the 9m’s coefficients of (3-17) 
and the corresponding roots «, and «_, for a common r.m.s. radius varying from 
0.3 to 0.8 y. 

An inspection of Table I shows that it is not possible to realize the pion 
mass difference for small values of y/77?) since the values of « then are imaginary. 
Between 0.5y and 0.6y the discriminant of Eq. (3-17) vanishes and becomes 
afterwards positive. Also, there is in this interval, a point for which 0m,,=4.95 
Mev. At this point, 


my (3-18) 


C=O he = 
OM. 


An estimation using our asymptotic formulas gives the following values of 
Vv (r*) for which (3-18) occurs : 


ae Pee ae > ee 
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Table I. The first row corresponds to Case A, the second to Case B, for the 
charged pion. In this, as well as in the other tables, the r.m.s. radii are given in 
y(1y=10-8 cm) and the dm’s in Mey. 


2 16.80 — 19.63 | 1502 complex | complex 
“oe eo haseee | 20.98 | isoze ad po aa y 
sibbaky oh hoc wey 488.8. | Fas Hie Ne 
Beeb. alive “1192 Adee oe ee ; 
; | s 6.292 = 3.483 ; 190.1 [ Y f y 
eis : 4.352 7.267 | 190.1 0059 ~=| | 0.021 
: 4641 | =6.030 —_| 98.12 0.051 0.010 
oe + 3.240 —5.155 98.12 0.15 —0.094 
, 3.452 4.289 | 50.87 | 0.20 =o 
ie 9436 «|| 8.687 50.87 ey ee ~0.17 
ae 2.732 — 3.253 29.91 0.31 —0.20 
ae 1.947 ~ 2.765 29.91 0.35 } cot Sega 
V (r*?)=0.57 y (Case A) 
be (3-19) 


V (r?)=0.46 y (Case B). 


The values (3:8) are in good agreement with the results of Riazuddin.™ 

One should notice that numerical values of 0m’s do not differ much in the 
two cases A and B considered, but in both cases the «, and |«_| increase with 
Vv <r*). Thus, the realization of the pion mass difference is also possible with the 
introduction of a Nakano term, for 1/ (7?) 0.46 y, for real and small values of 
Nakano constant x. 

II) Kaon mass difference 

The novelty of this case obliged us to a more careful analysis. First of all, 
it is relevant to point out that, under the assumption of a vanishing self-mass for 
the neutral kaon, it is not possible to reproduce the experimental result (1:4), 
even when we attribute the Nakano interaction term to the charged kaons, whatever 
the form factors or radii may be: the resulting « were found all imaginary. The 
following result throws some light on this situation. It is possible to show, using 


the HiidaSawamura ansatz for the form factors, that the self-mass of the charged 
kaon is 


do pom eS 
om => r| SER {| 2G, (7°) a 4G, (0) ale = G? (8eV/ 0° a iL at 40? 4+ 4) \ = 0 (3 20) 
0 


ae ye 
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where p=|k!/m. 

It may be presumed that 
the same result is valid in 
general for the relativistic in- 
tegration case,* a point which 
is corroborated by a detailed 
numerical analysis. 

Two main possibilities to 
obtain the mass difference of 
kaons are now discussed. 

II-1) The neutral kaon 
electromagnetic structure is 
only due to the Nakano inter- 
action term. For the charged 
kaons we assume that both the 
minimal and the Nakano inter- 


action term are responsible for 


Fig. 2. Plot of (8-22) where the parameters 
the self-mass. We have 7, Ve, ¢ are indicated 


OM, LKOM y+? OM — Ky O1N2= —4A Mev. (3-72)8) 


We always assume that the form-factor of the Nakano term is of the exponen- 
tial type, with the same radius, for both K° and K*. Equation (3-21) represents 
then in the («, «) plane the hyperbola 


Ky— («—t)’=0, (S222) 
where 
om OMy,— Om 
r= = 12 = 0, c= 4 CG SRN a ra (3 . 23) 
20 M9 OMr, 
As a consequence, there exists a minimum value of || given by shier| an 47eone 


which corresponds to «=<. This gives a meaning to the parameters of Eq. 
(3-22). If we make the more simplified assumption that «=x, we get for « 


2 OMe per —OMn a) (3-24) 
OM, = 

In Table II, we present the numerical values obtained, with Cases A and B 

for the charged kaon. £7, 
From Table II, it is clear that the parameters -, Vo, © increase for increasing 
radii. On the other hand, it is apparent that the numerical results are not much 
sensitive to the choice of the form factors there considered. In order to see whether . 

SG 22 
the details of the structure may decrease the values of the parameters’ t, 4/ o »€, 


ss Nevertheless, 8, >0, dmy2<0, B72 >0, whatever the form factor may be. 
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we considered the two cases below. 
First, we investigated the effect of taking different radii as follows : 


(re = (rl) ACT), (3-25) 


assuming Case C for the charged pions. The results are indicated in Table III. 


Table Il. The first row refers to Case A, the second to Case B, for the charged kaon 


| | OM | | Vo si 
| 3 z F * =! : ae | as 
5.872 —6148 | 29.98 0.1025 0.5646 1.606 
g307° Pate Pe Ce oe ee nie SP gheesus aa oe ae ee 
4.310 —5.140 | 29.98 0.08572 0.5195 1.617 
le ee S74 =3.072.. | ROEO 0.1701 0.8808 2.366 
0.399 | = — “== ——— ~ - 
2.823 —2.756 9.620 0.1432 0.8299 2.476 
2746» | ee Sage °C  ael <a) 0.2493 1349%¢- 1. 4g 95r 
0.488 oes aa Sees Cee i ee See 
2.118 1-735. ce LOE 0.2085 1.195 3.526 
2.066 =1320 |" 1.838 0.3601 1.783 4.595 
0.594 Ese | : Bata Sings ee 
16270; poe 097 1.833 0.2992 1726s ae eS 
P2679 2h 902004 ek Ors rss 0.4762 2.366 6.113 
(NY IO) Asie epee a deel a oats Ente 
Pye R848 078185 = 0.9788 A Oss = | ees PS 696s 
eae BORG —0.6594 | 05299 | 0.6221 3196.6 TH+, es 
0797 = | ==: |. seid E ow s 
be 1.184 =0.5417 | 0.5209 0.5110 3.008 | 9.459 
RS 


Table III 
VUPPD alee VERT ; Fe SAT : j 
0.488 | 0.301 0.04646 0.4493 | 2.196 i 
Reivciegy, came ee Quite. f - S0eregtA ee | 2.834 : 
Re G8 Gagan (leet 0.2085 Seer: | te ee ; 
CB HO. ae8 2 | Sigipadatee ae 0.3718 1739 | 4.489 ; 
eRe eae zt ‘0.6916. 0.5700 f 2.439 | 5.502 4 


The variation of )/(7,°), fixed \/(7,7)=0.488 y, presents some cases in which 
smaller values of the c, 4/o, ¢ are obtained, as compared with the case of equal 
radii. The order of magnitude, however, remains the same in the range of values 
taken. 

Finally, we considered the case of a more complicated formfactor for the 
minimal term of the charged kaon, as the superposition of two Yukawa form factors’ 


ee 
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(Case D), while maintaining the same assumption for the K° structure. We ex- 
amined the effects of the variation of 4,2 and 4,2 in (3-7); however, the cases con- 
sidered have shown a tendency to increase the values of the parameters 7, j/o, ¢. 

II-2) A second possibility to reproduce the kaon mass difference is to disregard 
entirely the Nakano term («=«,=0), for the kaons. Assuming Case E for the 
neutral kaons, and a Yukawa form factor for the charged kaon with a r.m.s. radius 


* equal to 0.488 y, we have 


Omi, — & Om = — 4 Mev. (3-26) 


The results are summarized in the following Table IV. 


Table IV 
y a=2/m? el! dmm,30 Sy gp aes 54) | if V Crea yee VD si 
6 | 1.298 ; 2.280 | “95639 | 0.6020 
ia ee 2.163 | 1.766 Ni wg ioee a> fk 5 ones een 
et traps ger | 12.66 . 0.7300 | ~o1544—«d|S (9808x1072 
140, : 21.43 | 05612 |  oaie7 | 6184x107 


Finally, we show in the following Tables V and VI the results obtained using 
the Hiida-Sawamura ansatz, corresponding to case B for the charged bosons. We 
leave to the reader the comparison with the relativistic method. 


Table V. Pions 


V (ry 04, OM | OMo9 Ee | K_ 
0.302 32.98 — 32.64 4009 complex | complex 


0.506 | 12.09 —11.38 | 508.3 | 4 4 


§4. A perturbation analysis of the form factors 


In this section, we shall briefly analyze the effective hamiltonian (2-1) by 
means of the usual perturbation picture in which virtual baryon pairs are the re- 
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levant contributions of the strong interactions. Up to the second order in the 
elementary charge, the terms of H,, may be classified into two groups : The one- 
photon and the two-photon terms. In the following figure, only the main contri- 
butions are indicated, where in the baryon-photon vertices of the Feynman graphs 
we take the contribution of the full interaction of the type edy WA, + (ef,/2M) 
GO PF po. 


(a;) (ay) (a;) 


eevee se 
b;) (by) (bs) 


(b, 
Kiga3 


It may be assumed that for a purely electromagnetic point interaction only 
the minimal terms contribute, the existence of terms like Nakano’s being entirely 
due to the effects of the strong interactions. This gives us a possible model for 
explaining the Nakano term, if we assume that the leading graph which contributes 
to it is the (a,), where in the baryon vertex only the Pauli interaction (e4,/2/M) - 
do,(F,, is taken into account.* Accordingly, we estimated the value of the Nakano 
constant «, assuming the meson in a weak external electromagnetic field so that the 
momentum transfer is small. The antisymmetry of the Pauli interaction makes the 
matrix element of (a,) to converge. ~ The main results of our estimations may be 
sketched as follows: 1) For neutral pions, =0, as expected from consistency 


reasons. 2) For charged pions dissociating virtually in nucleon pairs, a rough 
estimation gives 


2 
ML 


On An MM? 


s 


(4-1) 


The introduction of a cut-off at the nucleon mass will not alter the order of magni- 
tude of this result. In (4-1), M is the nucleon mass, “#y and 4, the anomalous 
magnetic moments of the neutron and proton, respectively. For g?/42~15 we ob- 
tained «=—0.18. The contributions from other baryon pairs have been estimated 
assuming global symmetry and a particular assignment of the baryon anomalous 
magnetic moments.** Taking into account all the baryon pairs we get a value 
three times larger, «=—0.54. Comparison with the results of Table I reveals 


. A . 
* According to Ono," the y, in the baryon-photon vertex of graph (a;) contributes only to 
the G, form factor. 


*K BS sel 2, Hy = 440 —9, My = — Ue) =2. 
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that this value can be realized for a r.m.s. radius of the order of 0.8y. 3). For 
kaons, a similar estimation, taking into account all the baryon pairs, gives: 


pA OES or 0.038, Ky ——K 


for 9x /9, =1/15 or 1/50, respectively. 

In the present work, we have disregarded, as a working hypothesis, the con- 
tributions to the self-masses due to the H; interaction terms. These terms depend 
on three-point form factors, about which little can’be said in general. In order to 
estimate their contribution to the self-masses, we calculated the self-energy graphs 
which can be derived from (b,) and (b;), where in the baryon-photon vertex we 
assumed that only (e#,/2M,)c,,g, operates. We also assumed global symmetry and 
the same magnetic moment assignments above. However, the results obtained for 
the pion mass differences are unreasonably large as compared with the actual value 
of this difference. On the other hand, the corresponding results for kaons are 
small compared with the experimental data. This different behavior is not only 
due to the smaller value of gz but also to an almost complete cancellation of the 
contributions of the charged and neutral kaon diagrams. 


§ 5. Conclusion 


This paper may be considered as an attempt to analyze the electromagnetic 
structure of mesons, from the experimental data of their mass difference, along the 
lines of the method by Katayama et al. Contrarily to the situation of the nucleon — 
electromagnetic structure where besides the information of the mass differences ad- 
ditional important data is available from the Stanford experiments on e-p high 
energy scattering,” this is the only dependable information we have at present. 
Consequently, there is much more freedom in our quantitative analysis, relative to 
the choices of the meson electromagnetic form factors and their respective radii. 
This is the reason why only the simplest types of form factors have been here 
considered. However, the results obtained do not crucially depend on the particular 
choices made. As far as the radius of the electromagnetic structure is concerned, 
no definite conclusions seem to exist at present. In the case the kaon mass dif- 
ference is realized by the introduction of the Nakano interaction term, with the 
same radius as that of the minimal term, the criterion of the smallness of the 
Nakano constant « favors, in the range from 0.3 to 0.8y considered, the smaller 
values of the radius. Since our analysis gives to the pion a radius 1/(7r*)20.5y 
if we attribute to both pion and kaon the same radius, its value would be of the 
order of 0.5. The alternative possibility, the realization of kaon mass difference 
through an electric structure of the K’, is also compatible with the above value 
of the radius for the charged kaons. In this case, there exists still some freedom 
for the electric structure of K°, whose “radius”? may have values from 0.06 to 


0.54. 
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We have no ways to decide between the two cases indicated to realize the 
kaon mass difference, not to speak of the possibility by which the neutral kaon has 
simultaneously an electric and a magnetic structure. Such decision would require 
additional information on the high energy electromagnetic phenomena involving 
kaons, which are not available at present. 

From another point of view, the semi-phenomenological approach adopted here 
has its reason in our inability to treat the strong interactions in a satisfactory way. 
The estimations of the « value according to the model for the Nakano term sug- 
gested in the last section and the contributions to the self-mass due to the terms H; 
of the effective hamiltonian, by means of perturbation theory with baryon pairs, 
gives too large values in the pion cases, and too small values for the kaon case, 
as compared with the results of the phenomenological analysis. The pion case in 
this respect is worse, giving in some cases values unreasonably large, whose origin 
must be attributed to the inadequacy of the perturbation theory to describe effects 
where baryon virtual pairs are the relevant contributions. 


Acknowledgement 


We wish to express here our gratitude to Profs. M. Taketani and Y. Katayama 
for suggesting the subject of the present work and for the stimulating discussions 
about it. Thanks are also due to our colleagues of the Instituto de Fisica Tedérica 
for their interest shown in the development of our work. 


References 

1) .R. P. Feynman and G. Speisman, Phys. Rev. 94 (1954), 500. 

A. Petermann, Helv. Phys. Acta 27 (1954), 441. 
2) C. Franzinetti and G, Morpurgo, Suppl. Nuovo Cimento 6 (1957), 480. 
3) S. Gasiorowicz and A. Petermann, Phys. Rev. Letters 1 (1958), 457. 
4) A. H. Rosenfeld et al., Phys. Rev. Letters 2 (1959), 110. 
5) F. S. Crawford et al., Phys. Rev. Letters 2 (1959), 112. 
6) <A. Pais, Phys. Rev. 112 (1958), 624. 


7) Riazuddin, Nucl. Phys. 12 (1959), 342. 
8) M. Gell-Mann, Suppl. Nuovo Cimento 2 (1956), 848. 
K. Nishijima, Prog. Theor. Phys. 13 (1955), 285. 


9) Y. Katayama, M. Taketani, S. Ragusa, D. Rodrigues de Oliveira, Prog. Theor. Phys. 
23 (1960), 328. f 


A. H. Zimerman, Prog. Theor. Phys 23 (1960), 353. 


J. Leal Ferreira and Y. Katayama (to be published in Prog. Theor. Phys. 23 (1960), 
No. 5) 


10) M. Gell-Mann and A. Pais, Phys. Rev. 97 (1955), 1387. 
P. T. Matthews, Lectures at the University of Rochester (1957). 
11) Riazuddin, Phys. Rev. 114 (1959), 1184. 
12) Ke Hiida and M. Sawamura, Prog. Theor. Phys. 18 (1957), 451. 
13) Y. Ono, Prog. Theor. Phys. 5 (1950), 861. 
14) R. Hofstadter, F. Bumiller and M. R. Yearian, Rev. Mod. Phys. 30 (1958), 482. 


av 
|, ey 


; 


as sal dial cl baa in 


peg 


Progress of Theoretical Physics, Vol. 23, No. 4, April 1960 


Second Quantization and Lorentz Invariance 


Shigeo SATO 


Department of Physics, University of Tokyo, Tokyo 
(Received December 26, 1959) 


The possibility of constructing the relativistic invariant theory using the particle represen- 
tation is investigated. It is shown that the Hamiltonian formalism is not adequate in this 
representation. The general structure of the invariant S-matrix is investigated, and some 
correspondences to the ordinary theory are obtained. An application to the Compton scattering 
is also made. 


§ 1. Introduction 


The problem of Lorentz invariance is treated in the conventional quantum field 
theory as follows: 

I) Field variables are transformed as classical quantities. 

II) Next, the procedure of the second quantization is performed in the new 
coordinate system. Then the commutation relations are retained to be invariant. 

However, as Wigner” has pointed out, the invariance of the commutation re- 
lations does not mean the existence of unitary operators which transform the field 
quantities as y’=UgU- In fact these operators have never been constructed in 
the conventional theory. Moreover, the above procedure produces the invariance 
of the Feynman amplitudes, but the connection between the Feynman amplitudes 
and the scattering amplitudes does not seem to be Lorentz invariant. 


In spite of these incompletenesses, however, the present field theory has given © 


the correct results in a rather wide range of problems. Therefore, if the present 
field theory does not contain any inconsistency in itself the above procedure may 
be considered to be satisfactory, and the problem of Lorentz invariance need not 
be pursued any more. But, if one considers the local field theory to be unsatis- 
factory and intends to find out the possibility to construct new theories, this pro- 
blem must be reinvestigated as a guiding principle, and the following two problems 
may become important : 

I) Whether it is possible to construct any theory which can describe the 
creation and annihilation of particles and possesses the unitary representation of 
Lorentz group. 

ID In the theory which does not need the unitary representation of Lorentz 
group, how are the Lorentz transformations treated in a consistent way ? 

As for the latter problem, Segal” has recently proposed an interesting attempt. 
This paper will be devoted to the investigation of the former probem. Then we 


aye a 
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must be aware of the fact that there exist infinitely many inequivalent representations 
of the creation-annihilation operators.”» We now intend to deal with the unitary 
representation of Lorentz group in the ring of operators generated by the creation- 
annihilation operators, so we must adopt the simplest one, namely the representation 
possessing the vacuum state. We adopt, therefore, Fock-Cook-Friedrichs’ particle 
representation. In addition, we use Foldy’s canonical form for the one-particle 
equation to simplify the procedure of the second quantization. 

In §2 the particle representaion and Foldy’s canonical form are explained 
briefly. In §3 we examine the possibility of Hamiltonian formalism, and the origin 
of difficulties is pointed out. In § 4 the S-matrix formalism is investigated and 
some correspondences to the ordinary theory are shown, and an application to the 
Compton scattering is given in §5. Finally in §6 we briefly mention about the 
treatment of decay process. 


§ 2. Particle representation and Foldy’s canonical form 


We first explain the particle representation. One-particle state is represented 
by 9(x, s, a), where “s 
between particle and antiparticle. The latter, will be called the particle variable. 
These variables together with coordinates will be denoted by ¢, and we write 
Wee instead of S$} | dx. It is assumed that the states of particle and antiparticle 
J <i) 


” > 


is spin variable and “‘a” is a variable which discriminates 


do not mix with each other, and ¢.G)eLe. 
The second quantized state is represented by 


P= {Qp, $1 ($1), $o(F1, Ss), a5 Gn (Fx; OE: Cant Wanless ar 5 he 
|| PIP=2'|le,|? < 00, 


where ¢ is a constant and ¢,’s are assumed to be symmetrized or antisymmetrized 
according to the statistics of particle. For any self-adjoint operator T on one- 
particle space, we define a self-adjoint operator 2(T) on the second quantized 
space by 


OT) P= {51 TiPa Ex 5 Sess Ed}, (2-1) 


where T; is to be understood to operate on €, and further we mean T¢.=0. Other 
operators on @ space will be denoted like 7. For any o(€) eL.™, the creation- 
annihilation operators are defined by 


At (¢) P= \/n Ye Gx) Pn-1 (S1, re é,-1)} ie ‘2% 1) 


A-($) 0= \Vn+1| FE) ounG, pres d S)dél, On 


where S, and A, mean symmetrization and antisymmetrization respectively, and @ 
means complex conjugate of ¢. Furthermore, we define the symbolic product be- 


es ee a a a. oe 


ul 
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tween an operator on L,” and the creation-annihilation operators by ; 
TA*(9)=A*(T¢). (2-3) 
Then the following relations are verified easily ; 
At (9)*=A-(@), (2-4-1) 
[A-@), A*@)]=(¢', —E 
[4-@), 4-@)]=[4*(¢’), A*(y)]=0 
{A-(@), A*(Y)}=(¢', GE 
{A-(@), A-@)}={At(g’), At (g)}=0 


where * means hermite-conjugate and E is the unit operator on # space. Let 9, (£) 
be any complete ortho-normal system in L;”, and T® and T® be any two self- 
adjoint operators on that space, then we obtain 


for bosons, (2-4-2) 


for fermions, (2-4-3) 


SI T%At (Gq) T®A- (Ga) =2(T PT). (2-5) 
From this equation and (2-4) we obtain 

[Q(T), A*(y)]=TA*(¢), (2-6-1) 

(Q(T), A-@)]=-TA-@), (2-6-2) 

[2(T®), @(T®)]=2((T®, T”)). (2-6-3) 


Next we summarize Foldy’s canonical form. We shall use the same notation 
as used in Foldy’s paper.” The state of a particle specified by a mass m and a 
spin s and without antiparticle is represented by a (2s+1)-component wave function 
¢, and its wave equation is given by 


(2 g=ap, w=V me +P. (2-7) 

The infinitesimal operators of Lorentz group are represented, on this space, by 
P=p=-— iv, (2-8-1) 

H=o, (2-8-2) 

J=xxXpts, (2-8-3) 

=} (xw+wx) — (sx p)/(m+o) — ip. (2-8-4) 


For the particle with antiparticle, the wave function is 2(2s+1)-component, and 
the wave equation and the infinitesimal operators become 


p28 9 = paw, (2-9) 
Ot 


P=p, (2-10-1) 
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H=Bo, (2-10-2) 
J=xxXp-+s, (2-10-3) 
=48(xo+ox) —f(sX p)/(m+o)—p. (2-10-4) 


For the former case, the second quantization is easily performed, using the 
particle representation. But, for the latter case, some considerations corresponding 
to the hole theory for the Dirac particle must be given before the second quanti- 
zation. In consequence, we remove f’s from (2-9) and (2-10) keeping ¢ to be 
2(2s+1)-component, and then perform the procedure of the second quantization. 
The meaning of this rule is: We learn from the classical theory the existence of 
the degree of freedom corresponding to the antiparticle, and, converting it to the 
particle of positive energy, perform the second quantization. According to the 
above prescription, the second quantized wave equation and infinitesimal operators 
are given, in both cases, by 


e) 


i? 0-14, (2-11) 
P°=29(p), (2-12-1) 
=2(@), (2-12-2) 
P=Oexpts), (2-12-3) 
K°=3 2(xw+ ox) —2((8X p)/(m+a)) —t2(p). (2-12-4) 


From (2-6-3) it is obvious that these operators satisfy the correct commutation 
relations. Thus the second quantization of free particle is completed. The main defect 
of this method is that we cannot obtain the relation between spin and statistics. 

The improper transformations can also be handled according to Foldy’s pre- 
scription, but we do not enter into details here. In Foldy’s paper the particles 
with non-zero masses only are treated, but it turns out that the Maxwell equation 
can also be reduced to Foldy’s canonical form with supplementary condition. This 
fact will be explained in the Appendix. 


§ 3. Treatment of interactions. Hamiltonian formalism 


_In the Schrédinger picture, the interactions can be expressed by adding terms 
to H° and K° only,” namely it is enough to put 


P=P°, (3-1-1) 
H=H+H, (3-1-2) 
J=J’, (3-1-3) 
K=K°+K’. (3-1-4) 


The commutation relations to be satisfied by H’ and K’ are 


_— Seen, Tas 
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Pee elie, A= 0, (3-2-1) 
(P., Kj]=—i0,,H’, (3°22) 
[J,, Ky |=. Ry, (3-2-3) 
LH’, Ke)+(H, K/)+(a, R=0, (3-2-4) 
[Ki/, K{]+[K/, K/]+[K?, K,|=0. (3-2-5) 


From (3-2-2) H’0 implies K’40. (3-2-4) and (3-2-5) are quadratic in the 
interaction terms, and this fact makes it difficult to determine H’ and K’ Here 
exists the essential difficulty in the relativistic theory. 

Hereafter we deal with only the interaction of the identical neutral scalar par- 
ticles to simplify the argument. We first consider the ¢*-type interaction, and put 


Hi 3a, AAS AC thee (3-3) 


where A,* and A," represent At (¢,) and Ae (@,) respectvely. Using (3-2-1) 
and (2-6), we find that a,,, must satisfy 


Pas say + Pes Aasy — Gaps Psy = 9, (3-4-1) 
Jos 394 +I 95 Ansy — Gaps Isy= 0. (3-4-2) 


The general solution of these equations is given by 


aaoy= | HP, 2)Fa(P)Fs(D¥.(P+ 9) 40-44, (3:5) 


where H(p, q) is a function of scalars which can be composed of p and q, and 
is symmetric with respect to p and q. (3-2-2) and (3-2-3) is satisfied if we 


put 
Kish A Aga the, (3-6) 


= re 2) 
basy= | H(p, D¥a(P)Fo(Di Pr (P+ 9) dP ag 


+) L@, a¥o(P)Po(a) (P+ 9) 4P-dq, (3-7) 
where L is a sum of products of momentum vectors and scalar functions, and also 
symmetric with respect to p and q. Next we consider (3-2-4). In the present 
case, it means that the relations 

pH, KA A, K/]=0, (3-8-1) 
[a’, K/]=0 (3:8-2) 


must be satisfied respectively. We obtain from (3-8-1) 


: ? 1 fe) ) Det hi. ppt Oe | H 
EP 8 |» Op; Aa Og: 5: 2Wp . 204 i 2Ovey (Pp: 4) 


pt Og Op+a 


(3-9) 


729 Sie Sato 


(3-8-2) contains many sorts of terms, and gives as many conditions correspondingly. 
For example, the requirement that the coefficient of A. +A, tAs must vanish gives 


—iH(q, q’) Hp, q+q)—H(p, 44+ Q) L(g, 12) +a, 1) LP, 1+ 9) = 0. 
OG 
(3-10) 
Putting H(p, q) = (@)@, p+.) ACP, @ and using (3-9), (3-10) becomes 


eae, h(q, q)h(p, 4+’) —A(4, q) 2h, a+4) 


w; +q! z 


1 a 3 
Sa oa (0, 2 +02) h(a 4) 
(q, P+’) FESS ERG GaGa teage q; 4 
1 z) a 
h > : (« = + psy ——) h > sm ’) =0. 
+h(q, q’) ie eae ae P»4+4 


(3-11) 


It is very difficult to solve this equation, and it may be inferred that it has no 
solution. Consequently we cannot construct the interaction which is represented 
by (343) and: (3:5). 

The above result seems to imply that if H’ contains a term which is of third 
order or more with respect to A*, then it becomes to have infinitely many terms 
on account of (3-2-4). Therefore we next try to determine H and K expanding 
them as 


H=H°4+H+H+..., (31201) 
K=K°+K'4+K?+--. (3-12-2) 
The result is as follows. If we choose H! suitably, it can be written as 
H'=i(H", T], 


in case it does not contain a quadratic term with respect to A* and a term cor- 
responding to decay interaction*, and here T is a self- adjoint operator. For ex- 


a 


ample, for the H represented by (3-3) and (3-5), is given by 


T=Sa Ae As A, hes (3-13-1) 
dT (p5-@) 


' : 
Aesy— 1 
Wn O74 -— Opus 


Pa(P)Ge(q)¢,(p+q)dpdq, (3-13-2) 


and K? represented by (3-6), (3-7) and (3-9) is written as K'=i[K°, Ti There- 
fore, giving H and then to construct H?, K', etc., so as to satisfy the commutation 
relations is the same as expanding 


* Refer to § 6. 
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H=exp(—iT) H® exp(iT)”, (3-14-1) 
K=exp(—iT)K° exp(iT), (3-14-2) 


and if the equation corresponding to (3-10) cannot be solved in any stage of 
expansion, only (3-14) is essentially a possible form of interaction. 

Summarizing above considerations, we obtain the following results : 

ae) From (3-14) it is obvious that the spectrum of H is the same as that 
of H°, so we cannot deal with the problem of mass difference by this approach. 

II) If we adopt the ¢*-type interaction as T, no process occurs in perturbation 
calculation, __ 

III) If fie contains a term corresponding to a real process, for example, a 
term like A,” Ag A, Ay, H can describe the corresponding process, because in 
this case both A* and exp(—iT) A* exp(iT) satisfy the condition for the creation 
operator of a physical particle, that is, 


HA* (y) = 0A*(¢) %, 


where ® is the vacuum state; so, considering A‘ to be the creation operator of 
a physical particle, the real process becomes to occur. 

These results are very unsatisfactory, and as to the real process there exist 
too many arbitrarinesses. In addition, the existence of the relativistic Hamiltonian 
formalism does not imply the existence of the invariant S-matrix. _ Therefore the 
ordinary expression of the invariance of the S-matrix, namely [S, K"|=0, is a 


further requirement for the theory. Accordingly, it is more convenient to deal 


directly with S-matrix theory, if we are concerned only with real processes. So, 
in the next section we investigate the structure of the invariant S-matrix. 


§ 4. Structure of S-matrix 


According to the general theory of S-matrix, if Yang-Feldman’s S-matrix exists 
for free Hamiltonian H® and total Hamiltonian H, the absolutely continuous parts 
of both operators are unitary equivalent.” In this respect, the results of the previous 
section are consistent. It has sometimes been inferred that Yang-Feldman’s S-matrix 
does not exist for the multichannel process on account of the complexity to separate 
each channel.” However, in the case of the relativistic invariant theory, the se- 
paration of channels is physically very obvious, and we may suppose that Yang- 
Feldman’s S-matrix does exist in_our theory. We denote the invariant S-matrix 
which can be constructed from H® and H defined by (3-14), by at and the set 
feats a by Gz. 1% yw satisfies 


[Sx H°]|=[Sx, K°]=0. (4-1) 


Of course, it also commutes with P°® and J°. Let the set of all unitary matrices 
satisfying (4-1) be ©, then G96. As it is difficult to deal with Gy ce we 
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investigate the structure of & instead. Still S is more restricted than the Hamiltonian 
of last section because of (4:1). 
It can be proved that for any Se® a self-adjoint operator T which satisfies 
(T, H|=[T, K°)=0 (4-2) 


exists and S is written as S=exp(iT). Therefore, to investigate © is equivalent 
to investigating T defined by (4-2). 
To compute the commutation relations with K°, the operators on one-particle 


space defined by 


Q* K=$xwQ* + ifsQ*—tpQ* (4-3) 
are very useful. For the spinless particle Q turns out to be 
Giana ss (4-4) 


except a constant factor. 
Now we consider T corresponding to the scattering of neutral scalar particles. 
Taking into account that T must commute with P® and J°, we put* 


TS Pe At ne Ay, (4-5-1) 
Qapys— |Fo. q; r) Tie -Da (Pp) - ar @e(q) r= 7 ¢,(r) 
V Wp V >) 
oe —%;(p+q—r)dpdqdr, (4-5-2) 
( Upn+gq—r 


where F'(p, q,r) is a scalar function. | 
From (4-2) we obtain 


(Oph, 2 Ong) Ap, gon) =O (4-6-1) 


Ao ith ed Eos 
(op +0420, 2 — PFU) Pop, g,r)=0. (4-6-2) 


Op; q Or; Op+q—r 
(4-6-1) means 
F(p, q, 1) =9(wpt+0,—0,— pig») f(D, G1): (4-7) 


Now, 


a) re) cles aa 
(w, a, +w 5a, + w,. an ) 840-0, Open) 


oe rs) PUT (Wp to, wo) [ar (wp +o,—0,— RNA: 


(Ors iaes 


AP i Seite (ow, to,—, les Otee ea 


Ome tes (Oya anes 


* Refer to the reason for finding (3-5). 
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so the relation to determine f becomes 


) 
O (Op+ Oy — 0, Wp gr) (0, 3 +, 
z 


a + w,— 


3 
- a), fg te eR 


We examine some special solutions of (4-3) in order. If we adopt f=const., then 
(4-5) gives the same result as the lowest order of ¢g* interaction in the ordinary 
theory. Next, considering 


3 
(w, ip; +o, “ ) (p+ Opp 0) (Wp +O) + Wp eo) =0, 


where w’ is an energy expression with different mass, a special solution of (4-8) 
is written as 


F=f ((Op + 0,— Opsg) (Opto, + Opeg) a 


Taking f(x) =1/x, (4-5) gives the same result as the contribution of a Feynman 
diagram indicated in Fig. 1 with ¢’¢ interaction. Similarly, adopting 


f=1/ (0,— 0, — of4_,) (0, = Op + i ,) 


the contribution of Fig. 2 is also obtained. Ne 

For other processes, the similar correspondences to the 
lowest order of the ordinary theory can be easily confirmed 
for the interaction of the scalar particles. 

The above results seem to be interesting, for the interac- ee 
tion Hamiltonian of the ordinary theory is not only un- 
satisfactory in the sense mentioned in last section, but also 
not a well defined operator on the second quantized space, and in spite of this a 


Fig. 1 Fig. 2. 


part of its contributions has reappeared in the S-matrix theory treated here. This 
fact seems to show the reason why the ordinary theory, though containing in- © 


consistencies in itself, gives some useful results by perturbation calculation. 


Before leaving this section, we briefly mention about the extension of our. 


method to the interaction of particles with spin. For the particles of s=43 and 
s=1, the operators characterized by (4-3) are given by 


pen tagme Fe Be ae 
eet pM fe etre AOR 
Qij2 1 Somer + wo(m+w) eee) ( ) 
tii OF ak 3 (s- We (4-9-2) 
daa ge ee P a ? 


where R is a projection operator to the longitudinal wave and represented by 
R=1-(s-p)'/p* (4-10) 


The scattering of the same particles is described taking, instead of (4-5-2), 


2 ae 
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daon= \F(p, 4,7) (Q* Gal)» Q G(r) 
| x (Q* ¥,(q), Q-¢3(p+q—r)) dp dq dr (4-11-1) 
+(+o-), 
or 
daon= \ F(p, 4,7) (Q* ¢a(p), 82 o-(r))- 
i (Q* v3(q), 82° ¢;(p+q—r))dpdqadr (4-11-2) 
mo ee teat 


where the inner product is to be taken with respect to the spin variable, and 
(+<+—) means the term which can be obtained from the first term interchanging 
+ and — signs. 

As an application of our method to the practical phenomena, the Compton 
scattering is treated in the next section. 


§ 5. Compton scattering 


According to the result of the Appendix, it is possible to handle the electro- 
magnetic field with our method. For the particle specified by m=O and s=1, 
(4-9-2) becomes 


OQt=V p (1¥ (s-p)/p) —R). (5-1) 


(5-1) contains the projection operator to the transverse wave, therefore so long as 
we use (5-1), only the transverse photons are treated. It is possible to deal with 
the longitudinal photons, but we do not mention it here. 

Hereafter the spin matrices for s=3 and s=1 will be denoted by s and S$ 
respectively. We denote the wave function of photon by h and write (s, O*h) 
as h*. We adopt the ordinary representation for S, then for an arbitrary vector 
e, we get [(s-e), S;]=—(s-S,e). We further use the operators defined by 
fe) 


3 
2a; ice 


0 
aE LO# Sh (ov 55 te O+=0. (5-2) 


vr; 
An example is given by 
Optg= Wp to, + (o- (p+q)). 
To describe the Compton scattering we take 
T= 2 Gapys As Be Ax ene ? 


Gaon=9 | O(wp+q— W,,— IP+q—r|) Maays (p, q r) dpdq dr, 


where A* and B* are the creation-annihilation operators of electrons and photons 


Oe lal Y 
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respectively, and we use for M the following form, 


M= {(ep+4— p49) (Opt qt Wpsg) (0 G— Wp-q) (Op — +04) } 7 
X[Cee* Qijn Pas, Ossohs* Qijs Py) + (he Qiu, Onighs” Qia¥,) 
+m (he Otiaga, hs~ QiiaG,) +m (he Qij2Ga, hs* Qi2¢,) 
t+ a * Qij2 Pa, O-ghe * Qija Gy) + (hs** Qi2Ga, Oxgha** Qi2%y) 
+m (hs-* Qij2Ga, ha** Qij2G,) +m(hs** QiaGa, he * Qin Gy) J. (5-3) 


Of course, M cannot be uniquely determined by invariance principle only, but (5-3) 
is one of its simplest form. In this case the correspondence to the ordinary theory 
cannot be obtained in the matrix element, but calculating the differential cross 
section, (5-3) leads to the well-known Klein-Nishina formula if we put g=e?/8z. 
Thus it may be said that our method can cover the results of the ordinary theory 
to some extent, though not completely equivalent to it. Here one may find the 
possibility to step out from the local field theory, and it may be interesting to 
investigate whether it is possible to find out the way to determine the S-matrix 
uniquely according to our approach. ‘ 


§ 6. Decay interaction 


The decay process cannot be treated by the S-matrix formalism. Not only 
it is meaningless to do so, but also the operator T’ of § 4 cannot be a well defined 
one for the decay interaction. So we have to return to the Hamiltonian formalism. 
The _creation- annihilation operators for particles with mass m and M will be denoted 
by A* and B+ respectively, and we assume M>2m. If we put 


HD =S aap, Ag* Ag* By +he., (6-1-1) 
apy = jae, Q) (2%, Op +g)" Pal P)F0(G) ¢>(P+q)dpdq, (6-1-2) 

then the operator T defined by H 1 iH Fe q) is represented formally by 
Ran Sag ALA. pecthc., (6-21) 


Agr ae —i| — oe jie. h (p, q) (op Wy ie Ie aie 


Cp Op AO 
x Ga(P)P2(9) $7 (P+ 9) ap dq, (6-2-2) 


where D means principal value. But in this case 2 1| 4px" becomes to be divergent, 


and the operator T cannot be a well defined one as een ona! before. Consequen- 
tly, the transformation (3-14) loses its meaning for the decay process. However, 
if we expand (3-14) formally, its first order term, namely H, ‘, is well defined for 
suitable h(p, q), and any process except decay does not occur by perturbation 
calculation, and the decay too occurs only in the lowest order. So it may be pos- 
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sible that the Hamiltonian defined by this formal expansion is a well defined operator. 
For K, such reasoning is not possible, but if we demand its first order term to 
be well defined, then A(p, q) is restricted to, for example, 


h(p, q) =A (wp tg—Op+q)> (6-3) 
3 where (0) is finite. Using (6-3), (6-1) gives the same-result as the lowest 
Be order contribution with g?¢ interaction in the ordinary theory. The form of h 


affects only the line width. 
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Appendix. Reduction of the Maxwell equation to 


Foldy’s cannonical form 


fe Rey The Maxwell equation for the free field is 
OR OB; OB OF; 
E ic : 3F Ja (} E yi : = = ()t A-l 
“Ox, ot  O2~, . Ot Sexe) 
aE, _ 2B, 
Bethe 120) AD 


If, we put —7i&,;=(s,)~, ¢:=E+iB, ¢,=E—iB and o=(%), then (A-1) becomes 
, Be 


3 = - i 
yf $= 8(s-p)¢. (A-3) 


z 


_ Here s/s are the spin matrices for s=1. (A-2) is used as a supplementary con- 
dition. Using a matrix given by 


tbh pibs Pi _=ippy—pibs | i 
V 2p (pr + pr) P V.2p (pi + p) | 
(pac) iP Pa Pua Barn cat Pie Path oe es ( ") 
V 2p'(pi +p!) pp 2p (p2+p5) | \o 1 
; bop Ps pr tps : 
Dela: V2p'(p't+ pr) pV 2p*(p2+ p,*) 
'. and putting ¢= Ug’, (A-3) becomes ; 4 
i Pipes 
tae ite 0 0 0 1@ Pe’. | (A-4) 
Sj : Oh MOL 
: : Further, putting ¢’= Vy’, where V is a matrix given by 


lt ae 


Se ae SO 
Sie a >) S oS) 
Sug a GD ee ic 
a meni ee ees ee aloes, 
(SEEMED) Oe BEI INED 


- we get 

> 

E p00 

‘ ) Sc eee oe 
‘: . in t= Os20 0 |@er’. 
; Dede) 


Using (A-2), we get 


Se 


Vinins8 0-0 0 
| 0 p 0 RPL PRORESS 
0-0) 0, | 


oS 
Ae 
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ieee tet al 
Sis. 
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“< ee adding this to the right-hand side of (A-5), we Shain 


i an . tit 
PRs? Oye Then ' cae e par eh Nias, 
2 Heron the transformation properties of E and B we get for a 
Be oo “ iS , ; ‘P=p, , res 
f Ey A ine EP By , ; H=8(s-p) +pROB 
Re ce G, “ne q Pt é B - 
ee cate Re Se H bs 


ie coos x : e is m SE 
Bt ga oe i J becomes to have a complex expression. — So we further put 7 


t wa 7 
d we obtain for a ‘ nic ive St Brey) 
nn yh, 7 f 
sont Rtas My Oe oe = | ; 
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iets ye ee etm See OM . , ; ona r Ke; 
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for ¢. Performing the above transformations we get for % 

K=fxp—8(sx p)/p—i8 p/P—tp. 
Yet this is not a desirable expression. This is rather natural, judging from the 
dimension of %. Therefore we again put y=C/,/ p Z, where C is a constant to be 
determined from the fact that the total energy is given by (1/8z){| (E’+B’) dx in the 
Maxwell theory, and consequently we get C=1/,/ 82. For g, K becomes to have 


the desired expression. 
Now, it was necessary to use six component ¢ in the beginning, but after the 


canonical form has been thus obtained, the half components of g¢ become redundant. 
Taking this fact into account, the results are summarized as follows ; 


e= py (B+ rot), (A-7) 
i 9=pe, (A-8) 
P=p, (A-9-1) 
H=p, (A-9-2) 
J=xXp+s, (A-9-3) 
K=3(xp+ px).— (8X p)/p— tp, (A-9-4) 
Re=0. (A-10) 


When the interaction source is present, the Maxwell equation is reduced to 


es 

Re= =e cad F 0 
PRP 
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Pion-pion interaction is analyzed by using the dispersion relation for ‘pion-nucleon 
scattering obtained by keeping the momentum transfer between an initial pion and a final 
nucleon constant. In order to take into account the singularity of two-pion threshold in the 
dispersion relation, the dispersion relation may be regarded as an integral equation for 
pion-nucleon scattering amplitude with the kernel of a pion-pion scattering amplitude. When 
this solution is compared with experiments on pion-nucleon scattering, it is found that 
the unknown quantity in the dispersion relation is only a pion-pion scattering amplitude. 
Therefore, if pion-pion amplitude is expressed in terms of an unknown parameter such as 
scattering length, then this value can be determined via dispersion relation. Thus we are 
led to the following conclusion: In the isotopic spin state J=0 (S-wave) of pion-pion 
system pion-pion interaction is attractive and the scattering length is of the order of one 
pion Compton wavelength, while in the isotopic spin state J=1 (P-wave) of pion-pion state 
a definite conclusion could not be obtained. Finally the possibility of explaining the 
momentum dependence of pion-nucleon phase shift 6,3; related to the pion-pion interaction is 
briefly discussed. 


$1. Introduction 


There are some phenomena which might be considered to show the existence 
of the pion-pion interaction. For instance, the cross section for the multiple pro- 
duction of pions in pion-nucleon scattering is of the order of (h/fc)*, where / is 
a pion mass. This fact suggests that the pion-pion interaction plays an important 
role in the multiple production of pions, since this large radius can be understood 


only in terms of a pion cloud.” The role of the pion cloud in the pion-nucleon’ 


interaction was stressed already by Dyson and Takeda” several years ago. In the 
problem of electromagnetic structure of nucleon too, the pion-pion interaction might 
be important. This was pointed out by Federbush et al.” 

Recently, Goebel® and Chew and Low” have suggested that one could obtain 
the knowledge on the pion-pion interaction from the analysis of the process 
a+N—>N-+2+72. The result follows only from a plausible assumption about the 
location and residues of poles in the S matrix, but unfortunately this kind of ex- 
periment needs highly accurate measurement and the present experiment does not 
seem to be precise enough to determine the cross section for the pion-pion inter- 


action. 
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Sato and two of us (A.T., Y.U.)”* have analyzed the effective pion-pion inter- 
action from the dispersion relations for the pion-nucleon scattering, obtained by 
keeping the momentum transfer between an initial pion and a final nucleon constant. 
In order to estimate the contributions of the pion-pion interaction to the pion-nucleon 


~ scattering, in these dispersion relations one must, however, integrate the pion-pion 


scattering amplitude multiplied by a certain matrix element similar to the pion- 


‘nucleon scattering amplitude. Here “similar” means that this amplitude is not 


physical, ie. the sign of the fourmomentum of one pion is reversed. In Ref. I 
this amplitude was expressed by the one analytically continuated from the scatter- 
ing amplitude given by Chew et al.,” as was done by Federbush et al.” and Chew 
et al.® in the problem of the structure of nucleon. 

When we regard the pion-nucleon scattering amplitude as the function of , 


the square of the momentum transfer between initial and final pions with revers- 


ed sign, holding another variable co? fixed (see (2:7)), ¢=4/° may become the 
branch point which is the threshold of the production of two pions, if the effective 


pion-pion interaction exists (see (2-12)). For this reason it is not clear that the 
previous analytic continuation from the region = < 4” to the region ¢ > 4” (the required 


amplitude appear in this region) is right. As our aim is to analyze the pion-pion 
interaction from the pion-nucleon scattering, it is desirable to treat the pion-nucleon 
scattering amplitude more properly by taking into account the above singularity. 
In this paper we shall regard the dispersion relations as the integral equations 
satisfied by the pion-nucleon scattering amplitudes where the kernel is the pion-pion 
scattering amplitude. If we can solve these integral equations, we shall be able 
to know the correct behaviour of the pion-nucleon scattering amplitude in > 4? as 
well as in €<4y*. This is indeed possible under some assumptions. Instead of 
using the expression continuated analytically, we shall use these solutions as the 
pion-nucleon scattering amplitudes. Hereafter, we proceed with a method similar 
to that of Ref. I, namely we expand the pion-pion scattering amplitude in partial 
waves and limit these waves to S- and P-waves, for which scattering length appro- 
ximation is used. In the dispersion relation all quantities other than those unknown 
scattering lengths can be expressed in terms of phase shifts for pion-nucleon scat- 
tering and of its coupling constant. Therefore, comparing this identity with experi- 
ment, we can estimate the measure of the scattering length of pion-pion interaction. 
In § 2, dispersion relations are derived. This section is added for completeness 
and for Shee our notation. In §3 the integral equations are derived and 
solved. In § 4 numerical results and discussions are presented. The conclusions are 
as follows: (1) There may exists S-wave pion-pion interaction with the isotopic 
spin [=0, which is attractive with the scattering length of the order of one pion 
Compton wavelength, (2) about the P-wave pion-pion interaction with I ==1)¥.on 


‘the other hand, we could not obtain a definite conclusion. This situation is discussed 


* Hereafter referred to as Ref. I. 
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in § 4 in connection with the result of Ref. I. Further, the possibility of explain- 
ing the energy dependence of pion-nucleon phase shift 6,; related to the pion- pion 3 
interaction is briefly discussed in § 4. 


§ 2. Dispersion relation 


In this section, we shall write down the dispersion relations in the represent- 
ation where the momentum transfer between the incident pion and the final nucleon — 
is kept constant.. Let the four-momenta of the incident and the outgoing pions be 
k, and k,, respectively, while those of the initial and the final nucleon are p, and 
ps. Theh the pion-nucleon scattering amplitude can be given in the form* 


S=09q0 (Pi— pr) O(ki— he) | oe. 


a 1(27)*0 (p+ ki— po— ho) (m?/ ps’ pr) CL /A ks k,’) te M ga M4, (2-1) 


where the retarded matrix element M,, is given by 


(m/2ke py)? Meats = (—7) \ d‘z exp[-iK-z](koe|9(20)[ f(2/2), ja(—z/2) ] |i); 


eee eg 


(2.2) ae 


f(z/2) and j,(—z/2) are the nucleon and pion current operators, respectively, and 


Greek subscripts @ and # are the isotopic spin indices of the incident and the 
outgoing pions, respectively, and K=(p,+h,)/2. We have omitted the contribution — 


from the equal time commutator for simplicity. Here, we define the Feynman 
amplitude F,, for the latter purpose, . 


2/2 it eloyy poe 
(2-3) 


(m/2k. pF gat = (—1) \ d*z exp| —iK-z] (Rog 
/ P 


We aaounate the Mga into dispersive part (Mgqa)” and Bhearonee part (Maa) 
(m/2ky 7p)? (Mea \Pa 


= (—i/2) | d'2 exp[—iK- 2] (Ree|€ (zo) | f(z/ ae ae ie 2)) |p); ' ae 


(m/2ks pr)" (Moa) 4%. . 
=(-1/2) |d'z exp|—iK-z] (kool [f (2/2), ja(—2/2) | |Pr)- (2-4) 
In the same way Fy, is written as (F'ga)?+i(Fea)*.. Then as have : 
Cayo ers: 


(m/ 2k: pat)" Fpg) 4tes= (= 1/2) | dz exp[—iK-£] (hael {F(2/2)s jal =2/2)} 10 
(2-5) 


ee 


* Hereafter, we set #=c=1, and the normalization volume of system =1. 
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Mga can be expressed by the four-invariant functions in the form 
Mec=M deat(te, ta] M°/2, MY=—-A®+i7-QB™, (2-6) 


where, O= (ki th.) /2. (Mea)” and (Mga)* can be expressed in the same form 
as in (2:6). Then from the invariance under time reversal it can be proved that 
the invariant functions defined for the (Mga)? and (Mgq)“*in (2:6) are the real 
and the imaginary parts of the invariant functions defined for the Mj,., respective- 
ly. Mga can be expressed as the function of the following two variables :* 


f=— (k—k,)*, e=— (p,+kh)?=— (fith)’. (2-7) 


At some stages of calculation, however, it is more convenient to use variables (W”, o”) 
rather than (¢, 07), where W is the total c.m. energy of a pion and a nucleon. 
W? is expressed by € and o” as 


W7= —E +0". (2-8) 


Now we expect that the pion-nucleon scattering amplitude is analytic in the 
upper-half of the complex —€ or W?® plane for fixed values of o°. Then the dis- 
persion relations will be derived in the same way as done in Ref. I. First (Mga)* 
is divided into two parts: 


e 


(m/2ky pr)” (Mea) 11 = aii (1/2) \ d*z exp[—7K-z] OPO 2) |Pi>» 


(m/ 2k; p;")"" (Mga)ata= + (1/2) \d'z exp[—iK-2](Rye| ja(—2z/2) f (2/2) |pr)- 


(2-9) 
Then, from (2-5), we obtain 


(Fea) “= (Mea)i— (Moa) 2- (2-10) 


In (2-9) we may expand the matrix element of operators into the product of the 
matrix element of an operator by inserting a complete set of states labeled by the 
quantum number 7. Then, in (Mg,);, the term coming from the one-nucleon state 
becomes the “ renormalized Born term,” and*the term coming from the one-nucleon 
and one-pion state becomes the imaginary part of the pion-nucleon scattering 
amplitude. Here contributions from the terms of higher mass spectra such as one 
nucleon and two pion, etc., are neglected since these neglected terms might not be 
important in the pion-nucleon phenomena at low energies. While in (Mea), the 
lowest mass state is a two-pion state. The contribution from this state can be ex- 
pressed by the product of the pion-pion scattering amplitude and the unphysical 
pion-nucleon scattering amplitude. Here contributions coming from the states 


* The relationship between these two variables and (w, o?) defined in Ref. I is 
mw (defined in Ref. I) = (1/4)o2 (defined here) — (1/2), 
o? (defined in Ref. I) =(1/4)o?2 (defined here). 
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higher than the four-pion state are neglected by the same reason as stated for 
(M,a):- Dispersion relation should be subtracted once at least, since, for instance, 
the contribution of the equal time commutator to M,, does not contain the variable 
€. In fact we subtracted the dispersion relation once. Here we introduce the notation 
0A™ and 0B for the contributions of pion-pion scattering to the M., namely 


(Ma) 2=%pa| —9A™ +77-QO0B™ |4+[ 72, ta|\/2:[—0A+77-QO0B™ ]. (2-11) 
‘Then the dispersion relations in question may be written as 


Im A‘*(W”, o°) 
(W”?—o*) (W?—o?+¢—2€) 


AME, 0) =A, o°)—(E/n) | d(w) 
(mp)? 
Seat o  OA MEN 6?) 
= ta A ee 
ee E/ (2/848)? 
GC 


(Gn? — o’) (mn? ee 2) 


(ero) = B06) —s 


—@/z) | aw’) 


‘ 
(m+)? 


dB (é, 0°) 


21 (ie ioe 


ImBY(W”, 0”) us ng ss ) 
(W?— 0?) (W?— 0? +é—i€) Se Me 


2 


cs 


(Ql 


where (G?/4z) = (2m/p)*f?, and f?=0.08. A“ and B™? are regarded as the Feyn- 
man amplitudes. The explicit forms of A™(0, o*) and B (0, a”) will be given 


in the next section. As they are forward pion-nucleon scattering amplitudes, they will | 


be expressed easily by using the dispersion relations given by Goldberger, Miyazawa 
and Oehme.” Therefore, the right-hand sides, except the last terms, of these dis- 
persion relations may be considered to be known, if we express these by using the ex- 
perimental data of the pion-nucleon scattering and its coupling constant f. In this 
sense we introduce A,‘*” and B,‘*’ corresponding to the equations of A‘ (€, 0") 
and B'*)(¢, 0”), respectively, as 
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Sap Loses UE eps) 
(W?— 0?) (W?—0? +€—1€)’ 


AG, ot) =A%(0, o)—G/a) | dw) 


(m+2)2 


“ab A Gi 
B (+) é 2 — B®) 2 —¢ 
eae Ong) (m? —o*) (m?—o? +6) 


(E/n) \ aw) 


(m+ 2 


el aid CUE oo ge 
W?—o*) (W?—0? +F—i€) | 


(2-13) 


Then dispersion relations may be written compactly as 
haa dA) (é!, 6”) 
£ gt =} Le RN at A 
A®(E, 0) =A (E, 0°), — (/2) ; ee a (ae 
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oo 


BY (4, 0°) =B, (é, 0°) — (/z) \ e 


4? 


oB~ (e"; o”) : 


ee Sees 


(2-14) 


First, we shall calculate the contribution of the pion-pion scattering to (M 3a) 2- 


The expression for (Mgq)» 1s 


(m/2k," pr’) ?(Meadats=% >| a d’* t,(2(27)*) 18(p— B—t 4) 
apr y 
x (Real ja (0) |trertoer) (trar tear|f (0) |pi); (2-15) 


where ¢, and % are the four-momenta of the ingoing or outgoing pions, and Greek 
subscripts a’ and /%’ are the isotopic spin indices of these pions. The integral over 
intermediate states should be understood to be the average of the integral over “ in” 
states and the one over ‘“‘ out” states. The matrix element of j,(0) in (2-15) is 
the pion-pion scattering amplitude. If we limit the partial waves of pion-pion scat- 
tering amplitude to the S- and P-waves, this matrix element may be written by 


the requirement of Lorentz invariance in the form: : 
< Rejs|'f5(O) | tier Ealor> == AEC BAY 2°.) ASFA (6/4) Hp) 
x {exp[—705(¢) | sinds(F) (1/3) Aap Gar ar 
+3 exp[—70,(¢) ] sind, (¢) (1/4) (4—4) (A +h) ILE/4) -2# 7 
X (1/2) [C2ar Pee: — par Pag )} 5 (2-16) 


where 6, and 0, are the S- and the P-wave pion-pion phase shifts, which corres- 
spond to the total isotopic spin state of the pion-pion system J=0 and J=1, re- 
spectively. (It should be noted that the J=2 state in the pion-pion system does 
not contribute to nucleon-antinucleon scattering.) 

As the matrix element “(.) (tiatoa/|f(0) |p.) is equivalent to the matrix ele- 
ment of the process N(p,) +2(—tar) 2 (teer) + N(p.), this may be written as 


tras tren f (0) (1) = — (m/b2) "7 (1/42, be?) ?[— A, 0) +i7-O' BE, o”)], 
(2-17) 


where €=— (4+), o?=—(p,—14)? and Q’= (4,—t,) /2, corresponding to the re- 


versed sign of the energy of an initial pion. It. should be noticed that this ¢ is 
identical with ¢=— (k,—&,)* defined previously due to the energy momentum con- 
servation ¢,+f,=k,—k,. Therefore the latter calculation becomes simple. This is 
the reason why we choose ¢ as a variable. 


Substituting (2-16) and (2-17) in (2-15), and performing the integration 
over the variables of the intermediate state, MM, may be written in the form 


(Ma)2= 9a Re[exp[—id, (4) ] sin ds(2) a (2) ] 
+ ([<e, ta]/2) {Re[exp[—70, (¢)] sind, (é)a™ (é, a) | 
—iy-Q Relexp[—i0, (€)] sind, (6b (6) J}, (2-18) 


eS ee 


Cae 


+s 


~ where the following: abbreviation is used, 


Brews Ay eat 


Sa adh een diel tela i eal oD cio aA ie 


may be written as : 
{ = 


al wae 


‘ , : : | ™ 
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wa at 
= =~ , e ts 
where a*(€), a‘ (€, 0”) and b(€) are written as follows: tO 
= v / x ., 
a (é) as | dol AMG, o/) 4 Buca (pi+ps, ty—t,) BY (4, o”) |, ~ by. 
. hs (¢/4) —m? : 


Say ota Piast Sb, dk) diy 55 7 . 
b' 1) =|ae" : ‘@/4)— | (6/2) - 08+ mt +e) a 


— 4 (E/4) —m} (6/4) — 2} yi, 


x | ki the) (pit Pe; tty) f a {(¢/'4) —m’} (hitks, =n) BOE, or) ae 


s1G, ofa 2 Gat btN) (ago tm[ 16/2) tm te 


—4{ (2/4) —m'} {E/4) 18} | 


x| -Ry+ Re) (ky +h, b—t)/2— {(€/4) — ps (pit pa, n—t) (BOG, a) | > | 
(2-19) 


| dg'=@"/n) [(é/4)-— 2)" | de, diz) (Pi— Pr—-h— bh) A(t +P) Ot FPO) I). 
\ a ‘ “oy Rie’ 


Choosing the Lorentz frame characterized by the condition Pi—p.=0,* we 


further reduce to the following angle integrals: belis 
ial: : ality 


1 
, ? BAY Es Gp ‘e - 
a2) = (1/2) | dx| AMG, pit) ap eee = 2) BOE, o”) |, 
eS e nit ng \ 
! 1 7 
b@ (2) = (3/4) | dx(1—2*) B™ (é, «”), 
ail ne a 


aE, o*) = (3/2) {— (07/2) + (6/4) + Gn? +4) /2}a @), 


1 al 
a (2) aes dewA, 0%) +7 | dx{(32'/2)—1/3 BOG, 0), 
ty 


a4 ve 
(2-20). 

where ys 
| 7 LP ((€/4)—m’)*?, g= (e/4)—)"” and o? =m? +p) +¢/2—2p qx. 
By identifying (2-11) and (2-18), the explicit expression of sA® and B® pee 


*. This may be possible because of &>4p2. See the footnote of Ref. I. 
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0A (é, o?) =—Relexp[ —70s(¢) ] sinds(¢)a™ (F) ] 
OB) (Gon) =O 
dA (€, o?) =—Re[exp[—i0,(¢)] sind, F)a §, o)] 


6B (&, o?) =—Rel[exp[—i0,(¢) ] sind, (F)b~ (¢) J. (2-21) 


Hence if we express 0A‘*) and 0B® explicitly, we can write the dispersion 


relations in the form 
Re[exp| —70,(€’) ] sind. (<)a™ (1) 
/ (€/ —F —i€) 


AM, F) = AG, o) (¢/z) | ds" ; 


2 


4. 

Bes: o°) =B, CE, o)} 
(2-22a) 
: ¢ EIR —10,(e/ ind, (E) aM (€', o? 

BOCA AOE Ob e/ns| ea ee 

A Ss S$ S : | 

= ° i eae / / bo asi | 
BO (S, 0?) = B{ , 0°) + (¢/z) | aeRelesel peee eS Kad io Bs 
: a 


(2-22b) 


§ 3. Integral equations 


Now we shall derive the integral equations satisfied by a (€), b(€) and 
a\-(€). We begin with a (2), (2-20). 

Although A“ (¢, 0”) and B' (¢, o”) in the expression for a'*)(€), (2-20), are 
unphysical scattering amplitudes, they may be obtained by continuating analytical- 
ly (2-22a). Then a‘*(€) becomes 

eG) —airG) + @/a) | ae Relerel=)] sci 8 eee 


4u? 


where 
1 
Gare (¢) = @y2) | dx {A ( oa!) +2a(¢/4—p?) (pq) —1 mB, (= o!)\ ; (3 : 2) 
=1 


Since a,"?(€) is considered to be a known function, this is an integral equations 
satisfied by a‘')(€), where the kernel is an S-wave pion-pion scattering amplitude. 

Similar equations may be derived for 5‘ (é) and a“)(¢). The integral equ- 
ation satisfied by 6 (€) is 


gene L[exp[ — 0, (¢’) ] sind, (¢)b™ (€/) ] 


#1 Cent) > 


(3-3) 


bE) =b,> (€) + (E/n) i 


4? 
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where 


Pit Sees tee 


‘ie 


by (2) = (3/4) | ded —2)B,€, ”), (3:4) 


and the one satisfied by a‘(¢) is 


Kn > PEE On 


a’ (6) =a, (F) + (€/x) | d=! 


4u." 


Re[exp[— 70, (€’) ] sind, (€’/) a (€) J 
&/ (€/E—7€) A 


(3-5) 
where 


a: (€) = (1/49) \dex A? (é, 0”) + (n/p) | dal (82°—1)/21B,° (ecuay. 


Stag Lhe Ba a ee Re er Rte 
i alas Nae tae A A re at) ee Set ee ees 8 a Et 


(3-6) 
In general the form of these integral equations is as follows ; ; 
cn ern (yey Relexpl—70 €) Jsind DFE] : 
tS) =fi(§) + (&/m) | ae ; &/(€'_§—7€) c (3-7) 
4 
According to Omnes® the solution of this integral eqation is given by 
“ —a(éel i O(c! =/ 3 
fi) texplo@)]E/a) | a cxpl = See NS) ito = ga 
f@= : : | 
; : reset yiy P gay expl— 006) ] sin dE) AE) 
Ald) +esplo(@)] eli) 16/9) | d? HE eee 
; for €>4p? 
(3-8) 
where 
o(€) = &/n)P \ de anti-H P. (3-9) 
4? 


Here we ‘have assumed that f,(€) is real and that the function in question 
behaves properly at infinity. In order that the method is useful, the functional 
form of the phase shift of the pion-pion interaction must be known. Now we 
have no knowledge about the behaviour of the phase shifts, but since dispersion 
integrals may contribute at low energies owing to the energy denominator, we 
may expect that the results are insensitive to the behavior of the phase shift at high 
energies, so we assume that the energy dependence of phase shifts is given by a 


scattering length approximation. 


tan 05(¢) = (a@s/2) (§—4py)'?, tandp (€) = (a@,/2)* (E—4py?)?? (3-10) 
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Then after elementary calculation, exp[e(€)], except for constant factors in- 
dependent of (3-8), is given by: 
(for S-wave) 
(2+ Clats|/2) (4pr—Ey"y #9 for F< aye, 
exp[p(§) | = fe + (as/2)? (€—4p") Teta for €>4p2, 
(for P-wave) 
[{1— (eze/2)? (p24) }/ {1 — Clael/2)* (42-2) 89} PO? for € < Ape, 


a [{1 + (@p/2)? (E42) } / {1+ (ap/2)° F—4) PPT ECP for £> 4p, 
(3-11) 
where 
L2toncr 0 
sei | 
—l for x<0. 


From (3-8) and (3-11), the final expressions of A“ (€, 0°), BO (€, o*) and 
AM (&, 0) for €<4y2 and for positive scattering lengths, for simplicity, are given 
by 


aes r= La 2\ 1/2 ~ (+) (Er 
AME, 0) =AME, 0°) + ante | ee 


1+ (a5/2) (4—€)'? x Er (16) ; 


au. 


BS (§, o”) == Bye (§,0°) 


1—(a,/2)?(42—6) ¢ {a (a2p/2)* (1 —4p2) 925, (EN) 
1— (a,/2)? 4U—5)3? x &1(€/—E) [1+ (ap/2)? (€/— 4p") ] ? 


= 
(EF Va A Ore G2 1—(a@,/2)? (4 —*) 
AM, 0°) =AL(E, a) + 1— (a,/2)* (42—8)? 


(ct /2)*(E'— 48)" (8/2) { (nt + 18) /24 §/4— 07/2} aE) 
5G —8)|1+ (a,/2)* @ 4) : 


x | ae 
7 9 


47 


(3-12) 


In order to apply these relations practically, the case for <4? is useful, 
because only this region contains the physical pion-nucleon scattering. In these 
relations all the quantities other than scattering lengths are expressed in terms 
of the experimental phase shifts of the pion-nucleon scattering and the coupling cons- 
tant f°. Therefore we can estimate the magnitudes of the scattering lengths from these 
dispersion relations. Similar relations might be formally written down for negative 
scattering lengths. 

Now we shall give explicit expressions for A,‘*)(€, 07), B,®(€, 0”), a, (é) 
and 6,(¢). As A®(0, 0”) and B (0, 0?) in (2-12) are forward pion-nucleon 
scattering amplitudes at the cm. energy W= (07), these may be expressed in 


pee Wey hte 
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terms of the scattering amplitudes given by Goldberger, Miyazawa and Oehme,” 
as was stated previously. That is, 


ANOS) AMTKO, (m-7t)7) + 41/2) d( Ww”) ImA™(W”, 0) 


(m+ 2)? 
a {]2/ (W?—o7) + 1/(W? +a? 2¢mt-+#2)) | 
= [1/1 = n+ 1)9) £1/ WP (nt 2)*=20n" +12) |, 
and 
B06) =B™ 0, Gn-Pe)*) +G? {| 2/2") + 1/(nt-+0*—20nt-+2)) | 


—[1/(n'— (m+ f)*) F1/ (mv? + (m+ p4)?— 20n?+p4)) |h 


+(1/2)\ d(W”) ImB™(W®, 0) {[ 3/72") F1/(W8 40% 2(mi-+/2)) | 


(m+)2 


— [1/07 On 1") F1/(W"+ no) 2 (mi+08)) |p. (3-13) 


Introducing ImA®(W?, €) and ImB(W”, €) and taking into account the re- 


lation 
cos0=1+€&/(2q°) =1+ (o?— W*) /(2q°), (3-14) 


where 6 and g are the scattering angle and momentum in the c.m. system, res- 


pectively, we can rewrite A,“)(€, o*) and B,“)(¢, o*) in the following form, 
Ai (§, 7°) =A“ (0, (m+P#)’) 


+ (1/z) \ dw”) {[imaecv, £)/(W8—o!+£—i8) 


(m+)? 


+Im A (W”, 0)/(W8 +02? +12) | 


—Im A(W”, 0) [a/cwa— (m+p)?)41/(W?+ (m+ 1) —2(mn" +12) [h 5 


B,™ €, 07) =B™ (0, (m+#)’) 
a {[1/@nt—0+4) F1/(m?+0?—2(m*+/")) | 


—[a/ ort = Ont?) FA/ (m+ (me 1y* 20-12) | 


+ (1/z) j d(W") {1m cw", &) /(W8—0? +6 —i8) 


(m+)? 


ae ee ee cael? kg 
Fat ae a he ree 


A 


Tet eee 
a 


eh ee 
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FImBX® (W®”, 0)/(W8+08=2(m"-+ 8) | 


—ImB (W", 0)| 1/(W?= n+p") F1/(W2+ (om +1) 20m'+94)) | 
(3-15) 

It is convenient to compare these forms with the dispersion relations given by 
Chew et al.” ImA@ (W?,6) and ImB™ (W?, €) or ImA™( W?, co”) and ImB™ (W?,o*) 
are assumed to be able to expand in partial waves and particulary to dominate 
S- and P-wave amplitudes. 

Substituting A, (€, 0?) and B,*)(¢, o*) in (3-2), (3-4) and (3-6) and per- 
forming the integration over angle x, we obtain the final expressions for a,‘*’(€), 


—b,0(€) and a,(€) given by 


a ($)=AM (0, (m+#)’) 


+ (1/7) \ dw") | CW", #)[1maecw, ©) +Im AM (W%, 0) | 


(m+ je) 


—|1/0V" = (m+ 19") +1/(W"? = On—1)') |ImAM CW, 0) 


je (m/(4m?—§)){ (1/2) [ d(W”) \FW", 5) [ImB cw", é) 


uv 
(m+)? 


4+Im BY (W?, 0) |} 426? Ja(m’, |, 
b, (§)=BO (0, (m+p)’), 


vu gee) { d(W?) {7,¢w", 8) [mB W", é) +ImBO(W?, 0) | 


(m+ 12)2 


—Im BO (W”, of 1/cwe— (m+ /)*) +1/(W?— (m—1)?) | 


+G? |2Is(m', €) —|1/(mt— (m+ #)*) +1/(m? + (m+ p)?— 2(m'+14)) | > 


ee J 
a, (8) =— (1/n) | d(W") J,(W*, é) [Im aoc, é) 41m AC (W?, 0) | 
(m+ e)2 \ ‘ : 


— (4m/(4m?—¢)) |26" Jem’, é) 


+ (1/2) | 'd(W”) J,(W?, $) [mB Owe, €)+Im BO (Ww?”, 0) || : 


is (3-16) 


n+)? 


a 


" 
q 
q 

. 
iy 
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where . 
J,(W”, ©) = (2/8) tan (8/a) 
J,(W”, €) =2 {1— (a/f) tan™*(8/a)} | 
Js(W™, ©) = (3/8) {— (@/8) + (+ (@/f)*) tan™*(B/a)} 
JC W™, €) = (16//) {1— (@/f) tan (8/a)} 
Js(W™, ©) = (2/8) {(3/8) — (1+3(a/f)?) tan*(8/a)}, 
and 


a=2W?—2(m? +) +¢ 
B= (4m? —6&)¥? (€—4p2)1”, 


J;(m’?, €) is obtained by exchanging a for —2v?+é in J;(W”, €). Finally we add 
one remark that a," (€), b,°?(€) and a,“ (€) are real. 


§ 4. Numerical results and discussions 


At first we shall estimate S- and P-wave scattering lengths for pion-pion scatter- 
ing by comparing dispersion relations with experiment. Practically, the following two 
methods are used: I. Regarded as the functions of € and o’, scattering amplitudes 
are differentiated with respect to ¢ for fixed o*. They are evaluated at ¢=0 and 
o’=(m+p)’, i.e. for forward pion-nucleon scattering at zero kinetic energy. II. 
Regarded as the functions of € and W*, scattering amplitudes are differentiated 
with respect to € for fixed W®. They are evaluated at ¢=0 and W*=(m-+yp)’, 


i.e. for forward pion-nucleon scattering at zero kinetic:energy. These choices en-— 


able us to simplify the principal part integration and it turns out that convergence 
of integrals is good. Now, in order to compare 0A‘*?/0= and 0B’/d¢ thus obtained 


with experiment, one must express these 0A/0¢ and 0B™/d¢ by the experimental — 


pion-nucleon phase shifts. Unfortunately, however, these extremely depend on 
the D-wave pion-nucleon phase shifts in both cases, and on the P-wave effective 
ranges in case I. Therefore we do not know to what extent the neglect of these 
contributions, assumed in Ref. I, can be trusted. Though we shall discuss later 
on this point, we can avoid this difficulty in the following way: We begin 


‘with the combined dispersion relations A“’+(W-—m)B™, then the contribution 


from D-wave phase shifts and P-wave effective ranges are eliminated exactly ; 
namely differentiating the identity 


A®+(W—m)B®=42(2W) fi”/(E+m), (4-1) 


with respect to € for fixed o” or for fixed W” corresponding to cases I or II, re- 
spectively, we obtain the following identities, 


(0/05) A‘ (€, o7) + (W—m) (0/05) B® (é, o) 
= (1/2W) B® é, 0) — (0/8W) (42(2W) fi /(E+m)) for I, (4-2) 
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(0/86) A (W?, €) + (W—m) (0/85) B® (W”, §) 
— (8/08) (42(2W)fi/(E+m)) for I, (4-3) 


where we follow the notation given by Chew et al.” 

In the real part of (4-2) or (4-3), the contribution of S-wave pion-nucleon 
phase shifts is estimated to be negligible in case I or is.zero in case II re 
spectively. Therefore it is sufficient to consider the contribution of P-wave pion- 
nucleon scattering lengths in the real part of the relation. 

The numerical values of (0/0¢)ReA®+p(0/0¢)ReB™ and (0/05) A, + 
2(8/8€) B\* are shown in Table I for both cases I and II. Here we used ex- 
perimental values reported by Puppi at CERN Conference” for the pion-nucleon 
scattering lengths in (0/0¢)ReA™+p(0/0¢)ReB™, and use the empirical formula 
given by Anderson™ for the (3, 3) phase shift and pion-nucleon coupling constant 
f? is taken as f7=0.08 in (0/05) A, + 4(0/05) B,™. 


Table I. Numerical values of (0/0€) REA +(0/0&) Re B@ and (0/0&) A, + 4(0/0€) By. 
Here, subscript A or B indicates the contribution from A@ or B@ respectively. Errors are 
inserted. The pion-nucleon coupling constant is taken as f2=0.08. 


| (0/0€) A, + 4 (0/0) B, 
(O/0E) ReA+pn(0/0E) Re B | (3) 
(u8) | Born | Dispersion Integral 
Charge state I : +0.38=0.2 | — 0.87 6. (—0.70) 4+ (1.00) g= +0.300.1 
(+) I +3.10-£0.4 +117 2.00) 4+ (0.01) p= 1.01+0.1 
Charge state I —0.51+0.2 — 0.87 | (0.35) 4 s (—0.50) ae —0.15+0.1 
(=) II ~1.97+04 —117 | (—0.65) 4+(—0.07) p+—0.72+0.1 


The error in the real part is due to inaccuracy of the pion-nucleon scattering 
lengths. In case I, the scattering lengths ay, a3, as; and a3; should be expressed by 
experimental data. Because of inaccuracy of a; and ay, particularly, the real part may 
have the error of about 50% of the absolute value in case I. In case II, on the other 
hand, only two scattering lengths, a; and a;;, are contained in the real part, so the 
error may be relatively small, i.e. about 10~20%. From these considerations, we 
get the values of (0/0€)ReA™ + (0/0)ReB™ as shown in Table I. 

The error due to inaccuracy of evaluating the dispersion integral in 0/0€ A, + 
+1(0/0)FB, is assumed to be 10%, the inaccurate small phase shifts and the un- 
known behaviours of the scattering amplitude at high energies over the 0,; dominant 
energy region being taken into account (although, numerically, the dispersion 
integrals converge very rapidly under the assumption of 03; dominance in both cases 


I and II). From these considerations we get the values of (0/0€) A, + 4(0/0€) B, +> 


as indicated in Table I. 
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Using the values in Table I, we write the numerical values of the following 
quantity as 


(3/88) Re A + (8/8) ReB — (8/88) A, — (8/88) By? 

M4 ees (0.87) »— (0.30 + 0:1) ;Ju-2= (0.95+0.3)p-* I 

~~ (f(8.140.4) e— (1.17) p— (1.01 40.1) Je?= (0.92+0.5)e, I 
(3/82) ReA™ +2(8/08) ReBO — (0/82) Ay — (8/88) By 

— ([(-0.51 0.2) 2+ (0.87) 2+ (0.15-£0.1) |e (0.5140.3)2-° I 
ES ae Ten er tee 


(404) 


where the subscripts R, B and J mean the contribution from the real part, Born 
term and dispersion integral, respectively. . 

On the other hand, if we differentiated the pion-pion part of the combined 
dispersion relation (see (3-12)) with respect to € corresponding to I and II, we 
would find that both results are the same as far as the once-subtracted dispersion 
relation is correct. By virtue of the dispersion relation, therefore, the contributions 
from pion-pion scattering are numerically given by 


foo) 


heap et Sd | ae" Cary as 2) a0 90 08 te os ET 
1+(a;/2)2 7 J, én s 


(4-6) 
rh 0:92 0.5 :4-*, tor. UH, ' 


1—(a,p/2)*4 1 { di! (a,/2)* (&'— 4p?) *? [pb (&) — (8/2) mea? ED] 
1— (@p/2)*(44)? x J, EA(1 + (ap/2)9 (S'—4¢") ] 


(At) 


0.514-0.347 for 1; 
—0:083-0:52° for I, 


‘where the left-hand side is written for positive scattering length for simplicity. 


Thus the difference between I and II should be considered to be due to the errors 


occurring in our approach. 
At first we consider S-wave (I=0) interaction. In Fig. 1 we plot numerical 


values of the left-hand side of (4-6) for particular as. The dotted lines show the 
values of the right-hand side of (4-6) for I and I. Dispersion relations for 


negative scattering length being not written till now, these results are added in 
Fig. 1. From Fig. 1, we obtain, irrespective of our choice of I or II, 


agwl/p. 


The result is interpreted as follows: Pion-pion interaction is attractive in the © 


S-state with the scattering length of the order of one pion Compton wavelength. 
This result agrees qualitatively with that of Ref. I in which the contribution of 
D-waves for the pion-nucleon scattering is neglected. 
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(p-*) 


Gs (7) 


_ Fig. 1. Numerical values of (4-6) versus as 
The solid line represents the value of the left-hand side of (4-6) for any 
as;, and the dotted lines represent the values of the right-hand side of (4-6) 
for case I and for case II. 


About the P-wave pion-pion interaction, on the other hand, the situation is 
more complex.. The right-hand side of the P-wave pion-pion dispersion relation 
(4-7) depends upon whether the result of case I or that of case II is taken, 
though the results might be considered to be consistent within the limit of errors. 
According to case II, the right-hand side of the dispersion relation, accordingly the 
pion-pion part in the left-hand side, becomes zero. In fact, if we calculate a pion- 


pion part of the left-hand side in the static theory, the integrand of this term be- 


comes zero. (This is advantageous for case II, but case I is not excluded, because 
the pion-pion part may be able to have a small value due to the relativistic effect.) 
Here it should be noticed that vanishing of the pion-pion part does not always 
mean a,=0; it means only that a, cannot be well determined from a combined 
dispersion relation (0/0€) A‘?+ (W—m) (0/0€)B™. Not only the difference be- 
tween case I and case II which might be considered as an error of the right-hand 
is large, but also the pion-pion part in the left-hand side cannot be estimated pre- 
cisely, since the integral involving a‘(¢) does not rapidly converge. 

‘Anyway, @,» could not be well determined from the dispersion relation 
(0/0¢) A + (W—m) (0/0) B™ which was combined in order to cancel D-wave 
pion-nucleon phase shifts. If D-wave pion-nucleon phase shifts are negligibly small 
or experimentally determined in future, then a, can be estimated by using the relation 
for B™ only of which intergrals converge rapidly. 
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In Ref. I, under the assumption that D-wave should be neglected, a, is est- 
imated by using B™ relation. Validity of this approximation, however, is doubt- _ 
ful as was mentioned previously, so we wish to add the contribution from D-wave. 
If we take for this the value of D-wave phase shifts estimated by Chew et al. as 
the first trial, then the conclusion of Ref. I does ‘not change, i.e. . 


ap~0.4 p07. 


The conclusion of Ref. I that P-wave pion-pion interaction exists may be consider- 
ed to be favorable, but in any case this conclusion is not definite since the adopt- 
ed D-wave phase shifts are not accurate enough to be trusted. Thus we could not 
obtain a definite conclusion about the P-wave pion-pion interaction. 

Now we should like to make a remark about the behaviour of the pion-nucleon 
scattering phase shift 0,,. According to the previous results, it may be allowed to 
take the value of contributions of pion-pion scattering to affect the pion-nucleon 
scattering amplitudes as 


[(0/384) AM), _.s=1.0p7 
[ (0/5) BO), -s= 
[ (3/06) A +2(8/86) BO ),_, p=. 


This last choice is insensitive to the tendency of 0,,. Then, the contribution of 
pion-pion S-wave scattering to 0,,; and 0,; are 


(Asa) «es= (Ox) ees (1/62) q°[ (E+ m)/(2W) J 8/88) A ]enns*¥0.05 9°/ 18. 
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Fig. 2. Pion-nucleon scattering phase shift versus momentum 

The dotted curve represents the contribution only of the 

Born term to 6,, and the solid curve represents the sum of 

the contribution of the Born term and that of S-wave pion- 
pion interaction. 
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The dominant contribution except that from pion-pion to the 0; may be ‘ Born 
term contribution ” according to the Chew-Low static theory. 


(O13) torn = — (2/8) f? g/op~ —0.05 g’/of? 
Combining these results, we obtain 0); as 

bys = 0.05 (9/8 — 9g /wf?) =3°(¢/H—F/of). 
This rough estimate shows that 0,,~0 at low energies, and that 0; increases. 
positively as the energy of pion increases (see Fig. 2). This behaviour may be 
consistent with the recent experiment. 

Finally, we comment on our treatment. ImA and ImB in the inhomogeneous. 
term are assumed to be able to be expanded in partial waves, and the integrals 
involving these are assumed to converge properly. In fact, this may be open to 
question. But this is beyond our present consideration. Besides, our dispersion 
relation does not satisfy the property of crossing symmetry. On this point, 
further more systematic study, for instance, by Mandelstam’s double representation,” 
should be necessary. 

~We mention here that Frazer and Fulco” independently applied a similar 
method to ours to the problem of electromagnetic structure of nucleon. 

The authors wish to express their gratitude to Professor K. Nakabayasi for 


his interest taken in this work. We also wish to thank Professor I. Sato for 
valuable discussions. 
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A Solution of the Combined 
Gravitational and Mesic Field 
Equations in General Relativity 


Ratan Lal Brahmachary 


Research and Training School 
Indian Statistical Institute 
Calcutta 35, INDIA 


January 4, 1960 


Tolman” has pointed out the paucity 
of solutions of the non-linear  field- 
equations of General Relativity : 


(a) —82xT {=e ('/r+1/r’) 
—1/r*+A 
(by) —8eT = —8aP? 
=e |0"/2— 1/4 (1) 
J yf — jy! 
+ 07/44 2="} +A 
at, 
(c) —8aTf=—e"("/r—1/r’) 
—1/r?+A. 
The same reasons contribute to the very 
great difficulties in finding out the exact 
solutions of the combined gravitational 
and electromagnetic fields,—the simplest 


of which is the Reissner-Nordstrom 


solution. Further solutions have been 


- attempted?» following Tolman’s meth- 


od” of assuming suitable values of e” 
or e* and then fixing p and p. Asa 


further exercise of this type, we may 
attempt solutions of the combined gravi-. 
tational and mesic fields. 

In spin 0 case the mesic tensor is’ 

me a6 + 3g" (EG BN) 
5,=08/82". (2) 
Further, in this case, we may establish 
a scalar potential 6=1/r-e~”. 

Taking the interval as ds?=e*dr*?— 
...+e’dt? and considering — spherical 
symmetry and 0¢/d0t=0, we find 

m= 5"6 +40" (C—O) 
6,=06/0r, 
for 6 depends on r only. We now in- 


troduce or =exp| —= (A+y) | 2 


(cf. the analogous case of an electro- 
magnetic field (6)], which, as we shall 
see, admits of a certain solution of the 
field equations. 

Thus 


mi=g"g" xX? +4 gg (wo? ; J 
me=m®=m*=4[o?— (X*) de] (8) 
putting X=06/dr 
=| (ey) 7) sak) = Coe 
Thus we have for the space-time 
around a particle of mesic charge (within 
r>0 to r~10~") the field equations 
—Fi=— (Ti +m!) =94 X* 
+AP BO] FE 
—F=—(T?+m;) 3 


) 


where 
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=} (88-8) te" /2~ 
—Fi= =P (Ti +m) 
=4 EV FH) eH A) 

Transforming these according to Tol- 
man” we have finally e’=Const 
aye (el) / ro 

= \2/r-e*Xtdr 
(b) , :p+me=e/7?—1/7r?+A (5) 
(c) ptmi=e(4/r—1/r’) 

+1/r?—A, 

(5a) immediately yields the value of 
e—*. This together with the help of (5b) 
fixes the value of ». Thus, by following 
this method, we cannot find a solution 
of the mesic field occurring in strictly 
empty space. Imagining, therefore, a 


nucleon in non-empty space (p, e40), 
we find a possible approximate solution 


Or (3) 


(considering that 1/7 is negligible with 
respect to1l/r* (710 “)) 
e*=const 
e*=1/(1+e’e”+(r’)). 


We can have positive values of p 


within a certain region. The negative 


value of pressure may correspond to the 
short range attractive force. 

This solution is valid within a certain 
region r=7,, the radius of the nucleon 
up to r~10-*. 


1) R.C. Tolman, Phys. Rev. 55 (1939), 364. 
2) . Brahmachary, Nuovo Cimento 4 (1956), 
216. 
3) Ae Brahmachary, Nuovo Cimento 5 (1957), 
1250. 


»4) R.L. Brahmachary, Nuovo Cimento 6 (1957), 


1502. 

5) Schweber, Bethe, and Hoffmann, Fields and 
Mesons, p. 100. 

6) A. S. Eddington, The Mathematical Theory 
of Relativity, p. 185. (1924). 


The Phase Shift Formula in the 
Improved WKB Method 


Haruo Moriguchi 


Department of Physics 
Shizuoka University, Shizuoka 


January 18, 1960 


Recently the author” has developed a 
new method of successive approximation 
to express the asymptotic solutions of a 
class of linear second order differential 
equations in the region containing turn- 
ing points. According to this method, 
which is essentially a modified form of 
the WKB method, the phase shift formula 
for the radial wave function of the 
Schrédinger equation can be given by 
means of a simple procedure of iteration 
as follows. 

When the radial Schrédinger equation 
is written as 

d’R PA Bis 


BV 
dr’ a5 r ar +( (r) 


— AD R=0 G2 Dnata 
: 


or 


2 
ays +(#— Vine ee )x0=0 
aa ye 


(R= y)/7r), (2) 
then we have the phase shift formula 
0,=00+0n+0e+°, (3) 


where 


Bin" L44)"/2— dn, 


@ 


ape | {k— (B—1L+41)/p" 


Bn 


iF V,(e))**}do+kP,, 


x ~ = Ne tey ~ vad 


PR ae AE Tea Fs 
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Vira) =$n (a? gnit/drn’), 
V(r) =V Cr). 


by= R—1(i+ 1)/rina— Moth Tapa) 
Rk —1(1+1)/r,” 


> 


(4) 
8, is the zero of k—1(/+1)/e’— V,.() 
as a function of e, and r, is given by 


Tor 


\(e- \vde 
? 


a 


r—1 


re \ Ge 


Ta 


Bn-1 
(5) 
(@H=1(l+1)/P, n=r). 
For the deduction of the above formu- 


la, let us consider the equation of the 
n—1-th approximation, 


d? yn 1 - (e 141) 
jee 
Aies ie a 


Tn-1 


=Vur(rva)) Ins=0. (6) 
Introducing a transformation 
Yn= Pn Yn (7) 


accompanied by (5), we have 


ra 
dyn 4 (e— ELD _ vy, (r4)) a0, 


ai Tn 
(8) 
which is of the same form as (6). And 
in many practical cases V,(7,) is 


bounded everywhere and V,/Vr1= 
O(k), as is easily verified. Hence 


neglecting V,(7,) in (8), we haye the 


approximate solution of (6) as 
yn_1= const. Pn" Tn Ja(RTn) » 


where j, is the spherical Bessel function 


of order 7. For the large values of 7,, 


we have 
Yn-1~const. cos(krn— (+1) 2/2) 
Rtn~Rin—— Apr tl? (1 +1)1? 2/2. 


Now (6) is a transformed form of the 
fundamental equation given by the re- 
peated use of similar procedure. Hence 
the phase shift formula (3) is derived 
by returning to the first independent 
variable r. 

Even if 7=0, we can take @ and f,, 
as zero when the potential is finite at 
the origin. In other cases we should 
adopt other suitable transformations. 
instead of (5). | 

The first approximation 0, corre- 
sponds to the usual WKB phase shift — 
formula derived by Langer’s method,” 
which can also be refined by the use of 


the modified WKB method for a simple 


turning point (see §2 of reference 1) — 
and gives the following formula, — 


b= 06+ 04+ 00+ (9) 


where 


ais | (B—(+4)9/¢7 


—V(p))**—k} do~ ky, 


co 


4,/ = \ { (Ont) yh = ol ae 


—273 (n=1, 2, +), 
Qn (tn) =Pn (da? Gnt/adtn') 


(n=1, As 0) 
Gn (Ep) =tin {tna Qn-1 tn=1) 
(nek OS. ashy 
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ty—y 


i=" | @-Q.) de 


2 RA 

(n=2, 3, oe), 
Oya Jerr Vir) — Urs), 
De gee 1+4)? 
ara [{e— vip) SP ap, 


vy, and 7 are the zeros of t—Q,(t) 
and k°— V(p) — (+4)’/(’, respectively, 
and 4’ is the value corresponding to 4,, 
in the case in which V(p)=0. In (9) 
Oy» is the well-known WKB phase shift. 
-/Imai’s connection formula® also gives 
the correct result to the order of 0,;. 


1) H. Moriguchi, J. Phys. Soc. Japan 14 (1959), 
SWAP eas 

2) R. E. Langer, Phys. Rev. 51 (1937), 669. 

3) I. Imai, Phys. Rey. 80 (1950), 1112. 


Nucleon Structure and Bev 
Interactions 


Daisuke Ito 


Physics Institute 
Hokkaido University, Sapporo 


January 20, 1960 


In provious notes,” estimations of the 
most effective values of collision parame- 


ters in the several Bev pion-nucleon and 
nucleon-nucleon collisions have been 
presented by assuming that the elastic 
scatterings are shadow effects of the 
inelastic collisions. The obtained values 
are almost constant at least up to 6 Bev, 
and the value 0.8x10-"cm seems to 
have some internal connections with the 


charge distributions of the nucleon de- 
tected by the high energy electron 
scattering experiments at the Stanford 
University.” 

In this note, we shall attempt to ex- 
tract some information about the special 
extention of the nucleon from the Bev 
pion-nucleon scattering experiments. In 
order to get the notion of the special 
extension, we shall rewrite the inelastic 
cross section formula 


Ciggg aA wd (2/+1) |M (2) ig 
Z 
=a >\[(+1)*?—PHR]|MOP d) 
Z 
in somewhat classical form : 


Omet = 7 ay |M(Z) ? 4(P 2?) 


foe) ao 


>a | dy"|M(y) ?=22| ydy|M@) |? 


(2) 
by using “collision parameter ” y=2J. 
In this formula, the square of the 
matrix’ element |M(y) |?=|M(Z) |? may 
be regarded as the probability since the 
inelastic process takes place when the 
incident particle hits the nucleon at dis- 
tance y from its center. Therefore, if 
one assumes a_ spherical distribution 
F(r) of the probability per unit volume, 
then |M(y) |? may be written as 
IM(y) P= | d2FO/x* te) (3) 
where z denotes the coordinate parallel 
to the axis of the collision. 
(3) imto (1), we have 
na = A? 3} (2141) | de FW/RET2), 


—o 


Inserting 


(4) 


which gives the connection between 


oe grat fates 
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partial wave amplitudes and the form 
factor F(r) of the nucleon as a target 
in Bev collisions. 

Now, by assuming possible types of 
the form factor, we calculate the partial 
wave cross sections of 1.4Bev 2-p 
scattering” and compare them with the 
previously obtained phenomenological 
results.” 

(A) Gaussian form factor, F(r)= 
F(0)e7 "1? 

In this case, im, and the most pro- 
able collision parameters are given by 


Cine = aT! 2? F(0) $3 (2141) 
Z 


x exp{— (a*/a)*} (A-1) 


‘and 
kd)= |» dy exp{—(y/a)? 1} | yay 


x exp{— (y/a)*} A" a (A-2) 


‘Therefore, the parameters F'(0) and a 
are calculated from the experimental 
values of Om and (d)~0.8X 107” cm 
the results are a/t =3.5 and az*”s*F (0) 
=1.6 mb. Then, the partial wave cross 
sections are calculated by 


ed 


a" = (1.6 mb) X (2/+1) 
exp{— (Z/3.5)"} 


The results of calculations are illustrated 
in Fig. 1. They reproduce the qualita- 
tive features of the phenomenological 
results; however, the fit seems to be 
incomplete. So we have to examine the 
next possibility. 

(B) Exponential 
Fr) =F Oye" 


In this case, similar treatments lead 


form. factor, 


to 
CO met = 20k" aF (0) 2 (2/+1) 


<(2)x(2) wy 


where K, (x) =| dz exp(—2)/1+2") is 


the val Inoeae no ned Bessel function. 
The two parameters, F(0) and a, are 
determined as before, and we have a/x= 
1.5 and 2zz?aF(0)=2.4 mb. Then the 
partial wave cross sections are given 


by 


oie! — (2.4mb) (21+1) (4 5] Ky ae 


(B-2) 


(A-3) - 
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and the results of calculations are given 
in Fig. 2. The agreements are much 
improved. 

In view of many uncertainties in- 
volved, these results may not be taken 
too serious in their details. However, 
the above results seem to indicate the 
existence of rigid (energy independent) 


form factor. 


1) D. Itd and S. Minami, Prog. Theor. Phys. 
14 (1955), 198. 
D. Ito, S. Minami and H. Tanaka, Nuovo 
Cimento 9 (1958), 208. 

2) R. Hofstadter, Rev. Mod. Phys. 28 (1956), 
214. 

3) L.M. Eisberg et al., Phys. Rev. 97 (1955), 
797. 


A Subjective Generalization of 
Statistical Mechanics 


Kyozi Kawasaki 


Department of Physics 
Kyushu University, Fukuoka 


February 4, 1960 


In this note, we generalize an ap- 
proach to statistical mechanics recently 
proposed by E. T. Jaynes on the basis 
of information theory,” so as to include 
non-equilibrium phenomena. The basic 
postulate of this approach is to identify 
the phase space density describing the 
state of the system with the one ob- 
tained by the least-biased guess com- 
patible with whatever information we 
have concerning the state of the system. 

According to the information theory, 
this can be done by maximizing the 
quantity, 


s*=—|pInpdz, (1) 


under the condition that satisfies. 
certain constraints besides the normal- 
ization condition which represent all 
the information we have, where ¢ is the 
phase space density and 


[de 


is the integral over the whole phase 
space. For instance, given the average 
total energy of the system, we get a 
canonical distribution. For ergodic sys- 
tems, this approach reproduces all of 
the equilibrium and local equilibrium 
statistical mechanics, provided our in- 
formation about the state of the system. 
refers to a single instant of time. 

This viewpoint immediately suggests. 
a possible generalization. Namely, we 
can take information which refer to 
different instants of times, or to one or 
To illustrate the 
method, consider the case in which we 


more time intervals. 


know the average values of a macro- 
scopic variable Q(z) at the times t=4, &, 

, t, denoted by Q,, Os, «- oor respec- 
eae Then, the condition under which 
maximizing S* is written as (besides 
the normalization condition) 


| pQ(u)dx=Gy, k=1, 2,--:,r- (2) 


Applying the Lagrange multiplier meth- 
od, the least-biased guess for the phase 


space density is obtained in the following 
form, 


p=exp [At > 1 Qe), (3) 


where and #’s are Bet as functions. 
of Q,, O., «--, O, and ti, t, -*:, ¢. by in- 
serting Eq. (3) into Eq. (2) and the 


a ee ea es ee 
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normalization condition for p, and 
solving the resulting equations. 

The phase space density thus. obtained 
does not depend on time except on the 
fixed ones, 4, f, -*:, ¢,, at which the 
average values of Q are known. There- 
fore, it Liouville’s 
equation, nor describes the time develop- 
ment of the system. Rather, p should 
be regarded as representing a kind of 
history of the system at the times 4, 2, 


neither satisfies 


--,¢,. In order to find a relationship 
between our phase space density pe and 
the usual one p(¢) satisfying Liouville’s 
equuation, consider the case in which 
we are interested in the average value 
of an arbitrary variable R at a time 
t>0, given the average values of Q at 
the earlier instants of times 4, fy, -*:, t, 
which are all taken to be negative. 
Here every dynamical variable is re- 
ferred to the time zero unless specified 
explicitly. Supposing there exists some 
phase space density p(t) satisfying 
Liouville’s equation which describes the 
time development of the system at least 
for t>0, the average value of R, (R(t) ), 
can be expressed in either way: in 
terms of p and the time-dependent varia- 
ble R(Z), or in terms of R=R(0) and 
the time-dependent phase space density 
p(t). Thus we get 


(R)=f pROdx= | pOROAe. 
(4) 


Putting t=0 in the above expression, 
we have 


(RO) = {pR(0) dx= | (0) RO) Az. 


(5) 
Since the variable R(0) is arbitrary in 


the above expression, we obtain the 
desired relationship, 


p=p(0). (6) 

Thus, p gives the initial condition at 
the time zero [which p(¢) must satisfy 
in order to be compatible with the re- 
sults of previous observations. Our 
description in terms of o and R(t) may 
be compared with the Heisenberg re- 
presentation in quantum mechanics, 
whereas the ordinary description in 
terms of o(t) and R corresponds to the. 
Schrédinger representation. 

We tried this method to linear dis- 
sipative phenomena, and a formulation 
without the assumption of initial local 
equilibrium seems to be possible. Also 
an entropy concept can be formulated 
using this method, as will be seen in 
the subsequent article. A full account 
of this note will appear elsewhere. 

The author wishes to express his 
sincere thanks to Professor —Tomoyasu 
Tanaka for his continual guidance and 


help. 


1) E. T. Jaynes, Phys. Rev. 106 (1957), 620; 
ibid. 108 (1957), 171. 


An Entropy Concept in Statistical 
Mechanics 


Kyozi Kawasaki 


Department of Physics 
Kyushu University, Fukuoka 


February 4, 1960 


In the Gibbsian statistical mechanics, 
it is customary to define entropy in 
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terms of a “coarse-grained” phase space 
density which is formed from a “ fine- 
grained” one by somewhat artificial 
procedures.” This definition was criti- 
cized by J. M. Blatt who considered 
the spin echo case, in which the 
entrorpy defined in the above manner 
can decrease by reversing the di- 
rection of external magnetic field, i.e. 
by reversing the Lamor precession of 
spins. 

The purpose of this note is to pro- 
pose an alternative and apparently more 
satisfactory definition of entropy. For 
simplicity, let us consider an. isolated 
system which can be in an external 
field, and which is not necessarily in 
thermal equilibrium. Consider a macro- 
scopic observer I who started observing 
the system at some instant of time 4. 
He wants to get as much information 
as possible about the state of the system 
at the time ¢,.. For this purpose he can 


carry jout observations any number of 


times, but only after the time ¢,. Thus, 
to him arises the problem of getting 
the most reasonable guess about the 
state of the system from all the data he 
got after the time z,. This can be done 


on the basis of the information theory,” 


by maximizing the quantity, 


S*¥=— { pInpdx (1) 


Jv 


under the condition that @ be compati- 
ble with all the data he got. Here the 
same notation was used as in the pre- 
ceding article. The values of S* and 
¢ thus obtained will be denoted by S(4) 
and P(t;) respectively. Next consider 
the second observer II, who started 
making observations: at some later time 


t,. Following the same procedure as 
the first observer did, he will get S(t) 
and P(t.) for S* and p. Here we shall 
assume that the observations are “ homo- 
geneous” in time, in the sense that 
after the time 4, both observers make 
exactly the same observations. Con- 
sidering another observer of the similar 
nature who started at an arbitrary time 
t, we can define a function S(t) and a 
phase space density P(t). We propose 
to identify this function S(t) with the 
entropy of the system at the time tf. 
The non-decreasing nature of this entropy 
is obvious from the fact that S(t) was 
obtained as the conditional maximum, 
its conditions decreasing as the time 
goes on. 

Next, we shall show that our defi- 
nition of entropy is correct for equi- 
librium and local equilibrium states, as it 
ought to be. For simplicity, suppose 
our observer is capable of measuring 
the average values of a macroscopic 
variable Q only, and moreover, equi- 
librium or local equilibrium states are 
specified by giving average values of Q. 
Consider the system in an equilibrium 
or local equilibrium state with Q=O(0) 
According to the 
equilibrium statistical mechanics, entropy 
of this state can be obtained by maxi- 
mizing S* under the single condition, 


at the time zero. 


e 


\ PQ) dx=Q(0), (2) 


O(t) being the average value of O at 
the time 4. As the time goes on, O(2) 
is expressed as follows by using the 
same phase space density just obtained, 


\rQMdz=6W, 10, @) 
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where Q(¢) satisfies the equations of 
motion of the isolated system. On the 
other hand, according to our definition 
of entropy, Eq. (2) and Eq. (3) just 
constitute the conditions under which 
to maximize S* in order to obtain en- 
tropy at the time zero, the condition 
Eq. (3). being redundant in this case. 
This shows the equivalence of our en- 
tropy and the one defined in the equi- 
librium statistical mechanics. 

So far, no rigorous mathematical proof 
that our entropy actually increases with 
the time has been obtained. Neverthe- 
less, if one thinks about the fact that 
in defining entropy, only a part of the 
information concerning the state of the 
system, namely, that concerning the 
future behavior, has been taken into 
account, it is natural to expect that our 
entropy also increases with the time for 
changing isolated systems. In particular, 
for those systems with very short 
memories, our entropy at the time ¢ can 
be obtained by observations during a 
very short time interval after the time 
t, which is almost an instant for a 
macroscopic observer, since the subse- 
quent observations in future will not 
add any new information to affect the 
value of S*. This shows that in this 
«ase our entropy reduces to the one 


defined by making macroscopic obser- 
vations at each instant of time (i.e. 
coarse-graining in the usual sense). 
Also, this is the only non-equilibrium 
case, although most usual, in which the 
ordinary coarse-graining procedure is 
valid. Furthermore, an entropy pro- 
duction rate can be expressed as a pro- 
duct of current and force as in the 
thermodynamics of irreversible  pro- 


cesses. 

Finally, returning to the spin echo 
example, Blatt’s criticism does not apply 
to our definition of entropy provided we 
extend our method slightly by allowing 
our observer to reverse the direction of 
magnetic field at any time after he 
started making observations, because 
in future he can recover the lost in- 
formation during the past due to the 


“ apparently’ random precession of 


spins. 

Full details of this note will be pub- 
lished elsewhere. The author would 
like to express his sincere thanks to 
Professor Tomoyasu Tanaka for his 
continual guidance and helpful dis- 
cussions. 


1) R. C. Tolman, Principles of Statistical 
Mechanics (Oxford University Press, (1938) ). 

2) J. M. Blatt, Prog. Theor. Phys. 22 (1959), 
745. 

3) K. Kawasaki, the preceding article. 
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The Fourier series expansions are used to obtain the expressions for the components of 
the electromagnetic field at an arbitrary point of observation and for the total energy loss 
of a gyrating charged particle in a non-ionized medium having a uniform magnetic field. 
For a non-relativistic particle, it is shown that the total energy loss is split into the collision 
loss, whose formula is found to be the familiar one for linear motion, and the loss due to 
cyclotron radiations. The relative magnitude of the latter to the former is less than (@9/,)?, 
where. wy is the cyclotron frequency and w,?=47n,e?/m, where m, and m, are the density and 
mass of electrons in the medium. In the relativistic case, we get the explicit formula of 
the polarization loss, depending. upon the external magnetic field, and of the losses due to 


the Cerenkov and synchrotron radiations. The spectral and angular distributions of these 
two radiations are discussed. 


§ 1. Introduction 


The theoretical study of the energy loss and radiation of a charged particle 
passing through a medium, especially a plasma, having a magnetic field is important 
with respect to some astrophysical problems. As is well known, a plasma in a 
magnetic field has a tensor dielectric constant and behaves like an optically-active 
anisotropic medium.” Therefore, the treatment of a magnetoplasma is much more 
complicated than that of a non-ionized medium. Studies on the energy dissipation 
of a charged particle moving parallel to the magnetic field were made by several 
authors2.. But for the motion perpendicular to the magnetic field the previous re- 
search has been limited to the radiation loss” and the calculation of the collision 
loss has not yet been made. This can be said for the non-ionized medium as well 
as for the magnetoactive plasma. Although in this paper we shall confine our- 
selves to the former case, our present work may be a useful step towards the latter 
_ investigation. 

A charged particle moving uniformly loses its energy by interacting with the 
medium through which it passes. This loss can be divided into two parts ;” 
namely, one is due to close collisions, which are binary, and the other due to 


* The main part of this work was carried out at Osaka City University. 
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distant collisions consists of the polarization loss and the loss due to Cerenkov 
radiation. For a spiralling particle, however, the cyclotron or synchrotron radiations 
become an additional cause of the energy dissipations. 

The motion of a charged particle in the direction of the magnetic field is not 
affected by this field, so that we can use the familiar formula of the energy loss 
for linear motion. Hence it is sufficient to consider only the circular motion per- 
pendicular to the magnetic field. We may assume the distortion of the orbit to 
be negligible, the velocity of the particle being large. 

First, in § 2, the potentials of the electromagnetic field produced by a gyrating 
charged particle will be derived. The calculation is rather tedious and the previous 
ones are limited to the value in the wave zone. Here the value at an arbitrary 


point of observation is exactly evaluated. On. account of the circular motion, the 


quantities concerning the field are resolved into harmonic components by the 
Fourier series expansion.” In §3 the general formula of the total energy loss, 
including the radiation loss, per unit time is derived from the work of the reaction 
force of the medium on the particle.” This expression is not of a convenient form 
and it is impossible to get numerical values unless adequate approximations are 
used. 

In the non-relativistic case, we can use some approximations with high accuracy 
and it is shown in § 4 that the total energy loss is the sum of the collision loss 
and the loss due to cyclotron radiations. As is expected from the fact that the 
Larmor radius is extremely larger than the adiabatic limit of the impact parameter, 
the value of the collision loss is the same one as for the linear motion. 

For the relativistic case, applying the asymptotic formulas of the Bessel functions 
with large order and large argument, it is found that the polarization loss depends 
on the magnitude of the external magnetic field and the emission of the Cerenkov 
radiation may be possible in addition to the synchrotron radiation (¢ 5). And the 
spectral and angular distributions of these two radiations will be discussed. In 


the Appendix, another treatment of the same problem by the method of the Poynting 
vector is presented. 


§2. The electromagnetic field of a gyrating charged particle 


If only the radiation emitted by the particle is considered, it is sufficient to 
know the electromagnetic field in the wave zone and it can be done easily. How- 


ever, as we shall deal with collisions, we must find the value of the field near 
the orbit of the particle. 


Let us consider a charged particle with mass mm, charge q and velocity wv, 
gyrating in a uniform magnetic field H,, which is directed along the z axis. The 
angular velocity w (i.e. the Larmor frequency) of the particle is (gH.x/™MC) 
XV 1—v2 /c? and the radius of the orbit, »=wv)/w». The components of the radius 


ae : and of the velocity v, of the particle are in the cylindrical coordinate 
r,9,2z 
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restr e, Qo=— wl, 0), Vo= (0, Vo, 0). 
The field quantities, such as the scalar and vector potentials, ¢ and A, are 


analysed into the Fourier series respectively 


o= Sy Og. em HES DS Ane (2-1) 


n=—co n=—cO 


The charge and current densities of the particle are 


p= go (r—r) = DI pre’, 
‘s (2-2) 


Gane fee 
where the 0 function may be expressed by the cylindrical coordinate as 
8(r—r,) =98(r— 1) 0(P— aot) O(z) /r. (2-3) 


From the Maxwell equations ¢, and A, obey the next equations : 


2 2 
M,, = e = 2 tn = Sse (2 £ 4) 
2 2 
4A, fees ets A,= ior. Eos (2 5 5) 
C Cc 


where €, is the dielectric constant of the medium and a fainction of frequency wp. 
pn and j, are easily obtained as 


a {wo 


qo inwo _s q %(r—=1) 5) in ny 
Po | O(r—r) e"’"' dt= = fs O(z)en*, (2-6) 
Jn=Po0Pn- (2-7) 
The solutions of (2-4) and (2-5) are expressed as follows, 

é,(r) = \ exp[inaoV €nd/C] Pn(r’) ae (2-8) 

‘i End 
A,(r) = \ exp[inaoV €nd/C)jn(0) dr’, (2-9) 

‘3 cd 


where d=|r—r’|. 
Integrations of (2-8) and (2-9) with respect to r’ and 2’ give us 


ine exp7[kn VR? t+r~— SS st sin? cos7%+n7| dy (2-10) 
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“| V R?+ r2%—27R sin§ cosz ; 
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Fig. 1. Geometry of the source and field points 
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gue” i expi[hnY” R?+ 17, oy, R sin# cos%+n7] 
20 \ V R?+ reé—2r,R sind coszx 


Ang=9, (2-13) 


where Y4=9—9', R=r+2, r=Rsind and k,=nayy/ €,/c is the wave number. 

If we consider only the wave zone, namely R>7, the above integrands are 
easily approximated (see the Appendix).”’? But as we need to consider the case 
of R~rp, it is peeseg to use the expansion : 


Pe V/ R+ré— —O7,R sind cos Z | 
V R?+ r2é—2r,R sind cosz 


(5 Uen 75) Dow A ee Le ae ey 
Saleen R) he (Rn ro) R< T0> 
where j,, and A‘) are respectively the spherical Bessel function and the spherical 
Hankel function of the first kind and of order m2. 

Substituting (2-14) in (2-10), (2-11) and (2-12), and integrating over the 
angle %, we obtain 


ae 5 (2m +1) P,,(sin8 cos) (2-14) 


ieee TUT ROI IER Ree 
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m=\n| +1 
for |n|—=1. 


From ¢,(r) and A,r) just obtained above, the electromagnetic field E(r) 


and H(r), at an arbitrary point of observation r, may be easily calculated. 


§ 3. General formula of energy loss 


There are some ways to estimate the. energy loss arising from distant 
collisions. Among these methods, the use of the Poynting vector is not 
convenient but intricate especially in our case, because we must evaluate the energy 
flux out of the toroidal surface having the circular orbit of the particle as axis. The 
simplest way to calculate the energy loss is, as usual, to get the work done by 
the reaction force of the medium on the particle.” This method gives us the 
energy loss per unit time as follows, 


ew: 
dt 


Really this formula represents the total energy loss per unit time, including 
the contribution of close collisions. However, it must be noticed that whether 
Eq. (3-1) includes the close collision loss or not depends on the choice of the 
upper limit of order m, which corresponds to the minimum impact parameter (see 


= — (ME) p-vr= —QvoE, (To, wot, 0). (3-1) 


the next section). 
It is obvious from (3-1) that we have only to know &, whose harmonic 


component is given by 


c= = cn - c= Ang: (3-2) 


Substituting (2-15) and (2-17) into (3-2), we have 
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a in (Rn Po) A® (Ry R) See (3-3) 
+ 3) Yorn n@ OYama(S 0) Aoi R<r 
Evidently #, is written as 
Bee 5] (Reve Oe BE etet ys (3-4) 
n=1 


where E_,, is the complex conjugate of E,, and easily obtained from (3-3). 
Using the above relations, finally we get the energy loss of the particle moving 


in a circle as follows, 


_ dW 8g cBy 3 r'| Re {= YE (=, 0) in (mPov/ ex ) 2 (Bo en )} 


dt To. n=1 vA i= m=n 
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+ en ss Co: ( = > 0) Im (nPo V en) Ae (1/3 ve) |, (3-5) 


m=n+1 
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where )=v)/c and a relation kpn7ro=mo7/ €, is used. 
The spherical harmonics Y,,,(27/2, 0) is zero at 72. —n=odd, and when m—n=2/ 
is even its square is 
y? a 0)= 2n+4l+1 (21)! (2n+2))! 


7 pee] (y ra , (2 integer): 


Further, there is the following relation, 
he (2) = jal) +in, (2); 


in which 7,,(z) is the spherical Neumann function of order m. 

In Eq. (3-5), the contributions from the terms with j,, and 7,,7,, correspond 
to the radiation and collision losses respectively, where the collision loss means the 
polarization loss plus the binary collision loss. Thus we shall divide the total loss 
as follows, 


es ee oa at ae ee @-6) 


dt dat 


From Eq. (3-5) one cannot-say anything about further details about the energy 
loss. Thus, in the following sections we shall derive the explicit formulas, applying 
the asymptotic formulas for the Bessel functions. 


§ 4. Non-relativistic case 


For the non-relativistic velocity of the particle (j%<1), the next asymptotic 
formula for the Bessel functions may be used.®:® That is, for npoly/ €,|<2m—1 and 
Poly/ €,|<2e71, we have 
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(2m—1)!! 
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I) Collision loss 
Using Eq. (4-1), the series of terms containing j,,7, in Eq.(3-5) are 
reduced to 


ae bee 0) ere eran ace ae a 20 ae 
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The Stirling formula may be applied to the right-hand side of (4-2) and then we. 


have, for example, 


2 (21)! Cn-ant> ok See} 
= Tel ae 4-3 
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The summation may be further replaced by an integral. Although these infinite 
series or integrals diverge, actually there exists an upper limit of order m or of 
the integral variable. This fact is based on the following reason. 

Y,,,(0, ¢) is the eigenfunction of the angular momentum operator, and m and 
n are the azimuthal and magnetic quantum numbers, respectively, of a spherical 
{ wave. The virtual photon accompanying by the particle whose angular dependence 
will be given by Yn(9, ¢) has an angular momentum nh along the z axis,” and 


2 has a frequency nw, as a result of the circular motion of the particle with an 


a ae 


2 angular velocity ). On the other hand, a maximum frequency of the virtual photon 
exists and is given by v/Pmin, Where Pmin iS the lower limit of the impact para- 
e meter.* Accordingly, the maxium value of m, which is designated by M, is given 
. by 

¢ 

c May=o/ Pmin (4-4) 

= 

3 ; with 

4 ge/MeVo° if ge/Nvo > 1 


Pun hh V1—B2/m.v0 if ge/Nv <1, 


where —e and m, are the charge and mass of the electron. 


Finally, we obtain 


SPR E 


* Tf we take as Pmin-watomic radius in (4-4), (3:5) represents only the loss due to distant 
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al 1 M 
each expression of (4-2) =— ETT ea In . ‘ 


Then the formula of the collision loss may be shown to be reduced to 


M ) 1m (2+) = Hl. > es a) In ( a iF 


nl Gh Tro n=l En is 
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where €,, is the imaginary part of €, and €,=€,,+7€2,. The summation over 7 
in Eq. (4-5) has poles at the resonant frequencies w, of 7€2,/|€,|° and the con- 
tributions of terms with small m’s are completely negligible. In order to compare 
with the case of the linear motion, we shall replace the sum by the integral over 
frequency w as follows, 


ie dW | 
dt 


wy 1¢ Vo 


(7) 
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where w; and f; are respectively the frequency and the strength of the j-th oscil- 
lator of the atomic electrons, and where m, is the electron density of the medium. 

When we substitute the value of M defined by (4-4) in the energy loss formu- 
la (4-6), it agrees with the well-known one for the linear motion. After all, in 
the non-relativistic case it can be said that the collision loss for the circular motion 
may be approximated by the one for the linear motion with Sufficient accuracy. 
This should be expected from the fact that the Larmor radius 7 is extremely 
larger than the adiabatic limit of the impact parameter Pya-=Vo/w;, because w<w;, 
however strong the magnetic field may be. 

IIT) Radiation loss 

Using the asymptotic form (4-1), the summation over m of the terms con- 
taining 7, is reduced, for instance, to 


ie 0) ja (nPov’e, LS 1 (2n+41+1) (21)! (2n+21)! (mov en) 
= Bret Ty rye (2n+ 41-1)?" 


here the right series decreases very rapidly with l, and by retaining only the 
first term we have 
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in which the last one will be omitted, because it is negligibly small compared with 
the other two. 


Thus the contribution from the terms of j2 in (3-5) give us 


_aW) _ 2q'cBd S n(mt+1) Re | fav ea)" 


dt wat 2 m= (2n+1)! 


V En 


997. © 
4q Vo aig neg 2n+1 -n—1/2 

| WF, % Ein 5) 4-7 
ee (4-7) 


where the effect of €., has been neglected. If we put €,,=1 in (4-7), we obtain 
the well-known formula for the cyclotron radiation in vacuum. 

III) Partition of energy loss 

It is readily shown from (4-6) and (4-7) that the radiation loss is less than 
a fraction (@/w,)’ of the collision loss, where w,’=47n,e?/m,. In a dense medium, 
(@/w,)° is ordinarily much less than unity and the contribution from radiations 
to the stopping power may be negligible. As (w/w,)’ is proportional to Hj,/n,, 
however, the radiation loss in a rarefied gas having a strong magnetic field is not 
always negligible compared with the collision loss. 

The ratio of the collision loss to the radiation loss, designated by #, is as 
follows : 


yee 62n,myc? 1—Bo | | m,C* By (4-8) 
St ET 5 To Ree ee le mg 
LM a bis of ‘Nov 1—B! 


where g=Ze and 0;=>‘f;In,;. For the radiation loss, there has been used the 


next familiar value in vacuum, 


By=1/10V 10 


Re | 
T Bo=V 99/10 


logo He (gauss) 


10 15 
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Fig. 2. The lines of #2 =1 for an electron gyrating in a hydrogen gas, drawn for some 
values of By. The regions under the lines correspond to Re>1. 
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dw | Sie 200 Ope 


| = (4-9) 
dt \rat 3c(1—f,")* 


Fig. 2 shows the region of #>1 in the ,-H,, plane for an electron gyrating 
in a hydrogen gas. Eg. (4-8) is not valid for the ultra-relativistic case, because 
of the H,, dependence of the collision loss (see the next section). 


§ 5. Relativistic case 


In the relativistic case, we must use the following asymptotic formulas for 
the spherical Bessel functions with large order and large argument.”»” 
Case 1) If m+4>n%|\/ €,|, we have 


; y— e m+4) (tanha,,— a, 
jm(MPoV én) =- esaktces r+4) = ) : 
V 2nBoV €n V (2m-+1) tanha,, 
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where 


NS 
ey os Ce Es —1, 
m+4 
I) Collision loss 


Substituting (5-1) in the cross term j,,7, of (3-5), we obtain the polarization 
loss, including the close collision loss, in the following way. 


9 2 co - Imac 
Bia. ea ee 2% Re—— > : Maa Ges 
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where we have used (5-1) even for small m because the contributions from the 
terms with small n’s are completely negligible. The summation over J is limited 
to a certain upper limit J,,., given by (4-4) and its imaginary part is negligibly 
small. If 3|)/¢,|<1, we get (4-5) from (5-3) again. 
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Considering that Bal y/ €,| 1S nearly equal to unity in the ultra-relativistic case, 
and replacing the sum by the integral, the sum over / is reduced to 


Imac 


i 2 
Se 1 | n+21 2 je In( iy pee] ie 1 In( Me Vo © ), 
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where (4-4) has been used. Then the collision loss per unit time in the ultra- 
relativistic case is found to be 


ty dW | _ Annee SY, In( me Us. See ye he (5-4) 
dt colt MeDe 3 Af? wv; (1— 0) Aw 

The second term in the logarithmic factor is negligible compared with the first 
term. Here it should be noted that (5-4) depends on the external magnetic field, 
in contrast. with the case of motion parallel to the magnetic field, and that it is 
not applicable to the limiting case H,,—0. 

IIT) Synchrotron radiation 

When m+1/2>o|;/ €,|, the contributions of the square terms ja(mBoy/ €,) 
in (3-5) give us the energy loss by synchrotron radiations. First, we must apply 
the recurrence formula and then use the asymptotic one for (3-5).* Here it should 
be noticed that if m>7, viz. @m>1, jr(mo/ €,) is nearly equal to zero; and thus 
we have only to consider the case of @,,<1. Therefore we have 


Yo 4\ 9) B/S 
tanha,,— a, =— i ai~— ‘3 {a —(*¥ <) } 
3 3 m+4 


Approximately we get the following 
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where the remaining terms are found to be almost cancelled, using the recurrence 


formula and adequate approximations. 
‘As we can neglect the imaginary pa 
to the synchrotron radiation as follows, 


co ae as 
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rt of €, in (5-5), we obtain the loss due 


If 


For small 2, the spectrum represented by (5:6) is not a good approximation. 


* If we directly apply (5-1) for the j,,2 term in (3-5), we are misled to the wrong result 


(energy gain) on account of incorrectness of (5- “1). 
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we neglect the dispersion and replace «,, by a certain average €, we have 


2 33 oo — 
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(5-6) = ere te, 
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where 7, is defined by 
Y ie) 9 
= Lhe nee 
If we put y=7/n, and approximate the sum by the integral, we obtain 
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Putting € equal to unity, the above expressions are a little different from the 
ordinary ones in vacuum given by the method of the Poynting vector (see the 
Appendix or reference 7)). One of the reasons is due to the poor approximations 
to the lower harmonics. 

IIT) Cerenkov radiation 


V €,|>1 is satisfied, it is also possible for*a gyrating 


Fo 


charged particle to emit the Cerenkov radiation, provided the wavelength is much 
smaller than the radius of the orbit. 


As it is sufficient to consider only the case of 7,,<1, we can write as 
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where the function f(7) is 
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and 
f(n) =f(n—-1)=f(m+1) (for large n), 
where the upper limit of 7 is determined by the condition 135|)/ €,| >2+2/+1/2. 


Thus the energy loss due to the Cerenkov radiation is expressed as 


| 2x 
GW) =A 5) Refa(s'—+} ro}, (5-9) 
dt \Cer To 96... a 
Bol Ven, [>2 


where the sum over 7 is limited to the case of /%|,/ €,|>1 and the imaginary part 


of f() is small enough to be omitted. If we put cos’(-:-) equal to unity in f(7), 
and considering °|;/ €,|/=1, f(7) is reduced to 


al l+4 1 1 
fay sit ee) = 
a ot oo 4 


> 


where the second term in brackets is neglected and the sum is replaced by the 
integral. 
After all, we get the following expression, 


7 2 
40) =f Salat) G-9@)), 6-10) 
FB sie Ur ci ae le,| 


where y(n) represents the effect of interference and is given by 


a 

g(n) = 2 ae 
Ce (teen i | ea | 
aes n+21+4 


Replacing the sum over 7 by the integral, we have 


Bea Wel { (2-2) G29 w/lan) oder (5-11) 
dt ler wv ¥ gals 


Cer. 
where g(w/«») is much less than unity for high frequencies. On account of the 
poor approximation, however, the low frequency part of the spectrum given by 


(5-10) or (5-11) is not valid. As is mentioned before, the Cerenkov radiation 
with rather low frequency will be weak or impossible, because of the destructive 
effect of interference (see the Appendix). 

IV) Angular distribution of radiation 

As will be shown in the Appendix, most of the synchrotron radiation is con- 
centrated within an angle g=+)/1—pee, where. O—2/2—% On the other hand, 


the angular distribution of the Cerenkov radiation is almost like a 0 function at 


6=cos*(1/9)/ €). Fig. 3 and Fig. 4 schematically represent the angular distri- 


butions of these two radiations. 
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Fig. 3. The angular distribution of the Fig. 4. The angular distribution of the 
synchrotron radiation. a=V1—A,€. Cerenkov radiation. b—=cos71(1/By)V€ ). 


In a dense medium, the two angular distributions may rather be of great dif- 
ference; in a rarefied gas, however, they may practically be indistinguishable. 
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Appendix 


The next treatment follows the method of reference 7). The fields of a gy- 
rating charged particle in the wave zone are given from (2-2) as 


2 fo) We b — \ 
—D,=H,= 1 Sut ite Jn! (nBoV €n Sin), \ 


T0 n=—c | 


5 ; (A-1) 
Dj7=He= — 299 cot Sy ne~" J, (nBoV’ €n sind), | 
To n=—0 / 
where ; 
ppt agen Si 
2 Cc 
If we neglect the absorption, namely €, is real, we get 
y) 3.2 foc} wre Bere 
Nelda ae >} nV €, Jy! (MoV € Sind) cos ny, 
To n= 
(A-1)’ 


Dy=ig= — 2a cotd SI ee (noV/ €, sind) sin ny. | 
m 8 


To =1 


Se oe Pie 
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Thus the energy flow per unit time in a solid angle dQ is reduced to 


w= ~ dW, 

qm oc =e ze oe 
dW,= 0 © Soot? OJ,2(m8oV En Sind) + 90? En Jy? (380 En Sin 9) | dQ, 

Qrre nrg ey 
where the time average over a period of motion has been taken. Therefore the 
radiation energy of a frequency mw per unit time is 


Inby Ve, 
YW = q Sa [ 28 En Jon (2n8oV En) = (30° oa 1) | Jon (2) da| ’ (A 5 3) 
To €n 0 


1. Synchrotron radiation (80 €n<1) 
Neglecting the dispersion, and replacing €, by a certain average ¢, the fol- 


lowing spectrum is obtained : 


ec < We; 
‘3, a cB ['(2/3) 
W,,dn= 3V qd CPo / U3 J : 
"Din rede (Bree | 
“it W> We; \ eel © 21") 
W,,dn= $v 3 q" cia = ye dy | 


Ay/2n rge (1-0 €)* 
where w,=7%, y=n/n, and n,=3/2- Oe oe er 


2. Cerenkov radiation (0 €n>1) 
Using the recurrence formula, and considering the relation 


TG dies aie 


ot + 8 


(A-3) may be rewritten as follows, 


ee Be LUC é-1)|1- \ Jul) + BBY = {Jon (2n3o V En) 


To En anBy VE, 
— bev Jonus (OmPoVv %)} | 
For large n, being approximately 
BPS (2 V En €,) = re Jan xt (2n3o V €n €,) > 
we have 


w= 9220 (a2¢,—1)[1- | Jul t)dx— Bova Sml2nBov’&) |, (A-5) 
Te Ex {= - 


anBoVE,, 
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where we have used an approximation 
2(1—PoV/ €n) ~1—fo' En. 

The second and third terms in brackets represent the destructive effect of interference 
and may be neglected in the case of m>1. Hence, when the wavelength is much 
smaller than the radius of the orbit, the same spectrum as for the linear motion 
is obtained. 

38. Angular distribution 

Neglecting the dispersion, and putting €, equal to ¢, the radiation energy 
emitted in a solid angle d2 per unit time is given by 


3,7 € 92¢ 
aw= Po E | amd Day gs ee es ‘0 0. A 
A(1—82€ sin?d)7? L -+- COS A (1+ 3," €) sin d (A-6) 


Thus it is necessary that 
1—,'€ sin? = 0. 
a) Cerenkov radiation 
If we put 0=7/2+0, we get the condition 


1 
ov’ € 


cos0 


The maximum intensity is evidently lying at an angle given by 


CA? 


1 
cos. @ =, 
Pov € 
which is nothing but the Cerenkov relation. As is easily seen from (A-6), the 
angular distribution is almost like a 0 function. 

b) Synchrotron radiation 


The most part of the radiation is emitted within an angle 
C= Taye (A-8) 


Thus the angular distributions of these two radiations may be schematically shown 
by Fig. 3 and Fig. 4. 
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On a Non-local Electromagnetic Model for Electron and Muon Masses* 
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In a phenomenological way, a non-local electromagnetic interaction with a Pauli term is 
assumed in order to explain the whole masses of electron and muon. Qualitative discussions 
are devoted to the properties of form factors on the assumption of similar internal structures 
for both particles. 


§ 1. Introduction 


No remarkable difference of properties between electron and muon, except 
their large mass difference, has yet been discovered experimentally. In spite of 
suggestion that the large mass difference would come from the different internal 
structures of electron and muon, we could not get any definite conclusion from the 
present available experimental data.” 

Concerning the origin of their mass-difference itself, many possibilities have been 
presented up to now. Schwinger,” for instance, has raised the possibility of ex- 
plaining the high muon mass through a strong interaction of this particle with an 
unobserved iso-singlet o-meson: Similar ideas have been repeated by other authors.” 
Recently, Marx and Nagy” assumed that the muon has a moderate strong inter- 
action with the kaon doublet, realizing then the muon mass from the electron’s. 
Since there would be no way of detecting this new particle or coupling, they might 
be equivalent to the introduction of a different structure of the muon from that of 
the electron. 

A possibility that the electron mass has some electromagnetic origin has also 
been considered frequently. It is well known that we cannot explain the whole 
masses of fermions entirely by the field reaction of their minimal interactions with 
the electromagnetic field, as the basic equation of the particles is invariant under 
the Touschek’s transformation.” The only possibility is to introduce some violation 
term under this transformation. An explanation of the electron mass has already 
been presented by us and Taketani.” The interaction term thus introduced would 
make the system unrenormalizable, because it should have a coupling constant with 
the dimensions of length.***® An advantage of introducing the unrenormalizable 


* A preliminary account of this paper has been presented in the Bahia Meeting of the Brazilian 
Society for Advancement of Science (SBPC), July 1959. 
** Present address: Research Institute for Fundamental Physics, Kyoto University, Kyoto, JAPAN, 
*“** We take natural units: #=c=1, and 1 y (yukawa) =10-28 cm. 
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interaction is that it may give a sufficiently large effect of the high-energy region 
where the internal structure of the particle reveals itself. The reactive mass, then, 
is given by 

om~const-e- f- A-%*, (1:1) 


where f is the coupling constant of the unrenormalized interaction with the di- 
mension of [L7](7>0) and A is the cutoff energy. Therefore, we have a possibility 
of explaining the electron and muon masses through this interaction by suitably 
adjusting their internal structures. 

There may be some evidence for believing the existence of such unrenorma- 
lizable: interaction. The present discrepancies between the theoretical value of the 
anomalous magnetic moment and the experimental value are* 


| exp — Htneor | <— (107-°~10) -e/2m, for electron, (1-2) 
| feop — teheor | << (10-°~10-*) <e/2m; =~ (10-°~10~*) -e/2m, for muon. (1-3) 


This may suggest that we have a possibility of assuming a universal Pauli term 
with a magnitude of «(e/2m,) =(107°~10~) -e/2m, for both particles beside the 
usual minimal interaction as 


Pa pn egy" GA gor” pod shes, (1-4) 
Am, 
where ¢, @ and A,, F,, are the field strengths of electron (or muon) and electro- 
magnetic fields respectively. We take the hermitian representation for the Dirac 
matrices 7” and o”=i(y"7"—7'7")/2, and g®=1, gi=g"=9*=—1 for the space- 
time metric. 

If we take a universal (local) interaction for electron and muon, the difference 
between both particles could come only from their different internal structures, 
which reveal themselves through the non-locality of the above interactions. Then 


our aim is to analyse the form factors through the interactions** 


* The experimental values for the electron magnetic moment are 
SQ, =1.001146+0,000012, 1.001165--0.000011, 1.001167=-0.000005"” 
in electron Bohr magneton. For the muon we quote the result of the determination of Garwin et 
al.,1D 
wi =1.00200.0005 
in muon Bohr magneton. The theoretical value of Sommerfield™ up to fourth order is 
Mineor = 1.0011596 


in lepton magneton. Then we have 
12, — prpeor = —0.0000142-0.000012, 0.0000054 0.000011, 0.0000074-+0.000005 
for electron and 
1H, — Lipeor =9-000180.0005 for muon. ke 
*& Though the way of constructing the hamiltonian is not yet justified, the resultant hamiltonian 
consists of infinite series by using a usual method. The exact hamiltonian up to the second order 


needs the terms of higher order.! 
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Ew = \d'*x|d*y| P(a)y*H(@)A,() (2-9) 
u L 


— © F(x) 0" $2) F..(9) Flay) | 058) 
4m, 

in connection with the electron and muon masses. As a consistent non-local field 
theory has not yet been established, our analysis is to be taken tentatively. 

In §2 we get the general restrictions of the form factors so as to realize a 
positive reactive mass for the electron (or muon). The discussions rest on the 
second-order perturbation theory. Then, in § 3 we consider the problem of realizing 
the electron and muon masses and raise some possible examples for the form 
factors. 


§ 2. Electromagnetic self-mass and the general 
restrictions on the form factors 


By calculating the second-order self-mass, we get the result that only the mixed 
vertices (minimal and Pauli interactions) do contribute in the limit of a zero lepton 
bare mass. Then, in the assumption of a zero bare mass, we obtain the following 
expression for the self-mass 07 : 


Oni eee e 31K ja’ F,(q°) F2(q’) : 0 (2-1) 
4x An*m, gq’ +ie 
where 
Fi(g*) =|\d*xe" F(z), i= 1, 2. (2-2) 
od 


In order to get a finite self-mass, the form factors must be complex functions 
so as to cancel the divergent integrals, the simplest structures being 


re A 2 
F, a\5 = dM? gi(M"*) ~ A} 
@) ; M’*—q’—ie ee) 
where the spectral functions must become zero at the limit M?>0.o, 
lim g;(M’)>0. (2-4) 
M2>0 


The first requirement which corresponds to the well-known Feynman cutoff! may 
destroy the usual concept of an hermitian hamiltonian. But without this require- 
ment, we get a quadratic divergent result regardless of the shape of form factors 
used. The second one means that we have not a 0-like charge at the center of 
the particle. 


Using the spectral representation (2-3), we have 


2 
sees, 2 d~ ¥2.(107~10-%) 4 K=0, (2-5) 


Me 


One = 


4n 4x m, 
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log(M?/M”) 


2-6 
M?—M? cee 


42 jam? \ am" g, (M2) 9,(M”) - 


Then the details and the differences of the internal structures are reduced to the 
functional J. 

Since the self-mass must be positive from our standpoint of a zero bare mass, 
the quantity 4 must be negative (positive) in accordance with «>0 («<0). As 
the present experimental data are not definite enough to determine the sign of the 
discrepancy «, we must consider both possibilities. 

i) Case of «<0. There is no further restriction of the form factors. This 
case can be realized by simply assuming the form factors as 


g,(M?) =O, 9.(M?)=0 for all M’. (2-2)* 


It is sufficient to take only simple Yukawa form factors for both interactions. 

ii) Case of «>0. This case may be the more probable one, but we cannot 
get a positive self-mass without the assumption that at least one of the form factors 
is indefinite in sign. Since the argument is symmetric for both form factors, we 
restrict one of the form factors, say 7,(M”), to be positive definite 


g2(M*) = 0 for all M’. (2-8) 
Then the other form factor must have the following form : 
g,(M*) =9,* (M*) — 9 (M*), 
g,_ (M’) 40 for some value of M*. (2-9) 


The low-energy data, if it is possible, can restrict the form factors through 


the relations 


jam’ aoa [ame 2 rh), (2-10) 
M? M* 6 

where (77) means the mean square radius (m.s.r.). At present we have no in- 
formation concerning its magnitude or sign. The m.s.r. (r?) is positive from our 
assumption, but the sign of (7°) can be taken to be positive or negative depending 
on future information. (If experiments are to tell us that (7?) is negative, the role » 
of g, and in the following discussion should be reversed.) Since the knowledge 
of the m.s.r. may determine the behavior of the spectral functions at the low mass 
values, we must consider the two cases of positive and negative Crips 

If the m.s.r. (717) is positive, which is probable, we can guess that the positive 
part of the spectral function should be predominant at the low mass value 


g, (M?) ~9,* (M’) for small M’. (2511) 


* We take the case of a positive mean square radius, as otherwise the argument becomes more 


complicated as in the next case. J 


780 J. Leal Ferreira and Y. Katayama 


On the contrary, if the m.s.r. (7°) is negative, though it is less probable, we 
can imagine that the negative part should be predominant at the low mass value 
and the positive part might play an important role for the moderate mass values 


—g,(M*) ____ for small M’, 


(PETZ) 
g,” (M”) for moderate values of M?. 


g1(M*) ~ 


On the other hand, as the behavior of this spectral function for very large 
values of M? might determine the function 4, (2-6) could be approximated by 


d~ | amr: (Mt) —9- (ry) REET) (2-13) 
M350 
where /? is the effective mass value which comes from the form factor g.(/M/*). 
Then, in order to get the right sign for the self-mass, the spectral function 9, (/*) 


should be 


g, M?) ~—g9,- (M”) for large M?’. (2-14) 
With this requirement, we get 
osaz— | amebeM/4) 4-2-2 [ amig-(M), (2-15) 
== M?—, = va 
M250 M250 


which can determine the lower limit of the strength of the form factor at high 
energy :” 


Fi(q)~ 7, jaMtar (M2), (2-16) 


Combining the requirements (2-11) or (2-12) with (2-14), we can conclude 
as follows: If the m.s.r. (r?) is positive, the spectral function 9,(M?*) should 
change its sign odd times. If the m.s.r. (1°) is negative, the spectral function 
9:i(M"*) should change its sign even times. 

The simplest examples of spectral function are illustrated in Figs. la and 1b. 
It is sufficient to take the two-Yukawa combination shape for the former, while for 
the latter the three-Yukawa combination shape is at least necessary. 


gi (M’) gi (M*) 


la 1b 
Fig. 1. The simplest examples of the spectral function ~ 
la: the case of <7,2)>0 
1b: the case of (72)<0 
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§ 3. Electron and muon masses 


We discuss the possibilities of the model of form factors in order to get the 
electron and muon masses. Whatever the form factors might be, they must give 
the following orders for the functional 4: 

A® ~ £0.5- (10°~10°)m,? for electron, 
K=0. (3-1) 
Md) ~~ = (10°~10") m2 for muon, 

Though there may be many different possibilities of constructing independent | 
models for the electron and muon, the discussions are hereafter restricted to the 
cases with some similarity in both particles’ structures. 

The simplest case of this kind is the one in which the structures of both 
‘particles can be related with-each other by a scale transformation 


G2'( M27) =9P AM"). (3-2) 
We then get the relations 


(r QO ad lr2™, (3-3) 


Anrp,(r) (10cm?) 


10 


1.0 r (10-'4cm) 


0 ae) 


Fig. 2. The charge distribution for the case of c< 
- the electron’s distribution with ¢ r2) = (0. et 
- the muon’s distribution with ¢(7?)=(0.6- 10-2)? 
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4@=77! dh (3 4 4) 


from (2:10) and (2-6). If we take « as universal, we must have 4~200 in 
order to get the electron-muon mass difference. This means that the m.s.r. of the 
electron is far larger than that of the muon, similar to the classical situation. 

If we take the assumption of (2-7) for the case of «<0, the ms.r. of the 
electron must be 


Gp nese Onkyo (3-5) 
with the approximation 


p (3-6) 


Ge. whe 


ye 


2.0 


1.0 


Fig. 3. The charge distribution for the case of «>0 
oe : the electron’s distribution with (r2)=(0.1y)2, e=B=0.25 
6, : the muon’s distribution with (r?2)=(0.1y)2, e=B=0.02 ; 
the whole shape is repeated in Fig. 3b. 


S 
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4rr*o(r)(10“cm~*) 


Fig. 4. The charge distribution for the case of «>0 
p. : the electron’s distribution with ¢(77)=(0.1y)?, 
a=0.50, 6=0.08 ; 
oz: the muon’s distribution with ¢(7?)=(0.1y)?, 
a—0.50) 8 —10522. 


The m.s.r. of the muon is then far smaller, 


Cr?) ~ (0.6-10-*y)?, (3-7) 


in virtue of the above argument. 

Although the larger m.s.r. of the electron than the muon’s one is not inconsis- 
tent with the present information, we should also consider the possibility of assuming 
the different internal features for the structures with the fixed m.s.r.’s (including the 
case of (7°7)"=(7?)™) and general shape. We illustrate an example for the case 


oc 0. 
For the case of (7,?)>0, we approximate the spectral form factors as 
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9,(M?) = i Pes (3-8) 
(3- 


where a and # are dimensionless constants with the restriction. 1a p04 the 
corresponding form factors in the energy-momentum space are given by 


F357) See 2\ se5 (3- 10) 
es Ze q° 
6 
1 9 l—a 
ANC cares | hor Sa Ae ee 
OTF \1—S8as 1A 


The function J becomes then 


4=— it (CAG “|, oiee ee 
any [== og ae ete ( ) 


with the assumption of (7’)=(r2)=(r’). 
If we take 


(r*)= (0.1y)’ 
for the @lectron and muon, their masses are realized by the following sets of values : 
1) aaah 95 a = 8) 0.08: (3-13) 
ii) a ~a~0.50, 9©~0.08, B”~O(10-). (3-14) 


For the first case, the assumption of a ~ is taken so as to get a unique 
solution, while the assumption of a’~a™ made in the second case does not give 
a unique answer. The larger the value of a@ is, the smaller the corresponding values 
oF Pp ovand.. 6, 

For the case of (7,°)<0, the situation is so ambiguous that it does not seem 
worthwhile to discuss it here. 

Some examples of the charge distribution are given in Figs. 2, 3 and 4. The 
distributions raised in Figs. 2 and 3 are very different for the electron and muon, 
while the one in Fig. 4 is similar for both particles except for the extremely in- 


ternal parts. The decision will be given by future experiments up to the region 
of 0.1y. 


§4. Discussions and conclusions 


The considerations here presented depend on future information concerning the 
lepton structures. At present, we know neither of the value of the m.s.r. nor of 
the difference between the theoretical and experimental values of the anomalous 


beh i 
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magnetic moments. Since the arguments sensitively depend on these data, we ten- 
tatively consider every possible general case, i.e. the cases in which the m.s.r. would 
be positive and negative and the discrepancy of the anomalous moment would also 
be positive and negative. But the main effort was concentrated in the case of a 
positive m.s.r. and /y.»—/eneor > 0, because it seemed most probable from the data 


~ now available. 


If we accept this case, it is reasonable to presume that the internal structure 
has, near the center, a behavior opposite to the one which is shown in the outer 
region. For instance, the charge distribution near the center turns out to be nega- 
tive, which is very similar to the electromagnetic structure of the nucleon proposed 
elsewhere.” 

While the electron mass could be explained by the reasonable value of the 
m.s.r. (77)~(0.1y)?, the explanation of muon mass is still curious from this 
argument. Though we could explain it by assuming a strong form factor, why 
this should be the case is still an open question. Much more information about 
the muon structure should be accumulated, until we can get a definite con- 
clusion. 

We started with the assumption of the existence of the discrepancy /eip—/tneors 
but we could also take the unrenormalizable interaction for the case fe:p=/rneor 
However, the answer will then be less reliable, so we omitted to consider about 
this case. If the spreading of the leptons could come from the weak interactions, 
the electromagnetic interaction would also be singular as the weak interactions. 

Concerning the phenomenological aspect of the lepton structure, some know- 
ledge of it will be obtained from high energy data. With the development of the 
experimental techniques, it is to be expected that the scattering experiments of 
identical leptons, for instance, will reveal their structures, avoiding the type of 
inconveniences involved, e.g. in the Stanford experiment, where it is difficult to 
separate the structure effects due to either nucleon or electron. 
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A new systematical method which enables us to describe an electron gas in terms of 
bosons is developed. This boson corresponds to an “exciton”, 7.e. a pair of an electron 
outside the Fermi sphere and a hole inside. The formalism is particularly suitable to the 
system at high density, as suggested by Sawada’s discussion of the same system. As a 
straightforward application, the effect of electron exchange on the plasma frequency is 
calculated. The result coincides with that of a Hartree-Fock treatment. 


§ 1. Introduction 


In his reformulation of Sawada’s theory” on the Coulomb interaction in a 
dense electron gas, Wentzel” used operators corresponding to processes where an 
electron with a momentum inside the Fermi sphere is excited to a momentum 
state outside, or vice versa. These operators were treated as boson creation and 
annihilation operators, which is justifiable at high density limit. Also a substitute 
Hamiltonian was adopted that gives the same commutators, or in other words, the 
same equation of motion of the aforesaid operators, as the basic relations of 
Sawada’s argument. In view of Sawada’s success in formulating the high-density 
problem in terms of this “ boson ” avoiding the perturbation expansion of Gell-Mann 
and Brueckner,® the boson (excited electron plus hole), which we shall loosely 


can be an effective concept, particularly at high density of 


call an ‘‘ exciton ”’, 
electrons. It is the purpose of this paper to present a systematical formulation of 


the electron gas problem in terms of the excitons. 
In order to simplify the presentation, we shall consider a system of N spinless 


shall be called electrons in the following. Let us assume that 
h periodic boundaries. The Hamilt- 
fermions should be conserved. 


fermions, which 
they are confined in a box of volume 2 wit 
onian of the system is such that the number of the 


ted in this document was partially supported jointly by the U. S. Atomic 
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As a reference state we shall take the state in which the N electrons occupy the 
lowest N momentum states (orbitals), z.e. the states with momenta smaller than 
py are occupied and the other states are vacant. Let us denote this reference state 
by %. : 

Now any state of the system can be written in the form 


Wiad a, 0a. (1) 


where a and a* are the fermion annihilation and creation operators and it is 
understood that » always stands for a momentum vector inside the Fermi sphere, 
while P always stands for one outside. In order to define these base states uniquely, 
we shall consider all the momentum vectors to be arranged in a certain order, and 
understand that the annihilation or creation operators in the expression (1) are 
arranged according to this prescribed order. Then the state above can be con- 
sidered as a certain assembly of excitons, each exciton being a definite pair of a 
hole with momentum 7p and an electron with momentum P. This pairing is unique 
thanks to the prescription above. We are going to describe the fermion system 
as an ensemble of excitons of this type. Let us first note that excitons are of 
Bose type in a certain sense because 


[ape Ap > ary Ay |=0. 3 (2) 


§ 2. Transformation 


Let us introduce here Bose operators C,’ and C*,’ which have two indices 
defined in the same region as above and obey the standard commutation relations : 


bCEe on cal = O ppt Oppr ’ 
{ORO 674 Oke Cz t=) 


The vacuum state of the bosons will be denoted by %. 
Define the operator U in the product space of the fermions and the bosons by 


(3) 


U= A-exp (320 C,*"a,* ap) -T, (4) 


where A and /’ are the projection operators to @ and Y%, respectively. Then one 
can easily show that 


Wilasta,0, to 2 CA PIL Fee Oo GS 


where P is a permutation of the lower indices of C*’s. This theorem shows 
that the operator U can effectuate a one-to-one correspondence between the fermion 
states and a certain sub-space of the boson states. Before accomplishing that, we 
have to introduce’ an ordering operator in accordance with the préscription 
stated in Section 1: Let O be an operator which operates on the indices of 
C or C* and, by definition, its eigenvalue is one if the pairing of the indices P 
and p is in compliance with the prescription, and zero otherwise. Then the 
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product operator OU just effectuates the transformation of //a$a,% to MCF" %) 
with the same pairs of indices. It may be noted that the ordering operator defined 


above is a projection operator : 


FO: (6) 
Inversely, the hermitian conjugate of U, 
U=P-exp(S1>1C,? ap* ay) -A, (7) 


transforms any boson state back to a corresponding fermion state, 
INGE EO 1) de ant 5. (8) 


Hence, the transformations OU and UO complete the one-to-one correspondence of 
the exciton states in the fermion representation and in the boson representation. 
It is evident that UOU is unity in the fermion state space. 


§ 3. The Hamiltonian in the boson representation 


Let the Hamiltonian of the fermion system be #¢. Then the equation of 
motion for any fermion state @ is 


) 


ees 
Ot 


P=. (9) 
Now according to the last statement in Section 2, this equation may be written 
in the form: 


i 2 0%, =%TOUON,, Eevee f) 
fi 


where we assumed that the energy of the state V, is zero. Hereby we see that 
we can investigate the dynamics of the original fermion system in the boson repre- 
sentation if we take QUU0 as its Hamiltonian. In other words, we can tran- 
scribe the dynamics of the fermion system into that of the boson system, where, 
however, we have to limit ourselves to the subspace OY and hence the Hamiltonian 


-U2U should also be cut in such a way that it connects only the states in this 


~ subspace. 


Now let us proceed to work out the corresponding boson Hamiltonian assuming 
that the Hamiltonian of the fermion system is given by 


H=H, +H (11) 


where 
a= > €, a, 


and 


H,=4 pupaes Vado tsa, aps Gs . 


The general principle of the calculation which we make in the following may be 
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stated as follows. Assume first that the resulting Hamiltonian is expanded in 
powers of C and C* operators. Then we can find its coefficients by evaluating 
the expectation values of the multiple commutators of UU with C and C*, in 
the product state DP. sr, 

The first term, which is a constant, is just the expectation value of UU 
itself. We shall denote the expectation value of any operator Q in the state DL 


by (Q). The result is 
(UT) = (26) = Sh etd ID) Ve Von). (12) 
The coefficient of C? is given by ([UI6U, C*”]), which is equal to 
(UU, C**])=(H, ar*ay])=0, (13) 


because of the translation invariance of the Hamiltonian. The hermitian property 
of UI€U ensures that the coefficient of C*” also vanishes. Following a similar 
procedure, we can get the coefficients of the next higher terms. We shall not 
write down the details of the calculation, which is straightforward, but just list 
the results : 


(Ck, (UT, CHI) = Cart an, 1(6, ae*ap]) 
eA At pe Sp) > (Veep —V ppt) } oppor Pa AV esp Vine) Operepe ey a4) 
and 
LOCO, Ct}, CaP DSM, aay), aa ay) = (Von Vrcegee aaa 
(15) 
Concerning these two formulas, there are some points to be noted. First there 


appears no term with V). For example, the sum >! V,_,, should be understood 


to exclude the term with p=p’. The reason is the operator S33) a,*a,*a,a,, which 
is associated with V, in the expression for 6., always commutes with asa: 
Secondly, the expression of the type (15) always vanishes when P’=P and/or 
p’=p. This is just a consequence of the Pauli principle. 

Leaving the calculation of higher terms to a later section, let us write down 
the exciton Hamiltonian to the second order. To this we shall introduce an ab- 
breviation for the exchange energy, defined by 


aS Sivas (16) 


where we understand that if 4 lies inside the Fermi sphere we have to omit the 
term with p’=/. We shall also use the following notation : 


top = ep Ep. (17) 


Then it is easy to see the relevant Hamiltonian is given by 


rk ee AR oe 
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UU = S} p+ VoN(N=1) -4 3) A(p) +S fo, +A (p) — A(P)} CPCS 
Ses ere erp Vr php Cp a DAV bap eat 
xX (CR *?-* C,? + complex conj.). (18) 


To obtain the Hamiltonian for the excitons we remember that we still have to 
take the ordering operator into account. This may be done conveniently in each 
actual application we meet. We shall discuss an example in the next section. 
Here, however, we shall give some remarks concerning new features appearing in 
the Hamiltonian above. 

The expression in the first line of Eq. (18) is just the expectation value of 
the Hamiltonian for the reference state ®. The first sum is the Fermi energy, 
the next the average “Coulomb” interaction and the last sum is the exchange 
energy. Therefore, by definition, the remainder represents the so-called correlation 
energy in a certain approximation. The present correlation Hamiltonian, as a 
matter of course, has the same structure in the main as that of Wentzel.”? However, 
in the present Hamiltonian there appear several new terms which were neglected 
by Sawada and Wentzel because of their less importance at high density. Namely, 
{A(p) —A(P)}’s in the second-line, — V,,-,’s in the third and — V;_,,’s in the 
last line. These are all originated from the exchange effect. For example, the 
term — V,,-,C*”'*”-°C,’ corresponds to the following process. One electron with 
momentum P makes a transition to the state ~,+P—p, while another electron 
makes a transition from f, to p. The appropriate matrix element is V,,-,. This 
type of transition was consistently neglected in Sawada’s and Wentzel’s calcula- 
tions. However, in the present formulation we do not discard any process in the 
mid-way, sticking consistently to the exciton picture. Hence, we describe the 
process above in such a way, as the creation and annihilation operators show, that 
one electron is excited from p; to ~,+P—p and another is deexcited from P to 
p, the final state being physically the same as above. The phase, however, is 
different from the former by z, because the electrons in the states p and p,+ P—p 
have been exchanged. This is the reason for the appearance of the minus sign. 

In short and formally stated, the present Hamiltonian has a structure consistent 
with the Fermi statistics of the original particles. Besides, it is obtained straight- 
forwardly by a mathematical apparatus. (In fact, one can supplement Wentzel’s 
Hamiltonian in accordance with the Fermi statistics and get to the result (18). 
This procedure, however, is apparently limited in its applicability.) 


§4. The plasma oscillation 


In this section we shall investigate the effect of the exchange terms on the 
plasma frequency. Sawada has already argued that the effect is small. However, 
‘as a specific example of application, we shall here derive a detailed expression for 
the plasma frequency of electrons in a neutralizing positive charge sea, including 
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the aforesaid exchange effect. Since the present author has not been able to find 
out any method to diagonalize the Hamiltonian (18), we are going to restrict 
ourselves to the discussion of the plasma oscillation and resort to the perturbation 
method. 

The equation of motion for the annihilation operator of an exciton with mo- 


mentum transfer g is, according to Eq. (18), 


i Cp.g= pig Cig t > cea Vp-p) Cort >) CV Vor+p+o) Cln.-0> (19) 
pl Pr 


where we have used the slightly altered notations defined as follows : 
C,, = CP" 
and 
Op, =p “+ Alp) -AlCP+Q; (20) 


and the summation denoted by S$} with a superscript “0” means that one has to 
sum only those terms with the indices that are compatible with the prescription 
stated in Section 1. Hence in the last sum there appear only such 4,’s that the 
combination (p, g) and (—f1, —q) is in 
compliance with the ordering prescription. 
This may be conveniently done in the 
following way: Given a certain g, one 
‘may prescribe the order of the momenta 
according to the magnitude of p-q or 
P-q. Correspondingly we shall divide 
the momentum space relevant to Eq. (19) 
into the five regions indicated in Fig. 1. 
Then in the second line of the equation, 
p belongs to the region ™+r, p+q to 
R while —p, to 4+7 and —p,—gq to >< 
R,. Hence in the summation we have 
only to be careful when both p and —/, 
run in the region 7. Here, and everywhere in the following, the summation sign 
>” of Eq. (19) will just mean that one should sum the terms in compliance with 
the condition p-¢g>—pi:q or (p+ p:)-q>0. 

Then the equation above can be rewritten in the following way : 


1Cyg@= p,q Oe Vy > (Cig C2 eo) cee Weert Gaia 
= Vv, > Ce > Vospr+gCop,-9- (21) 


(p+pl)-q<0 (p+pl)-q>0 


Fig. 1. 


The complex conjugate equation is 
et = ,¢ Crna Vig du Cae + Cag) a> Vite Clas, 
te Va Di Grae SS Verpr+a Cora c (21’) 
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To get the eigen-frequency, let us regard C or C* as non-quantized amplitudes. 
Since we are treating progressive waves, we must set these expressions equal to 
vC,,, or vC*, _,, respectively, where v is the eigen-frequency of the wave. The 
first lines in the equations are just those terms which were discussed in Sawada’s or 
Wentzel’s papers. As mentioned before, we shall treat the remainder as perturbations. 
First the unperturbed amplitudes are immediately given by these equations as 
ollows : 


Cr.0=— Va G; (22) 
V— Wp 
and 
Ge ad sata ie Ce. (22') . 
; Dae Oy 
where 
Ga (Gs ee as (23) 
Pp 


In these expressions C, is actually a non-perturbed amplitude. However, as long 
as the first perturbational approximation is intended, it makes no difference whether | 
we take it to be nonperturbed or perturbed. Hence we shall regard it as the 
perturbed amplitude. Inserting these expressions into the perturbing terms in Eq. 
(21) and Eq. (21’), i.e. into the second lines, and solving them for C,,, and 
C*,,-,, and then inserting these results back into the defining equation for C,, 
(23), we get 


es Glee Vp-p (PF +00’) a V, (Y— Ga’) 
av, P Y—@nq pp (v—a’) (v—”) wpa (v—a) (?—0”) 
Vospreg ¥ — 60’) (24) 


@rpy-a>0 (%—«@’) (2—@”) 
Since we are treating the plasma oscillation, we can assume that 
y>o 


and simplify the secular equation for » by expansion. We are going to get the 
dispersion formula up to the second order in g. 
The first terms in the expansion give 
q q q 
y=2V, i>) Opt DF oe Vass Ve sniee) }. (25) 
(p+p!)-9<0 
Here the summation sign 3 denotes that one should sum over those p’s inside a 
beret-shaped region which is bounded by the surfaces of the Fermi sphere and of 
the sphere obtained by displacing it by the amount —g. We have simplified the 


expression by using the equality : 


q g q q q 
SV SV p= SEE Veteew— 3 Vivato: (26) 
p pl p pl p pl p op! 
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By using a similar equality, one can easily see that the next terms in the expansion 


contribute 
9 a aa 
d= bi Sion + 3) [ (e—0')? Vp-p — (oto’)? Vospreg] 
7) a p pl 
4, a if 2 /2 / | ei 
+ S135) (V = Vorpreg) (& +0"—wo') +. (27) 
(p+P!)*9<0 } 


It is readily seen that the last sum in Eq. (27) is higher by ¢ than the last one 
ia eG. (20) « 

Let us evaluate the expressions for * and 4y* to the order ¢g in the case of 
spinless electrons in a positive charge sea. For this case 


Vi Ate Q-} (28) 


and 


ee ee (29) 


We shall give the values of the separate sums in Appendix 1. The final result is 


pee 2 py e 2 


“ 32m 167" . (30) 
and with this value of inserted, 
meyer dmates 
Ay= Fg? — = a": 31 
Wye ae Fie 2 52 om : ou 


Transcribing these results in terms of the usual notations: 


pr =6e 2, 
al Ar Aare 
cee Fea 
n 3 Ks 
and 
Gee vas (32) 


where 7 is the number density of the electrons and a, is the Bohr radius, we 
obtain as the required dispersion formula for the plasma oscillation 


ee 4. SESS g fw (2) nto fe) ah, (33) 
m 5 wt 32 \ 9x 48x* \9z ns 
It is to be noted here that a correction to the non-dispersive term, which 
would otherwise contain a term proportional down to r;, has been cancelled out 
by virtue of the relation (26). It may also be noted that the last term in the 
dispersion coefficient, which is proportional to e! or the correction factor propor- 
tional to rZ, has arisen from our taking account of the Pauli principle in the case 
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of doubly annihilation or creation processes in the region 7». 
The first and the second terms in the dispersion coefficient, (31), may also be 
written in the form: 


¢ {( - ))+ 3 eae Ge 


where the average is to be taken over the Fermi sphere and ¢€ x is the exchange 
energy per electron in the Fermi ground state, 7.e. 


3 
Ag 


e pr. (35) 


= — 


This, including the result about the non-dispersive term, is just what one obtains 
on the basis of Hartree-Fock treatment of the plasma oscillation. We shall give 
the analysis in the Appendix 2. 


: § 5. Interaction between the excitons and concluding remarks 


One can extend the calculation to obtain the interaction Hamiltonian in a 
similar way. The three exciton interaction can be obtained by evaluating the 


expression 
! (LOS (LU U;-C¥,, Ca" T), 
which, transformed into the fermion representation, is equal to 
(ig tame (esata, |; ag aol 
The evaluation of this latter expression is straightforward, and one thus obtains 
(fee, (lU46U, C77), Cet”'T)) 
er (ier agrs Vp-p) OS Oy sharp a (Vig Vis-p) Des, Opera hae) 
ae (a Ves) Ops pt Domcepee = (V;. '_p Verxpr) 0, he’ Ons yep kul . (36) 
Here one may note that 
[[461, ap* ay], acs ap ]=0, (37) 
so that 36, contributes only to the two-exciton Hamiltonian. Hence, the three- 
exciton interaction is given by 
Seis ya Oe CC ECE Ch 717) 
Vie OL oe Cont Og aC Cane Care pyc ipa) 


The four-exciton interaction is rather heavy to work out, but the calculation 
goes in quite a similar straightforward way. However, we shall refrain from 


* The author learned later that DuBois obtained the same answer through a different 


analysis. D. F. DuBois, thesis, California Institute of Technology, 1958. 
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writing it down here. Instead we shall only note that in the above expansion of 
the fermion Hamiltonian on the basis of exciton picture the interaction Hamiltonian 
will involve evaluation of a finite number of coefficients, since the multiple com- 
mutator of 36, with various a%a,’s vanishes beyond the fourth. 

We shall defer the investigation of the interactions to a later paper. 

We showed once” that any system of interacting Bose particles can be completely 
described in terms of Bogoliubov excitations.” There appeared interactions involving 
up to six excitations. The formulation was analogous to the spin wave theory of 
Dyson.® The same procedure was followed for the fermion case first, obtaining 
essentially the same Hamiltonian. It is, however, not hermitian and, besides, it is 
not straightforward to take full account of the Pauli principle. The utilization of 
the transformation (4) is certainly superior in this respect. The. present method 
may have a more versatile applicability. . 

We presented here only one simple application and laid a stress on the formal 
aspect of the method. However, the investigation of the diamagnetism and the 
Froehlich interaction of metals on the basis of this formalism is interesting and, 
in fact, the work on these lines is under way in our laboratory. 
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Appendix 1 


We shall list here the various sums involved in Eqs. (25) and (27) : 


: g pee ry 
DS) p,q (27)8 es prd (A-1) 
‘ Q Bett 
Daan (2n)3 2 aa 5 prot: (A -2) 
a 2 : : 
Ss VS Ses es 17 Ame Q me 
onan | q Vise 6) oS Sy V, Q | (on)8 | : gi+ ORE (A. 3) 


aleyee ROW 
ou Ss [ (pq OR ney vier = (p,q+ Wpr ag) Viger’ 


arederare: a Q 


ze : 
15 Q me | (2m)? 27 ; pra) +. (A- 4) 
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Appendix 2 


Here we shall give a brief discussion based on Hartree-Fock’s self-consistent 


field. 
First transform the density matrix defined by the orthogonal oribitals equal 
in number to the number density of the electrons, to the “ Wigner representation ” : 


ACE p= | (g++ 2lelq— x) ede, (A:5) 
with 
q‘lelg”) = >t @'lr) (rig’). (A-5’) 


This obeys the equation of motion of the type, 


3. =- sin * | 2 2 | 
= eq, P) ee crs Big? Oe 0a  (q, p) PG; P) 


a d0 ax - Oe 90 (A-6) 
0p Aq Op dq’ 


with the Hamiltonian 


x 2 Pr ere ; ; dp’ its at Anh’ | : dp! 
Ca +e at \e@, P oe e | ome (@: P) aap 
(A-6")? 
Let us assume that 
(q, P, t) =Po(p) +a(q, Pp, t) (A:7) 


and linearize the equation. Here the assumed positive charge background cancels — 
the Coulomb field due to the homogeneous distribution of the electrons /(p). 


0 BP O° Bed ora ( odes dp’ 
Ppt pda e\\ 7 -— at lad p.m, 
An fo) ‘ dp’ 0 
Jar il 5) >t 
| lIp—2'!’ Be ee Bot) Op 
be De are Che plat anes a hed ee 
( m \ |p—p’?? op’ pt) Tab Og ve 


Putting the fluctuating part of the Wigner distribution function in the form: 
A=g9 (p) Cre > CA 9) 


we obtain the eigen-value equation. The same perturbational method as in the 


text gives as the dispersion formula 
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(aera 2 ap be do 
Are” | CO Es py Opn ap 
v—(k-p/m)? 2x)? 


Ane ane" \ R- p- 1. py k- p! aS din 


Bed nt p_ dp p dp (k-(p—p’))? dp dp’ 
(v—k- p/m)? (v—k- p'/m)y? lp—p’|? (27)*  (27)* 
(A -10) 


Assuming that »?>(k-p/m)? for the plasma oscillation and expanding in power 
of #*, we can reduce Eq. (A. 10) to 


ae e(( ' )) 
m Tita, 


2re® \\- (kp) (Rp) & (p=p'"))? 1 dt 1 -da d*p dip’ 


nmk' J 


ER 


lp—p'P p dp p! dp! (2n)* (2n)*- 
(A-11) 


The last anaes divided by the factor k’, can be shown to be equal to 


P 


Taller Geo e oa api oe: (A-12) 


nm ge ee is. (22)* (2x) © 
Hence Eq. (A. 11) can be written in the form 
2_ 4me'n PV\ go ey 
ek == A A-13 
: Mm i(( m / 15° m ( ) 


where €y is the exchange energy per electron in the state %. Ferrell® gave a result 
of the same form except for a difference of the factor 1 instead of 4/15. The 
same result as Eq. (A. 13) was given by Silin. 
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As another application of the method of describing a high density fermion gas in terms 
of electron-hole pairs, diamagnetism of the gas is investigated. The following two corrections 
to Landau diamagnetism obtained come from the screened interaction of exchange type. It 
is intended to lay a stress on the effectiveness of the physical concept of electron-hole pair 


excitation. 


$1. Introduction 


In a previous paper” under the same title we presented a general formalism 
which describes a system of fermions in terms of bosons of a certain type. The 
intention was to point out the importance of Sawada’s”) or Wentzel’s® exciton, 7.e. 
electron-hole pair as a basic concept in dealing with the electron gas at high 
density. The formalism described there is such that it enables us to investigate 
the behaviour of the gas entirely on the basis of the pair picture. This is con- 
sidered particularly effective when one tries to study the properties of the gas down 
from the high density limit. However, the only one application presented there 
was a derivation of the dispersion relation of the plasma oscillation modified by 
exchange effect of the electrons. To clarify the point further, we shall present 
another application in this paper. The subject which we are going to deal with 
is diamagnetism of the electron gas. 

This line of investigation has already been tried by Wentzel,” who obtained 
Landau diamagnetism while he took only the Coulomb part of the interaction into 
account. Hence our present task is to investigate the effect of the exchange part. 
The effect will be, as a matter of course, of higher order in the mean distance of 
However, the point is to show that the Hamiltonian of the excitons 


the electrons. 
n of the gas in a successive way from the high 


is appropriate to the descriptio 
density limit. 


$2. Unperturbed Hamiltonian and its diagonalization 


> representation of the Hamiltonian of an electron gas in a 


The ‘exciton’ 
Eq. (18) of the paper I to the second order 


positive charge background is given by 
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sn creation or annihilation operators. This can be written in the following form : 
H= DHX, 
=1/2- Paes (By) tpg T—pt,—g t+ Ape! Lp,9P—p',-a) ° (2-1) 
p pl 


g’s and z’s are coordinates and conjugate momenta of the oscillators : 


p,q eSha (coy t fap oe) =" yg 
. 9.9 
i (2-2) 
tp,.q T= CC C_p =) =. =) ¢ 
V4 
and the coefficients are given by 
Att Ae Ong Opt a (Vis Ve—u) a CVee= Vpsqrm) > 
Byp = BG» = Op, % pp + Vorqrp1— Vp-p» (2-3) 
where 
Op,g= pa TT. (2-4) 
with 
LP pp 
lp.q— > (Vp=p— Vpzg et) 
p 
and V, is a q Fourier component of the electronic interaction: V,=4ze?/2q’. 
Refer to the paper I for detailed description of the notation. 
g’s and z’s satisfy the standard commutation relations ; in particular, 
en Tyr gt |= LO pps Doar ’ (2 y 5) 
and, according to Eq. (1), their equations of motion are given by 
: dg (a) 
eae pa pays, Tp =4 
; (2-6) 
ae oe ae 
sans 3 > pnt Lpr.g- 
Let us consider the corresponding eigen-value problem : 
155 = > Jape pra 
pl 
é : Cay 
| +iv7h.= DAVE. 
pl 
This set gives a secular equation of the following form: 
B —ty é 
é = ‘ 2-8 
+ipv A : a 


from the form of which one can see that —» is also an eigen-value if » is one. 
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However, we shall agree to consider only the positive eigen-values, the number of 
which is the same as that of p’s in that the beret Shaped region of the Fermi 
sphere which can be moved out of the sphere by a displacement g. 

From Eq. (7) and the symmetric properties of the matrices A and B, one 
can derive, with an appropriate normalization, the relations : 


2 & ees EY , 7 70,05 (2-9) 


p.a4p.q*p.q Vp.a 
and 


Sea (2-10) 


2G P.a Des oF 7.9 7P.9 


Introduce then a new set of creation annihilation operators by 


it = 
—— nV ¥ fy 
b= ; 2 OpePma eat —ni-2) 
==G Fond 
Ve Av fy 
bg = o pa OS te ee Oe (2-11) 
Here we shall assume that €°,=£"».-9 g=%~».-~ Then the relations (9) and 


(10) ensure that 
[By 2 Gop HO og OWvi « (2512) 
The inverse relations to Eq. (11) are 
= ae GLE ee beh 
Tn,g pas goat Np Og)» (2-13) 


from which one can derive 


2 (i Wot oe So Poniad aa 10 ppt > (2-14) 

21 Cae Be — ont $5 1) =9, : , (2:15) 
and 

D) Goa Gota— Vora tora) = 9. (2-16) 


One can easily see that this new set of creation annihilation operators brings” 

the Hamiltonian (1) to a diagonal form: 
H+ -g= Dt Dv Ob) + 02, 8-4) - Bee wes 

v v 


§ 3. The Zeeman energy 


Let the vector potential of the magnetic field be 
A(a) =A,e "7 +A_.e"”, with A_,=A;* (3-1) 


so that the strength of the field is given by 
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H (a) =—ikx Ape" +ikx A_.e*”. (3-2) 


Then the Zeeman energy, or the magnetic energy, is H' +H" with 


t= ©} (3) (2e—k) ak nn) Ant CS) e+ 8) abe) A e} (3-3) 


2mc | ri 


5d emia 9 oe (3-4) 
mc 

where we retained only a constant term in 36”, the magnetic energy of second 
order in the vector potential. The electronic charge and mass are denoted by —e 
and m, respectively, and c is the light velocity. The number density of the elec- 
ee 1S <7. 2 

Transforming J¢/ into the “exciton,’”’ representation by means of U and U, 
Eqs. (4) and (7) of the paper I gives 


pS ae? 7 Se Aet J FS) 
with 
es <3 (p+) (Gacen op: - (3-5) 


as 


“ > 


we retained here only terms linear in the “exciton” creation or annihilation 
operators. This approximation is consistent with our Hamiltonian (1) truncated 
beyond the third order in c or c*’s, as will be seen from the following argument. 


The fluctuating number density of the electrons, 
Ca) SIS asta, 2 
is represented, after transformation by means of U and U, to the first order in c 
or c* by 
pa) = = Ce Ce teeny: 
The Hamiltonian (2.1) then causes motion of (2x) according to 


(a) 
pe) == De" SS BS G4 nae) 


where we have neglected the effect of the ordering operator, which will be justifiable 
because of the smallness of the overlapping region r, specified in the paper I. 
The right-hand side of this equation can be further simplified thanks to the equality : 


(@) 


ps Boe | On,y y? (3 é 6) 


which is always valid for any V, that is a function of the absolute magnitude of 
g. Thus one obtains a continuity equation, 


fae 


ys 
4 
y" 
7 
a 
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(—e) e(z) =—P -j(), 


with the following expression for the current density : 
I) = Diets 
q 


with the expression (3-5) for j,. 

Now that the expression for the magnetic energy has been determined, we 
shall proceed to calculate the magnetic susceptibility. To do this, we have to find 
out a canonical transformation which will cancel out 36’, which is linear in the 
vector potential. This is easy enough, however, because the unperturbed Hamiltonian 
has been brought to a diagonal form (2-17). Define a hermitic operator by 


S=—— 2 — SYS) Cpt > fy Or Arb An) +1 OF A4— BAD f. 


V2MCP ty y 
(3-7) 
Then, the canonical transformation exp(zS) just fulfills the requirements, as can 
readily be seen. Thus the transformed Hamiltonian, to the second order in A, is just 
the unperturbed Hamiltonian plus a constant, which is given by 6” +(1/2)[4S, 261, 
or explicitly, 


eee oe 7d, Ca ass { EY (p" ‘) 
“3 US: “al ie Mc “9s 2 Pe 2 he 2 
x Laat tpt ge) + (Ap Ant A+AD). (3-8) 
vy 


The expression involving the transformation coefficients in this equation, however, 
has a neat relation with the matrix B: 


wy it v Vx nae eh 2 IN 
> Bop ibs ha ee pr aYprat Telia Ip! ,0) = Opp! - (3 5 9) 
pl voy 
One can prove this by multiplying the first of Eq. (2:7) by 7* and adding the. 
resultant to its complex conjugate. The relation (2-9), then, brings about the 
result (3-9). ; 
Thus, the final expression for the magnetic energy can be written in the fol- 


lowing compact form : 
4 fis, 62-2, Sy (ot 2) (+) Om Ada t Aad. 
2 : p pl Zz, 2 


mo 
(3-10) 


Before evaluating the coefficient, or the susceptibility, we shall prove that 
the result will be gauge-invariant. The k Fourier component of the current density 
can be derived from the expression for the magnetic energy by taking variation 
of the vector potential. Thus, 

(j=K (BQ) -A- (3-11) 
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with 


eae epee Bee SoKS (2p +h) pth) (Bent - 


\me Se c 


Since the tensor K is clearly symmetric, the requirement of gauge-invariance is 
equivalent to that of continuity of the current. However, we shall explicitly show 
here that &- K(f) vanishes, at least, up to the order of k*. First we have the 
equality : 


(h) 
> (B™) pp Opre=1. (3-12) 
pl 
This can be obtained from the defining equation 


(kh, (k) a 
1= S13) (B™) ww Born 


pl pir 


by making use of the equality (3-6). The expression &- K(k), then, reduces to 


Rak (kh) = — 


2 (k) 
© \nk— >) 2p +B}, 
Goes Pp ] 


which may now be evaluated by an elementary integration. The result is 


ee ( pg : e+) Rb. 


k-K(k) = en k— 
mc 
The part of contribution linear in k from the paramagnetic current just cancels 
that from the London diamagnetic current because 


or phe oe eet 

ery rs, 

and thus the remainder is of order &‘, as required for the gauge-invariance of the 
susceptibility for homogeneous field limit, z.e. k-0. 

Now we shall proceed to evaluate the susceptibility. First one has to know 

the matrix B™' explicitly. Writing B as a sum of the diagonal kinetic energy 


part w and of the potential energy part W, which is proportional to e?, one can 
get B-* in a series form: 


pr 


BUS otw ) =e t-Wol =o =o Woot (3°13): 


* If one writes for Bu1 
Bo =n —o QYor, 
in terms of an effective potential part ((}, then one easily sees’ that (() should satisfy the equation 
(+Wo)(U=W. 
We haye not succeeded to solve this equation, nor even to work out the quantitative characteristics 
of Mop! when pp’. However, it can be argued that the solution Chie may have lost its singu- 
larity, which the original W,,/ had at p=p7. This is the weakest point in our calculation which 
gives a trace of ambiguity to the final result. Instead of going into this problem, we shall believe 


in the common statement that the screening of the Coulomb potential arises from virtual excitation 
of the plasma oscillation. See the next section. 
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Hence to the order e’, 


SP yp 


5 Wee arakos war i 
(B 3) pp! OF a 5 Na et pi pepnt) Pere GV =n Visepeph) ° 


2 
pk Wp, P!! Opk Optk 


(3-14) 
With this approximation of B-! one can readily go into the formula (3-10) and 
get 


2 2 k) 2 k) (k 
ae 2 wane Ze 4s Lee PONS 
BR) 22S) Pe SS (Pe BE) Vests Vern 
mc MCN P = Dyp 26 Pe PNW pe Opi ke? 


(3-15) 
Here we assumed that & is in the z-direction, and A, the vector potential, is in 
the z-direction. 
Evaluation of this last sum is rather tedious, but very elementary. Assuming 
the V,_, is of the form 


Are’ 1 
Vices = 


Cis pr ee (3-16) 


where we have introduced a parameter for the screening effect for the sake of 
convenience for the following discussions, we shall just write down the result : 


Ck) (kh) 1 \2 Caeav} 
: > > ( Ez =) CVsseeer Vp-p!) = 7 : Th ce : {—24In2—In—} . 
vm 


De Pere’ Nowpe Optk 18 | pr 
(3220 


This expression for the susceptibility clearly diverges for €=0, i.e. for the 
bare Coulomb interaction, so long as we assume the first approximation (3-15). 
Note that Vpse+p in Eq. (3-15) makes no trouble with its bare Coulomb form. 
Thus for the main correction to the Landau diamagnetism, one waits for evaluation 
of the screening constant €. We shall do this in the next section. 


$4. The screening effect 


The screening of the exchange interaction (3-16), which was found essential 
for the evaluation of the main correction to the Landau diamagnetism, will be 
tried in this section. As mentioned in connection with Eq. (3-13), there is 
probably another screening effect which has never been studied before, but we 
shall not go into this investigation. Instead of this, we shall show how the well- 
known polarization screening is incorporated in our formalism. The perturbation 
which gives rise to this effect is nothing but that three-exciton Hamiltonian, given 
as Eq. (3-8) in the paper I: 


he > CVeee V 2p) eee er Coe Genie Car cor pe 


rx papa ( Vieeg Vp-p) {epg P Goi, mts at en Cpr Cprtp=P : (4: 1) 
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This is an especially satisfactory feature of our formalism, because this part is the 
next term to the main harmonic one (2-1) in our series expansion of our exciton 
Hamiltonian. 

It was first shown by Bohm and Pines® that electrons are organized by the 
long range part of the Coulomb interactions to perform collective oscillations with 
long wavelength but high frequency so that long wavelength density fluctuations 
are strongly inhibited. This was found to mean, in particular, that the individual 
electrons, with correspondingly reduced number of degrees of freedom, are inter- 
acting via screened Coulomb forces with a range of the order of the inter-electronic 
distance. 

Hubbard” regarded the electron gas as a dielectric medium and thought of 
the electrons as interacting with one another like particles’ in this medium, their 
interaction being therefore screened. From this viewpoint the plasma oscillations 
are thought of as being the polarization waves in the medium. 

In order to get this polarization correction, we only have to eliminate the 
three-exciton Hamiltonian (4-1) by a canonical transformation exp(zS) with 


iS=—i lim | exp(—é) exp (i#6t) #6; exp (— i360) dt. (4-2) 


Then the transformed Hamiltonian to the second order in #6; is given: by oo 
I + (1/2) (iS, F653]. This is to involve a modified coefficient V,_,, of the type 
(3-16). Its exact calculation, however, is very troublesome because it involves 
various minor processes other than the relevant polarization. Before clarifying 
what we have to do for retaining only this process, we shall analyze the structure 
of ae 

If one drops the exchange coefficients, one easily sees that the three-exciton 
Hamiltonian (4-1) can be written in the form: 

Meta (ig, FO 
q Pp 
with 
2,= 21 a (Ct.0+¢ — Cpieo,0! 4) Cprgr = 2*,. (4-3) 
7 

As is apparent from the attached indices, 2,, here is an operator which causes 
scattering of electrons or holes with a momentum change gq, while the other factor 
is the g-Fourier component of the density fluctuation. 

Consider the motion of the operators due to the unperturbed Hamiltonian 
(2-1). While, as is well known, the density fluctuation of long wavelength, i.e. 
of small qg, involves a high frequency (namely, the plasma frequency), the operator 


@, changes with time comparatively slowly. This can be seen, for example, by 
calculating the time variation of @,: 


a as ’, Ee 
Oe for lS Se Brae Reet | ie tatone 


Ayes 
t pl qt m m 2m 


A a ty 


me 
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2 
a (a z_) pe Cor at (4-4) 
m 2m 

If one assumes that g and q’ be small in comparison with p’, which is of the order 
of the Fermi momentum, one can see that the frequencies involved are much smal- 
ler than the plasma frequency. On this basis we are allowed to eliminate the 
fluctuating density, treating the operators 2, constant with time. 

Then, by writing the density fluctuation in terms of b-operators according to 
(2-13), one can readily perform the integration in Eq. (4-2) and thus gets 


cy 


y 


Cyyla He be : (4 c 9) 


SV LAW 2 
¢ Pp v 


This canonical transformation gives, with only the commutators pertaining to the 
density fluctuations retained in compliance with the above statement, 


if - } I Ey v ke ey 
oe (iS, #3|=— 32V22,2_, x > — a (G2 Ee ove EY ye (Asa) 
qd Uy v 


Rearranging the operators 2,2 , into normal products and retaining binary terms 
in c-operators give 


= * 
2,.2_,= > pat pata Lp +¢,0t-o) Cala Cpr gt 2 ya Cpr a.e Cpr qt — De pe Cpr -+a.qt Cpt al > 
Pp g ye) qt pi @ 
Gee 
where J",,, is defined as follows: 


1, if |p|<pr and |p+q|>pr 
La : 
0, otherwise. 


Now, if one neglects the exchange coefficients in the harmonic Hamiltonian 
(2-1), one can derive the following relation from the second equation of (2-7) : 


i ae 
Qo.a 
Se Pp Wp, ‘ (4 ’ 8) 
P 142V,1+ 
Pp p,q 
Then the relation (2:14) gives 
1 
1 ~ v 
ee eta oe (4-9) 
oP ee eee leg a eos aes 
P -Wp,q 


Taking this result, Eq. (4-7) with (4-9), into account, we finally obtain an 
effective Hamiltonian with the same form as (2-1), but with renormalized coef- 
ficients. These are all free from the singularity met with in the bare Coulomb 
interaction. Thus the V,-, which is appearing explicitly in (2-3) is replaced by 
V ,-p where the renomalized coefficient U, is given by 


f 
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v= Ve a Are’ * (4-10) 
Leo Vase q +—e'mpr 


Pp Wp,q 


which is of the same form as (3-16). The 7,,, is also modified to the extent 


2P yp, S?Pp SP? p =P x } 


if S77; 
Tee » US) sa& > G sree = V phi esi >I Vor} e 
2 pil pil pil pli 


As one may recognize, the resulting Hamiltonian does not strictly meet the 
gauge-invariance argument of Section 3. To dispose of this lack of invariance 
formally, one has also to replace the V,,.,:»'8, those appearing explicitly and those 
involved in 7,,, as well, by renormalized ones of the type (4-10). This somewhat 
arbitrary replacement will be allowed because, to the present approximation, the 
matter with which we are concerned is the extent of cutoff of the singularity of 
V,-p involved in Eq. (3:15). That is, the cutoff value of V,.,,,, does not affect 
the result within our approximation. Hence, we shall refrain from giving any 
detailed analysis of this point. ; 

Now that we have got the appropriate value of the parameter €, we can write 
down the expression for the susceptibility according to (3-11) and (3-17). The 
result may conveniently be written down as its ratio to the Landau susceptibility : 


1 eeers 
Xo 67 


(—44+n# (4-11) 


ar, 
with 

a= (2/92) 
where %, the Landau susceptibility, is given by 


ik oft 1 
1277 ar, mca, 


oS 


This result may be compared with that of the collective description of electron 
interactions, mentioned in Pines’ review article: 


21 2ar. } 
ee 
ar; 1 (pe/Pr)” 


where p, is the cutoff momentum for plasma oscillation. 
Formally, therefore, our result corresponds to the choise 


Sass ars 


zs = \-44 In 


Pol Pr=V 2a/7 730.518 12, 


This should be compared with the value 0.3537", which was 


* In this self-energy 7,,. we have thus taken into account only the 
plasmon exciting processes which is connected with the scattering of 
electrons or holes (Feynman diagram Fig. 1). This is evoked by the 
three-“exciton” interaction. Bigtt. 
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obtained by approximately minimizing the long-range correlation energy with respect 
to pe. 


§ 5. Concluding remarks 


Our primary result is Eg. (3-11) for ¢j,), which is general enough so long 
as we limit ourselves to the harmonic approximation for the Hamiltonian (2-1). 
The point in this connection is that only the exchange coefficients come into the 
expression. However, we have not succeeded yet in evaluating the inverse matrix 
B=, although it can be well expected that this may give a finite expression for 
the susceptibility. 

We left this unsolved and turned to base our discussion on the approximation 
(3-14) for B-'. The ensuing integral expression (3-15) is, in point of fact, an 
average over the Fermi ground state of the operator expression for j, which is 
obtained after the two canonical transformations to eliminate the magnetic energy 
term linear in A and then to eliminate also the resulting cross energy involving 
the Coulomb interaction and A.” This, however, gives a diverging result for the 
static susceptibility. 

It is readily suggested by the expression (3-15) that we must take the scre- 
ening effect into account to get the susceptibility finite. It was shown in Section 
A that this type of screening arises partly from the three-“‘ exciton ” interaction. 
The final result is (4-11) for the susceptibility, which corresponds to that of the 
collective description of electron interaction with the cutoff momentum somewhat 
larger than that of Pines. Formally, therefore, the result is just that approxima- 
tion stated in the preceding paragraph but with the screening Coulombic interaction. 

It should, however, be noted again that this result is based on the approxima- 
tion (3-14) for B™. Hence it cannot be said anyway that (4-11) were final. We are 
intending to analize the problem along the line mentioned in the footnote for (3-13). 

Finally, we have not justified formally that replacement of Vp+ +» by the 
screened one on the present elementary approach. Before doing this, we shall have 
to solve that problem of B-*, which may be possible to give a finite result within 
the simple gauge-invariant scheme of Section 3. This will settle the effectiveness 
of the simple “ exciton” picture, because any need of more and more “ exciton ” 
interaction will invalidate the effectiveness. 

The authors wish to thank Prof. M. Nogami, Mr. N. Matsudaira and Mr. H. 
Ezawa, with whom they enjoyed various discussions. 
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The evidence for the z-z interaction is investigated by considering the angular distribution 
of nucleon in pion production by pion-nucleon collision. It is shown that it will be quite 
difficult to understand the sharp forward angular distribution of nucleon without considering 
x-m interaction. We can also estimate the strength of the z-z interaction assuming the interaction 
Lagrangian density A(¢a¢a)?, and get the value |\/1/47 ~4. 


$1. Introduction 


Since the z-7z interaction was proposed by Kovacs” to account for the angular 
correlation between final pions in pion production by pion-nucleon collision, many 
authors”*? have made their efforts to investigate this interaction. And it was 
pointed out by D. Ito et al.®” that the strong z-z interaction proposed by Kovacs 
- could reproduce almost all of the kinematical features of experiment except the 
branching ratio R= (x7 + Por*+a>+n)/(a7>+ por +7°+p). 

However, no conclusive evidences for the existence of z-z interaction seem 
to have appeared up to the present. Recently, Chew” proposed a new method for 
the determination of the pion-nucleon coupling constant from nucleon-nucleon 
scattering data by taking advantage of unphysical pole resulting from one pion ex- 
change diagram. Taylor,® in the same manner, considered the associated production 
of K-meson and hyperon in pion-nucleon collision and discussed the relative parity 
between charged and neutral K-mesons. ‘Taylor et al.® also determined the pion- 
nucleon coupling constant from pion photoproduction data in the same way. 

We consider, in this paper, the angular distribution of final nucleon in pion 
production by pion-nucleon collision, 


z+N>r+taz+N, (1) 


in order to investigate the existence of 2-2 interaction (one pion exchange dia- 
gram) with use of the same method as what Chew? et al. have used. 

In Section 2, the expression of angular distribution of nucleon for the process 
(1) is given. In Section 3 we compare this expression with experimental data and 
discuss the existence of z-z interaction. Also in Section 3 the strength of a-z 
interaction is estimated by assuming the interaction Lagrangian density 2(6.4,)?. 


stain tinal 
' » 
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§ 2. Angular distribution of nucleon 


The most general form of the production amplitude for the process (1) may 
be written as 


Mz, cos) =K(2)| ae TEE) PCr, cost) | (2) 


where 


K(z) is a function depending on the energy of incident pion, and g, 4 are para- 
meters representing the strength of NNza and of a-2 interactions, respectively. 
Isotopic spin variables are not explicitly written. @ is the angle between incoming 
and outgoing nucleon in c.m.s., x is other variables irrelevant in the present con- 
sideration, and p, p’ are respectively the momentum of initial and final nucleons. - 
The first term on the right-hand side of Eq. (2) comes from the z-2 interaction 
and the second term represents the contribution from the ordinary Yukawa in- 
teraction. In Fig. 1, we show Feynman diagrams representing the process (1). 


\ FA A is 
h a / Af 
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Fig. 1. Feynman diagrams representing the process (1) 
Solid line and dashed line refer to nucleon and pion, respectively. 
The first diagram represents pion production via z-z interaction 
and above the second one represents pion production via ordinary 
Yukawa interactions. 


. Lowest order perturbational calculation reveals us that the main term of 
T(x, cos@) has the following form : 


(hq) (Rq2) Be (nH Q) aK — p') = (p’) vst (p) 
AG cal GN GG Caran) iy 
(3) 


where k, gq, g: are momenta of incident and outgoing two pions. Therefore, the 

angular distribution of nucleon multiplied by (a@)—cos @)* is written as follows : 

(i— cost)? ST =p? A(p, <p’) (Bo —cos9) +49 Bp, <p')) (o— C089) (a%—cos4) 
+9°C(p, (p")) (Bo—cos4) (a@—cos 4)’ (4) 
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where %,=a,—/°/2pp', (p’> is the average momentum of final nucleon, and the 
integration over the variables of final pions is already carried out. Strictly speaking, 
B(p, (p’») and C(p, <p’) also depend on cos @, but as their angular dependence 
would not be so large we neglect it hereafter. 

According to the experimental results at 1.4 Bev pion lab. kinetic energy, 
obtained by Eisberg et al.,”) the momentum distribution of final nucleon is loca- 
lized fairly well around the average momentum ~0.5 Bev/c in-c.m.s. By making 
use of the average momentum (p’)=0.51 Bev/c, we obtain a,=1.07 and §,=1.04. 

The second and third terms of the right-hand side of Eq. (4) are vanishingly 
small near the unphysical pole a=cos@ of the angular distribution of nucleon. 
And if the z-z interaction really exists, then the first term of Eq. (4) gives the 
dominant contribution in this region and (a,—cos 4)? do/d@2 should be linear with 
respect. to cos @. 


§ 3. Comparison with experiment and discussions 


The most available experiment on pion production in pion-nucleon collision at 
present is the one at 1.4 Bev pion lab. kinetic energy performed by Eisberg et 
al.” In Fig. 2, we show the angular distribution of nucleon in c.m.s. from their 


doa 

dQ 
10 mb 

sterad 


=110 0.0 1.0 
cos @ 


Fig. 2. Center-of-mass differential angular distribution of nucleon? in 
the process (1) 


experiment. It seems to have a very sharp peak in the forward region. In Fig. 
3, we show (a)—cos 0)" (do/d®).x,. deduced from Fig. 2, which seems to prefer 
the expected linear dependence on cos 0. 
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Fig. 3. (a@—cos9)?do/dQ as function of cos @ 
The solid line refers to A(@,)—cos@) and dashed curve refers to 
“no m-m interactions ”. 

In fact, if there were no 2-2 interactions, 4=0, the first and second terms 
in Eq. (4) would, of course, vanish and only the third term would survive. Then 
(a—cos)?-do/d2 will show cubic dependence on cos@ passing through the ab- 
scissa at cos 0=/% and making quadratic contact at cos d=a,. Anyhow, one can 
hardly draw such curves as covering all experimental data, so the dotted curve in 
Fig. 3 shows one example of cubic function in the forward region. Even if we 
take into account the angular dependence of C(/, (p'>), we shall not be able to 
draw a curve fitting for all experimental data in the forward region, for pertur- 
bational calculations based on the ordinary Yukawa interaction reveal only the 
backward preference of nucleon.” We conjecture that the qualitative situation will 
not be largely altered even if higher order corrections are introduced. 

At present, it may be quite premature to give any definite conclusions on 
account of the experimental uncertainties. However, the above analysis clearly 
shows that it will be quite difficult to understand the very sharp forward angular 
distribution of nucleon without considering the z-z interaction. 

More reliable and detailed experiments of the process (1) in these energy regions 
are now in-progress at Berkeley, so we expect to be able to obtain conclusive 
evidences for the existence of the 2-7 interaction in the near future. By knowing the 
value of the left-hand side of Eq. (4) at cos @=a,, we may estimate the strength 
of a-2 interaction coupling constant. Although we have ambiguity due to the 
fact 1</p=1.04<a,=1.07, we get the value |4|/,/ 42 ~4, assuming the inter- 
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action Lagrangian density /(¢.44)? and g?/4z=15. This is not inconsistent with 


the values previously reported. 
The author wishes to express his sincere thanks to Professor D. Ito for his 


kind guidance and encouragement and to Professor H. Tanaka for valuable dis- 


cussions. 


References 


1) J.-S. Kovacs, Phys. Rev. 93 (1954), 252. 
2) F. J. Dyson, Phys. Rev. 99 (1955), 1037. 
G. Takeda, Phys. Rev. 100 (1955), 440. 
I. Sato, A. Takahashi and Y. Ueda, Prog. Theor. Phys. 22 (1959), 617. 
3) D. Ito, M. Yamazaki, T. Kobayashi and K. Mori, Prog. Theor. Phys. 22 (1959), 448. 
4) D. Ito and S. Minami, Prog. Theor. Phys. 14 (1955), 482. 
5) G. F, Chew, Phys. Rev. 112 (1958), 1381. 
6). J. G. Taylor, M. J. Moravcsik and J. L. Uretsky, Phys. Rev. 113 (1959), 689. 
J. G. Taylor, Nuclear Phys. 9 (1958/59), 375. 
7) Ejisberg, Fowler, Lea, Shephard, Shutt, Thorndike and Whittmore, Phys. Rev. 97 (1955), 797. 


815 


Progress of Theoretical Physics, Vol. 23, No. 5, May 1960 


On Multipole Model of Baryon-Pion Interactions 


Kanji FUJII and Daisuke ITO 


Institute of Physics, Hokkaido University, Sapporo 
(Received December 25, 1959) 


The multipole model of baryon-pion interactions proposed by one of the present authors is 
developed in such a way that the quantitative comparison with experimental results is possible. 
In this model, we assume that the baryons correspond to the definite internal states of a non- 
local entity, and the strong and the weak interactions of baryons and pion fields are regarded 
as their monopole and dipole interactions, respectively. By assuming the internal wave 
functions of the extended baryons to be one to one admixture of the symmetric and the 
antisymmetric parts with respect to the simultaneous reflections both in the isobaric and the 
Minkowski spaces, we are able to show that the weak decay interactions derived from our 
model are equivalent to the |4/|=1/2 global symmetric interactions, which are recently de- 
duced by d’Espagnat and Prentki through their phenomenological considerations. 


§ 1. Introduction 


In the previous two papers, one of the present authors (D. I.) has proposed 
the multipole model of elementary particles.” In this model, we have assumed that 
the baryons are different states of a structured particle, and the strong and the 
weak interactions of the baryons and pion fields are regarded as the monopole and 
the dipole interactions between the pion field and the non-local particle. On the 
basis of these assumptions, we are able to get a unified insight into the reason 
why the weak interactions are “ weak”, why they are of vector (—axial vector) 
type, and why the parity violation does occur only in decay interactions, and so 


on. . 
In the previous papers, however, the discussions were so qualitative that we 


could not hope to get a complete reproduction of the experimental results for weak 
interactions in all their quantitative details, especially in the selection rules in the 


charge space. 
It is the purpose of the present note to develope the model in more detail, 


and to deduce the interaction Lagrangian which is able to reproduce the precise 
values of the charge branching ratios and the asymmetry parameters of pion- 
angular distributions in hyperon decays. 


§ 2. Multipole expansion 


In our model, the baryon-pion interactions are described by an interaction 
Lagrangian of a non-local baryon field (a, x) and the pion field 4,(2) with the 
following form: ; 
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= Line) [atx [ated (a, Tee) Alc (a) 


where g is a coupling constant, and T; is a vector operator in the charge space 
operating on the internal wave function of the extended baryon, with the center 
of mass at x,, which interacts with the pion field at the point x, +2,. When the 
wavelength of the pion field is longer than the extention of the baryon which is 
assumed to be of the order of 107! cm, the interaction (1) may be expanded into 


multipole terms, 


—£u=9 Sata | dteB(a, THe, 2| iw) +2, AS) + |. (2) 
# # 
In our model, the strong interactions are described by the monopole term, while 
the weak interactions are described by the dipole term in the above expansion. 
Now, let us assume that the baryons are all spin 1/2 particles and correspond 
to the definite internal states w,. (x) 4 of our extended particle, where 7 specifies 
the kind of baryons, a is an ordinary Dirac spinor index and A and B are spinor 
indices in the charge space. We will assume, according to d’Espagnat et al.,” that 
the charge space is a four-dimensional Euclidian space, and charge states are 
characterized as the eigenstates of I* and I~. The spinor index A is related to 
the representation of I*, while B is related to that of I-. (The dot has no 


principal importance here.) Now, we expand ¢(x, z) into its internal eigenstates, 
O(a, 2) = 3) Baal) sb tao (2), (3) 
P(t, 2) =) Bra (2X) 48 Ung (2). 
nBAB 


The coefficients B(x)’s describe the center-of-mass motion and may be related to 
usual baryon fields by 


E(x)  p(x)- 

B, An) a =, ; 

(Br e(2) az) ex S| (BY p, (4-1) 
B(x) E+ (x)- 

(Ba a(2).0) =| oe oe (4-2) 


2° (x) Y%(x) 4p 


By introducing (3) into (2), we have \ 
oh bn \ d°.e|g . Be (zs) ae (| are Una (z) AB T; Ung (z) 2) x Brug (x) Cb 0; (2) 


+9-Bya(x)4# (| dt 2% Ca eee <7 C2) Bag (x) op bE) ae | 


ae 


=—6s1—Ly.z.. (5) 
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Note that we take Bye (4y"*=B*, Ge Pippa 

As was discussed in the previous papers, the parity conservation and the charge 
independence in the strong interactions are guaranteed, if the internal wave functions 
satisfy the following orthonormal relations : 


n 
\ d*z Uma (Z) az L ¢Ung (2) Se Ona Dt (7s) ap (Ts) Bes (6) 


Then, the first term in (5) turns out to be the well-known global symmetric form 


of the strong interactions : 


=e | 2B, (x) 44 75(e)) a2 Bm. (£) 08:2). (7) 


§ 3. Reflection properties of internal structure 


In the previous paper, we have simply assumed that the internal density dis- 
tribution Z(z)u,(z) is not identical with its mirror image, just as in the case of 
the electron density distributions in optically active molecules.” On account of 
this assumption, the dipole moment of the internal density distribution turns out to 
be a linear combination of the vector and the pseudovector parts: 


ie 
(1/2) \ d* zig (z)z,Up (2) ~ATet+T Tus) a8» (8) 


(where 7~10-* cm), and the parity violation is interpreted as an effect due to the 
optically active structure of elementary particles. Now we shall supplement these 
assumptions by considering the reflection properties in the charge space, and assume 
that the internal density distributions are not symmetrical with respect to 
simultaneous inversion of the internal space coordinates % and the charge 


coordinates. 


The inversion in the charge space is described by so-called “ antilinear ge- 


. . . 3 -: 
ometric transformations of charge spinors ” :” 


birdlasP 02, $—>6"=Sf é*, (9-1) 
bi es bi fis x2 bn 4 A _y g’ ue SA 6°, 
Sad}, SPio=0?. (9-2) 


By making use of these rules of transformations, we split the internal density 
matrices into the symmetric and antisymmetric parts with respect to the simul- 
taneous inversion. Then, the second term in (5), ZSyw.r. is written as 

00; (2) 2 

Ox 


B& 


Sf, = | d°29 Bre (x) 44 Bug (x) 05 


x | \ PaO) GIO a ee 
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Kita es, 2) wn 1 Zp Umar — 2, PZ ah om ae ies 


+ (det Uma (z) 48 TiZpUng (2) +54 52 Tica! 


X Umat (=. Zo) FE Lip Unger Co z, PN Led 4, aase sft 
Se Low fy Op es , (10) 


It is convenient for later purposes to rewrite the antisymmetric part — Cy? of 
(10) in the following way, 


— Lr. Fes | @xB,, (x)4? 7, hk: mos dzi{7 aa! 
or 2 : 
x Ua (z) AB TZ Unpr (z) ae — = Re as ( = z, 2) FE 
X Ti2,tne(— A, 20) SESP} 71,06 Bue (2) ob 
00; ( me Xo) 1 
Ox. 2 


= —9\ a2 Bot x 2) 2" \@zH70e 


= i CDs E>F 
X hg eo, Zo) AB 1 tG av Ung (—B, Zo) eT ae Se 


X Bina (2) rT: ov Rv Une (Z) SE SP} Bue (—%, Xo) ob 


== 9\ dx Bue (x) 48 Bee) A | de scat Bnet =% 20) a8 
Ox 2, 


a bese Ungr (—%, ze)? Oe ghee Se Spa Ung AX drt Li, 
X tung (2) SESE } Bue (Z) ob; : (11) 


where 


Gur) = ee (12) 
+1 
By making use of (11), Eq. (10) is rewritten as 


— Ly 4=\d*c9Bya (a)? > : | de na (2) ab Tz, ing (2) 


= Hiiaen path Zz, Sal teed 3 z ung (—B, oy eae Day arpr Bast 2) es 2hey 
Se 


“ 
4. | d?cd Bra (a)** sf Pap T | de tina (ec) Ee 
x Ung (z) at a Winey (=, %) FE T; Zy,Ungr (—z, Zo) HG 


X 7.010) Se Sif Bug 2) op OO, (13) 


Ly 


rr EES SS 
Ae * : ) 
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Now, we shall examine the reflection properties of the quantities 


Pd in a fd) gatas Bia (2) ot (14) 
appearing in Eq. (13), where we have put 


, . iterts I ; 
Ea (mm, 1 > zt ; P) anak =| AZ Uma (z) a8] i%,Ung (z) ue 


Pinar eaen mya) gn Le Setie; (8s 2) oF, ares (15) 
By the space reflection x->—x, (14) is transformed into 
Dooley eal NY Chg Maina os nia aa (Zod 
= F9n, Bux) el * (nm, 131; Dip, 15 Big Dob: 


It is seen that the operators /’* have the same reflection properties as those of the 
operators 7;7,-and 7, : 


15 Vp nay a D uy 15 Ty > 


(16) 
Vp Ex. See Vo . 
Therefore, we may put 
[= {mn (a Fe an Ge i”) 5? ) Pes: (757 a) ape CE 
ee — {o- Prankteha BGP 4 of Koran oa 30 ) re (7 i) ape (18) . 
Taking into account the relation 
SA (ta) B Sf= — (ti )a, 


and inserting (17) and (18) into (13), we can get the following expression : 
= Ly.1,=91\ a x| Pn Bra)" (Fos) a8 (60) Bua 2) of 


— pBrua( 2)" (74) ap (£27) 8° Bap (2) a8} ee 


7) 
+ Pmn{ Bal)" (7s7n) ae (Ts) #° Bug (X) a6 
pl Bala)" (han (64° Bas (2) of} A. |. (19) 
In our model, the strangeness selection rule of weak interactions is described 
by the internal selection rules \ Um Z,UndZ~Om,nz1, AS Was mentioned in the previous 
papers. Further, if we choose ¢’,,=0 and p*=1, the expression Ly.1, obtained 
above reduces to the |4//=1/2 global symmetric interactions given by d’Espagnat 
and Prentki® : 


— Lys. =f {42 {Seo oft Be we) EO) 
= 9: 24x) 7,0 By" (2) ie Aine OF, (20) 


Xu 
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OL 


where we have put f==g/-~. The explicit forms corresponding to the decays of 
S* and A particles are written down as 


— Ly.1.(2* > Nz) =v 22" (st+P)Tap 9,7 
+2 S*ys7,n-0,7°—p/22-7,n- 9,2 J+H.C., 
—Ly.1. ("> Nz) =f[AGs—P)7aP 9,7 
—(1/V2)AGs—p)7.2-9,2°) +H. C. 


As far as the effect of renormalization due to the strong interaction is small, it is 
clear that the consistent results with experimental facts are obtained (see ref. 4)) 


from these Lagrangians. 


§ 4. Final remarks’ 


On the basis of the multipole model proposed by one of the authors, we have 
shown that we are able to conclude that the Lagrangians correctly describing the 
experimental results on baryons and pion fields are derived from the assumed prop- 
erties of the internal structure of the non-local field, especially from the properties 
with respect to the simultaneous inversion of the ordinary and the charge spaces. 
It is, of course, not desirable to make assumptions on such an unverified small 
region, and it is very much expected to reach the same results without any refer- 
ence to such a small region. In spite of these objections, however, it seems to 
be very suggestive that the parity non-conservation and the |4J|=1/2 selection rule 
are intimately connected with the combined inversion of the charge and the 
Minkowski spaces in such a small region. 
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On the Non-local Boundary Condition in Quantum Field Theory 


Haruo SHIMAZU 


Department of Physics, Yokohama National University, Yokohama 


(Received December 24, 1959) 


The non-local boundary condition introduced by Bogolyubov et al. is useful for eliminat- 
ing the difficulty of negative probability concerning the indefinite metric in Hilbert space. 
Their theory is developed in the S-matrix formalism and does not give a causal description 
of the physical state. A causal description is given here in the form of an ordinary 
Schrédinger equation. The Hamiltonian is not hermitian in general, though it gives the 
unitary S-matrix. Such a characteristic situation is discussed by using a simple model. 


§ 1. Introduction and summary 


An indefinite metric in Hilbert space was first introduced by Dirac,” and has 
since been discussed by’ various authors. Especially, Heisenberg” emphasized that 
an indefinite metric would play an important role in constructing the convergent 
field theory in connection with the quantization of the non-linear wave equation. 
It seems to be interesting to use an indefinite metric in further development of 


field theory ; however, the well-known difficulty of negative probability associated 


with an indefinite metric is very cumbersome and has not yet been solved satis- 
factorily. 

Recently Bogolyubov et al.” pointed out that a non-local boundary condition 
is available to overcome this difficulty without concerning any specific type of in- 
teraction. In their theory, the Hilbert space of a whole system is composed of two 
parts, Hilbert space I and II in the same way as was done by Heisenberg, and a 
boundary condition between the state vectors at infinite past and future is imposed, 
sn order to make the S-matrix for Hilbert space I unitary. Essentially, this is 
an S-matrix formalism proposed by Heisenberg, and its relation to the Hamilton 
formalism is not clear, except that the Hamiltonian in the total Hilbert space is 
given in the same form as the usual theory. The success of constructing the unitary 
‘S-matrix for the physical state comes from that the unitary condition on the trans- 
formation function for the finite time is replaced by a weaker one, 1.€., a non-local 
boundary condition. 

~ This method may be understood as a phenomenological approach to the more 
fundamental theory, by which this condition may automatically be satisfied. From 
this viewpoint, some considerations are given in the present paper to develop the 
theory related more closely to the ordinary formalism. In §2, a Schrodinger 
equation is given, which describes the causal development of the state vector in 
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Hilbert space I and is free from the difficulty of negative probability. The non- 
local boundary condition has been taken into account in a somewhat similar 
way as was done by Bogolyubovy in the case of classical fields. But in our case, 
the Hamiltonian is given explicitly only in a form of the power series ex- 
pansion. Moreover, it is not only non-local, but also non-hermitian generally as 
to be expected from our weaker condition. Then there arises a problem to what 
extent this formalism could be accepted as a permissible and natural extention of 
the current field theory. This problem is discussed in § 3 by using a simple model 
of the interaction. 


§2. The Schrédinger equation in Hilbert space I 


We assume that the state vector ¢ in the total Hilbert space is composed of 
two parts ¢, and ¢,, which belong to Hilbert space I and II, respectively, 


d=¢,+ dp. (2-1) 


The Schrédinger equation for ¢ is given in the interaction representation as 
. Avt 
i HO — HE 60, (2-2) 


where H(t) is an interaction Hamiltonian which comprises creation and annihilation 
operators of various particles. We assume that H(?¢) is hermitian.* 
We shall distinguish two kinds of particles, one of which corresponds to the 


physically observed particles, while the other corresponds to what can never be . 


« > 


observed but appear only in “ intermediate states’ 


, the latter being called internal 
particles (fields) in this paper. In the representation in which the particle number 
is diagonal, states containing an arbitrary number of internal particles construct 
g., and the others ¢,. The non-local boundary condition is stated as 


da(+ 0) +4.(— 00) =0. (2-3) 


We shall explicitly write down the integral equation which follows from (2-2) 
and satisfies the condition (2-3). Using a projection operator P defined by 


d= Pd, d= (1—P)¢, 


one obtains two equations by operating P and (1—P) on (2-2), 


MO — PHO[6 © +60) (2-4) 


(MO — 4 PyHO[A +60) (2.5) 


* The terminology “hermitian” for the total Hilbert space is used here in accordance with 
the definition given by Gupta.” 


ree 
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Let us define the function 7°(4, ¢) by 


7° (t, t) =< G—d —eo—2) |, (2-6) — 


where €(¢,—z) equals to +1 or —1 according as 4,>¢ or 4<t#, respectively. It 


= follows from (2-6) that 


0° (tr, )=—7 (to, 2), 9° Go, t) = 0. 
Then, (2-4) may be integrated as 


bs (t,) =d (to) +i ly, t) PHO) é () +4(0) es (2-7) 


where the time 4 may be either past or future to %. The condition (2-3) is | 
applied to (2-5). The integral equation which satisfies (2-3) and (2-5) is, how- 
ever, not uniquely determined as will be discussed at the end of this section and 
in the Appendix. A typical form may be written as 


(n= fea A-P)HO] 6. +400 |ae (2-8) 


Our purpose is to get the transformation function for ¢, defined by 
6; (41) = U (ty, to) b: eo) » (2-9) 


which may subsequently give the Hamiltonian of the Schrédinger equation in the 
form 


AO FD d,0. (2-10) 
at 


It should be noted that the quantity which is given as an initial condition at the 
time f is ¢,(f) only, while ¢, cannot be given arbitrarily at any time, being really 
determined uniquely by ¢, in the form 


Ge (t,) = V (ti, to) dr (to) - (2-11) 


U and V may not be given in any closed form, but they are given from (2-7) and 
(2-8) by power series expansions as follows : 


Ut, t)=1+ =\y (t,, t) PH (t) Pdt 
te (=) \\a" (1, t) 7!°(t, -) PH (t) PH (t') Pdtd?' 
: 


a (=) (=-) | | y(t, te (t—’) PH (t) (A— P) H(¢) Pdtde' +O(g"), (212) 
1 1 


V(t to) =-|< (4—1) (1—P)H@) P dt 
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fi (4) is )\ie (4,07 (t, ¢) A—P) H(t) PH’) P dt dt’ 


1 21 


+(1) [fe-de-0) G-P)HO A-P)H@)Pded’+O@), 2-18) 
aL e 

where g is a coupling constant involved linearly in H(a). It is easily seen that 

U in (2-12) is not unitary. 

The Hamiltonian H,(¢) appearing in (2-10) is connected with U as 


U(t-+0t, 2) =1+ 4H, (2) 64, (2-14) 
1 


where dt->0 is anticipated. H,(¢) is thus given explicitly by making 4 approach 
to f) in (2-12), taking up the terms of first order of d¢, and putting 4=“=t at the 
last step, as follows: 


i, @) =PH@ Pa. (+. \< (¢—v/) PH(@ 1—P) H(t’) Pdt'+O(g*). (2-15) 

oe 

By using the contraction method, H,(¢) is brought to the form not explicitly 
involving internal fields.. In such a form, the internal field may rather be considered 
as the structure of interaction than as the usual operator. 

Now, we shall return to Eq. (2-8). It is noticed that the quantities which 
obey (2-3) may be added to the right-hand side in various ways without 
contradiction to (2:7). By adding such “ redundant” terms, one may obtain dif- 
ferent Hamiltonians than (2-14) by following the similar procedure given above. 
Such a situation will be made clearer in the Appendix, where the general type of 
Hamiltonian which gives the same S-matrix as ours, is given by another method. 


§ 3. The norm of state vector 


The non-unitary character of the transformation function shown above con- 
tradicts with the conservation law of probability in quantum mechanics. We shall 
investigate such a situation in this section. In H,(¢) the non-hermitian part ap- 
pears only in the second order term, which will be denoted by H,® (2), if the 
higher order terms are ignored. One may decompose H,®(¢) into the hermitian 
part W,(¢) and anti-hermitian part W,(z) as follows: 


Fi, (¢t) = W(t) + W,(2), 
W,.2(2) = fee) PIA) (l—P) H(t’) =H’) (— P) H(d) Pd’, (3-1) 


where the sign — or + corresponds to W,(¢) or W,(2), respectively. Then, up 
to the second order, the norm of ¢,(4;) is given by 


Godse) =(6) [142 fiw, ae] KD). 2) 


— 
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On the other hand, it holds that 


(d(2), 0(¢)) =constant. (3-3) 


Although (3-3) is guaranteed from the beginning, we give a direct proof to 
make the situation clearer. From (2-13) one gets 


(4 (t), G2 (tr) ) — (Ga (to), 42 (to) ) 
=(to)| 2[[fe@—de—-2) es ee) 


x PH(t) (1—P) H(t’) Pdtde'\é; (w)). (3-4) 


Using the identity 
€(4,—1) €(—1) — € (— 2) € (4-1) = 2[ 9° (4, D — 7° (hy, ') Je (t—-2), 


(3-4) reduces to 
(J.C), &(a))—((e), &@)=( 6), (—")[ Wade @)). BB) 


Comparing (3-5) with (3-2), one gets (3-3) immediately. (3-3) is, however, 
nothing to do with the conservation of probability. The interpretation of proba- 
bility is given only to the norm of ¢,, but not to d., the latter having no physical 
meaning directly. . 
We now investigate the expression (3-2) by using a model. Consider an in- 
teraction between a charged scalar field ¢(2x) with mass m “nucleon”, and two 
neutral scalar fields, ie. A,(x) with mass / “meson” and A,(x) with mass « 
“internal meson”. The Hamiltonian is assumed to be 


H(t) =9\9" (x) $(x) A(x) d*x, (3-6) 


where 
A(x) =Ai(x) +A2(2), 
with the commutation relations 
i[p (x), $* (2!) |=D"(x—-2’), 
i[A.(x), Ar(2!)J=D*(a-2'), eee (8) 
i| Ay (x), A, (2!) |J=—D*(z—2’). 


A state in which the occupation number of internal mesons in any frequency is - 


different from zero belongs to Hilbert space Il. } 
To calculate (3:2), we assume that the initial state ¢,(%) is normalized to 


unity and is given by the wave packet in momentum space as follows : 
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b: (to) = af (k—ky)o(k, —k), (3-8) 


where f(k—k,) is large near k=k, and é(k, —k) denotes an eigenstate of the 
free Hamiltonian with two nucleons of momentum k and —k and with the same 
charge. Using the relation 


(PA(2) 1—P) A(2’) P= —D*(x-2'), 
one may rewrite W,(t) as follows: 


wan =F flee —ey {n[ o* oreary" 2 $@ [De 29 
+ NPP) +H aH" | 


x| De(e=2)D."(2—2/) +D"(r—2’) Ds(e—2’) | 


Daz) D8 (¢2=— 2) DiG@—z) 4+ Dt (2-2) DG 2) Daz) 
xX da (dz), (3-9) 


where D,.(x) are the positive and negative frequency parts, D=i(D,—D_), D,j= 
D,+D_, and N means a normal product. By the Fourier decomposition one finds 
that only the first term survives. By performing straightforward calculations (3-2) 
reduces to 


{4 9* (kg (k) 
(6, (t:) ,.(4)) =1+ 4 Ven E'E| (k’—k)? +P" (k’ —k)? +12 — (E’— E)*] 
X sin| (E’— EF) 4, Jexp[ 2 (£’ — E) 4], (3-10) 


where 9(k) =f(k—k) + f(—k—k), E=\/ + m3, E’=\/k? + mi’, V is quanti- 
zation volume, and ¢ is put equal to zero for simplicity. 

The factor g*(k’)9(k) exp|z(E’— E)4,] in the integrand shows that the time 
width 4,=4¢ in which the norm is different from 1 is related to the energy width 
4E of the packet as 


4t~1/4E, (3-11) 


which is the same form as the uncertainty relation in quantum theory. On the 
other hand, if 4E is small, the second term of (3-10) also becomes small due to 
the factor sin| (E’—E)t,]. In the. limiting case 4E=0, ie. 6:(t) =d(k, —k), this 
term vanishes. Thus the restriction on the time width is stronger than (3-11). 
The uncertainty relation in quantum theory appears for the expectation values 
of operators in any state, the norm of which can be put equal to unity in the 
ordinary formalism. In our case, the uncertainty character concerns also to the 
norm of state vector in such a way that it may not simply be separated from the 
uncertainty for the expectation values. It seems from the above consideration, 
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though it is too simplified, that this non-conservative character of norm does not 
immediately introduce an inconsistency into quantum theory; however, the more 
complete physical interpretation is beyond the scope of the present paper. 


Appendix 


In this appendix, another method to define the Hamiltonian in Hilbert space 
I is given. This is simpler than that given in § 2, though the physical meaning 
is less clear. 

In the total Hilbert space the reaction matrix K is obtained from the Schrédinger 
equation (2-2), in the same way as the ordinary formalism, as follows :” 


Ri , |G ie (A-1) 
where 
GW=H() [1 eat (t—1)G(t’) dv | (A.2) 
The S-matrix is related to the K-matrix as 
_1-iK 
17K 


The above statement is also true in Hilbert space I, in which the Hamiltonian 
involyes the integrations in terms of extra parameters such as in (2-15). We- 
denote K and G in Hilbert space I which are obtained from H,(t) by K, and G,, 
respectively. .K, and K are connected by the relation” 


) a ed (A-3) 
One finds from (A-1) that (A-3) is satisfied if 
Gady=PG yr. (A-4) 


Then, H,(¢) is obtained in terms of G,(¢) in the following way: 
: a . 
CE i Gr (p[1-4 fee G, (t’) dv | ; (A-5) 


(A-4) is, however, not uniquely determined from (A-3), which is also satisfied | 
even if one adds to the right-hand side of (A-4) any quantity which vanishes after — 
performing the time integrations. Thus one obtains H,(¢) in infinitely many ways, 
which give different transformation functions for the finite time. Such a situation 
corresponds to the arbitrariness in Eq. (2-8). 
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——A New Integral Equation for the Pair Distribution Function 
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The hyper-netted chain approximation proposed in I is reformulated. The formulae in 
this approximation are rederived for the free energy, chemical potential and pair distribution 
function. The pair distribution function in our approximation is shown to satisfy a new 
integral equation, which is compared with the Yvon, Born and Green one. Variational 
principle for our approximation is given. 

Errata for I and II are given as appendix. 


§ 1. Introduction 


The HNC (hyper-netted chain) approximation is proposed in I,”. so that we 
may theoretically approach to the behaviors of fluids of not too small densities by 
starting with the Mayer virial expansion formulae. In this approximation, we try 
to consider all the graphs which can be summed up by means of sequences of the 
Fourier transformation. These graphs are considered to be those which can be 
reduced to a line or a ring by a sequence of ‘ identifications’.* In I, we have 
grouped the graphs by the ‘times of identifications ’* by which a graph is reduced 
to a line or a ring. The author regrets the fact that he committed errors in the 
calculations in I and II,” in which some graphs which should have been included 
were neglected. The errata for I and II will be givenein the Appendix. The 
correct results were reported in the preliminary report.” 

In this paper, we will reformulate the hyper-netted chain approximation in a 


more refined form than in I. 


* The terminology will follow that in I. Some important words to be explained are as follows: 
A ‘propagation’ is a part of graph which is connected to another part of the graph by just 
two points. The corresponding factor is called ‘propagator’. : 

A ‘junction’ is a point where three or more lines meet. 

Two or more propagations with the same endpoints are called ‘identifiable’ if they have no 
junctions midway. ‘Identification’ is the process of replacing two or more identifiable propagations 
by a line. 

‘Times of identification’ are counted by carrying identifications on évery identifiable parts on 
a graph at the same time. 

The notation is somewhat changed. f(r), F (2), f(7), 34). 0M, and §(&) in I are written 
as b(r), BR), z(7), ZA), Zs(7) and Zs(k), respectively, in this paper. 
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The Mayer virial expansion formulae in which we are interested are as follows: 
la. The free energy A :” 


A h? 3/2 p A’ 
2 Sol ( a . (1) 
VET Oa N Denke EE 


A’ v fo) p” 
PN \areetp pais tle hoe | ae ee cet od 
kT Z n=3 yn! n=t>jel 

Sum over all products which are more than singly connected. 


1b. .The chemical potential /:* 


2 3/2 wl 
= so Sa nee (3) 
RE: QamkT kT 
pl o of” 
s =p\ debut So || dre drs SE Babi (4) 
kT =2 k! k+1Di>jo2 
+1502 
Sum over all products for which each particle of the set 
{r., °°; Tra} is connected to r; by at least two independent 
paths and also the particles {rg, --:, Tzii} arg connected with 


each other independently of r,. 


1c. The pair distribution function g(r) or the potential of average force In g(r) :” 


ing(reess fo easy (5) 
w (ria) = 3) ||| dre sdrmis 3H Byben, (6) 
f m=1 m | Al m+2>i>j>3 

Bh 


Sum over all products for which each particle of the set {rs, 
“+, Fmtot is connected r, and r, by an independent path and 


also the particles {r3, -++, r,,49$ are connected with each other 
independently of r, and ry. 


where 
by3=6 (755) =exp {—¢ (rij) /kT} sabe 
é(r) being the intermolecular potential. 

Mayer® introduced graphs to illustrate the integrals in the sums of the right- 
hand side of (2), (4) and (6). In our development, it is convenient to use the 
graphical representation of the integrands and integral of (2), (4) and (6) sys- 
tematically. So we use the graphs as the symbols for products or integrals. We 


start with definition of the symbolical representations in § 2 and go forth with the 
thorough use of the symbolical methods. 


In § 3 the hyper-netted chains which satisfy a set of equations are defined. 
In § 4 the formulae for the free energy, chemical potential and pair distribution 
function in terms of .the hyper-netted chains are obtained in the HNC approxima- 


oo 
* —//kT is equal to —In T= 2 Be p* in Mayer’s textbook.) 


“) Dt 
7) 


rs " 
Fh 
aa x 
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tion. The expansion formulae for the free energy, chemical potential and pair 
distribution function in terms of the hyper-netted chains are given in §5. The 
variational principle for the free energy in the HNC approximation is given in 
§6. By using this variational principle, we calculate in § 7 the expressions for 
the pressure and internal energy in the HNC approximation. The set of equa- 
tions for the pair distribution function in the HNC approximation is compared 
with that of Yvon, Born and Green in § 8. 
Discussions are given only for a one-component system. 


§2. Definitions of graphs 


2a. Product /I b;; is expressed by a graph which consists of 2 white circles with 
n>t> jel 

subscripts 1, 2, ---, 2; Oj, Os, -:+, On; and lines connecting O, and O, correspond- 

ing to the appearance of factors 5;; in the product, where the line is attached by 

letter B, specifying that the factor is b(7). In case where another factor appears, 


a corresponding letter will be attached. _For instance, 


B B B 
b= o——_ , bh. 0 5 
1 2 1 B 3 
1 
bi2b3b3= B B 
Be 2 B 3 
A 
213 Oss bi22%12= | 2 > 
1 2, VA 
and so on. 


2b. In order to express the integrals in (2), (4) and (6), we introduce a symbol 
expressing 


{fo | drama dr TT By. 


n2=t> jel 


It is the graph obtained from the graph expressing “IT by by replacing the white 
n=i> 


circles On—mst1) **"; On by the black circles @, mit, ++, @,: a black circle means 
that an integration is to be taken over the coordinate. For instance, 
B B 
pl drsba= oo , | dr, dr,b,,= @e——* , 
1 2 1 2 
B B B 
all dtedl Daal —_ O 
1 2 3 4 
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and so on. 
Now, we write the formulae (2), (4) and (6) as follows: 
Se Ot Rea pala “ se {Sum of all the topologically different 
Aaa 9 n=3 1! 
graphs which consist of @,, @:, ---, @, and some and 
which are more than singly connected.} (2’) 


—L/kT= ose + S35) (Sum of all the topologically different 
9 t= k! 


graphs which consist of O,, @2, @3, --:, @.1 and some 
and for which each black circle is connected to QO, by at least 
two independent paths and the black circles are connected to 
each other independently of O,.} (4’) 
= al 
w (Tr) = >4 


m=1 mm! 
consist of O1, Os, @3, @4, --+, @,,42 and some 
which each black circle is connected to O, and O, by an inde- 
pendent path and the black circles are connected to each other 


independently of O, and O,; where directly connecting 
O, and Oz ts not allowed.} (6/) 


{Sum of all the topologically different graphs which 


and in 


2c. In the sums in (2’), (4’) and (6’) appear many graphs which are different 
only in the numbers attached to the black circles: they are, of course, of the same 
contributions to (2’), (4’) and (6’) ; eg., 


VAIN Ea ga E earee dee y 
des ee Peep aa 


We now define the graph with black circles without subscripts. It represents the 
sum of the graphs, with black circles with subscripts, which are topologically different 


from each other only in the numbering of the black circles, divided by the factorial 
of the number of the black circles. So that, e.g., 


2 Bes 8 DB en Bay eS 
1 
sl 
ep pd Sere. 1. B38 Te pe A 


| 
vom 
S 
by 


os ite at eine aan 
cal 
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Then, (2/), (4) and (6’) are written in terms of these graphs as 


—A!/kT= eis +Sum of all the topologically different graphs which 
consist of three or more black circles without subscript and 


B : ; 
some ———— and which are more than singly connected. (oe 


—p/RT = o# + Sum of all the topologically different graphs which 


consist of one white circle and two or more black circles without 


subscript and some and for which each black circle is 
connected to the white circle by at least two independent paths 
and the black circles are connected to each other independently 
of the white circle. (4) 

wr) =Sum of all the topologically different graphs which consist of 
two white circles O, and O, and one or more black circles and 


some and for which each black circle is connected to O; 


and O:, by an independent path and the black circles are con- 


nected to each other independently of O, and O2, where 
directly connecting ©, and ©, ts not allowed. (6/’) 


Given a graph with black circles with subscript, the number of corresponding 
graphs topologically different only in the numbering of the black circles is equal 
to the factorial of the number of black circles in the graph divided by the number 
of symmetry of the corresponding graph with black circles without subscript. As 
the consequence, a graph with black circles without subscript expresses an integral 
of the type: 


on \\: te \ arpa edn Bee 


n2>t> jel 


The number of symmetry of the graph 
with black circles without subscript. 


‘Phat ‘is, €.g., 
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§ 3. The hyper-netted chains 


The hyper-netted chain approximation is introduced as the approximation in 
which all those graphs are considered, which are reducible to a line by a sequence 
of identifications. Then, these graphs are considered to be constructed of propaga- 
tions which are reducible to a line by identifications. We group these propagations 
into two classes, which will be called ‘hyper-netted chain. Z’ and ‘ hyper-netted 
chain Z,’. To define these, we define an ‘ s-point’ as a point which must be passed 
to go from an end of a propagation to another end. 

The hyper-netted chain Z is the total of the propagations which are reducible 
to a line by identifications and which have no s-point. The corresponding propa- 
gators are z(r) and Z(k).* 

The hyper-netted chain Z; is the total of the propagations which are reducible 
to a line by identifications and which have at least one s-point. The corresponding 
propagators are zs(r) and Z,(k). 

According to the definitions, the structure of Z and Z, are of the form: 

Ze peters, Ze Z 


60} 406 O—__ 9 22 35 
1 2 1 SS Se ies See ; 


(7f) 


where we have grouped the graphs in Z, together according to the number of s- 
points, and 


1 1) 


1 1 
WP By 2 2 
bh 1 
2 2 


(8f) 
where we have grouped the graphs in Z together according to the number of 
propagations in which the propagation separates when we erase the endpoints. 
Z be is the sum of all topologically different graphs of the type of (8f) and each 
graph is equal to a graph with black circles with subscript divided by the number 


* Z(k) and Zs(k) are Fourier transforms of z(r) and zs(r), respectively. That is, e. g. 


Zk) = \ ar 2(7) exp (ik-r). 


—e 
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of symmetry. The number of symmetry is equal to the product of the numbers 


of symmetry of each edge and the number of symmetry of the graph as a 
whole. Then (8f) can be written as 


Helos oe mee 
=1B }]+1 ae po Pr teeta! (a Pee 1 PG) 
i gt pe gaa n! { la | : ft | s | | [2s 
9 A 


— 


SURE ae re 2 2 
il I 
+3|-z 
2 2 
1 1 i ef 
ao Hg n 
={B) +1} | s}" +B] —Zs 
n=1 n! Z's 
we a 2 2 
1 1 1 if 
a ae! + 
2 2 2 v3 
so that 
eA) == 40 Cr) lj} 79" 1 ee (7):. (8) 
In the graphical equation (8f’), Zs, Zs’, ---, Zs“ means a graph belonging to the 
hyper-netted chain Z;. Note here that the inverse of the number of symmetry of 
a 


each edge is included in the respective lz On the other hand, (7f) is in its 


2 
explicit form, 
Zs(k ea ACJ ees 7 
ee 7) 


This set of equations, (7) and (8), determines z(7) and z (7). 


§4. Formulae in the HNC approximation 


We calculate the sums of the graphs which are reducible to a line or a ring 
by identifications, in (2), (4) and (6). We consider first (6) and then (4’’) 
and ste") . 
4a. The potential of average force 

The total of the graphs which connect r,; and r, and which can be reduced 


to a line by identifications are Z and Zs. In (6), we have only to consider the 


* The inequalities mean that the sum is taken over all those sets {Zs’, Zs’’,...., Zs°} for 
which Zs’,...., Zs‘ are different from each other, in the way as to consider every set only once. 
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graphs in which the black circles are connected independently of r; and r;. The 
graphs in Z are not of such nature. The graphs to be considered are those of Zs 
and we get 


wr) nve=2s(7)-. (9) 


Now, we note that the set of equations (7) and (8) is just the set of equations 
which determines the pair distribution function in the HNC approximation. 
4b. The chemical potential 

After a sequence of identifications except the point r;, any graph which is 
reducible to a line or a ring is reduced to one of the graphs in Fig. 1. 


WHC 


Fig. 1. 


la 


The graphs which are reduced to the form of Figs. la, 10, 1c, --- by identifica- 
tions have the structure of Figs. 2a, 2b, 2c, ---, respectively.’ (While the converse 
is not true.) Then, the contribution to be calculated is the sum of the contri- 


Z 
es Ze —— Zs Zs \/ 
2a 


2b De. od 


Fig. 2 


butions of graphs in Figs. 2a, 2b, 2c, ---, subtracted by the contributions of the 
graphs which are not reduced to Figs. 1a, 1b, --- among those of Figs. 2a, 2b, ---, 
respectively. These graphs to be subtracted in Fig. 2a are those in which the 
times of identification to reduce to a line are larger for one of Z, constructing Z 
than for the other Z,; (cf. (8f)), i.e., 


ee 
> Zs/ 


Here, Pa means that the sum over is taken over Zi for which the times of 
aS! 

identification to reduce to a line is the Sus or larger than Z’ in the first sum; 

Lh | means a graph belonging to the set Z ip Such graphs in Figs. 20, 2c, ---, 


are eres in which the times of identinestion to reduce to a line is larger for an 
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edge Z attached to r, than the other edges of Zs, that is 


Here, (Z) on 2 means the lower; cf. above $1“**. As the consequence, the 
Z3/ 


contribution to oe subtracted is 


Da >> (a -1()z=2( Jaw ; 


Then, the contribution to be calculated is 


Zio 7 RTS ieee 
kT/ xne INS 7 PvZ 
-2(z.+2()z. (10 £) 


E es(r)'t +— 7 28) —p | drz(r)*} 


or explicitly 


(aan fur x0 e209 


ss (a dr {pz (r) zs(r) —pb(r) z5(r)} 
= Z(0) +25 (0) —£. \ar pee Taye (10) 


4c. The free energy 
After a sequence of identifications, any of the graphs to be considered is reduced 


to-one of the forms in Fig. 3. The graphs which reduce to the form of Figs. 


ole) 


5184 3b 3c 3d < 


Fig. 3. 


3a, 3b, 3c, ---, by identifications have the structure of Figs: 4a, 4b, 4c, ---, respec- 
tively. (While the converse is not true again.) Then, the contribution to be 
calculated is the sum of the contributions of Figs. 4a, 40, 4c, ---, subtracted by the 
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Z 
co ole 
Z Z, 


Fig. 4. 
contributions of the graphs which do not reduce to Figs. 3a, 3b, 3c, ---, among 
those of Figs. 4a, 4b, 4c, ---, respectively. These graphs in Fig. 4a are those in 


which the times of identification to reduce to a line is larger for one of Zs con- 
structing Z than for the other Z, (cf. Eq. (8f)), that is, 


3 Serb 2()zi-z()B 
Zl Z5/ 


Oo ie} 
where Z’ | means a graph belonging to Z|. These graphs in Figs. 40, 4c, ---, are 
@) 


eo) 
those in which the times of identification to reduce to a line is larger for an edge 
Z than the other edges. That is, 


> ye 2 (\ <3 > a ()zs 
Zs/ 2/ Z/ Zs/ 


Then, the contribution to be subtracted is from the graph: 


3 32()a- -7,()8= z(\z.- z,(\B. 
2! Zs/ 


As the consequence, the contribution to be calculated is 


Z ZAZ 
(-4) = Z| -— BIZ, —Z Z/ NZ 
‘eT NOs § ~4s{ JZ, 4 eee Mf 3 vA Zz + ... 
Z Z Zz 
-2()z, a(\z 3 
(11 f) 
or explicitly 


A’ 1 
(ne 5 20 +B {-In p20) = 92) —#Z(6"} 


ye fl dres(r)?—L | dre(r)2s(r) 


ali 
= £20) +5 33 {In =pZ()) —pZ(®) -£[z@ +Zs() FL. (11) 
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§ 5. Expansion formulae in terms of the hyper-netted chains* 


In the previous section, we have summed up the contribution of the graphs 
which can be reduced to a line or a ring by identifications. Here we turn to the 
graphs which cannot be reduced to a line or a ring. These contributions will be 
collected according to the graphs of junctions which are obtained after possible 
identifications. Then, the expansion formulae (2), (4) and (6) reduce to the form : 


eset Se (ea a AS 
VET VET /axe VET 
__ =—( =a Ee (13) 
kT RT axe kT 
wr) =w(r) avetw''(r), (14) 


where —A”/VRT, —p’/kT and w’'(r) are equal to the right-hand sides of (2), 
(4) and (6) respectively if we replace all the d;; there by z(r,;) +zs(rij) and if we 
add a restriction about the sum by that in the graphs all the coordinates are junc- 
tions except for 1 and 2 for w’’(r.) and 1 for w’’ and there are no identifiable 
parts. 


§6. Variational principle for the HNC approximation 


The formulae for the free energy in the HNC approximation (11) is written ~ 
by the use of (8), as 


Ps ( —- ewe : |\ar Lor) +1]es” —1—25(r)} 


1 ( ge - ; | 
—In(1—Z(k)) — pZ (k) —+—[Z (Rk) + Zs (Rk) Pt. (15) 
aa LTR 0Z®) =p (8) —-F (20) +2408) | 
Now it is seen that the set of equations (7) and (8) which determines z(7) and 
zs(r) is obtained by the variational principle which makes the value of the right- 
hand side of (15) stationary ; the variation about z(r) and zs(r) gives us 


4 = roe ec | drdzs(r) {[5() +1}e*s™ —1—2z5(r) —2z(r)| 
toy HZ | at a5 —Z,(8)} (16) 


The condition of extremum is (7) and (8). 

If we have some suitable approximate functional forms with several parameters 
for z(r) and zs(r) in such a form as the integrations in (15) are easily performed, 
we will be able to get an approximation for the free energy in the HNC approxi- 


* Cf. I, §4; Il, §5 and HU, Appendix II. 
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mation by introducing these in z(r) and zs(r) in the right-hand side and _ deter- 
mining the parameters in the way to make it stationary. 


§ 7. Equation of state 


Pressure is obtained from the knowledges of the free energy and the chemical 


potential : 
Evy ade Rae eek. (17) 
Riehl RUT kT , 
pe ey (17) 
EL ART. VETO CREO si ED, ER 


(tr) “Ur) <r ) 
vee HNC RT / awe VET /xzNe 


S} {—In(1—Z (&)) —p[Z (8) +258) 


es +Z5(b) wal 3 (18) 


This formula is easily obtained also by directly differentiating the formula for the 

free energy (15) with respect to V with the consideration that the right-hand side 

of (16) is zero and so the V dependences of z(7-) and zs(7-) need not be considered. 
On the other hand, the pressure is calculated by the. equation 


je AR (1 ay Sra 
p= 5 arg) nasas (19) 


Then we can calculate the pressure by approximating g(r) in this formula by 
9(r) zwe given by (5) and (9): 


Prnve= ——E ar r ae) gr Pr) Aes) (20) 


The direct confirmation of the identity of (18) and (20) is obtained by integrating 
(18) partially.* 


* (18) with Z(0) replaced by \ ar 2(r) has the form 


\ dertdra(r) tay i nk? dhe (k). 
H i 
This is partially integrated as 


co 
4x 


per) me rs Fe 


do(r) 
dr 


1 2 dt (b). 
3 = 
at 6r2 k 0) ears aa aE 


This partial integration applied to (18) leads to(20). 


Theory of Classical Fluids: Hyper-Netted Chain Approximation. II 841 


Another proof of the identity of (18) and (20) is obtained by confirming that 
oO on y A V 
! _9(r) pwo=——[b(r) +1 Boveus OL iB Jane 
9 HNC D [ ( ) | O6(r) > Al 
which is easily proved by using (15) A’ and noticing that the variations with 
respect to z(7) and z,(7) need not be considered. Then, that (19) with g(r) 


Sai by 9(7) zye is equal to OA’pye/AIV is the consequence of Hiroike’s 
work. 


Now, we have two formulae for the pressure, then we have two equivalent 
formulae also for the free energy and the chemical potential, for instance, 


pe ee 
VRT / awe kT / ANe kT / awe 


as (=) ot SEO) + © .(0) --| dr[z(r) +2zs(r) P (22) 


p'anc/kT is to be substituted either by (18) or by. (20) : 
The formula for the internal energy is obtained as 


9 


a 


E 3 E’ 

Se Le 

N 2 N 

eee af aloe ef, 800) es ee 
a 0(1/kT) ( NkT ie |ar a Ri 
=(ars(r)la(r) ave a 


which is the one to be obtained. 


§ 8. The relation with the Born and Green integral equation 


We will compare our set of equations (7) and (8) with the Born and Green 
integral equation for the pair distribution function. 
As stated in Illa,” our set of equations reduces to 
2 2 
VED) toy pe’ BAR): (24) 
1—péB(k) 
if we neglect the second and higher powers of zs(7) in (8) and approximate zs(7) 
by a suitable mean value 
E=1+ez5(r). (25) 
This is just the linearized Born and Green integral equation.” 
Now, to make comparison of our set of equations with the non-linearized 
Born-Green integral equation, we will rewrite (7) and (8): (7) is rewritten as 


Zs (k) =Z(k) {Z(k) +Zs(k)} - (26) 


This is in the coordinate representation 
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e 


Zs (12) =| dr; (113) {z (722) +25 (12) } . (27) 


Using the bipolar coordinate and introducing (8), we have 


Kee {b(r) e78 +e —1—2z5(r)} 


rZs(r) =270 
m1) 


x (r+2) dt{b(|r+z|) est? +e78'rP IT}, (28) 
By the partial Ane ee it is 
rzs(r) =np | ds {22 esate +22) (5) +1) e781} 
0 
x (?+s*) (r+2d dt{(6(\r+¢t|) +1) e787"? —]}. (29) 


This is the Born-Green integral equation” if we neglect 


Fes) Fe (5) +25(s) =D [9 (8) —Tawe 
BR ds 


20) [| (b(s) +1) e783) J] = §; 


compared with 
db(3). gz). 2 
ds kT 


BO ee 
Fe [9 (s) |nxe- 


At low densities, the variation of zs(r) is expected to be small compared with 
that of —d(s)/kT and this neglect will be allowed. However, the situation will 
be different at high densities where the neglect will not be justified and the author 
expect that our set of equations gives a better result in this region.* 


§ 9. Conclusion ~ 


It has been shown that the free energy and the chemical potential in the HNC 
approximation are functional of the pair distribution function in that approximation 
and the latter satisfies a new integral equation, in which more graphs are considered 
correctly than in the case of Yvon, Born and Green, hence it is expected to give 
better results for the pair distribution function.* Moreover, our integral equation 
has an analytically simpler form and seems to be suited for numerical computations. 
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Errata 


Theory of Classical Fluids: Hyper-Netted Chain Approximation. I and II 
Tohru MORITA 
Prog. Theor. Phys. 20 (1958), 920; 21 (1959), 361. 


As is briefly reported in the preliminary report,®) the author erroneously neglected in I-and 
II some graphs which were to be included in the HNC approximation.. The corrections to be made 
when we include these graphs are as follows: 


Errata for Part I 
Fig. 11 is to be replaced by 


ee % ¢ 


D’ 
SS —__vY 
D 


Fig. 11. D, D’, D’’ —watermelons of C 


(Gz G Cs (Ge . ‘ ee 


Eq. (21), the propagation by means of D, is to be replaced by 
f2 (vr) ={f (r) +h (r) $1} exp [4A (r)}-1-AM(r). 
Eq. (17), the contribution of D’” to —A’/N&T, is to be replaced by 


Ae Om (0) fe AD) 1 — Ah@ ee Oy, nf. 
Sa on™ 2 far Lf) +h (r) +1] [e4 nD (r)] ot E 


The last term of (17’), —t Nar [4h (r)]2, is to be replaced by 


—£ (dr {h@ (7) ano (r) + Tah wy} or — | dr [aD (r)2—h 7)? 
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The last integral of (24), —f | dr[aho (r)]2, is to be replaced by 
Be jar} [Aor (r)]2— [nom (w)]2h. 


n—1 y 
The last row of Eq. (27), — os | ar fm (r) f° (r) re { dr > [4h‘*) (r)]2, is to be replaced by 


- \ dr f(r) h@-D (r) 4 \ dr h-) (r)?2. 
7 nm 
The last term of Eq. (28), ve \ar = [4A‘s) (r)]2, is to be replaced by 
Salus ( (1) 2 
4 \ arh (r) 2. 
The last term of Eq. (29), i \ dr = [4A‘s) (r)]2, is to be replaced by 
$= 


on | drh(r)?. 


The second rows of formulae (30) and (30’) are to be replaced by 
forw (r) = [fo (r) +h(&-D (r) + 1] exp{ 4h (r)} = fst n) (r) 
and 
fe (n#+D (7) = [fo (r) a. hAf&-D) (r) ue 1] exp{ 4h (r)} == jj — A@) (r) ; 
respectively. 
The last term of Eq. (29’), zp | padre [4h‘s)(r)]2, is to be replaced by 
: s= 
: 
70 \ r2drh(r)?. 
0 
The restrictions for the products which are to be summed in Egs. (36), (37) and the cor- 
responding formula for Ing(7,) in p. 934 are to be added by that ‘which have no identifiable parts’. 
The second row of Eq. (48) is to be replaced by 
forDw (r) = [fm (r) +hia-D (r) oe 1] exp{ 4h (r)} = J — fv) (r) = tt. 


The set of graphs which gives the d, d/ and d” in Fig. 16 is to be replaced by that which is 


obtained from Fig. 11 given above by replacing the large letters B and C by the small letters } 
and ¢. 


q 
Errata for Part II 
In 7-8 rows from the bottom of p. 365, the sentence: 


“the watermelons of C are represented by Fig. 4 if we replace the letters B and C by C and 
D respectively.” 


is to be replaced by 

“the watermelons of C are represented by Fig. 5’. ” 
and Fig. 5’ is to be drawn which is equal to Fig. 11 of Part I given just above, if we have added 
Greek letters y and y’ on upper and lower vertices respectively of each graph of Fig. 11. 


The last term of (17). - | dr [4hi), (r)]2, is to be replaced by 


oa 


— \ arn? (r) AAS) (r) —— | dr [ah ry}? or = J ar a 2-H (r)2]. 


vy 


The last term of (18), — | arpaner? (r)]*, is to be replaced by 


. 
- 
% 
° 
4 
* 
> 
¢ 
4 
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il 
<> J ar A) =A? 9]. 
ie We n—-1 
The last term of (21), ae \ dr pa} [ 4h) (r)]2, is to be replaced by 
ay er s= 
1 
or \ dr Awad (r)2, 
i Pete n 
The last term of (22), a \ dr a [4hS, (r)]2, is to be replaced by 
s= 
al n 
-> \ dr hi) (r)2, 
The last term of (23), -— jar [4AS®) (r)]2, is to be replaced by 
= 


> | drh,yr(r)?. 


The second row of (24) is to be replaced by 
FEE ©) = LF) FAGr? @) +1] exp [4h G7 (7)] —1 Ay). 


To the restriction for the products which are to be summed in Eqs. (44), (45) and (A-10) is 
added ‘which have no identifiable parts’. 
The second row of (50) is' to be replaced by 


FGM =F OY FAG) $11 exp [4AG) (1) ] -1-AM (Y), nH. 
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In order to explain the K°-K+ mass difference by means of electromagnetic interaction, 
the form factors in the Pauli term and in the electromagnetic-polarizability-term for meson 
are investigated. The magnitudes of contributions from these terms are estimated for the 
case of the exponential form factor and compared with that from nucleons. 


$1. Introduction 


Recently it has been found that the mass of K°-meson is about 4.5 Mev heavier 
than that of the K*-meson.» However, it may ordinarily be thought that the 
charged kaon will be heavier, because the conservation low of angular momentum 
allows the spinless boson to emit only longitudinal photon (Coulomb interaction) 
in self-energy interaction. Therefore, contrary to the case of pion in which the 
charged pion has a larger mass, in order to derive the K°-K* mass difference 
by means of only the electromagnetic interaction, we shall need to introduce some 
strange electromagnetic form factors or interactions. Thus we may expect that 
the mass difference of kaon may, to some exent, exhibit the charactor of kaon 
- structure and furthermore that of boson. 

In this note we shall phenomenologically discuss some possibilities of solving 
this problem. In § 2, we shall introduce an effective electromagnetic interaction 
Hamiltonian of boson which is gauge invariant and non-local, and which consists 
of the current term, the Pauli term and the electromagentic polarizability-term. In 
_§ 3, we shall calculate the mass difference by relativistic perturbation theory up to 
the second order using the above Hamiltonian. In the first place the restrictions 
on the form factors without the polarizability-term will be investigated. Next we 
shall determine the magnitudes of the Pauli term and the polarizability-term in the 
case of the exponential form factor so as to make the result fit the experimental 
value. Section 4 will be devoted to field-theoretical discussion on the order of the 
magnitudes of these interaction strength. 


§ 2. Effective Hamiltonian 


Let us consider a non-local gauge transformation of the following type :” 


A, (2) >A, (x) + - A(z), 


7 


5 


Ss cal Ma wee 
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e 


(2) exp {—ie| f(a 2) A(x')d*a'} (x), (2-1) 


ep 


d* (x) >¢6* (zx) exp {tie | f(a@— 2) Aa") d*x'}, 


where A, (x) is the electromagnetic field operator and ¢(x) the meson field operator 
which is an iso-vector for the pion and an iso-spinor for the kaon. The form 
factor is a matrix in the iso-space and is rewritten in terms of the scalar functions 
FI (a—2’), f, (x—2z') and f,”(z—2’) as follows: 


J (2—2') =T3 f © (2=2') (for =) 
lt Gar) te @H—2)>~ dor K),) 
with 


1770. 0 
r,=[ 0 0 0). P= (< we Za Bs 
0 0-1 
By assuming the invariance of the Lagrange density under the gauge transforma- 
tion Eq. (2-1), the following expression is the most general one of the Hamiltonian 
in discussing the electromagnetic interaction which contains the derivatives of A 
up to the 1st order :* 
Flin (x) =ie (O* (x) 9,6 (x) —9,9* (x) b(x)) \f@-2’) A(z) a" x" 


+26*(2)6(2) {[Fa—29 A,(e)d'2!| {[fa—2!) A, (eda 


er 


ce o* (x) d(x) \] g(a2—2x', 2-2") Less (x’) jae (x) d'x'd'x", (2-3) 


oa 


with F,, (x) =0,A, (2) —0,A,(x) where m is the meson mass and ¢(2—<x’, x—<2’’) 
is another matrix form factor relating to three points. The first term in Eq. 
(2-3) is the usual current term (c.f. Fig. 1 (a)), the second term is the A’- 
term which is necessary for the guarantee of gauge invariance (c.f. Fig. 1 (b)). 


: (a) . (b) (c) 
Fig. 1. 


* We have dropped the normal dependent terms and we shall use the natural unit (R=c=1). 
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We can choose a suitable type of the form factor f(2— 2’) so as to make these two terms 
include the effect of the anomalous magnetic moment. The last term represent the electro- 
magnetic polarizability whose coefficient e’/m denotes its strength (c.f. Fig. i: 
(c)). It is remarkable that the first term vanishes for the neutral pion, but remains 
non-vanishing for the kaon, because the field operator of the former is hermite 
while that of the latter is non-hermite. 

The form factor of the first two terms is assumed to be of the form 


f(a— x") =f, (a— 2!) +3,3,/fr(a—2") =fi (x2) —8,9,fx(a— 2’). (2-4) 


In the above expression, f;(z—.x’) is the usual charge form factor and the f, part 
contains the Pauli term for the boson® which is customarily derived from the 
baryon loop. 
The Pauli term can be derived in the present case in the following manner : 
re 


(0, 6* (x) -6 (x) —8* (x) 9,4 (2)) \ 0,'0,/frla—x')A, (2) d°x! 


e 


=~, 0,6" (x) 6 (2) —8* (a) ,6(@)) | fale— 2) A, (a!) d*x! 


= 8,9" (2) -2,8(2) | fale—2) Py) da! 
+ (b* (x) -8,9,4(x) —9,9,4* (x) -4(2x)) \ fale 28 A, dt’ (2-5) 


Eq. (2-5) shows that the A’-term in Eq. (2-3) cannot be reduced to the last one 
in the same expression Eq. (2-3). Thus it is seen that we can introduce three 
kinds of form factors fi, fz and g. 


§ 3. Mass difference 


In the present stage of physics, nobody knows how to construct the unitary 
S-matrix up to an arbitrary order in case of non-local interaction.* However, our 
aim is not to discuss the existence of such a unitary S-matrix but to give an 
explanation for the mass difference of the kaon. Accordingly, we shall tentatively 
assume that the ordinary perturbation method is also applicable to the present case of 
non-local interaction, without making any profound consideration on this difficult 
problem. 

We shall calculate the mass difference by the perturbation theory up to the second 
order of e, making use of the Hamiltonian given in § 2, and shall determine the 
magnitudes and the types of the form factors in Eq. (2-3) from the observed value. 

In momentum representation, we put 


* It has been proved that an S-matrix of non-local interaction satisfies the unitarity condition 
up to the second order approximation.® 
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WS ey are CS 
/ vt 9 (3 i 1) 
Pee ee Ne Ct) 9 (7 — et) > GR?) GR"); 
and especially for the kaon 
F(B) =1F © (8) +7 F(R), 
GE GEE) — 1G k")- G(R) FG (REY GM (RE) SEER) 
where we assume that the form factor, 9(~—.2’, x—2z’’), is separable into two 


parts. 
Now the mass difference, d==m'*)—m, is given as follows. 


Pe Tem 
2m  (2m)* 
2p—h) F(R) d‘k | 4 (F(R) dtk 6! (RIG @yy ae 
R? {(p—k)? +m} m Rk? m J R 
(for a= +. (8 33)ae 
a (2p—BYFOR) FO )d'k 16 FOR)FOOR) sy 
ki (p—k)? +n} me RB 
ec RB? Ne) 2 2 
= 220 | ie oe d‘k (for K) (3-3/) 


m* 


> 


spe es { 
Ens 


my 


where p is a meson four momentum and G’ denotes the difference of form factors 
of the charged and neutral pions. Discussion will be separately done in two cases : 
(a) The case where the polarizability term is disregarded, (u=0) 
(b) The case where it is taken into account. (40) 


(a) (#=0) 
F(R) will be as follows : 
F(R) =F,(#) +e FB), (3-4) 
with 
Pee yal sha (RF), (for 7) 
F,(B) =1F 9) (R) +E! () (for K). (3-4’) 


The second term in Eg. (3-4) involves the Pauli term as shown in Eq. (2-6). 
x is a parameter and A is the cutoff momentum. Feynmann’s cut* is adopted for 


F,(2) and F,(#) : 


gh iaueghese Ae Meo ¢ ie 3.5 
P= me 22): (3-5) 


* Attention must be paid to that the form factor of this type satisfies the macroscopic 


causarity.” 
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with an appropriate value of « we can realize the experimental pion mass difference. 
In the case of kaon, however, any real value of « cannot give the observed mass 
difference for such a simple type for various values of 4. At a glance, it seems 
possible to give a correct mass difference by choosing the form factor of the type: 


F(R) F™ (RB) <0. (3-6) 


But as far as we take Eq. (3-5) for the form factor, this choice is not allowable 
owing to the restriction on the normalization condition : 


[FO @ de x=F Wo 


(3-7) 


[£? @)d*2=P RH) eo 
As a modification of Feynmann’s cut, we shall take the following ones: 


1 ¢ #f@di 


Fo BR ; FY Bb? = : : = 
(SES ACS er ay see Sake 
for] 2n 
Fo ae A - Fo BP JAZ — Ss) oA 7 
( ) ( ? ) a an (B + /’) n- (3 9) 


In the above expression, it may be possible in general to choose such a value 
of a, or such a type of f(4) that the observed mass difference may be reproduced. 
For example, we get the result using Eq. (3-8) with 


f(a) =80—A) +c0G—A), 


by taking A= (baryon mass) and /A’~(pion mass) with a suitable value of c. 
Although there are infinite possibilities for reasonable choices of form factors, it 
is clear that the charge distribution of the neutral kaon is concentrated near 7-0 
and cannot have a simple form such as the exponential type. These results has 
also been shown by a few authors.” 

(b) (#50) 

If we introduce the polarizability-term, it is possible, of course, in the case of 
kaon to get a consistent result even for a simple form factor by moderating the 
parameter #. As it is not interesting to treat various form factors, we will try 
only the exponential type with some assumption as follows: 


BREA PAA), (for z) \ 
Fi (2) =F, (#), FOR) =F (Re) =—_* | 
)=F OW) =» (for K) | 
aN pee A 3-10 
G(R) yy re (for z) \ ) 
G” (2) = A 


ELA? (for K) 
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Then the following relation between « and 4 is obtained from the mass dif- 
ference, for example, for pion 


66x" + 68«—45—24004=0, for A/m=7 (3-11) 
and for kaon 
8° + 9«n+ 42—674=0, for A/m=2.4. (S34) 


If the cutoff momentum is taken to be nearly equal to the baryon mass, the fol- 
lowing statement can be made insensitively to the magnitude of the cutoff mo- 
mentum; namely 4 has the maximum value —0.03 for pion and the minimum 
value 0.5 for kaon corresponding to the « value 0.5 for pion and kaon. 


§ 4. Discussion 


In the previous section we have phenomenologically analyzed the magnitude 
of three kinds of interaction terms, i.e. the current, the Pauli and the polarizability 
term. In the present section we shall discuss these results from the standpoint of 
field theory. 

The coefficient of the Pauli term may be of the order of magnitude in meson- 
mass unit 

A 2 =i 
e|(~) 10": Case 
m 
This value is a little larger than the value which Miyachi and Nakano” evaluated 
by the lowest perturbation calculation, but it seems to be reasonable since the 
contribution of the anomalous magnetic moment interaction of the virtual baryon 
had not been considered in their calculation. 

We have shown that even in the case of (a), it is possible to reproduce the 
correct mass difference of kaon by means of a non-simple form factor which is 
concentrated near 70. However, it may be quite difficult to expect that a curious 
form factor adopted in the present paper can be derived from the field-theoretical 
picture such as those in which the charge and the magnetic moment of kaons are 
considered to be smeared out arround the center of the kaon through the virtual 


pairs ‘of baryons. 
The sign of #(>0 for ; 
kaons and <0 for pions) seems ——C | > << 
to be natural according to the 
result of the calculation of per- (a) (b) 
turbation in the lowest order. re eS 
The Feynmann graph corre- 


sponding to our polarizability 
term is shown in Fig. 2. The Fig. 2. 


-----— ! photon 
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case of Fig. 2 (b) need not be considered, since this effect may be reduced to the 
mass renormalization of baryon by assuming that the mass of the virtual baryon 
is not so different from that of real one. In the graph (a), the effect caused by 
the electromagnetic interaction of the ordinary current-type of baryons makes # minus 
for kaon and pion; namely it makes charged meson heavier than the neutral. On 
the other hand, considering the effect from the interaction due to the anomalous 
magnetic moment of the virtual baryon, we can reproduce the same result for 4 as 
that obtained in the previous section by choosing some suitable coupling constants 
of (N-A-K), etc., and by taking some moderate magnitude of the anomalous 
magnetic moment of baryons. It is remarkable that the sign of 4 of kaon to be 
minus under the assumption of the global symmetry. Since the more detailed 
calculation of the magnitude of 4 may be of no use at the present stage, we confine 
ourselves to pointing out the possibility of deriving the constant 4 from the field 
theoretical consideration and to making a comparison of our 4 with that of the 
nucleon. The energy shift of meson in a constant electric field E is as follows: 


A 2 
4E= 1 ak? =( | Foe (2) d* x) ~—*_ E (4-2) 
9 2m?° 


—43 


According to the results on 4“ in § 3, a may be of the order of 10-“cm* for pion 
3 7) 


and kaon. The experimental value for neutron is shown to be 10~**~10-* cm’. 
Taking into account that the polarization of the meson is caused by baryon pair 
clouds, this result may be regarded as reasonable. 

The authors would like to thank Prof. R. Utiyama for his kind guidance and 
encouragement. They also thank the members of Utiyama Laboratory for their 
helpful discussions. One of authors (R.S.) is indebted to a Yukawa Fellowship of 
Osaka University. 
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The leptonic decay modes of pions and K-mesons are studied. from the viewpoint of 
compound model (Sakata model). By comparing these processes (x>y+v and K-yp+y), a 
conjecture for the leptonic decay of hyperons (e.g. 4->p+y7+¥) is given which suggests that 
the (squared) bare coupling constant of this process is smaller than that of ordinary 6-decay 
or w-capture process of nucleons by a factor ~10. 


§ 1. Introduction 


Recent experimental investigations on the weak interaction of elementary par- 
ticles seem to suggest that all the leptonic decay processes of non-strange particles 
are caused by the “ V(vector) — A (axial-vector) combination of four-fermion inter- 
actions ”, the scheme of which was proposed by many authors.” As is well known, 
all these interactions have the coupling constants of the same magnitude (1.4 10™ 
erg cm’) apart from the effects of renormalization due to the strong interactions. 
Under these circumstances, it may be quite interesting to clarify whether or not 
the above-mentiond universal V—A scheme can further be extended to the leptonic 
decay process of strange-particles such as, for example, 

A> p+pe(e7) +» (a) 
S- > n+pe (e-) +». (a’) 

At present, however, experimental evidences”) concerning the process (a) or 
(a’) are not yet sufficient to extract vital information about the structure of decay 
interactions of this process. Nevertheless, if we suppose that the leptonic decay 
of K-mesons should be induced by four-fermion interactions of the type (a) and/or 
(a’), it would be possible to some extent to investigate into the nature of the 
leptonic process of strange particles by using, as a clue, the transition probability 
of the decay 

Kopp (b) 


which-has been well established by experiments. 
In this note, we shall discuss the decay process (b) from the viewpoint of 
the Sakata model,® and in comparing this process with the decay 74+ a con- 


* The essential part of this work was prepared for the Kiev Conference (1959). See “Procee- 
dings of the 9-th Conference on High Energy Nuclear Physics” (Kiev, 1959). 
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jecture will be given that the (squared) unrenormalized coupling constants of the 
strangeness-non-conserving  four-fermion interaction such as (a) should be smaller 
than those of the ordinary Fermi interactions by a factor 10, and in this sense 
the “universality ” of the V—A scheme is somewhat violated in so far as we are 
concerned with the leptonic process of strange particles. It is to be mentioned 
that a similar result has been suggested also by Oneda® in the phenomenological 
analysis of various decay processes including K-mesons and baryons. 


§ 2. Relation between decays K>p+v and 
A>p+p +» in the Sakata model 


The most direct way of clarifying the relation between the processes (a) and 
(b) is to treat our problem on the basis of the composite model proposed by 
Sakata in which, for example, the K*-meson is considered to be a compound particle 
composed of the basic particles » and A (anti-A). Let us assume that the decays 
m>p+y and K->u-+y» are induced by the following local (V, A) four-fermion 
interactions respectively : 


A, =fy , Yr a +5) ?,) (bn 1s tp) Ph 4 (¢, TN 15 el +7s) y,) (Dn tn v5 }»y) +h. Cc. (1) 
H,=fy’ (p, 7x F775) Os) (ha 7r.Pp) thal (f, 7r.78(1 +75) .) CF rn 75Pp) +h.c. -(2) 


with obvious notations. We have only to remark that f’s and #’s are unrenormal- 
ized quantities. We assume here K-mesons are pseudoscalar as well as pions, and 
the relative parity of 4 and nucleon is even. This parity assignment seems to be 
preferable according to the recent analyses.® In our model, pions and KA-mesons 
are described by the Bethe-Salpeter wave functions for bound states as follows®” : 


Gx(x, y) =(2|T [py (x) on Cy) Jz) (3) 
x(x, y)=(2 T [Pp (x) $4(y) ||K), (4) 


where |.2) and |z) (or |K)) respectively denote the vacuum and the one-pion (or 
one-kaon) state.* Then, in terms of these amplitudes the S-matrix for the decay, 
e.g. 74+», is expressed (in the lowest order perturbation of (1)) by 


Ct, v|S\x)=i (22) ‘0 (p,+~,—P,) (ci (p,) Pris (1+75) «(p,) a Tr[7a7s?- (0) |, 
(5) 


where p’s are the momenta of respective particles and « the Dirac wave function, 
noticing the relation: 


(2\bnry Vo Pp (0) |) =Tr [7 15x (2, y) | Soren == 1r rR 15Px (0) | . 


In the same way, for the decay K-py-++v, we have 


* (3) and (4) are the expressions for positively charged bosons. 
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(H; v|.S|K) =i(2r)*0(p, +p.— pr) U(p.)7. 1 +75) u(p,) fal Tr [7.75 Px (0) iE 
(6) 
The ¢, and ¢, in these formulae are the normalized amplitudes which should be 
determined by the normalization condition : 


i | <Bl¥,7.%1B)do,=1, () 


where |B) denotes |z) or |K). For later purposes, we give here a general method 
to find the normalized amplitude. First, we start with the space-time integration 
of the expectation value for the current operator density,” viz. 


r 


| (Bl j. (a0) |B) d* x=(B|j.(0) |B) VT 


Mo 


= | day d' 2B 5(as, 2X2) G, (21, X23 X3, Xs) Op (Ls, Le) (8) 


where VT is the space (V)-time (7) volume of the world, G, the suitable Green’s 
function and @, the adjoint wave function of g,. Then, separating the centre-of- 
mass motion from ¢;: 


OAZ Wy) = gke)e" (9) 


in which ¢=2x—y, P the total energy-momentum and X the centre of mass, (8) 
may be transformed into the form 


(Bl j,(0) |B)=N\ d*éd'y se(2) J, (& 7; P)»a(y); (10) 


where t,(€) is replaced by N*»,(€). In (10), N denotes the normalization factor 
and v, means a norm-undetermined amplitude which is directly determined from 
the homogeneous equation for the bound states. Defining 2 (P?) to be 


\» J, vp =2P, A (P), (11) 
we find the required amplitude : 


o,(é ae a A. -172(P?) y,(€). (12) 
WO See ED 
For a pseudoscalar boson, »» (0) generally takes the form 


vp (0) =a(P*) pot d(P)757P). (13) * 


Accordingly, the terms Tr(---) in (5) and (6) can read 


* If we define the wave function gz by yx=(2IT (bp, b2/)|B> (ba = on’ (or $4’) for |B)=|z) 
(or |K>)), where gr’ =Chp (C: the charge conjugation matrix), we have vp= larstor5(7P)]C 


instead of (13). 
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Tel 7584 O) I= pepe A MPI O(PY P, (14) 


It may be remarked here that the factor 


Aneel? CPs Nae (4,2 the mass of the particle B) 


| 
i) 

P2+ p7p2=0 
is to be considered as a quantity which corresponds to the renormalization constant 
Z,1? for one-body boson propagator, although in our case it might not be interpreted 
as the bare particle probability. 

Let us turn to the experimental situations which provide information about the 
decays 7>/4-+v and K>p-+v. When we describe these processes by the phenome- 
nological Hamiltonian : 


>. fe) 
Eig (Gx / tn) (¢, tyr (1 +75) ,) oes +h. Cc. (15) 
x 
9 ar a ° fe) : 
Her= Gx/tx) Ppt. A +75) 4.) oe Ae bet (16) 
» 


where ¢, and ¢x are the field operators for pions and K-mesons respectively, we 
find the relation 


2 

( $xt | as (17) 
Grltx 

from the magnitudes of respective transition probabilities.® In terms of the expres- 

sion (14), we obtain instead of (17) the relation 


Goes w16 (17’) 


where S=4 $-"?(—3)b(—p2) (see (14)), which correlates the magnitudes of 
the wave functions of ¢, and ¢x at the origin to the (unrenormalized) coupling 
constants in the decay processes (1) and (2).* 

Up to this stage, we have not introduced any specific assumptions or approxi- 
mations concerning the structure of pions and K-mesons. The relation (17’) is, 
therefore, valid even for the standard theory of pions and K-mesons which describes 
these particles as ‘elementary’. However, the theoretical predictions for the ratio 
8,/8x may be different according to the kind of the model for pions and K-mesons 
adopted. In any ease, it is to be remarked that, if we assume the scheme of 
“universal V—A Fermi interaction” to hold even for the strangeness-violating 
leptonic decays, we should have the relation 82 ~168% from experiments. 


* A similar attempt has been developed also by S. Tanaka. But since his approach was 


essentially restricted to the nonrelativistic two-body approximation, no general relations such as 
(17’) were obtained. 
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We shall now try to estimate the ratio 8,/8x according to the Sakata model. 
As was investigated previously,” the pions and K-mesons are described as the 
bound states resulting from the effective direct interactions of the type: 


(i) (pOn) (Op) for z* 
(ii) (BO'A) (AO'p) for K*, 


where O and O’ denote the Dirac matrices. The general forms of these interac- 
tions required for obtaining the pseudoscalar mesons are found to be an arbitrary 
linear combination of P and A, if we confine ourselves to the ladder approximation 
(or chain-approximation”) . 

We can, however, simplify our situation one step further, assuming that the 
structure of the interaction of (i) and (ii) are the same and the only one type of 
interactions. viz. P would be dominant. The first assumption is a consequence of 
a desired symmetry property of the Sakata model recently introduced by Ogawa 
and others.” In this proposed symmetry, the three basic particles p, m and A play 
essentially the same role in the system of strongly interacting particles. In an 
ideal case in which p, n and A are treated completely on the equal footing, we 
immediately obtain the result : 


Be a 3 K- (18) 


If 2 does not critically depend on #,, we may conclude that (8,/2x)?~1 even for 
the actual case in which the mass difference #,—/, and (mass of A) —«(mass 
of the nucleon) are not equal to zero. In fact, this is the case when we introduce 
the second assumption (the predominance of pseudoscalar interaction). We feel 
that this assumption is also a conceivable one, since it provides the effective PS (ps)- 
coupling as the main part of the pion-nucleon interactions.” Under these assump- 
tions and following the general prescription of normalization developed at the first 
stage of this section, the %, and x are easily evaluated to be* 


oe 72 ae. 72 2 —1/2 
ga e(In + ter.) (In ee Aas eee er) 
7 ; K 


K Kw 2 anes 


we K+Ky / RP 1 figs ) ( RP * } lg ge 
Ja Ne noe “- oh Aes 
Px On 2 (In ee Benes us pre Ter nes S, 


(20) 


respectively, where / is the cutoff mass in Feynman’s cutoff device (A2«). We 
have omitted in these expressions the terms of higher order of expansion in /4,’/« 
or #x/k: and some terms which depend on («,?—«’)/« since the corrections due 
to these terms seem to be too small to modify our discussion. From (19) and 


(20), one obtains 


* Calculations are made along the same line as developed in reference 7). 
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(Bf 8x) =09~0.8 (21) 
for In(#/«) or In (#/K,”) =1~5. 

It is to be noted that whenever the magnitude of #, and $x are essentially 
determined by the binding energies required for constructing pions and A-mesons 
from the constituent particles, we always obtain the relation (3,/%x)*~1. Thus, 
if we accept this relation, implying (7~16f/, we arrive at the conjecture stated 


in the preceding section. 


§ 3. Discussions 


In connection with our arguments, it would be interesting to compare our 
results with that obtained by using the dispersion technique based on the current 
meson theories. Recently, Sakita’’ discussed this problem, applying the method 
developed by Goldberger and Treiman.“ His results seem to be not so different 
from those obtained in this paper. The’ essential difference between both 
theories, however, lies in the fact that his results are concerned with the 
renormalized coupling constants (for the leptonic decay of hyperonsy and depend 
on the other interaction constants such as of pion-nucleon and K-meson-baryon 
systems, whereas our conjecture is the one which correlates the unrenormalized 
constants directly with the magnitudes of wave functions of pions and K-mesons. 
The relation between renormalized and unrenormalized constants should be further 
investigated to clarify the true structure of weak interaction of elementary particles. 
If our tentative arguments for the smallness of the strangeness-violating interaction 
were found to reflect the actual case, the reason for the violation of ‘ universality ” 
of weak interaction would have to be explained from more profound knowledge 
on the internal structure of elementary particles. 

The author wishes to thank Prof. S. Sakata for his interest in this work and 
the Yukawa-Fellowship of Osaka University for the financial aid. 
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On the basis of the macroscopic causality and the relativistic covariance it is shown that 
the scattering amplitudes are regular in the upper half plane as a function of the energy of 
the bombarding particle. This conclusion also holds for the theory in which the Hamiltonian 
does not exist, such as non-local field theory, so far as the theory is covariant. In order to 
require the macroscopic causality the scattering is investigated by means of the wave-packet- 
formalism. The comparison with the result of non-relativistic theory is also discussed. 


§ 1. Introduction 


The aim of this paper is to derive the analytic property of the scattering 
amplitudes as a function of the energy of the bombarding particle on the basis of 
the macroscopic causality and the relativistic covariance. This analyticity is usually 
expressed in terms of the dispersion relation and was widely discussed by many 
authors.. However, in the covariant field theory, we have so far stood always 
on the microscopic causality. 

Recent information” obtained from high energy experiments on elementary 
particles seems to urge us to take into account some internal structure of elementary 
particles or to introduce the so-called non-local form factor in the interaction. It 
will be worth-while to make a research on the possibility of introducing the non- 
local interaction without violating at least the macroscopic causality or the possible 
type of form factors which are Lorentz-covariant and compatible with the macro- 
scopic causality. In addition, it may be of use to investigate the relationship be- 
tween the macroscopic and microscopic causality without assuming the existence of 
the Hamiltonian. Here it must be noted that the definition of microscopic causality is 
quite clear, namely, this means the commutability of field operators with space-like 
separation, on the other hand the “ macroscopic causality’? does not seem so ob- 
vious as the former. The precise definition of the macroscopic causality of the 
present paper will be given later. 

For the purpose stated above we shall inquire into the analytic property of 
the scattering amplitude on the basis of the macroscopic causality, since the analytic 
behaviour will show us the difference between the both kinds of causalities as we 
have known that in the non-relativistic theory the analyticity depends on the ex- 


tension of the interaction.°~” 
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Contrary to our expectation, we have obtained the conclusion that the macro- 
scopic causality gives the same analytic behaviour of the scattering amplitude as 
that derived from the microscopic causality. This result seems to suggest us that 
the postulate of the relativistic covariance is so strong that the macroscopic causa- 
lity is effectively reduced to the miroscopic causality. 

In dealing with the macroscopic causality it may be of convenience to make 
use of the wave-packet-formalism.” In section 2 we shall give a brief review of 
the wave-packet-formalism in quantum field theory. Section 3 will be devoted to 
the discussion on the transition matrix in the wave-packet-formalism. In section 
4 the analyticity of the scattering amplitude will be derived. In section 5 we 
discuss the analyticity of the scattering amplitude for the non-relativistic theory. 
In section 6 some discussions are made as the conclusion of sections 4 and 5. 
Although our discussions can be made without regard to the Hamiltonian, the 
assumption of the existence of the Hamiltonian makes it very easy to derive ex- 
pressions’ (2-1) and (2-2), .the derivation of which will be given in Appendix 
A for ‘the case where the Hamiltonian is present, and B for the case where 
the Hamiltonian is not assumed to be present. 


§2. Wave packet 


In this section we shall give a review of the wave-packet-formalism in the 
field theory, on which a paper has been published by the present author® from a 
somewhat general viewpoint. According to this paper, a state of two particles A 
and B having the average momenta p and —p and the average positions R and R’ 
respectively is denoted by |p, R, A; —p, R’, B), which is represented in terms of 
outgoing or incoming waves in the following way : 


lp, R, alls =) R’, Byes | dh dkeP (p, Tes k,) F(—p, 1 ky) |k,, A > ky, B)t 


(2-1) 
for the case where the spatial separation r=R/—R and the momentum Pp are pa- 
rallel to each other, or 


lp, R, A; —p, R’, B)= | dk, dks F(p, R, k,) F(—p, R’, k,) |x, A: ke, BY 


(2-2) 
for the case where r and pare antiparallel. Here |k,, A; ks, B)* is the scattering 
state of A and B particles with the incident momenta k, and k,, and the subscripts 
+ refer to the boundary condition of the outgoing-wave and incoming-wave re- 
spectively. #(p,r,k) is the wave function in momentum representation describing 
the wave packet. The expressions (2-1) and (2-2) are most important in the 
present paper in the sense that the limitation of the validity and the applicability 
of the result of the present paper depends on that of (2-1) and (2-2). The derivation 
of (2-1) and (2-2) will be made in Appendices A and B. 


—eoe 
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§ 3. Transition matrix 


Let us consider the following expression : 
| dls dieydlegdleg F* (p', R’, k,) F*(—p’, R’—r’, k,) F(p, R, k,) F(—p, R+r, ks) 


x~(ks, A; ky, Blk, A; ke, BD* exp —i {Ea (ks) + Ep (ks) } 2], (3-1) 


where ~(k;, A; k,, B\k,, A; k., B)* is the so-called S-matrix and can be decomposed’ 
into two terms: 


is, A; ky, Blk, A; ke, B)*=0 (hy —k,) 0 (ks—e,) +0 (hep + y— he, — fey) 
x 0s (Kes) + Ep (hes) — Ea (hex) — Ep (he) ) {Es (Ix) Ep (Ita) En (hes) En (heg)} " # (W, A’), 
(3-2) 


where W is the square of the energy in the center-of-mass system and A’ is the 
square of the invariant momentum transfer, that is, 


W= (Fs+hy)*— {Ea (hes) + Ex (ies) 3° 
and Ave (k,—k,)* — {Ez (kz) —E, (ky) ? 


in the arbitrary system of coordinate, and t(W, A’) is the so-called scattering 
amplitude whose analyticity is the main object of our investigation. If both |r| 
and |r’| are sufficiently larger than the extension of the wave packet F'(p, R, k), 
and the directions of p and p’ are nearly equal to those of r and r’ respectively, 
then we can see that (3-1) becomes the transition matrix 


(p’, R’, A;—p’, R’—r’, B| exp(—iHt) |p, R, A; —p, R+r,B) (3-3) 


in the center-of-mass system by using (2-1) and (2-2). We have assumed the 
existence of the Hamiltonian in so far as we are concerned with (3-3). However, 
this assumption is superfluous, since, as we shall see in section 4, it is sufficient 
to consider only the case of t=0 for (3-1) and (3-3). A prescription for getting 
the transition probability from (3-3) has already been given in reference 8). 

Now we shall inquire into the restriction on p, p’, R,r, R’, r’ for getting a 
non-vanishing (3-1). For this purpose we shall discuss (3-1) without recalling 
the restrictions on r, p, r’, p’. In (3-1) only the second term of (3-2) is of interest, 
since the first term describes the transition without mutual interactions. 

Let us look over the properties of the wave function describing the wave 
packet. In the first place, F(p,r,k) is assumed to be zero except for k~p. We 
denote this uncertainty of k by 4p. The wave function of the ordinary space is 


F(p, 13%). = 22) | dkexp (tk- x) F(p, r, k). (3-4) 


It is also assumed that the wave function f(p,r, x) is zero except for x~r. We 
denote this uncertainty of x by dr. We have 4p-4r~1 by uncertainty principle. 
The reason why (3:4) vanishes for |x—r|>4r is considered to be that a strong 
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cancellation occurs owing to the large variation of the phase of the integrand for 
the small variation of k. Therefore, the postulate that the our wave packet f(p, 
r, x) is located in the vicinity of r gives to the function F(p,r, k) a strong re- 
striction that the main part of the phase of F(p,r,k) depending on & is 
exp|—zk-r], namely 

F(p, r, k) =exp[—ik-r|F’(p, r, k) 


where the phase of F’(p,r,k) varies in a negligibly small amount as compared 
with exp[—ik-r]. Then, if the variation of the absolute value of t(W, A’) can be 
neglected, the restriction on p, R,r, p’, R’, r’ for getting non-vanishing (3-1) will 
be obtained by estimating the phase variation of the integrand of (3-1) for the 
variation dk of k(~p). However, in general the variation of the absolute value 
of t(W, A?) cannot be neglected; accordingly we shall take into account the in- 
fluence of the variation of the absolute value in the later argument. 
For the variation Jk; of k; in (3-1), we have 


AW=—2{dk,-V.(p’) + dky-Vz(—p’)}- {Es(p’) + Ex(—p’)} 
and 4 (A’) =2 (4k,— 4k,) - (p’—p), 


where V (p) =p/E(p) is the group velocity of the wave packet. Therefore 4(A’) 
is the scalar product of Jk,— Jk, and the finite vector so long as the momentum 
transfer is finite. Then we can neglect the effect of A’, since, as we shall see 
later, in the present paper we shall be concerned with the case of the infinite 
separation r’ between the two scattered packets. ; 

In order to take into account the effect of the variation of the absolute value 
of t(W, A’) together with its phase variation, it is convenient to introduce the 
Fourier transform by 


t(W, A’) = \ da exp[iaW]T (a, A), (3-5) 


because the variation of T(a, A’) with respect to k is negligible owing to the 
above stated remark. At this stage of the discussion it should be noted that 
T(a@, A’) is not unique since t(W, A’) is defined only in the domain of 

WS—M?—M;—-X—-V A +2Mi YB +2M2=— f(A") 
and A’> 0. 


(3-6) 


Without varying the value of t(W, A’) in the domain of (3-6), we can add 
T’ (a, A*) to T(a, A’) provided that T’ (a, A’) -exp [if (A?) a] is regular in the lower 
half plane of a. Making use of this ambiguity of T(a, A’) we can consider the 
infinite kinds of scattering amplitudes any one of which agrees with others in the 
domain of (3-6). Well-known examples of these amplitudes in the local theory 
are Feynman and causal amplitudes. In the discussion on the analyticity, we must 


« 
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select the amplitude corresponding to the causal one in the local theory. This 
problem will be investigated in the following section. 


; In neglecting the variation of t(W, A”) due to A’ the effective phase variation 
of (3-1) is 


A= dk,- R! + dk,- (R’—r’) — dk,- R— 4k, (R+r) — dky-V,(p!)t—4ky-Vz(—p)t 
—2{dks-V4(p’) +4k,-Vn(—p’)} {Ea(p’) +En(—p’)} @. (3-7) 


Now 4k,’s are restricted by the law of conservation of the total energy momentum. 
These restrictions are 


dk, + 4k,— 4k,;— 4k,=0 (3-8) 
and dk, -V4(p) + 4ky-V,(—p) — dks: V4(p’) —4ky-Vz(—p’) =0. (3-9) 
In (3-7) and (3-9) we have replaced k with p. The error due to this substi- 
tution is of the order of 4k-4p and can be neglected as compared with the re 
mainders. By using (3-8) 4k, can be eliminated from (3-7) and (3-9), which 
lead 

A= dk,;: {R’—R—V,(p’)t—2V.4(p’) [Es(p.) + En (—p’) Je} 


+ dk,-{R/—r/—R—V,(—p’)t—2V,(—p’) |Ea(p’) + En (—p’) Jo} — dha 


(3-10) 
and 
dks: {V4(p) —Vi4(p’)} +4k,- {V.4(p) —Va(—Pp’) } — dhe: {V4 (p) —V,(—p)}=0. 
(3-11) 


In order to make (3-1) non-vanishing, 4 must be nearly equal to zero for the 
variation Jk, with the restriction (3-11). Using the undeterminate multiplier T, 


we get 
R'—R—V,(p!) {t-T +2(Ea(p!) + Ex(—p’) 1a} —Va(p) TO, (3-12) 
R’—r’—R—V,(—p') ¢—-T +2[Ea(p') +Ex(—p') a} -Va(p)T~0 (3-18) 
and r—V,(p)T+V,(—p) Tw 0. (3-14) 


The last relation shows that the two initial packets make a collision after a time 
T. In above three equations, ~ means that the equality holds provided that the 
extension of the wave packet is neglected which is of the order of 4p or dr, and 
furthermore that the variation of t(W, A’) with respect to A’ is omitted. Here it 
may be of advantage to give a precise meaning to the term ‘“‘ macroscopic.” If 
some relationship holds when the size of the wave packet is neglected, this re- 
lationship is called a “‘ macroscopic” one. 


§ 4. Macroscopic causality and analyticity of scattering amplitude 


We shall investigate the conditions for the scattering amplitude in order that 


864 K. Yamamoto 


the macroscopic causality holds in the covariant field theory. Here the “macro- 
scopic causality’ means that the scattered wave does not emerge before the incident 
wave arrives at the scatterer provided that the size of the packets is neglected. In 
other words it means that the incident state is orthogonal to the scattered one in 
the above approximation. 

Consider the case where the incident energy E,(p) +E,(—p) is extremely 
large compared with the momentum transfer |A|. In such a case we have from 
(3-12) and (3-13) the following relation : 


r! ~ [Via (p’) —Ve(—p’) |{t-T +2[Eu(p’) + En (—p’) ] 4}, (4-1) 


where the terms depending on the size of packets or those including A have been 
neglecetd owing to the large energy as above stated. In the relation (4-1), if we 
take the limit E,(p’) +E2z(—p’) >, r’ tends to infinity, and in addition if a is 
assumed to be positive, the direction and the sense of r’ approximately agree with 
those of p’ respectively, since the relative group velocity V4(p’) —V,(—p’) 
has the same direction and sense as those of p’. Accordingly, it becomes possible 
to observe the two scattered packets with an infinite separation from each other 
after a finite time interval ¢. This curious situation obviously violates the principle 
of the macroscopic causality, because in the present theory the group velocity of 
the packets is still finite and does not exceed the light velocity even if the energy 
tends to infinity. 

On the other hand, if a is negative r’ becomes antiparallel with p’. In this 
case, the statevector 


Pp 


\ dk, dle, F (p’, R’, ky) F(—p’, R’—r’, kp) |k,, A; kz, B)- 


does not give such a simple physical picture as the two incoming packets and does 
not give rise to any paradoxical result. As to the detailed explanation on this com- 
plicated state, the reader is recommended to refer to the paper 8). 

Thus we reach the conclusion that for the collision of the finite mementum 
transfer it is sufficient for satisfying the causality condition that T'(a, A’) vanishes 
for the positive value of a. It will be seen that the above conclusion is always 
true without regard to the magnitude of ¢ so long as the time interval -—T after 
the collision is finite. For example, consider the case where ¢ is equal to zero. 
In this case since —T'<0 the collision of incident packets does not take place but 
the scattered outgoing packets can be found at infinitely remote points contrary to 
our common knowledge. Since ¢ is zero, we have no collision, accordingly it is 
inadequate to talk about the temporal change of the colliding packets. This con- 
tradiction should rather be interpreted as follows: The incident states where two 
packets are approaching to each other is not orthogonal to the scattered state and 
the former includes the latter to some extent. Consequently it violates the definition 
of the principle of macroscopic causality in the present paper. 

Speaking in general, the causality condition can be satisfied if the contribution 


er 
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from the parts of the transition matrix which violates the causality vanishes after 
the integration with respect to a from — to +c, even though the above un- 
favourable parts do not identically vanish for a>0. The above statement can be 
easily accepted by remembering the ambiguity of T'(a, A?) in the previous section. 
Therefore we are able to make T(a, A’) zero for a>0 by a suitable choice of 
T’ (a, A’). This choice of T’(a, A’) is equivalent to selecting the amplitude cor- 
responding to the causal one in the local theory. Strictly speaking, it is not sure 
that T(a, A’) can always be made to vanish for a>0 by suitably choosing the 
ambiguous function T’ (a, A’), but we cannot simply say that the causality is violated 
even if T(a, A’) #0 for a>0 as was already pointed out above. 

If we denote by w the energy of B particle in the laboratory system we have 


W=—-M/—M,—20M,. 


Then we can say that, except for the particular case discussed above, the scattering 
amplitude is analytic in the upper half plane as a function of the energy of the 
bombarding particle in the laboratory system. 


§ 5. Non-relativistic theory 


We shall apply the foregoing discussions to the non-relativistic theory and 
investigate the difference between the relativistic and non-relativistic theories. For 


this purpose we shall consider the scattering of the non-relativistic particle by the 


spherical symmetric potential. In this case (2-1) and (2-2) are rewritten as Pa 


e 


Ip, r)= |\dkF(p, r, k)|k)* (5-1) 


and |—p, r)= | dk F(—p, r, b)|k)-, (5-2) 


where r is the position of the particle relative to the center of the potential. The 
expressions (5-1) and (5-2) are valid provided that the direction of r is nearly 


equal to that of p. 
The transition matrix corresponding to (3-1) is 


| dhs dhs F*(p', r’, k,) Fp, r, ky) ~(ke| ki )* exp| —7F,¢], (5-3) 
where E,=k?/2m. The S-matrix ~(h,|k,)* can be written as 


~{Teq|K,)* =0 (Ie, — ea) +9 (E,— Es) ty (Ex, £089), (5-4) 


where @ is the scattering angle. Now we shall introduce the Fourier transform by 


ties, cos 0) =—=\ da. exp| —iaE|T,, (a, cos/). (5-5) 


438 


‘Although T,,(@, cos) is not uniquely determined as we have seen in section 3, 
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we do not repeat the discussion on this problem. In neglecting the variation of 
t, (E, cos 9) due to cos 9, the phase variation of the integrand of (5-3) with re- 
spect to k’s is 


4, = Mk,- (r!— p' t/m—ap'/m) — 4k,-r. (5-6) 
The restriction due to 0-function in (5-4) is 
dk, - p! — 4k, -p=0. . 
Then the conditions for getting non-vanishing value of (5-3) are 
. r! ~ p! (t/m—T/m+a/m) (5-7) 
and r~—Tp/m. (5-8) 


Here we have used —7T'/m as an undeterminate multiplier. 

From (5:7) and (5-8) we can conclude that T,,(a,cos#) should be zero for 
a~>0 from the macroscopic causality. Then t,(E£,cos@) is regular in the upper 
half plane of E. However, it should be noted that in the foregoing discussion it 
has been assumed that ¢,(E, cos @) has the Fourier transform. This assumption 
is not proper since the behaviour of t,(£,cos#) in E<O is arbitrary. For 
example, 


t, (E, cos#) =exp[—iV/ 2mE ry] \ da exp|—iaE|T” (a, cos#) (5-9) 
has not Fourier transform, although (5-9) does not contradict with the macroscopic 
causality. We can easily see that 7 in (5-9) gives the extension of the interaction. 


§ 6. Discussions 


The discussions so far made on the analyticity of the scattering amplitude in the 
covariant field theory have always been based on the microscopic causality, that is, 
the commutator or anticommutator of two Heisenberg operators should vanish if 
the operators are taken at a couple of points with a space-like separation. In this 
paper we have concluded the same analyticity by requiring the macroscopic causality. 
"However, the postulate of the relativistic covariance seems to have played an im- 
portant role, explicitly or implicitly, for deriving the same analyticity of the scat- 
tering amplitude. For example, that which makes us able to investigate the 
behaviour of the function t is due to the possibility of considering t as a function 
of the two invariant quantities W and A?. The more important role played by 
the relativistic postulate is that the group velocity of the packets is finite and less 
than the light velocity which comes from the relativistic expression of the energy 
E as a function of the momentum p. 

One might think that the covariant field theory with a non-local invariant 
interaction may lead us to the violation of the microscopic causality even though 
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the macroscopic. causality is satisfied. However, according to the conclusion of the 
present paper this is not the case in so far as the momentum transfer A? can be 
neglected. In other words, we can say that it seems impossible to establish a 
non-local field theory which satisfies the requirement of the macroscopic causality.” 
Before concluding this section, it should be emphasized that in the covariant 
theory the existence of the exponential factor like exp[—i,/2mE r,] in (5-9) always 
leads to the violation of the macroscopic causality. For example, we see that 
0 
t(W, A®) =exp[—i// —W 4] \ da exp[iaW |T” (a, A’) (6-1) 
contradicts with the macroscopic causality by investigating the collision in the 
laboratory system even though (6-1) does not lead to the apparent~violation of 
the macroscopic causality if we take the center-of-mass system. Namely, in the 
center-of-mass system, 4 {V4(p)—V,(—p)} gives the extension of the interaction. 
Then, by a Lorentz transformation, there appears an extension of the interaction 
with an order of magnitude (4/,/ 1—/) 4V where 4V is the relative velocity in 
new Lorentz frame. If |p| is sufficiently large this extension can be made measurable 
by a macroscopic observation by taking a sufficiently large $ whatever small % 
may be. Therefore, in order that (t/)/ 1—%) 4V be always of microscopic order, 
t) must be zero. 
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Appendix A 


Assuming the existence of the Hamiltonian, let us derive (2-1) and (2-2). 
As is well known, 


|k,, A; k,, B)*=271? lim exp[—iHt] exp[iMt]|n, A; ky, BD. (AD). 


Here z is the renormalization constant and |k,, A; k,, B) is the normalized eigen- 
state of the free Hamiltonian. 
Now let us consider the following statevector : 


| dhs dhs F (p, R, k,) F(—p, R’, ks) |x, A; ken, BY* 
2" jim exp[—iH#] exp[iHot] \ dk, dk, F (p, R, k,) F(—p, R’, ks) |x, A; Bs, BD. 
(A-2) 


We can easily understand that the statevector (A-2) represents the state which is 
produced in the first place by transforming 
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\ dk, dk, F(p, R, k,) F(—p, R’, ks) |kx, A; ha, BD (A-3) 


backward to the infinitely remote past with the free Hamiltonian H, and then by 
adiabatically switching in the interaction and finally by transforming (A-3) forward 
to the present (¢=0) under the influence of the total Hamiltonian H. Therefore, 
if the collision of the two particles did not occur while moying from the infinite 
past to the present under the effect of H, (A-2) represents the state of the packets 
of the physical particles whose average positions are R and R’ and average mo- 
menta p and —p. On the contrary, if the collision of two particles occurred 
during the motion, then R, R’, p and —p do not indicate the average positions 
and momenta, since the packets have been disturbed by the collision a great deal. 

One might worry about the convergence of the limit of (A-2), as the packet 
(A-3) would become spread in a vast region during an infinitely long time interval. 
Such an unfavourable situation would occur if we consider the limit 


limexpl —iH1] exp[iHt'| | dh, dk, F (p, R, k;:) F(—p, R’, ky) |kx, A; ka, BY 
tl >0 

in place of (A-2). However, in our case we are considering the particular limit 
where the deformation of the packets are always cancelled out to some extent by 
the two operators exp|—zHz] and exp |zHpt] and we are only dealing with the finite 
amount of deformation of the ‘packets which is essentially caused by the interaction. 
Accordingly, it may be quite reasonable to assume the existence of the limit of 
(A-2) which is the basic assumption of the present paper. 

From the above discussion we can obtain the conclusion of this appendix. If 
(A-3) describes two wave packets which do not overlap each other and if the 
direction of R’/—R is nearly equal to that of p, then (A-2) describes the state 
of the physical packets of the particles whose average momenta and positions are 

R, R’, p and —p. On the contrary, if the direction of R’/—R is nearly equal to 
that of —p, then (A-2) does not describe such a state but the state after the 
collision. For |k,, 4;k,, B)~, the similar discussions hold and we can easily 
obtain (2-2). 


Appendix B 


Contrary to the previous appendix, without assuming the existence of the 
Hamiltonian, we shall derive (2-1) and (2-2). Let us consider the following 
quantity : 


* Ck, A,;k,, Blp, R, A; —P, R’, Sey) (B-1) 


for the case where R’/—R and p are parallel to each other. The statevector 
|k:,A,; k,, A,)* can be separated into three parts: the incident plane wave, the outgoing 
spherical wave and the rest which vanishes rapidly for a large distance between 
the colliding particles. In what follows, we call these the first, the second and 
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the third part of |k,, A:; hk, A,)*. The only contribution to (B-1) may be ex- 
pected to come from the first part of |k,, A; k., A,>*, since |p, R, A; —p, R’, B) 
describes the wave packets which are approaching to each other. Furthermore, 
we see that (B-1) is not zero only in the case that A, and A, agree with A and 
B, and 


eS As k,, B\p, i; A; —Pp, R’, B)=F(p, R, k,) F (—p, R’, ky) . (B-2) 


‘This fact will be understood by considering that, if |R’—R| is sufficiently larger 
than the extension of the wave packet, the statevector of the system can be given 
in some meaning as a product of the quantities corresponding to such packet as 
there is no overlapping. 

Next we shall show that the statevector |p, R, A; —p, R’, B) is orthogonal 
to the outgoing states where more than three particles are incident. We shall try 
to illustrate this fact by using 


Fede Ay ; kz, As; ks, As|p, R, AS —Pp, R’, B) (B-3) 


as an example. The statevector |k,, A; ;k, Ao; ks A;)* can be decomposed into the 
following nine parts: 

1) the plane wave of Ai, A2, and As, 

2) the plane wave of A, and the third part of |ka, As 3K, As>*, 

3) the plane wave of A, and the third part of |hi, Ai; hs, Aes 

4) the plane wave of A, and the third part of |k,, A:; ks, As>*, 

5) the plane wave of A, and the second part of |k2, Ao; ks, As)*; 

6) the plane wave of A, and the second part of |k:, Ai; kgcAg ys 

7) the plane wave of A; and the second part of |k,, Ai; hs, As)*, 

8) the outgoing spherical wave of the three particles, 

9) the rest which vanishes rapidly for a large distance between the colliding 

~ particles. 

5)-9) give no contribution to (B-3) since such parts do not contain the state of ap- 
proaching particles whereas |p, R, A; —p, R’, B) is composed only of the approach- 
ing ones. If 1)—4) give some contribution to (B-3) such parts must describe two 
separated particles or particle-like matters which do not overlap each other. In this 
case, one of them is the incident particle itself, say, A;, and another particle-like 
matter is composed ‘of the first and third parts of |K,, Az; Ks, As)*. However, the 
first and third parts of |k2, Ar; ks, As)* are orthogonal to one particle state, because 
the former is equal to |e, A; ks, As)* minus the second part of |K,, As; ks, As)* 
and this second part is obviously orthogonal to one particle state. 

From the above discussion, we see that the statevector which is not orthogonal 
to |p, R, A; —p, R’, B) is only |ki, A; kes, B)* and the scalar product of one with 
the other is given by (B-2). Then by virtue of the completeness -of  {|ky, Ar; 
ke, Ag; ++: 3 Kn, An)*} we get (2-1). Therefore (2-1) is correct if two wave 


packets do not overlap each other. 
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Similar discussions hold for the case where R’/—R and p are antiparallel to 
each other by using incoming state, and we can get (2-2). 
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Note added in proof: From the somewhat different viewpoint we shall consider that at which 
point the macroscopic causality played its role in deriving our conclusion. In appendix B we — 
required that, if any physical system can be perfectly (dynamically) separated from each other with 
a mutual distance of the macroscopic order, the statevector can be represented as a direct product 
of factors corresponding to each physically independent partial system. In our case the above sepa- 
ration can occur at least when the spatial separation is of the order of the size of wave packets 
or larger than the latter. We can interpret this requirement as a mathematical expression of the 
macroscopic causality, since if this requirement is not satisfied. the disturbance given at some point 
will give instantly influences on spatially remote points. The analyticity of the scattering amplitude 
is mainly due to the above mentioned requirement. 
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In order to include hole motions in the Brueckner method a systematic theory is deve- 
loped based on a familiar treatment of small oscillations of some dynamical system about the 
stable point. It is shown that a slight modification in the Bethe-Goldstone equation enables 
us to take into account all effects coming from the couplings of particle-particle and hole- 
hole pairs with the same total momentum. Ground state energy is expressed with the sum 
of zero point energy shifts of all hole pair oscillators. Superfluidity condition found by 
Bogoliubovy, Tolmachevy and Shirkov and by Cooper, Mills and Sessler is also derived here 
as the condition for the stability of the degenerate Fermi gas state. Expression of ground 
state vector is given. A remark is added on the interpretation of the perturbation expansion. 


$1. Introduction 


One of the important subjects in many-body problem is the treatment of 
interactions with repulsive core as in the case of nuclear matter or liquid helium, 
where the simple Hartree method is inapplicable because of the divergence of 
Hartree potential. Brueckner” overcame this difficulty by summing up those higher 
order perturbation terms which correspond to the movement of particular two par- 
ticles while the other particles are fixed. This is accomplished by solving the 
Bethe-Goldstone equation” : 


(E—T,—T,) ¢(n, rs) =QV(n, re) P(r, ro) « (1) 


This equation differs from the usual two-body problem in two respects : The first 
is the appearance of projection operator Q which keeps both particles outside the 
Fermi sea in accordance with the Pauli principle. The second is 7’ which does 
not mean simple p?/2m, but contains average potential for single particle motion 
to be determined self-consistently. 

In a previous note? we have reported an extension of this theory to include 
hole motions by modifying the above equation as 

(E—T,—T.) $= (Q—P) V¢, (2) 

P being the projection operator inside the Fermi sea. A simple derivation of this_ 
equation together with the physical interpretation of ¢ was briefly described there. 
It should be remembered that this slight change in the equation enables us to in- 


clude not only the movement of two particles and two holes as in the recent 
formalism of Chisholm: and Squires® but also all processes arising from the coup- 
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lings of particle-particle and hole-hole pairs of the same total momentum. Essentially 
the same equation was also obtained by Galitzkii” in his theory with Green 
functions. * 

In this paper we shall set up an orthodox theory concerning the above equation 
based on the following familiar concept: In the discussion of small oscillations of 
some dynamical system it is a customary way to approximate the Hamiltonian as 
quadratic form by expanding it about the stable point and to find normal modes 
by diagonalization. From this standpoint it is instructive to compare Sawada’s 
electron gas theory” with the theory of superconductivity of Bardeen, Cooper and 
Schrieffer,” since our theory will be constructed in a similar way. Although 
particle-hole pairs are treated in Sawada’s theory while BCS consider particle- 
particle and hole-hole pairs, still in both cases their reduced Hamiltonians have 
the same mathematical structure: quadratic forms of these fermion pair operators. 
Essential difference is the sign of interaction: The interaction of Sawada’s Hamil- 
tonian being repulsive, the degenerate Fermi gas configuration remains stable and 
we can safely treat fermion pairs as bosons as was remarked by Wentzel.® On 
the contrary, BCS interaction being attractive, the stable configuration changes 
drastically from degenerate Fermi gas and we must search for the stable point, 
for example, by the Bogoliubov. transformation.” 

With these things in mind we shall start in §2 with the construction of 
reduced Hamiltonian taking into account the couplings between particle-particle and 
hole- hole pairs with the same total mementum as in the case of BCS. However, 
we shall treat these fermion pairs as bosons assuming the degenerate Fermi gas con- 
figuration remains stable since our interaction contains repulsive core. In §3 we 
shall show that our equation (2) is just the secular equation for the diagonalization 
of the reduced Hamiltonian. Ground. state energy will be given as the sum of zero 
point energy shifts of all hole pair oscillators. Superfluidity condition found by 
Bogoliuboy, Tolmachev and Shirkov™ and by Cooper, Mills and Sessler™ will also 
be obtained in § 4 by demanding that all eigenvalues should be positive for the 
stability of the configuration from which we have started. We shall give in §5 
the expression of physical ground state vector which shows configuration mixings 
due to zero point oscillations. Another expression of the ground state vector will 
be given in the Appendix. In §6 we shall remark on the interpretation of per- 
turbation treatment of Eq. (2). The relation between the current Brueckner 
theory and ours will be discussed in §7. To avoid complications we shall not 
discuss here self-consistent treatment of the average potential for single particle 
motion. 


§ 2. Reduced Hamiltonian. Boson approximation of fermion pairs. 


In this section the reduced Hamiltonian will be set up by neglecting couplings 


* The author is indebted to Dr. Sawicki for informing him of this work. 
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between fermion pairs with different total momentum. It will be shown that these 


fermion pairs behave approximately as bosons when the system is not so different 
from the degenerate Fermi gas distribution. 


Let us consider a system of fermions whose Hamiltonian is given by 


15 — > vores Cyr Dap ay ae Cron Cr +k (R| VR’) Cr+kr CK kr > (3) 


where c;* and c, are creation and annihilation operators of a fermion with mo- 
mentum &: 


AGEs ch} = Ong > {Cr Cir} =F Nena: Cis} =(): (4) 


>% means that &sum should be performed over the half k-space: k,>0. Then 
(k|V\k’) contains direct and exchange terms : 


R| VIR!) = V([k—R'|) —V ([R+R'[), (5) 


V(jk|) being the Fourier transform of the interaction potential V(r). In the 
presence of spin, isotopic spin and possible exchange forces we can also proceed 
in an analogous way. 

Equation of motion of a fermion pair CyizCx-z(k.>0) is 


[Cx+e CKk-k> H| ara (Toes T xn) Creek CR-k 
+[CxinCr—ny Cx-k Cex] > (R| V|R’) Crests Crm 


+coupling terms with K (Ak). (6) 


Now two approximations will be made: The first is to neglect K’-coupling terms.* 
The second is the boson approximation of fermion pairs.** Calculating the com- 
mutator appearing in (6), we find 
[Cxrsk CK-k> ChE CE] — (1 Dae N-k) Ong > (7) 
which is approximated as 
+1 |K+k|>ky 
1L—Neep—-Nk-n= —1 |K+k|<ke (8) 
0 otherwise, - 


k, being Fermi momentum. This is allowed when the system is not so different 
from the degenerate Fermi gas distribution. Later we shall see the condition of 


Ls 


* In an analogous treatment of electron self-energy in quantum electrodynamics we can take 
into account some average effect of K’-coupling terms by determining single particle potential self- 
consistently. To avoid complications we shall discuss it in another chance. 

** Actually fermion pair operators satisfy spin commutators rather than boson commutators as 
was remarked by Wada, Takano and Fukuda.” It is well known in spin wave theory that spin 
operators can be expanded by boson operators. The approximation assumed here is permitted in 
the case of small oscillations about stable configuration. See, for example, review articles by Van 


Kranendonk and Van Vleck.1* 
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the validity of the approximation, which depends on the nature of interaction po- 
tentials. Then, introducing particle and hole pair operators b*(K), &(K) and 
ax*(K), a.(K) (k.>0) by 
Cr+hkCK—k — A (9) 
la*(K) |K+k|<kr, 
_ we shall regard them as boson operators : 
[o.(K), 64K") |=[a,(K), ai CB") |= Oxar, (10) 


all others are zero. 


Now the reduced Hamiltonian is constructed so. as to give the same equation 


of motion for pairs: 
! <kp 
Hs 2 Tet > H(K), 


H(K) = 31 & €(K) (a,.* (BK) ay (K) +,* (K)b,(K)) 


+ Dy Sy (a (K) +O,*(K)) (A VIR) (ai (B) + bn (K)), (11) 
where 
on (+1 |k| >ke ‘a 
eae 
and 
é.(K) = Tet Tee 2 ee, (13) 
Thus kinetic energies of particle an hole pairs are positive: 
&,€,(K) >0. (14) 
Subtraction of 27T;,, in (13) is allowed due to number conservation: 
DY: (a* (K) a, (K) + b* (K) bp (K)) =0. (15) 
<kyp 


That -the constant term > T;, appearing in Leuk is correct can be seen by com- 


paring the expectation alae of (3) with respect to degenerate Fermi gas state 
with that of (11). 


§ 3. Normal modes. Ground state energy. 


Now it is straightforward to transform the reduced Hamiltonian to the principal 
axis. We shall show that our equation (2) is just the eigenvalue equation for the 
diagonalization. In the following we shall sometimes suppress K and drop (’) on 
S'} when no confusion arises. . 

The reduced Hamiltonian, which we want to joeeaat is written as 
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Acute S (R| VR’) : 
ey Dae: : : ax 
H(K) = — 3) Eee + (+++ ay: + by* +++) ete : : (16) 
: or Mes hee 
a (R| VR’) revere : 
Let us introduce normal modes by 
a= > PCR’) (Gx — bis) 
(17) 
e.= pa fh, (R.) (— ay, + bz) 
They also satisfy boson commutation relations : 
[a,, af |=[82, Pi |=exn,, all others are zero, (18) 
if #,(k’)’s are orthonormal with metric &, : 
2 ix (R) Ex Par (R) = En Ons sr - | (19) 
Then follows the relation 
2s fy (R’) Ex ba (R) =Ew On, kit + (20) 
Solving (17) with respect to a;*, b, we get 
a;,*| 
oa DS) fu (R) (Qe + Bx) - (21) 
by La) 
Inserting (21) into (16) and requiring that H(A) should be diagonal in 
Any Px: 
<ky 
H(K) = ze (Gk — Cees) ba E;, Ey (a,* a, + Bx Fx) ; (22) 
we find that ¢,(k’) must satisfy 
2 2 fx* (ki) {Ex € is Obey ha + (ky| V| Ro) } Par (Re) =&, Ey, One. (23) 
Using (20) we have the eigenvalue equation 
(Ex— €n) $x (A) = Ew Oy (RVR) Pa (RD). > (24) 


Defining ¢(k) at &.<0 to be antisymmetric 
¢(—k) =—¢(); (25) 


and considering (5) and (13), we can immediately see that the eigenvalue equation 
(24) is nothing but the Fourier transform of our equation (2). 

From (11) and (22) the ground state energy is expressed with the sum of 
zero point energy shifts of all hole pair oscillators : 


<kp <hap : 
E mand= 3) Tet 3) BY sEx(K) —Enee(K)}. (26) 
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§4. Superfluidity condition 


We have set up our theory by assuming that the system is not so different 
from the degenerate Fermi gas configuration. However, if it happens that there 
appear some negative & E;,’s, our theory would be inconsistent, because (22) would 
be an expansion of the original Hamiltonian about a saddle point rather than about 
the minimum point and the degenerate Fermi gas configuration would no longer 
be stable. Such a case was encountered in Bardeen, Cooper and Schrieffer’s theory” 
on superconductivity. Then we would have energy gap spectrum if we expand the 
Hamiltonian about the stable point to be found by Bogoliuboy transformation.” 

Rewriting (23) for K=0, we have 

E, Ey (0) =r | yer Va ro) {| 2 T2—2T x, 36 V(n- Tr) } Nn (n- To) dr; ars. 

(27) 


That this is negative for some ¢, is just the superfluidity condition obtained by 
Bogoliubov, Tolmachev and Shirkov’” and by Cooper, Mills and Sessler.” 

In the case of nuclear matter it is especially interesting whether (27) becomes 
negative or not in connection with the possible occurrence of energy gap in heavy 
nuclei suggested by Bohr, Mottelson and Pines.“ Although CMS found no gap 
in normal density with their trial function, there must be some critical density 
beyond which (27) becomes negative, because at density zero the condition is equi- 
valent to the existence of the deuteron state. This consideration suggests that the 
energy gap in heavy nuclei may be caused by the cooperation of nucleons at the 
surface where density is low. 


5. The ground state vector 


Let us go over to the explicit construction of the ground state vector ¥%, 
which contains virtual excitations from the degenerate Fermi gas state Y due to 
zero point oscillations. There are two ways to get %. Here we shall follow the 
first method. The second and its relation to the first will be explained in the 
Appendix. 


Obviously, degenerate Fermi gas state % is the ground state of the kinetic 
energy part of the reduced Hamiltonian : 


SI DY €xen(K) ax" (K) ax (K) +6, (K) B,(K)}. (28) 
If we introduce canonical variables p,(K) and q(K) in the usual way: 


Px(K) = Gi/V'2) (a*(K)—a,(K)),  G/r/2) (* (K) —&(K)), 


gq. UK) = (iy 2) (a,* (K) +a, (K)), (1/2) (b,* (K) Opa): oN 


then 
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[Px CE) Vrs (K’) ] = —10 x4 OK! , 


[Pe(K), per (K) |=[9e K) .de K") J=0, ee 
and (28) is expressed as 
(1/2) SI3Y &e(K) (pK) +42 (K) - 0). (31) 
The ground state % is given by 
= Iexp{— (1/2) SY af (K)}. (32) 
In the same way, introducing P,(K), Q,(K) by 
P,(K) = G/V2) (ae*(K) —a(K)),  G/V/2) (8*(K) —2 (K)), 
O.(K) = (1/12) (a,*(K) ta,(K)), (/V2) Git (K) +8(K)), oe 
we can write the ground state ¥% of the total Hamiltonian (22) as 
Yo= ITexp{— (1/2) 31! QO, (K)}, (34) 
which is rewritten as 
i= IT ACK.) Os: 
= (35) 


A(K) =expi— (1/2) 3! Q,'(K)} -exp{ (1/2) 31! & (K)}. 
From (17), (29) and (33), if we assume ¢;(k’) to be real, we get the expression : 
A(K) =exp { (1/4) 2! os. (aj + bir + Air + Dy) 
X pr wr Eur Ex SY PR) Pa RD) (api, + bf + aun + bn) } - (36) 


$6. Interpretation of perturbation expansion 


In this section we shall remark on the perturbation expansion of ground state 


energy since it contains apparently curious terms. 
From (24) and (26) perturbation expansion of the ground state energy shift 


may be written* 
46 = >) 46 (K), (37) 
46 (K) = S} GIVI) + SPRY GIVIDECIVID/(a-e) 


431372 AIVI)AGIVIDECIVID/ (ae) (ae) 


* Actually, the energy denominator in this.expansion is not correct even in the limit of large 


normalization volume. This would lead to tand rather than 0. See the discussions of Fukuda 


and Newton) and of deWitt.1® 
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Now the first sum is the well-known Hartree-Fock term. Together with the usual 
second order perturbation terms the second sum contains terms with &,<k,, which 
contradict the Pauli principle. However, we need not worry about it since corres- 
ponding to the term k,>k,(<k,)—>k, there is a counter term kok, (< Ry) Re 
which has the same numerator but the denominator with different sign so that 
they cancel each other in the sum. 

The same situation also occurs in any higher order terms: The sum of those 
terms is zero which correspond to transitions only inside the Fermi sea. More- 
over, when the transition involves some inside k’s and some outside &’s, the sum 
of these terms gives just what we want as the improvement over the Brueckner 
method. - 

We shall exhibit the situation taking the fourth order terms with k,, k,;<k, 
and k, ky>k, as an example. There are two terms in (37) : one corresponding 
to the transition 2,>,>k,;>k,>k, : 


ii (1| V|4) (4| V3) (3| V(2) (2| V{1)/ (e,— €4) (€:— €s) (€1— €2), (38) 


while the other starting from &;: 
wal (3| V|2) (2| V|1) (a! | V|4) (A| V|3)/ (€3— €) (€3— €1) (€3— Ex). (39) 


Both terms are apparently violating the Pauli principle. On the contrary, what 
we want is the process such that the first step is pair creation k,—>&,, the second 
step pair creation k;—>&,, the third step pair annihilation k,.—>&,;, and the final step 
pair annihilation k,->k&,. This would be represented by 


“/V14) (3| V|2) (4 V3) (2| VJ1) / (er— €s) (er + €3— €2— €4) (€:-€2). (40) 


There are three more terms of this kind corresponding to the different time sequences 
of pair creations and pair annihilations : 


(3| V|2) (1| V4) (4| V|3) (2|V|1) / (€3;— €5) (Ee, + Es— €— €4) Renee (41) 
(1]V|4) (3] V[2) (2| V|1) (4| V3) / Cer— 4) (er + €s— €2— €4) (Eg— es), (42) 
(3) V\2) (| V4) 2] V|1) (4| V3) / (es— €2) (er + €s— €2— €4) (Cx— eg). (48) 


Now our remark is that the sum of (40), (41), (42) and (43) is just equal to 
the sum of (38) and (39) ; both give 


(1|V14) (41 V13) BIV|2) (21V11) (er+ ex— 4 —&) 
(€;— €,) (€;— €4) (€,— €3) (€3— €4) 


(44) 


In the same way we can see in any desired order that the sum of all terms ap- 
parently violating the Pauli principle gives just the correct result. 

The simple structure of the series (37) should be contrasted with cumbersome 
expressions such as (40) ~ (43). This has been the merit of the Feynman pertur- 
bation theory over the old perturbation theory. | 
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§ 7.  Diseussions 


We have set up an improved Brueckner theory so as to include hole motions. 
Here it is of some interest to compare the current Brueckner theory with ours from 
the following point of view. 

In the current Brueckner theory we take into account only two particle jumped 
configurations with two fixed holes. Thus denoting two-hole state by M(k, k’) = 
CuCur Py; ({RI, k’|<k,), we approximate the ground state as 


Y= DD) Pee (Pp, iP) Cenc O Cee k’), (45) 
p pl 


and the Bethe-Goldstone equation would follow from 
(Cp* ch O(k, k'), CH—E) ¥,)=0. (46) 


This is the well-known old Tamm-Dancoff approximation.” On the contrary, our 
theory is based on the new Dyson-Tamm-Dancoff scheme,’” for from (21) and 
(22) our ¢ may be defined by 
UNAa2 2x7 ip N—2 wr 
ee ke ee (47) 
GO ae Lg Fy. es bin Pie. 

where %, 0X?=a,;*P, and ¥*Y**=';*%, are the physical ground state, physical 
two-hole state and physical two-particle state, respectively. Although ¢ has some- 
what different meaning, a satisfactory feature of our result is that Eq. (2) to be 
solved is not more complicated than the Bethe-Goldstone equation. 

Up to now we have no estimate of the possible contributions which would 
come from the processes neglected in the present formalism. 
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Appendix 
Another expression of V, 
If we find unitary operator S(K) such that 
; f= sae = 2s Jy (k’) (ay — bf) 


(Al) 
aS supe = pa diy (R!) (— ay +be), 
then 
P= 11 S(K) %. (A2) 
K . 


Let us assume S to be the following form: 
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S CK) exp it > (az* + dx) Sens (Aur + i) } (A3) 
k ch 
with 
Shur = Sur he (A4) 


According to the general formula 


e‘Be4=B+([A, B]+ (/2))[(A, [A, BJJ+--% (A5) 
it is easy to show 
Sapo. ee re 
= 1 Coe, Qu + be 5 (A6) 
Shes} 7 3 Cae (ae BBD 


where (&s) is a matrix with element &js,,. From (A1) and (A6) we have the 


relation 
(e%) eer Py (k’) . (A7) 


However, it is difficult to express s,,, in an explicit way contrary to our previous 
expression for 1(K). 

The situation becomes clear if we note that S(K) transforms also any free 
state Y, to the corresponding physical state Y, : 


PTT Ce. (A8) 


while 4(K) has no such general property. When we confine ourselves only to 
the ground state, SR also transforms ® to Y%, R being any function that satisfies 
R®@=9,. Therefore, A(K) in (35) would be written as S(K)R(K) if we 
choose R(K) in the following way. 

Assuming ¢,(k’) to be real, we have the relation from (35) 


Aa,AF= > Der (k) (Ax — rr) ? 


(A9) 
Ab. > Dir (R) (— Qe + 8x) - 
Then, from (Al), R(K) is determined by 
Ra, R= >) shu (B) (ay —by) 
3 (A10) 
kb, ee ma Der (Rk) (— ayy + d,,) é 
In the same way as S(K), assuming 
R(K) =exp > > (ax* + b,*) rier (Agr + Op) }, (A11) 
we can derive the relation 
(27) nar = Ex En Pier (R) (A12) 


(r) being a matrix with elements ry,,. Again it is difficult to get an explicit 
expression for 7p, 
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Assuming the Sakata model (p, », A are basic, all other strongly interacting particles 
are composite particles) and neglecting moderately strong interactions which contribute to 
N-A mass splitting, we find the complete symmetry between three fundamental fields (referred 
to as global symmetry). Under this global approximation, classification of two baryon pair 
states—which are supposed to represent physical mesons—is described. 


$1. Introduction 


Recently, Ogawa and the present author’ have independently developed a 
composite theory of strongly interacting particles, which is a special case of the 
so-called Sakata model: We assume that all strongly interacting particles are 
composed of three basic particles (bare p, m and A), and introduce two different 
stages of approximations, the global and charge independent approximations (see 
I and II).** If we ignore the moderately strong interactions (MSI) responsible 
for N-A mass splitting, we find a complete symmetry among three basic particles. 
We refer to this symmetry property as to the global symmetry. The approximation 
in which MSI’s are neglected shall be called the global approximation. In the 
charge independent approximation, MSI’s are taken into account but electromagnetic 
and weak couplings are still neglected. 

In the global approximation, basic fields, B=(p, m, 4), have two invariant 
groups (the isospin rotation and the permutation 7). Thus (bare) p, , 4 can 
be regarded as the three-dimensional irreducible representation of our groups. 
Mesons*** are supposed to be composed of baryon pairs. Group theoretically, 
meson states would be equivalent to, and hence be contained in, the representations 
Bx B, BX BX BXB, etc. The simplest representation corresponding to BX B and 
its irreducible decomposition have already been given :?) 9(=3. 3)-dimensional rep- 
resentation can be decomposed into 1- and 8-dimensional representations, and the 
latter has been assigned in I and II as = (pions), K, K (kaons), and z’ (the 
isosinglet, non-strange, neutral meson). However, the z-7 resonance state (f= 
J=1), suggested recently,” and the Dubna-particle,” if they exist, are not contained 


* On leave of absence from Osaka City University, Osaka, Japan. 
** See refernces 1) and 3). 


*** Baryons have been discussed fully in I and II. 


eer saa / 


ah tare ek: 


Ae Ta 


- 
= 
£. 
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in this simplest choice of*“ configurations”. Therefore we are going to investigate 
in this paper the representation equivalent to Bx BB XB (which corresponds, 
roughly speaking, to the two-baryon-pair states). 

Perhaps it would be appropriate to state again the philosophy underlying 
our analysis (see I, II). First of all, we assume that the global approximation 
does make sense and the MSI’s give rise to relatively small and smooth changes 
in the physical situation. The very strong interactions (which do not split N-A 
masses) are supposed to be chosen in such a way that only a very small number 
of particles corresponding to the irreducible representations be allowed to appear 
as stable bound states and/or resonance levels: All members of the irreducible 
group represent the physical particles (baryons or mesons) —in the global approxi- 
mation—and must have the same spin-parity as well as identical mass in the global 
approximation. The introduction of MSI’s splits the members in the irreducible 
set into several isomultiplets, which correspond to physical particles found in nature. 

We describe the results of irreducible decomposition of Bx Bx BX B in Section 
2, and give some discussions in Section 3. 


$2. Irreducible decomposition of Bx BXB xB 


The representation corresponding to Bk Bx BXB has 3X3X3xX3=81 di- 
mensions, and can be decomposed into the following irreducible sets in the global 
approximation, (I)— (IV) ; Jet Bx A AIA MO ae 81. 

(I) Trivial Saat of (q' ay. containing only one particle. 

- Jt appears twice, and is equivalent to 7,” in II. 

(11) 8&-dimensional representation (q”) ys 
It appears 4 times, and is equivalent to z, K, K, z’ in I. 

(II) 27-dimensional representation (g*”). Its members can conveniently be 
expressed as AZ’, where J, S and Q are the isospin, the strangeness and 
the electric charge in units of protonic charge. There are A”, A*??, A®?™), 
ya tat A”, Pte yA z pAtizt and bed 
Under the permutation > of basic fields (called the G-transformation in 
II), these particles transform as follows : 


O=—2 A», Al, 
AY Le AYE 


OI. ato tap gf 2: 5 Ail? 1 
aye At? +/+ Ayes 


arp / A 1 a+,/? 5 gio 
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EM ey 
Ajl?? —,/ > are /— A; 


=i 1;2 
Abr?" _» A} 


5 / 5 [5 00 

20 Ly aoe V eee ye ES 
6 AVS 3 
iL. x 

AY “ 4 ms = ’ ae ae fs 
2V D V 


oY 5. , 20 as ne 10 sis 1 4” 
3 ve 


Ace a ay 4¥ We 


Sas 


9 
/ 2] J 27 
Ais Agee. on As 


Ay V5. Ai? 142 pyar 
3 3 
1 : Se yset 
Feb erie on Se 
‘ 6 


V6 


ao, av [Lae 
6 6 


1 SB 
Aten ss Bae ee ae NEA 
V6 J 6 


AS Ar — / 1 gue 
6 6 


Aine Au 


(IV) 10-dimensional representation 
_ There appear two 10-dimensional representations, g° and g®. However, 
each particle in g"” is the antiparticle of that belonging to g", respectively. 


g° contains the following members (B’) : 


Be Belk > Bi0 and B-? 


(4+2+3+1=10). The G-transformation for Bi. is given as follows: 


O=2 
Q=1 


3/2 1 Byeaat 
Bo. oe 


3/2 1 1,0 
Beis 


aii aa a aeiis 
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O=0 Be eS Bae 
By — BS 

Q=-1 Bi? Des me 
B*® a Bi? 


It should be noticed that particles, as well as their antiparticles, are contained 
in the same irreducible groups, except for g°° and g". Therefore if the particles 
corresponding to g"” are supposed to exist, g"” should be taken into account 
simultaneously. 


§ 3. Discussions 


In the preceding section we have found 4 different classes of possible boson 
states. We must now discuss which of these groups of bosons should be identified 
as the mesons existing in nature and what follows from a special choice. At least 
we must pick up a group which contains bosons with (I=1, S=0) and (/=1/2, 
S=+1). There are three possibilities g®, g°” and g®” (plus its anti, g). 

The possibility of picking up g has already been discussed fully (see I and 
II), and no further comments will be given here. 

g°” contains too many members and will not be welcome by anybody.*- 

The most interesting possibility is provided by gq’ and its anti g". There 
are two kinds of particles, B" and B", which have [=1, S=0, which have equal 
masses in the global approximation, and are the antiparticles of each other. Never- 
theless, by a suitable choice of MSI’s we can assure that 

B+ B” BY B” 


= Woh 


Te and. #4 2 


1) 
Jey — 


should be properly called the physical particles. Then we can establish the following 
property, 
BY BY 


° ME en OBY 

under the charge conjugation (cf. the relationship between K°, K° and K,’, K,°). 
There are no a priori reason why B,° and B,'° should have equal masses in the 
charge independent approximation. There are two interesting assignments one can 
think of. . a 

(a) We can try to identify B,°, B’?* and B’’~' as 2, K and K, respectively. 
Then all B’* must have spin-parity 0~ even in the charge independent approximation. 
Notably, we can identify pseudoscalar B®? and B® as the Dubna particles” whose 
possible existence has been suggested recently. There are also remaining three: 


* We have excluded the possibility of the Dubna particles being isotriplet. 
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B}, B*?*! and B®?-1, They must be either stable or quasistable (say, resonance 


states appearing in collision processes) . 
(b) Another possibility is also worth mentioning. We assume that? 7, 


and K belong to q®, whereas B,” is nothing but the z-2 resonance state J= 
IJ=1-).. Then all particles of resonance levels containing g”” and g“” must have 
spin-parity 17. There are two meson-meson resonance levels, 6," and BY’, which 
might be responsible for the double humps in z~-p total cross section around the 


so-called second resonance. B*?:*! and B+! should be regarded as z-K or 2-K 
resonances perfectly analogous to the 2-7 resonance level (unless they are stable). 
Finally, we can conclude that the Dubna particles, B°**, are of vector type. 

It is extremely interesting to see the spin-parity of Dubna particles experi- 
mentally, provided, of course, that such particles do exist. We can predict that the 
Dubna particles must be either pseudoscalar or vector. 

Since rather comprehensive discussions on our composite theory have already 
been given in I and IJ, we do not think it necessary to add here any further 
comments on our subject. 
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Pion-nucleon scattering in the limit of low energy is investigated in order to see some 
characteristic property of pion-nucleon interaction in the nucleon core. It is pointed out that 
the value of coupling constant in nucleon core ought to be reduced in appearance to f= (4/2M) g¢ 
in spite of the fact that its value in the neighborhood of pion cloud is g. Moreover, some 
attempt to eliminate the divergence included in the dispersion relation is made on the basis 
of the above result, and the experimental results for s-wave phase shifts can be explained 
satisfactorily. 


$1. Introduction 


Since the experimental discovery of the nucleon core in the electron-proton — 
scattering” the problems for the nucleon core have been studied by many authors 
from various points of view. But there has been no experimental evidence for 
validity of the current field theory within the nucleon core; in addition to this 
fact it seems that there exist some phenomena which may not be explained by the 
theory. So far as the phenomena in the neighborhood of pion cloud are concerned, 
the nucleon core may be treated as if it were a point. However, such a treatment 
as this will no longer be valid in describing the phenomena within the range of 
1/M, because the effect due to the spread of nucleon core will turn out to be so 
remarkable that it cannot be neglected, where M and y+ are the masses of nucleon 
and pion respectively. The purpose of this paper is to examine how the current 
pion field theory should be modified in this region. .For this purpose we think 
it appropriate to study the problems for the s-wave pion-nucleon, scattering as well 
as those for the high energy phenomena. - 

Among a great number of approaches to s-wave pion-nucleon interactions, a 
remarkable result will be the explanation of (@;—@s) which has been given by 
the application of dispersion relation to this problem,?)~* where a, and a; are the 
s-wave phase shifts for the states of isotopic spin J=1/2 and 3/2 respectively. 
But it seems to be difficult to explain the individual values of a, and a3. As will 
be mentioned in § 2, these may be due to the following situation. When the 
forward scattering amplitudes for z*-p and z~-p scattering at the energy w are 
denoted by D,(w) +iA,(w) and D_() +iA_(«), respectively, in the low energy 
limit of pion-nucleon scattering, the effects due to the internal structure of nucleon 
will be almost cancelled out in the D” (/) =1/2|D_(¥) —D,(#)] which can be 
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expressed in terms of the phase shifts (a,—q@;), while these effects will play an 
important role in the D®(#) =1/2[D_(4) +D,(#)] which can be expressed in 
terms of (a,+2a;)/3. Thus it may be expectéd that there will be a clue to our 
study in the unsolved problem for D® (). 

In §2 we concentrate our consideration to this problem for the D(a). 
Comparing the ordinary perturbation result for D®() with the contribution from 
the bound state to D™() in dispersion relation, we can obtain the following 
conclusion. The correct dynamics should have a property such that the effective 
coupling constant g is reduced to (4/2M)g=f in appearance when the dynamics 
is applied to the problems within the nucleon core, where g is the renormalized 
pseudoscalar coupling constant of symmetrical pseudoscalar theory. This conclusion 
is consistent with the experimental results both for high energy pion phenomena 
and for low energy ones. 

On the basis of this result some attempt is made in §3 in order to derive a 
significant part from the expression for D®(w) in dispersion relation in which 
a divergent one may be contained, and it is shown that the experimental results” 
for s-wave phase shifts a,=0.167, @;=—0.117 can be explained by our method, 
where 7 is the pion momentum in the center-of-mass system in units of /. 


§ 2. Pion-nucleon interaction in nucleon core 


As is well known, the dispersion relations”® are written down as follows: 
D® (w) =1/2[D_(o) +D, (o) =F (o) +G(o), () 
D® (@) =1/2[|.D_(#) —D. (w) |= F.() +G,(o), (2) 


: a 1A ye i [eee (o’) | 
F. Z G, a ee + / 
ie ts SDV OVER 2M’ () An? A hee 
(3) 


Dae w ie 
Fo) =—2f2 e (2M)*—  w Glo) 2 at k'|o_(w’) aL: (w! d Z 
(0) = 2h = (a/aM? f° (w) Ns : du 


One On 


: (4) 


where k is the wave number of pion. If the zinteraction Lagrangian contains, 
for example, ¢,‘(x)-term explicitly, an additional term C must be involved on: the 
right-hand side of Eq. (1). But we assume for a moment that ¢,! (x) -interaction 
term is not explicitly contained in the Lagrangian, but may be derived from the 
interaction of Yukawa type. Some discussion about this problem will be done in 
$4. , 

According to the experimental results,”” in the energy region >1.9 Bev it 
seems that o_(w’) =o, (w’) =constant although it will be difficult to confirm this 
result up to w/—>0co. Then the value of D®(w) turns out to be finite, while 
Eq. (1) loses its meaning because G,(w) turns out to be a divergent quantity. It 


Reey 
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may be said that the cause that gives rise to this circumstance is attributed to the 
divergence which appears in the integral along the contour of semicircle with radius 
R-co on the upper half plane of w, when the dispersion relation is derived.* If 
a significant physical quantity G,,.(w) can be derived from G,(w) by a suitable 
method, Eq. (1) should be rewritten as follows, 


D® (w) =1/2[D_(w) +D, (a) |= Fy (wv) +G;,. (0). hes 


Some attempt to obtain this G,,(w) is made in § 3. 

In this section we pay our attention to the F,(/#) and F,(¥) which represent 
the contributions from the bound state to pion-nucleon scattering in the limiting 
case as k=0. We may now regard these F,(“%) and F,(v) as the perturbation 
results in the true pion field theory, since F;(44) and F,(/) correspond to the con- 
tributions from the zero-pion state in the Chew-Low theory® based only on the 
general arguments for the transformation property of matrix elements. Our point 
of view may be supported by the fact that the qualitative character of experimental 
results for s-wave phase shifts can be explained fairly well by employing the ap- 
proximate relations D® (4) =F, (4), D® (4) =F, (). 

From the expressions of D®(w) in Eq. (2) and D™(w) in Eq. (1’), it may 
be supposed that the effects due to the internal structure of nucleon core are almost 
cancelled out in the former, while the effects play an important role in the latter. 
Then F,(#) and F,(#) will mainly represent the contributions from the nucleon 
core (inner region ~1/M) and those from the pion cloud (outer region ~1//) 
respectively. This can also be seen through the following expressions, 


Fi()=—f"/M, Fi(f) =2f?/¢-. (5) 
On the other hand, the practical straightforward calculation”** based on the 


Lorentz-covariant perturbation (the second order) gives the following results, 


2 


De) ~ Mi+4/M val = p/2M)° a 

Therefore 3 
D®?(Y) =—-9/ {MA +e/M)} =—9°/M, (7) 
D® (¥) <9 (2/2M) /{M(1+4/M)} =2f?/e. (8) 


D®(#) in Eq. (8) is almost identical with F,(/), while D®(v) in Eq. (7) differs 
from F,(#). This discrepancy may be due to an incorrect application of the theory 
to the region of nucleon core in spite of the fact that the theory has not been 
established except in the region of pion cloud, and may correspond to the fact that 
the usual renormalized coupling constant g differs from the y, which has been defined 


* This is the viewpoint that has been emphasized by H. Miyazawa. 
%* Note that in Marshak’s book g refers to the coupling constant between charged pion and 


nucleon which is 7/2 g in our notation. 


890 S. Minami 


by Deser, Thirring and Goldberger.”"” Matthews and Salam” have said in their 
study for K-N scattering that, since the similar relation to (1) does not check 
in the lowest order perturbation calculation, one may take the attitude that either 
a perturbation calculation is not valid or the failure of (1) may be ascribed to 
the lack of convergence of the integrals involved on the right-hand side. Our 
viewpoint may rather belong to the former. Moreover, this discrepancy is here 
regarded as an important clue to the true theory by which the phenomena in the 
nucleon core can be described correctly. Comparing Eq. (5) with Eq. (7), we 
can see that the phenomena in the neighborhood of pion cloud can be explained 
by the current field theory, while those in the neighborhood of the nucleon core 
cannot be explained. This defect, however, can be amended if only g’ in the ex- 
pression of D®(v) in Eq. (7) is| replaced by f*. From this result* we may 
conclude as follows. The correct dynamics should have such a property as the 
effective coupling constant g is reduced to (4/2M)g=f** in appearance when the 
dynamics is applied to the problems within the nucleon core. And we may regard 
the value of effective coupling constant as a good parameter in the description of 
the phenomena in the nucleon core. When pv-coupling theory is adopted, we 
obtain a similar one with the expression in Eq. (6) except the difference in coupling 
constant between f* and gy’. Thus it may be said that pv-coupling theory is 
promising to describe the behavior of pion-nucleon interaction in the nucleon core. 

Deser, Thirring and Goldberger” have investigated pion-nucleon scattering in 
the limit of low energy and have shown the following result, 


De (0) = D_ (0) =—g,"/M, (9) 


where g;' differs from the usual renormalized one and turns out to be very small, 
but it seems to be difficult to obtain the correct value of g?. We think their result 
very natural, because it will be difficult to estimate correctly the contribution from 
the nucleon core which may play the most important role in the scattering in the 
limiting case of “=0 and w>0. But, if the practical effect brought by the ap- 
plication of the correct dynamics to the phenomena in the region of the nucleon 
core is expressed in terms of the change of the value of coupling constant as was 
mentioned above, the unknown value of g,’ should be taken to be equal to f?. Then 


Di (0) D> (0) Se f7/M. (9’) 
§ 3. Elimination of divergence and s-wave phase shifts 


Although there is no clue to obtain the correct G,, (w), in this section some 
attempts to evaluate the value of (a,+2a,) /3 are made on the basis of the result 


* This result will also make it possible to obtain some knowledge about the distribution of 
mesonic charge in the nucleon core. 

** We think it natural to interpret this f as the value of coupling constant averaged over the 
spread of nucleon core. Its value in the center of nucleon will probably tend to zero. This may 
be closely connected with elimination of the divergence inherent in the current field theory. 


b ted” 


a a Oe ala 
* " ; ¥ 
; 


S-Wave Pion-Nucleon Interaction 891 


obtained in § 2. 

Method (I) 

Frist of all, let us try to derive G,,(w) from G,(w) under the simple assump- 
tion that the correct D"(#%) in the limiting case of w= can be expressed by the 
perturbation result in pv-coupling theory. This assumption may be supported by 
the fact that, as was mentioned above, the pv-coupling theory is promising to 
describe the behavior of pion-nucleon interaction in the nucleon core. Since the 
perturbation calculation in pv-coupling theory predicts D" (#)=F,(v¥) as was 
mentioned in § 2, G,,(/#) must be equal to zero. The form of G,,(w) is now chosen 


’ so that D™(w) may satisfy the following relation which has been applied to the 


problems of pion-nucleon interaction by many authors,” 


. ; B 1 Bo(2 wl lo. (wo) Zoo’) 
D®(e) — D” Le : du’. 
ie = 2h (8 /2M aM | at 1% a? > 
629) 
Then G,,.(w) in Eq.(1’) can be expressed as follows : 
1 if 1 1 : 
G,,.(@) SrTEae (ais ao) wl k!|o_(w!) +o, (w’) \do’, (10) 
In the limit as k-0, 
D. (4) = G/M [1+ 4/M) Jas, (11) 
D_(4) = C/A (1+ (4/M) | (2/3) a+ (1/8) as], (12) 


where @,=a\7, @3,=437. 


Under our assumption, 


D® (p) =1/2(D_() + Di (4) J= Pi () = —f°/M, (13) 
therefore 
(1+ (4/M) |(a,+2as)/3=—f? (4/M). (14) 
Putting the values of “/M=0.15 and f?=0.08 into Eq. (14), 
#424, = 0.03. (15) 
By using this together with the result” 
a, — a,=0.27 (16) 
which has been derived from Eq. (2), 
20.1%, ai 0s10. (17) 


These values agree very well with those which have been obtained from an analysis 
of low energy pion scattering data such as has been made by Orear.” This method 
may probably be regarded as one of the simplest ones. But there is no theoretical 
enough ground to be persisted as the most suitable one. Let us now try to perform 


another method. 
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Method CIT) 

Here G,,.(w) in Eq. (1’) is evaluated by employing the relation of Eq. (9’). 
Since both G,(w) and G,,(w) are some functions of variables w, 4, M and f” or 
of variables k, », M and f?, they can be rewritten as follows: 


G,(w) =G(k, », M, f°’), 
G,.(0) =6. (4 Mf). (18) 
| In order to derive G.(k, 4, M, f?) from the G(k, », M, f?) which may be a diver- 
gent quantity, the following assumption is introduced. In the limit as k—0, 
G,.(k, v, M, f?). is reduced to G,(k, 0, M, f’), that is, 

G..(0, BP, M, Je) =(s, (0; 0, M, f°) x (19) 
This method can be interpreted as meaning that G,(0, 4, M, f°) is renormalized 
to G,(0, 0, M, fF’). 

The G,(k, v, M, £7) can generally be expressed by the following form, 


G,(k, #, M, f°) 


AAS P\'( oak Le oreo (a!) te, (w!) deo! LaGsy M, f> 
4? Je \wWP—w WP 
== a sig 1 ul 2 / / Lf 2 
Ar? taf (ats eye je [o_(k’) +o. (k’) |dk’+a(p, M, f°). (20) * 


But to determine this unknown a(v, M, f’) is a matter of importance. On the 
other hand, in the case of “=O, 


G, (k, 0, M, i) 


See (= uff Lae 7, , 
oP (sate — pa) Mle) $0, RY Jd +0 0, M, f). (21) 
Since G,(0, 4, M,.f°) =a(v, M, f’) and G.(0, 0, M, f?) =a(0, M, f?), under the 
assumption of (19) a(v, M, f°) does not depend on in spite of the ~-dependence 
of both o_(k’) and o.(k’) in Eq. (20). Therefore a(v, M, £2) can be rewritten 
as follows: 


a(u, M, f*)=8(M, f?). (22) 
Then , 
a meee) 1 (= il i 
DO GN" (Do) Ee DIG ee P ( sear ‘ 
(w) 5 [D_(w) (w) | Oe oa if si so eae 


Ar 


* It must be noted that ; 
1 © wk’ [o_(w’) +04(o’)} ; 
a \. w/2 — pe ge 


does not depend on w, and that the D®(w) derived from this G,.(k, wu, M, 2) satisfies the veladon 
Of al); 


saat uae i.  s. . oo 
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« Xa/k'lo_(o’) +e, (0’) |do’+ 2M, f’). (23) 


This unknown function 3 (MV, f*) is determined on the basis of some consideration 
about the limiting case “=0 and w-—>0. In this limiting case, F,(w) =0* and 


D® (0) =8 (MY, f’). (24) 
Making use of the relation of (9’), we get 
8(M, f?) =—f?/M. (25) 


Thus D®(#) in Eq. (23) can be expressed as follows : 
D® (#%) =1/2.D_() +D.(Y)J=Fi() +32, #) 
= —2f?/M, (26) 
Since the value of D™() in Eq. (26) is twice as large as that in Eq. (13), 
a, +2a,;= — 0.06. (27) 
By using this together with the relation of (16), ; 


F w=—016,.a;= —0,1 1. (28) 


These values also agree very well with those which have been obtained by Orear.” 


§ 4. Discussions 


In § 3 we have tried two kinds of subtraction methods for the calculation of 
D®(#) and have shown that each of them leads to the satisfactory explanation of 
s-wave phase shifts. An essential point in our method is that the coupling constant 
in the nucleon core is reduced to f= (4#/2M)g, and this may be the reason why 
the experimental results for s-wave can be reproduced. This reduction of coupling 
constant is also consistent with the experimental results for other pion pheno- 
mena. At low energies it may guarantee the availability of static approximation 
and may predict that p-wave interaction plays an important role in pion-nucleon 
scattering at energies 100~200 Mev. So long as the G,,(w) mentioned in §3 
is adopted, the characteristic properties not only of s-wave but also of p-wave 
interaction can, of course, be explained by relations (1’) and (2). This statement 
is based on the following result shown by Anderson et al.) The pion-nucleon 
scattering in low energy region, in particular (I=3/2, J=3/2) -resonance scattering, 
can be described fairly well by the dispersion relation if only the correct values 
of a, and a, are given. In high energy pion phenomena, such as pion-nucleon 
collisons at Bev, our model may also predict that during a collision the nucleon 
does not change its direction remarkably because pion-nucleon interaction takes 


* If the limiting procedure is performed in such a way as 4=o-0, we have Fy () e={9= — f?/M. 
Then the relatation corresponding to Eq. (25) is B(M, f%) =0. In this: case the expression for 
D®(w) is reduced to the same form as in the case of Method (I). 
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place mostly in the outer region than 1/M. It is interesting that the characteristic 
feature” in pion-nucleon collision at high energy may be explained in terms of 
the reduction of coupling constant in the nucleon core. 

Some efforts have been made in order to interpret the behavior of s-wave in 
> which means a suppression 


© 


terms of the “ s-wave damping” or “ pair suppression ’ 
of contributions from virtual nucleon-antinucleon pairs.” Such approaches to s-wave 
interaction will be different from ours because we suppose that the treatment based 
on the current field theory may no longer be valid. in describing the phenomena 
within the range of 1/M. 

Recently several approaches to the z-7 interaction 
the object of reproducing the experimental results for high energy pion phenomena 
or those for s-wave pion-nucleon interaction. The z-7 interaction, for example 
¢,*(x), will make it possible to strengthen the interaction in pion cloud. When 
the z-interaction Lagrangian explicitly contains ¢,‘(x)-term, an additional term C 
must be involved on the right-hand side of Eq. (1). If we are forced to reinterpret 
our subtraction method under the assumption that interaction Lagrangian contains 
¢,'(a)-term, it may be said that the additional C term ought to be included in our 
expression G,,(w) —G,(w). Finally we want to add a remark about the additional 
C term in the expression of D”(w), although some discussion has been made by 
Matthews and Salam.” So far as the dispersion relation (2) is concerned, it is 
needless to perform any subtraction procedure by the following reason. Even ifa 
term C’(yv, M, f*) is added to the right-hand side of Eq. (2), this C’(u, M, f”) 
must be equal to zero on account of the relation D_(0)=D,(0) based on the 
crossing symmetry. 

In conclusion the author would like to express his thanks to Professors 
M. L. Goldberger, Y. Nambu and D. It6 for their helpful comments. 


1” have been made with 
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To investigate the characteristics of stellar models having double energy-sources, three sample 
models (M=1.2Mo.) consisting of the following regions were constructed using the newest 
rate of the CN-cycle: (1) hydrogen-rich envelope, (2) radiative helium region and (3) con- 
vective helium core. A model for which the mass fraction of the helium regions is 0.6 shifts 
towards the left of the RR Lyrae gap in the HR-diagram from the red giant region, in which 
the corresponding model of Hoyle and Schwarzschild lies. This result shows that the properties 
of such models are very sensitive to the rates of both the hydrogen- and helium-burning. 


§ 1. Introduction 


Calculations have been made by Morton” on the effect on the main sequence 
of transfer of control of the CN-cycle from N“(p, 7)O” to C’(p, 7) N®. His results 
indicate a sideward shift of the main sequence on the mass-luminosity diagram. 
This shift would be of the order of the observational spread in the width of the 
main sequence, and he has concluded that the absence of such a shift is an evidence 
for the absence of a level in the critical region of O” just above 7.30 Mev. Recently, 
Hebbard and Povh”** have found a new level of O" with an excitation energy of 
7.17 Mev, hence it is established that the N“(p, 7)O” reaction is off-resonant at 
stellar energies. 

A few years ago, several authors*” investigated the structure of population 
II stars in the helium-burning phase. Their results showed that the horizontal 
branch in the HR-diagram of the globular clusters corresponds to the stars in this 
phase. In their calculation, however, they used the old rate of the CN-cycle which 
was the most reasonable at that time and which was one hundred times larger 
than the newest correct value. On the other hand, it has been shown by Hayashi 
et al.” that in the case of massive stars the properties of the stellar models with 
double energy-sources are very sensitive to the rates of both the hydrogen- and 
helium-burning. One may expect that such a tendency will appear also in the case 
of population II stars at the helium-burning stage. 

The purpose of this paper is to reconstruct the models in the helium-burning 

phase by using the newest rate of the CN-cycle. 


* An outline of this paper was reported at the Symposium on Nucleogenesis and Stellar 
Evolution, held at the Research Institute for Fundamental Physics, Kyoto University, in October 1959. 
** The author is indebted to Dr. Povh for the information in advance of publication. 
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§ 2. Definitions and assumptions 


Closely following the evolutionary scheme as discussed by Hoyle and Schwarz- 


schild,” we have adopted the following physical parameters and assumptions in our 
computations. 


(a) The mass is taken as 1.2 Mg. 

(b) The models consist of the following three zones: (i) a hydrogen-rich envelope, 
Gi) a radiative pure helium zone and (iii) a convective helium core. 

(c) Radiation pressure is neglected. 

(d) No mixing occurs in the envelope, or between the envelope and the helium 
regions, so that inside the convective helium core complete mixing keeps the 
constant composition of essentially pure helium. 

(e) The abundance of heavy elements (i.e. elements other than hydrogen and | 
helium) is assumed to be so low that they do not contribute to the opacity. 

(f) The envelope is divided into two parts, the outer part, in which the opacity 
is taken as arising from the free-free transitions of hydrogen and helium, and 
the inner zone, in which the free electron scattering determines the opacity. No 
intermediate region of mixed opacity has been introduced—the opacity formula 
is switched abruptly from free-free transitions to electron scattering at an appro- 
priate interface, the opacity being kept continuous. 

(g) In our models energy generation takes place by the 3a-process in the helium 
core and by the CN-cycle in a shell just outside the radiative helium region. The 
rate for the former process is given by 


Gee ae Ye (Lo LO. PeGes/- 2 Sec, (1) 


o being the density. The numerical values in this expression are adopted from 
Salpeter’s work.” The rate for the CN-cycle is 


€on = 3.34 X 10° pXXy (T/3K10")** ergs/g: sec, (2) 


where the newest result of the off-resonant measurements for N“(p, 7) O” is used,” 
and Xy is the concentration of nitrogen. 

(h) The thickness of the shell in which the energy generation by the CN- 
cycle occurs is neglected. Hence the energy flux jumps discontinuously at the shell - 
and is constant outside the shell. 

(i) The envelope retains the initial composition 


X,=0.90, Y.=0.10, Xxy=0.0005 (3) 


for which the mean molecular) weight in the envelope becomes #,=0.533. This 
concentration of nitrogen is just the same as adopted by Hoyle and Schwarzschild, 
and it is a half of the one in the revised table of the cosmical chemical com- 
positions compiled by Cameron.® Recently, Greenstein and Keenan” have found 
a giant star having a logarithmic deficiency of —1.55 compared with the CN 
abundance in the population I stars. The models, having Ay one order of magni- 
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tude smaller than the one used by Hoyle and Schwarzschild, will also be discussed 
in §4. The mean molecular weight in the helium regions is taken to be 4/3. 
(j) The boundary condition that the temperature and density shall tend to 
zero at the surface of the star is used. 

(k) As for the outer convective zone, our models have higher effective tem- 
perature than 4700°K, hence this zone is not expected to play as important a role 
as in the low-temperature stars. 

(1) Subscripts will be used with the following meaning: e for quantities in 
the envelope, i for quantities in the radiative helium region, c for central values, 
1 for values at the interface between the envelope and the radiative helium zone, 
d for values at the interface between the radiative helium region and the convective 
core, and s for the values at the interface where the opacity formula switches. 


§ 3. Basic equations and construction of models 


In terms of the dimensionless variables,” 


GM? uH GM 
ne Tae Sa M(r) =qM, r=cR, (4) 


P=5 


the basic equations for the conditions of mechanical and thermal equilibria take 
the following forms: 


Peat ee Pe ee ee ss 
dx iz dx t 
beet 
Oneiae — oP =25, (6) 
d 
OY BE Ghee HL; a — CEES (7) 
dt 
XLT; ; Ge ee iss (8) 
< ~ dt Pr 
LOR GOCaINe Se ee? (9) 
where 
be 3 3.68 X 10” (1+ X,) kh 7.5 T R05 
Ce 2 e 
~~ hac (47) * (Fa) Me’ (10) 
Ce 3 0.19114 X,) ( k ): qe 
v ¥Aac (4z)° teHIG/ M?’ (11) 
Gi 3 0.19 ( k ) dogs 
"hac (4)? \u,HG? Me (12) 


and 


e 
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L ee Lsnen 5 Wives (13) 
The homology variables are 
zope A 
Os = gree, (14) 
8.5 
pe 3 for, LS aS oy, (15) 
nt+1=—4 2 POL ee 7 
pes PLS Ta, (16) 
4 
nt+1=— ie for x,>2>2q. (17) 
El 
The boundary conditions at the center are 


There are two disposable constants for Eqs. (5) and (6), 7.e. ¢ and pp. Regarding 
x, as a disposable constant, we can obtain a solution for 0<2< 2, from Eqs. (5). 
and (7) with p,, t, and x, all specified, where x, is determined by the require- 
ment that g will take some assigned value g,. “The transition from Eq. (6) to Eq. 
(7) for specified x, is made with the following fitting conditions. 


UVu= ise Vee V 09 (n “{- 1) ai— 2.0. (19) 


The value of C# is given by the continuity of dt/dz. 
Provided that values of Cx, and x, are given, Eqs.(5), (8) and (9) can be 
integrated inward under the boundary condition, 


p= y= Ike 0 y pati asa. (20) 


The fitting conditions at x, are such that dimensionless variables and their deriva- 
tives are continuous. The value of Cz, is determined by the continuity of dt/dz, 


that is, 
(is Cae (21) 


§ 
MB 
ts 


If we regard gq, as given, then p,, t., Ta, Cy, Xs, and R, which is required for 
transforming the dimensionless variables to physical ones, remain to be determined. 
The continuity of U/p and V/p at 2, gives two conditions. The third one is that 
the envelope solution has a specified g, at x. Three other conditions are supplied 


by the following physical requirements. 
(i) The energy generation in the core due to the helium-burning is given 


by?? 


900 M. Nishida 


x. Ue: at k ie 3/2 3/2 ( ‘¥ aa ey 
== 2 Para Rese Ee == c. ie: ee ek (22) 
deus (12 10} ( 33.5 2GpH p 1,.355¢10- 


and must equal the outward flux L,,,. as determined by Eq. (12). 
(ii) The energy production in the hydrogen-burning shell, Lene, must equal 
L=TLewe, where 


T 16.3 Arr} - 
Laie od XOX ey th 1 (23) 
ca pee NaS ia) Vid 2+ 14.3) /(n+1)2.J—3 
and L is determined by (11). 
(iii) The opacity from electron scattering must be equal to the opacity from 
free-free transitions at r=2,. 


§ 4. Results and discussions 


We have constructed a model for g,=0.60, which is designated as Model I. | 
In Table I, the mathematical and physical characteristics of this: model are sum- 
marized and are compared with those of the corresponding model of Hoyle and Schwarz- 
schild, which is referred to as H-S. The results of these two models are plotted 
in a color-magnitude diagram in Fig. 1, where the shaded area is that occupied 
by the stars of the globular clusters M3” and M92.” Color index has been derived 
on the same system as used by Hoyle and Schwarzschild. As seen in Fig. 1, 
Model I shifts towards the left of the RR Lyrae gap in the Hertzsprung-Russell 
diagram from the red giant region, in which the H-S model lies. Since the re- 
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Fig. 1. Hertzsprung-Russell diagram for the star with 
M=1.2Mg at the helium-burning stage 
The shaded area indicates the observed sequences in 
globular clusters. 
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Table If Mathematical and physical characteristics of inhomogeneous models with helium-burning 
in convective core (c to d), radiative zone in helium (d to 1), hydrogen-burning shell (at 1), and 
radiative envelope (1 to surface) (M=1.2Mo) 


H-S Model I | Model II Model III 

ba | 0.658 0.658 | 0.658 | 0.658 

ba | 1.565 1564 | 1.564 1.564 

log 24 | — 2.70 —2.18 | EY —1.97 
log gq —0.73 | —0.72 0472 = 057i 
log ta +2.04 1-13 +1.26 b - 40,93 
log pa +9.38 +7.30 +784 +6.46 
(n+1)4; 14.6 | 10.1 10.8 | 6.86 

* 
Os 0.076 0.13 | 0.11 0.16 
le 3.53 3.35 | 3.38 3.30 
(n+1)re 3.91 3.80 | 3.82 3.76 
| | 

log 2, —2.29 | —1.82 | — 1.93 —1.63 
log q | —0.22 —0.22 —0.22 —0.22 
log 4 +1.52 | +£1.06 |} $1.18 |: +0.87 
log py +7.06 | -+5.29 | 45.81 | +4.59 
log Cx —1.76 | —1,91 PS 1,80 | £1.99 
log z; |. —0.39 —0.27 e029 —0.23 
log Pps —1.20 | —1.68 =179 be eee 
log ts | —0.55 | 0.78 Pope 0.74 —0.85 
log R/Re | =+1.39 | +0.75 +0.86 |. 40.54 
log L/Lo | +2.44 ) +2.31 aya 2 8 +2.23 
log T. | +8.00 | +8.12 48.15 +8.12 
log 6c | +3.58 +3.95 +4.03 +3.94 
log T, | +7.30 +7.48 +7.50 +7.50 
log pe +1.11 | +1.86 | +1.80 |  +1.96 
Lsnent /Leore | 0.96 0.40 | 0.49 0.094 
log Terr | 3.67 3.96 3.91 | 4.10 
B.C. —0.14 —0.41 |= =0,20 . =1.07 
Myis =1.33 = 0.74 | 1.00 +0.14 
Cr +£0.88 —0.14 +0.00 | -—0.83 


or  ————————————— 


markable differences between Model I and H-S result from using the newest rate 
of the CN-cycle, it must be emphasized that the characters of the model having a 
double energy-source strongly depend on the ratio of the hydrogen-burning rate to 
the helium-burning one. 

In our computations we did not take account of the effect of the conversion 
of helium to carbon in the core. A rough estimate indicates that the degree of 
depletion of the helium content in the core amounts to 0.2. A sequence of models 
having the helium-depleted cores will be studied in a forthcoming paper. 

Recently, Eccles and Bodansky” have attempted to determine the probability — 
that the 7.65 Mev state of C” decays to its lower states and found that it is less than 
0.1%. This limit is an order of magnitude smaller than the best previous experi- 
mental value from which Salpeter estimated the rate of the helium-burning. Hence 
it may be of interest to construct a model by using the value of one tenth of 
Salpeter’s reaction rate. In this case, Model I should be replaced by Model II in 
Table I and Fig. 1. The following feature can be pointed out by comparison of 
these two models. The reduced radius of the hydrogen-burning shell, 2, now 
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become smaller by a factor 0.78 for Model II than Model I. This gives rise to 
an increase of radius R by a factor 1.29 and consequently to a decrease of the 


effective temperature. 
Finally, we consider the case where a smaller value of nitrogen concentration 


is adopted according to the argument given in § 2. The results are given in Table 
I as Model III. In this case, it should be noted that x, becomes larger than that of 
Model I while Lesney/Leore decreases, due mainly to the smaller Xy. 

The author wishes to thank Prof. C. Hayashi, Dr. J. Jugaku and Mr. S. Sakashita 


for their valuable discussions. 
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The effects of surface diffuseness on the single particle level structure and wave functions 
are investigated in a pure single particle model. It is shown that the ground state and the 
first excited state of Ol’, which are interpreted as giving Id;/. and 25,/. shell levels respectively, 
and low energy elastic scattering of neutrons by O18 can be well reproduced by a diffuse po- 
tential well. In particular, it is pointed out that the relative location of 25,/, and ld;/. levels 
depends sensitively on finer details of the surface diffuseness. The modifications of the single 
particle wave functions from pure harmonic oscillator functions are further investigated, and 
they are found to be small up to |p states, but for higher states they may be so large that 
with pure oscillator functions one cannot hope to make quantitative discussions when treating 
near A=16 nuclei. 


§ 1. Introduction 


The nuclear shell model has had many successes in explaining the properties 
of the ground and low excited states of atomic nuclei.” On the other hand, scat- 
tering of nucleon is well* described by the optical model also in low energy region.” 
These facts suggest that we can imagine that nucleons move independently in 
an averaged potential under the influence of strong spin-orbit interaction. In treat- 
ing a nuclear problem in such an independent particle model, we encounter with 
the essential problem, what potential to adopt in the first place. In the early stage 
of the shell model, this average potential was taken to be a square well or a 
harmonic oscillator potential and one guessed that true affairs might lie between 
these two extremes.” Until quite recently much efforts for improving the shell 
model, especially in taking account of the effects of residual interactions, were also 


based mainly on a harmonic oscillator potential. More realistic single particle 


potential, however, should be negative inside a nucleus and should tend to zero 
outwards, which property is possessed neither by an infinite square well nor by a 
harmonic oscillator potential. No doubt, it is quite desirable that any future 
treatments aiming at quantitative agreement with observations should adopt some 
more realistic single particle potential as the starting point. 


* This article is to be submitted to the University of Tokyo as a doctoral thesis. 
*& Now at Department of Physics, Hosei University, Tokyo. 
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Recently, Green proposed a potential,” 


—V., Taye 
V(r) = (1) 
—V, exp[—a(r—R,) ], > Ie; 


while, Woods and Saxon invented another one,” 
V(r) =— Vy;/(1+expa(r—B)}, (2) 


taking account of diffuse potential boundary. (2) is presented as (a real part of) 
the optical potential, and applied to the problem of energy levels of bound states 
by Ross, Mark and Lawson.” These authors showed that heavy nuclei are well 
described by these diffuse boundary potentials. The potential (2) is also support- 
ed by electron scattering experiment performed by Stanford group.” 

The lighter the nuclei, the more prominent is the diffuseness of the potential 
on the nuclear surface, so for the study of surface diffuseness, lighter nuclei are 
adequate. In fact, in lightest nuclei, surface region covers the whole nucleus. 
Therefore, for lighter nuclei, the central region may be reasonably represented by 
some harmonic oscillator potential. This point of view is supported in fact by the 
electron scattering experiment.” But in the harmonic oscillator potential, the fact 
that potential becomes zero outside the nucleus is not taken into account, and, of 
course, the potential cannot describe elastic scatterings. 

Thus we propose to modify the potential as* 


— Vy +4 lay (aor)’, rT; 
V(r) =4 —$ ho; [ai (i—n) Ps n<r<n, (3) 


0, Ty Ts 


where, 
a= (Ma/h)", a= (Ma,/h)*”, 


of =a9 T/ (1-10) 1 =2V0o/ hap a?e ro. 


(4) 


We proceed to compare those brought about by this potential with those brought 
by the harmonic oscillator potential using some particular examples. Our purpose 
is to get an idea of how much the so much used harmonic oscillator wave functions 
represent the real situation. Our choice of the potential (3) in the region 
m<r<r** is for simplicity, allowing for the potential to become zero from region 


I to UI smoothly. The last two equations in (4) guarantee the smoothness at -= To. 
Of course, spin-orbit interaction, 


7 For a reasonable choice of parameters in Eq. (2), the potential (2) can be made to resemble 
our potential (3) fairly well. Thus, there is no essential difference between the potentials (2) and 
(3). We will later discuss the difference between the potential (1) and ours (3) in detail. 


** This region shall be called region II and the regions r<7 and <r region I and III 
respectively. 
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Vis oe Sanh rh? q: dV(r) (l é ) 
2mm or dr h’ 


(where m is the nucleon mass), 


(5) 


should be added to (3) as usual. The number of our independent parameters is 
fouit=1.e:V >, "ay; 7 and “7. 


Let us take Up, as our 9.93 1/2 + 
first example, O", which is an 
important nucleus, because 0.94 3/2 + 
it offers some fundamental 
data (e.g. spin-orbit splitting, NOPE Satay Sian oe rere aie a O” +n 


2s-ld level separation) to be 
further used in more compli- 
cated cases. The first aim 
of this work is to get such _3 97 ; iio 
fundamental data. This is 
possible, because we can ex- eee Be ten en oes o/2 + 
pect that O"” nucleus may be 


¢ ; energy in Mev spin parity * 
regarded as is consisted of Y 


: lasahehell 1 Fig.1. Energy levels of Ol” which are interpreted as caused 
am mert. Closed spel) COre Pius by jumps of the extra neutron into higher states 
one extra neutron outside the 


core. We will neglect the effect of antisymmetry of this extra neutron with the 
neutrons in the core. Levels which are interpreted as formed by jumps of this 
neutron into higher states are presented in Fig. 1.” Resonances of 0.94 Mev 
and 2.23 Mev levels are observed in elastic scattering of neutrons by O”, and 
these levels are established to be dsj. and 51. respectively. —4.14 Mev (ground) 
state and —3.27 Mev (first excited) state respectively represents 1d5j. and 251). 
single particle shell levels. An interesting feature appearing in this data is that 
2512 and lds levels lie very close together. Splitting of lds). and 1ds,. is due to 
spin-orbit interaction. The point in question is the relative positions of 2s and 1d 
levels when no spin-orbit interaction exists. The fact that 25. and 1ds). lie close 
together indicates that, without spin-orbit interaction, 2s level would be lower than 
1d level. In any square well potential, on the contrary, 2s level will come out 
higher than 1d level, and in the harmonic oscillator case the two levels come out 
degenerated. Why is 2s level lower than ld level? Will our potential (3) with 
(5) succeed to reproduce this level structure? To answer to this question is the 
second aim of this work. 

At first sight, our potential (3) with (5) contains four parameters and Fig. 
1, four data, so the question is simply to determine the parameters. But the signi- 
ficance of such study should not be underestimated. Fowler and Cohn have already 
studied this problem, taking Green’s functional form (1) as the potential.” Their 
result shows that for a reasonable choice of parameter a in (1), which is deduced 
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from d3, resonance width, 1d level is found to lie considerably lower than 2s level, 
although their result is much better than the square well case. In the present 
work, we will show that the data are well reproduced by our potential (3) for a 
reasonable set of parameters. Comparing these results, we shall have more detail- 
ed knowledge about the diffuseness of the potential. We will later on discuss this 
point more in detail. 

In § 2, we will present our method to calculate energy level, wave function 
and scattering phase-shifts, and in § 3, the results of the calculations. 


§2. Calculations 


Our first task is to determine the parameters appearing in (3) and (5), so 
that the data shown in Fig. 1 are well reproduced. Once the parameters are fixed, 
energy levels, scattering phase shifts and wave functions may be readily calculated. 
Practically, first, we give w) an arbitrary value and determine V, and 7, so that 
2s bound state and s state scattering resonance appear in the observed energies. 
In s state, spin-orbit interaction (5) gives no contribution. Then, using these wp, 
V, and 7, we decide the value of 7, which gives the resonance in d3,. state in 
the observed energy value. Finally, using these values of parameters, 1d;). energy 
level is calculated. Changing the starting value of a, these procedures are 
repeated, until we arrive at the observed 1d;). energy value. 

To perform the above-mentioned calculations, we have to solve Schrédinger 
equations in regions I, II and III, and match the logarithmic derivatives of the 
solutions at r=r, and r=r;. In region III a solution to Schrédinger equation is 
well known and need not be reproduced here. Schrodinger equations to be solved 
in regions I and II read as follows, 


Tee ee al (2-#4.) 


2M r dr dr 
ere ele Rees RAC anon sy (Ls 
+| Vor 5 hey (aor) + °oM 2 = ee Ray ay i |p=Es, 
(6-1) 
and 
parade ped gf ae) i : sic Peed) 
2VLaT ar f dr sa re aaD Les r 
aie (l-s) -m—r | 
alee hw,a? 1 b=Ed 
2m? c? sas i r |v ee (6-2) 


respectively, where M is a reduced mass in the system of O" core and one neutron. 

We will solve Eqs. (6-1) and (6-2) in power series expansions. In fact, our 
main interest lies in examining finer details of the shape of the potential, so that 
approximate methods (e.g. WKB approximation) will be of no use. The solution 
to Eq. (6-1) is given in a power series expansion as 


ise a, 
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Cp aNenl tenn le Leta Crp Mt) oe 
r exp[ A Gar) > MIN TES (apr)! (7-1) 


where, €= (E+ Vit (7h? /2m’'c’) haya’ (l-8) /h?) / (1/2) hw, and N is to be deter- 
mined from normalization. The solution to Eq. (6-2) is a little more complicat- 
ed. Putting 


$() = Dela(n— Ts (7-2) 


recurrence formulae are obtained from (6-2) for the coefficients c, to be, 


re Co+ (2-22) Co=0; 


(@71)* 
3-2 ate) Gr 
+(y— 2+) Lae) 
(a, r,) / (a,7,) ) 
4-3 aed epee 
A eee gem 
+(1+(v— OR ) apr) om 


where, 4=2E/Nw, and v= (7f’/m'c) a? (l-s)/N’. In (8) the ratio c,/c is to be 
determined by equating the logarithmic derivative of (7-2) at r= with that of 
the solution in region III. «¢ itself is to be decided from normalization. 

Having thus obtained the solutions of Schrédinger equations for arbitrary 
energy, we can bring out the calculations along the lines indicated at the begin- 
ning of this paragraph. The results are shown in Table I. 


Table I. Values of parameters obtained from the data 


Fu 
| | | 


hu | Vo | r9 | " ag! rt 


| 
15.95 Mev 56.23 Mev | 3.726X10-13cm | 5.271X10718 cm | 1.669 10-8 cm | 20.3 


§ 3. Results and discussion 


Now that we have determined the potential, we will investigate here the con- 
sequences derived from this potential and discuss them keeping our special interest 


on surface diffuseness. 
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3-1. Comparison with phase shift analysis and energy levels 


The phase shifts of elastic scattering of a neutron by O” nucleus are calculat- 
ed and shown in Fig. 2. In calculating phase shifts at arbitrary energy, a slight- 
ly different method from that shown in §2 was employed, because the method 
indicated in § 2 was suitable only when the solution in region III was known in 


1807 


phase shift (deg. ) 


S50) 


—60 


—=905 Sap: 

Fig. 2. Comparison of phase shifts with experiment 
Experimental points above E,,=0.73 Mev are from reference 9), 
below, from Okazaki, Phys. Rev. 99 (1955), 55, and at E,,=2.37 


Mev, from reference 10). As to the comparison of Psig and ds/s 
phase shifts with observation, see the text. 


—e 
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the first place.* The revised method adopted in phase shift calculations is shown 
in the Appendix. 

From Fig. 2 we see that the overall agreement of calculated phase shifts with 
those determined from experiments is satisfactory. To compare with experiments 
we must naturally take account of the compound elastic scattering effect. The re- 
sult of our calculation represents only potential scattering, so that effect of com- 
pound elastic scattering should be super-imposed upon.. This applies to ps3). wave 
(at two resonance energies 0.43 and 1.31 Mev) and to sy). wave (at 2.37 Mev). 
As regards s,). wave, the steep rise of the observed phase shift near 2.37 Mev is 
explained in this way. As for 3). wave, the phase shift in this energy region 
is known to be well reproduced by solely considering the contributions of the two 
compound resonances!” and our result is an excellent confirmation on the statement 
that potential phase shift is zero. Calculated ds). phase shift is also sufficiently 
small, thus neglect of ds). phase shift in the phase shift analysis is justified.” The 
ds. phase shift at E,=0.73 Mev is —5° experimentally, contradicting with our result 
(plus sign). But the possibility of minus phase shift is already excluded by a 
polarization experiment.” 

The resonance width at E,=1.00 Mev (due to d3,. wave) is 90 kev from Fig. 
2, agreeing fairly well with the experimental value of 96+5kev. This resonance 
width was exploited to determine the diffuseness parameter appearing in (1) in 
Fowler and Cohn’s work.” At any rate, comparison of phase shifts with experi- 
ments is equally good for both theirs and ours in so far as sj. and dy). waves are 
concerned. Calculations for other waves have not been reported, unfortunately ; so 
let us proceed to consider the energy level of 1d5,s. 

Fowler and Cohn obtained too low an energy for the 1d,,. state, while it is 
correctly reproduced in our potential. Allowing for the results mentioned above, we 
see that our potential describes the observed facts more adequately than theirs.** . As 
mentioned in the introduction, a square well potential gives too low 1d level rel- 
ative to 2s level. Green’s potential (1) somewhat resembles a square well poten- 
tial, and, therefore, Fowler and Cohn’s results remain to bear some resemblance 
to the case of the square well, although their results are certainly very much im- 
proved than the pure square well case. Thus, the situations of 1d and 2s levels 
are intimately connected with the diffuseness of the potential at the surface. In a 
harmonic oscillator potential the diffuseness is to some extent contained in itself, 
as a result of which 1d and 2s levels are degenerate. Our consideration may be 
further confirmed by noting that in a Coulomb potential, an extreme case of long 
tailed potential, 2s level is contained in a lower shell than that in which 1d level*** 
is contained. 


* In §2 we exploited the observed resonance energies of potential scattering, so we knew the 
wave function in region III at the energy aforetime. 
*& Note that the number of independent parameters is same both for theirs and ours. 
*#* The ld level in our notation is designated 3d level in the notation of atomic spectroscopy. 
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Thus we have shown that the situation of 1d and 2s levels and the reson 
width at E,—1.00 Mev can be adequately accounted for by properly treating the 
diffuseness of the potential at the nuclear surface. Next we will investigate the 
effect of the diffuseness on the wave functions. 


3-2. Wave Functions 

Once energy levels are determined, corresponding wave functions can be readi- 
ly obtained from (7-1) and (7-2) with (8). The normalization constant 1s 
calculated by numerical integrations. Energy levels are determined by means of 
the method explained in § 2. The results are tabulated in Table II. Our main 


Table II. Bound state in our potential 
a ee 


Bo energy poor es overlap integral 
es — 32.36 1.53 (1.5) 0.9998 
Mee | ~17.95 2.65 (2.5) | 0.997 
Dis —14.24 2.73 (2.5) 0.997 
ders ~ 414 4.31 (3.5) 0.983 
2 Sig — 327 6.07 (3.5) 0.929 


Expectation values shown in the parenthesis are those for the corresponding harmonic oscillator 


case, 


interest consists in examining the effect of potential behaviour at the nuclear surface 
on single particle wave functions. As our potential (3) is a modification of a 
harmonic oscillator potential, the comparison with the latter case is of particular 
interest. In this connection, in the fourth column of the table, are shown overlap 
integrals of our wave functions with the corresponding harmonic oscillator wave 
_ functions, i.e. wave functions which are eigen-functions in the harmonic oscillator 
potential with angular frequency equal to wo. 

For lower energy states overlap is better, as can be anticipated from an argu- 
ment based on the perturbation theory. For lower states, wave functions damp out 
more rapidly in the external region, so that the perturbation operating only in the 
external region has less effect for these states. On the other hand, for the states 
approaching to the zero energy, the overlaps become worse and worse. This is be- 
cause, for the higher states, wave functions penetrate out more and more on ac- 
count of the effect of the potential behavior in regions II and III, as can be seen 
from Fig. 3. The statement is further confirmed by the calculations on expec- 
tation values of 7” (the third column). Qualitatively, the argument stated here may 
be easily accepted. Our calculations will serve to estimate the errors caused by the 
ambiguity that surface and external regions are not correctly treated when use is 
made of harmonic oscillator wave functions. Thus, roughly speaking, use of the 
harmonic oscillator wave functions may be a good approximation when only 1s 


i a | cs 
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(a) 2S 1/2 wave function 


(47) $(r) 
1.0 


— calculated wave function 


--- corresponding harmonic 
0.8 . 
well function 


0.6 


0.4 


a 7 


(b) Vee wave function 


— calculated wave function 


--- corresponding harmonic 
well function 


a7 TT 


Fig. 3. Radial wave functions compared with the corresponding harmonic well case 
For 1s,/2, 13/2 and 1p,/, states mutual deviations are small, so they are not reproduced 
here. Normalization is such that 


| aor) $(r)[2d(aor) =1. 


and 1p states are involved, but in calculations involving higher states, it may. 
cause some error because of the deviations of single particle wave functions from 
those of harmonic oscillator discussed here. For example, the fact that high energy 
elastic scattering of electrons by O” nucleus is well described by the harmonic 
oscillator model endorses our conjecture, because the electron scattering is essentially 
determined by the charge distribution and this, in turn, involves ls and |p states 
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only.* On the other hand, 25;;,—1ds). single particle transition probability is esti- 
mated to be larger by about factor 2 than the corresponding harmonic oscillator 


case (assuming £2 transition). 


3-3 Nuclear Radius 

As the final check of our potential we calculate here the nuclear radius, by 
means of the wave functions just derived before. For comparison we here calculate 
the equivalent radius : 


Ri,=V (5/3) <7 a « 


Expectation values of 7? are already calculated and shown in Table II. Thus, we 
only need to average these values over the nucleus.** The value is 


R,,= 3.328 X 10-* cm 


for the O' nucleus.*** Strictly speaking, this value shows the distribution of the 
neutrons in the O” nucleus. On the other hand, electron scattering experiment 
measures the distribution of the protons. The equivalent radius derived from pub- 
lished data is 3.41X10-"%cm for the charge distribution, slightly larger than our 
neutron value.” Qualitatively, Coulomb forces reduce fw, in region I, while in 
regions II and II] Coulomb barrier must be added. The former effect tends to 
push out the wave function and the latter to pull in. However, the latter effect 
would not be so large as to cancel out the former effect. Thus, it is not surprising 
that equivalent radius for protons comes out larger than that for neutrons. Carlson 
and Talmi calculated the nuclear radius from the Coulomb energy difference between 
mirror nuclei.”’ From their calculation, the equivalent radius for A=17 nuclei 
(F”, O") becomes 3.245X10°7"%cem, which is smaller than ours. The Coulomb 
energy method, however, does not directly measure <7*>,,, and moreover we 
should pay attention to the fact that their calculation is based on pure harmonic 
well wave functions. In this connection, we should like to note here that, in our 
calculation of the equivalent radius, if use were made of our corresponding harmonic 
oscillator functions, the radius would have been reduced by about 3%. Thus, we 
can conclude that our potential gives a reasonable radius. 


§ 4. Conclusion 


It is shown that 25). and 1ds5). shell levels, and low energy elastic scatterings 
of neutrons by O” can be well reproduced by a diffuse potential well. In particular, 
it is pointed out that the relative location of 25,2 and 1ds. levels depends sensitively 


* What we have calculated are for neutrons; so for protons numerical conclusions cannot be 
drawn, but qualitative arguments will still hold. f 
** The effect of the center-of-mass motion should be taken into account for completeness, 
which amounts to a factor 15/16. This remark also applies to the values cited below. 
*“** We assume that our potential and wave functions apply also for O16, 


“ae 
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on finer details of the surface diffuseness. The modifications of the single particle 
wave functions from a pure harmonic oscillator case are small up to 1 states, but 
for higher states, they may be so large that with pure oscillator functions one 
cannot hope to make quantitative discussions when treating near A=16 nuclei. 
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Appendix 


The solution of the Schrédinger equation in region II shown in § 2 is suitable 
when the solution in region III is known beforehand. The equation can be solved 
also in a power series of (r—7)), which is useful when the solution in region I 
is already obtained. But it should be noted that because of the terms proportional 
to 1/r (which comes from the spin-orbit force) and 1/7? (which comes from the 
centrifugal force) contained in the equation, the series diverges at r—™m=7, SO 
that when 7,—17>7 the analytic continuation is necessary. Thus, for the determi- 
nation of the potential the solution in §2 is more adequate. The potential we 
determined in § 2, however, admits also power series expansion in powers of (7—7») 
in the whole region II; so, for the phase shift calculation the expansion in powers 
of (r—r)) is more profitable. 

By means of the well-known expansions, 


1/r=1/79 S (—)"L 7) / ral 


and 


V/r=1/r3 >) (—)" @+)[(r—1)/r), 
Eq. (6-2) can be solved as before. Putting 


b(n = = Y dala (r— ra) 


recurrence formulae for the d,’s read as follows : 


2-1 dat (1-+[a,(n—r0) P- atu) +( cf —1)) di=0, 


(a, 170)” ro 
319 dy + (i+La(n—r) P+ (2-1) oh 


21(/+1) UT; ai ) =0, 


(a, 70)° ro (1) 


oe (2a, (r1— 7) + 
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4-3d,+ (24 [a(r—ro) PALE (2-1) dy 


(@ ro) 5 To / 
+ (—2a.(n—7) + Aart), meee : )d, 
(a ro) To (a; ro) 


vl (CF) ie 1 =) o=0, 


(a, ro) ‘ ro (& 1) 


+(1 


where 4 and v are already defined*at just below Eq. (8). 
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Theory of Relativistic Rotators and Elementary Particles. I 
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In view of supplying a unified model of elementary particles the theory of relativistic 
rotators is developed. Clarifying the physical concept of relativistic rotators, general 
theory is constructed on the basis of kinematical variables. Consideration of the physical 
properties of the internal rotational space leads to the definition of isospin and internal 
chirality. Other internal constants of motion are also taken out to be identified as mass 
and ordinary spin. Possible rotator models are classified according to the structure of the 
rotational part of the Lagrangian. Various hitherto known models are automatically repro- 
duced in this way, with their internal properties revealed. In addition, entirely new models 
also follow from this scheme. 


Introduction 


It has been conceived more or less widely that the present theory based on 
the assumption of representing elementary particles like geometrical points would be 
a bad idealization. On the other hand, attempts to unify elementary particles by 
attributing to them certain quantities associated with an abstract manifold independ- 
ent of the Minkowski space remain as yet formal and phenomenological. Thus 
there are good reasons for taking the point of view to unify elementary particles 


‘by giving them a certain realistic structure in the ordinary space. In this general 


point of view one may start from field theory from the outset, then one would 
reach, for example, the non-local theory of Yukawa.” This theory, however, does 
not yet succeed in explaining isospin properties of elementary particles. The ap- 
proach which we would like to take is to start directly from extending the classical 
point model in order to maintain clear particle image. 

Even though we have no definite way of such a generalization of the model 
in advance, it will generally imply to replace the simple point model by a certain 
body with a small spatial extension, and its most sensible consequence will kine-. 
matically appear as rotational degrees of freedom to be attained by the “ particle”. 
We do not know about the inside of elementary particles: the structures, forces, 
physical laws, etc. Moreover, even if we assume a certain kind of extended model 
and the validity of the physical principles known in the external world, the 
relativistic theory of such a model will be complicated and more or less ambiguous 
in general. We shall take a simpler method which starts from the assumption 
that the rotational degrees of freedom of the body can be clearly abstracted from 
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the total internal motions in some way and that to those rotational degrees relativity 
and quantum mechanics be applicable. It is then possible to formulate a con- 
sistent theory of such a rotating body in a quite general form without intro- 
ducing the spatial extention of the body explicitly. We shall consider in the 
framework of special relativity, although it is naturally desirable to extend the 
treatment to general relativity. 

Our theory has a likeness to that of non-relativistic rigid body in the sense 
that kinematically our model has rotational degrees of freedom alone besides the 
orbital motion of the center, i.e., that it has directional rigidity.* However, it 
must be remarked that we have a priori no necessity to presuppose that the 
rotations themselves in our model should arise like the straightforward rela- 
tivistic transcription of the conventional non-relativistic rigid body motion, be- 
cause we are seeking a purely relativistic theory of rotators for the model of 
microscopic particles. Indeed, starting from the kinematics of relativistic rotators, 
we proceed with the general principles, introducing step by step the conditions to 
characterize the model, e.g., the internal isotropy, internal reflection symmetry, 
“rigidity”, etc. In this way we classify various possible models which have in 
themselves clear physical meanings but dynamically have more degrees of freedom 
than that of the customary rigid body and can take wider mode of motions. 

Evidently such a rotator model possesses the ordinary spin property represented 
by its internal angular momentum (i.e. the spatial components of the internal 
angular momentum six-vector S,, on a fixed rest frame of external motion), in- 
cluding half-integral values.” The important point is that it carries isospin at the 
same time. In the usual theory iso-space is an abstract manifold completely de- 
coupled from the Minkowski space, whereas in our theory it means the ray space 
consisting of the directions fixed to the body, and as such it is fitted into the 
ordinary space. 

Abstractly speaking, the isospin means the existence of triple quantities (h, 
I,, I;,), which satisfy the commutation relations between the generators of a 3- 
dimensional rotation : 


[Z, > I;] = 1 45% I,, 


and each of which is scalar invariant under Lorentz transformations. Natural- 
ly, isospin is further required to commute with the ordinary spin components and other 
quantities, and that in electromagnetic interaction its conservation is reduced to 
that of J; only, which is related to charge. 

Now a relativistic rotator means an entity to carry a Lorentz transformation 
and its instantaneous state of motion just defines a Lorentz frame to be called “ body 
frame”. The three spatial components of the internal angular momentum six-vector 
S,, on the body frame are identified as isospin components since they possess 


* This means that the angle between arbitrary two directions fixed to the body remains un- 


changed by the motion (always viewed in the rest frame of the translational motion). 
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all of the properties mentioned above.* 

Since the rotator is essentially an extended entity, it ought to have various 
internal geometrical properties: It can be spherical or not, reflection symmetric 
or not, “rigid” or not, etc. In our theory, however, we employ the variables repre- 
senting the rotational orientations of the body but do not employ the variables to 
describe the radial extension explicitly, and accordingly the above mentioned in- 
ternal geometrical properties are not expressed as such but are represented through 
the dynamics of the rotator, namely through the structure of the Lagrangian of the 
system. If the Lagrangian is spherically symmetric in the internal body space, 
each isospin component is necessarily conserved. On the other hand, a spherical 
rotator is not necessarily symmetric with respect to the internal reflection; it can 
also be anti-symmetric. In general, we have motions with a non-vanishing internal 
chirality which is properly represented by the pseudoscalar S,, S,, formed from the 
internal angular. momentum tensor S,, (and its dual S,,). There exists always an 
internal constant of motion** related to S,, 5, , and the corresponding quantum 
number is interpreted as strangeness. 

Generally, a relativistic rotator has six internal degrees of freedom because it 
has the structure corresponding to a Lorentz frame. Thus it must have one more 
internal degree of freedom besides spin, isospin (their magnitudes and third com- 
ponents) and internal chirality, which commutes with spin and isospin components. 
This is of course the rest mass, which signifies the absolute length of the mo- 
mentum-energy 4-vector in the Minkowski space and depends only on the internal 
state of motion of the rotator. (On the other hand the direction of this vector in 
the Minkowski space represents the external degrees of freedom.) All of those 
constants of motion*** take discrete eigenvalues in quantum theory. Thus our 
model involves just all intrinsic properties assigned to elementary particles. It is 
not to be expected at once that our theory will precisely reproduce the empirical 
spectra of those intrinsic properties by a certain appropriate choice of the rotator 
model, as there are problems related to interactions, but we may say that our theory 
gives a unified model elementary particles at least in a qualitative way. 

In Part I of this series of papers we develop the general theory of rela- 
tivistic rotators in terms of the kinematical variables. Emphasis is placed on 
clarifying the physical foundation of theory. Simple possible models are derived 
and classified according to a coherent Lagrangian formalism. They include various 
existing models as special examples, Weyssenhoff’s particle,” Honl-Papapetrou’s 
mass-dipole,” Nakano’s rigid body,” and so on, and in addition allows various 


* This identification of isospin is not necessarily the unique possibility but evidently it is the 


simplest one. . | ; | 
** For the spherical rigid rotator model (66), e.g. this quantity means the ‘“‘ precessional 


areal velocity” given by Eq. (88b). a : Ke 
**k Besides them it also has discontinuous conserved quantities like internal parity which is 


represented by Eq. (14) in classical theory. 
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quite new models. 
In Part II we classify the internal constants of motion for each model and 


obtain the classical solutions explicitly by using elliptic functions. This reveals 
the relations between various internal properties according to the structure of a 
model. Finally in Part III we establish the quantum theory to obtain eigen-solutions, 
which correspond to each elementary particle state, by the joint use of matrix 
mechanics and wave equations, and also show how the internal symmetry properties 
are affected by interactions. 


§ 1. Kinematical variables 


la. Tetrapod 

A relativistic rotator is by definition an entity of which configuration be rep- 
resented by the coordinates of its center x, and the variables describing its internal 
rotational orientation around the center. In this paper we deal with cases where 
the translational velocity V is smaller than the light velocity* 


[Plecdes (1) 
the case with light velocity needs special consideration. Thus there exists always 


a rest frame %, and also one can define the proper time 7 and the unitary 4- 
velocity v, satisfying 


V,=—I1, (2) 
by the relation 
— aes — + 
2 = —=—19 
dt 
+ means an inertial frame in which the orbital motion vanishes momentarily : 
Seton (3) 


Now the internal rotational orientation is specified, in the rest frame &, 
with a set of three orthonormal 3-dimensional vectors a;° (r=1, 2, 3) attached to 
the body, satisfying 


GO ap =0,, (4) 
We denne a,-°) ¢=1, 2, 3,4) oby 
a= {azr, 0}, af=—iv,, (5) 


then (3), (4), and (5) mean** 


EC) 7 1 
CI Pa C1 


We now define three space-like vectors a,” by the property that they become the 
above a,’°) in the rest frame 3, then these a,” and 


: We employ the unit system in which c=1, and use the imaginary time component, thus. 
x,=1t and the energy of particle is p,/i. 
In this paper lower Latin indices 7, j,k,....range over 1, 2, 3 while Greek indices DS Vyiksowte 2 
over 1 to 4. Similarly upper Latin indices 7, s,¢,....run over 1, 2,3 while Greek ones Syclese 
over 1 to 4. Summation convention is understood for any repeated indices. es 
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Seen (6) 
remain to satisfy 


fa47=6 Eee 
Nil Nt Pag 0s Maal Be 3) og (7) 


This indicates that” a kinematical description of a relativistic rotator is just given 
by a set of four orthonormal 4-vectors a,‘(r) called tetrapod, in which the fourth 
axis ia,‘=v, is time-like and plays physically distinguished réle, as it signifies the 
orbital 4-velocity while a,” represents the rotational orientation in the 3-dimensional 
hyperplane normal to the world-line.* 

If we consider the inertial frame 3° which momentarily coincides with the 
tetrapod {a,*}, then 2° means a particular one among arbitrary rest frames %, 
and accordingly we call 3° “the body rest frame”. Then a,‘ are nothing but the 
coefficients of the Lorentz transformation from the laboratory frame to the body 
frame. . 

We call a,* the kinematical variables, but they are dynamical quantities them- 
selves and not simple mathematical parameters. Our supposition that a,” signify 
the radius vectors fixed to the body implies that even for spherically symmetric 
rotators the directions rotating with the body have physical sense. Such an assump- 
tion is characteristic for our theory and allows to define the body frame and so 
the isospin components in a simple way. 


1b. Various representations 
A relativistic rotator was described by a Lorentz frame {a,‘} at each instant. 
On the other hand, it is well-known that the homogeneous proper Lorentz group 
L is homomorph with the unimodular group C;: 
L~C,. 
This immediately tells us that a relativistic rotator is kinematically describable 


with a unimodular matrix 
a f paises 
(5), @a—s=1 
equivalently.** 
Again, the Lorentz group is isomorph with the complex orthogonal group O;: 
L~O;, 


and hence the kinematical state of a relativistic rotator can also be represented with 
a set of three 3-dimensional orthonormal complex vectors (components of self-dual 


tensors) A; : 


* The tetrapod variables in the present sense were originally introduced to represent the 
Dirac field by a continuous distribution of relativistic rotators.®)»® Our a, variables are quite dif- 
ferent, eg. from Nakano’s aa, which are arbitrary Euclidian parameters without the physical 


identification (6). 
** Compare with F. Giirsey, Nuovo Cimento 5 (1957) 784. 


920 T. Takabayasi 


5 - y 
A, A, — Om 5 Af Aj == 945 ? 


namely a “complex tripod”. This is connected with the original tetrapod {a,*} 
through the relation* 
Ay = (ay af—asa,’) + Sunde a;\. 

Still another method** is to formulate the theory in terms of a 4-component 

spinor € under the constraint 
fe=l, Crsf=0, 
because such ¢ is mathematically equivalent with a tetrapod {a,*}. 

Finally we can replace {a,‘} by six independent parameters—three Euler angles 
6,0, of spatial rotation, and two polar angles a and # and one hyperbobic angle 
+ corresponding to a,4=—iv,. This method is employed in wave mechanics (Part 
II}. ; 

In Part I we shall mainly employ the method of tetrapod variables as it is 
most suitable for general theory. 


§ 2. Internal space and internal transformations 


2a. Body components and internal rotations 

Since {a,°} was nothing but the coefficients of Lorentz transformation from 
the laboratory frame to the body frame 2°, an arbitrary tensor—for instance, a 
vector V, or a second rank tensor 7,,,—has components in the body frame: 


Vee Screens 

Le = at a, Liss > Te == A Co! J RID) (8) 
respectively. However, noting that each a,‘ (for a fixed §) is itself an ordinary 4- 
vector, each of the components V* or J” represents a scalar invariant with re- 
spect to Lorentz transformation of the laboratory frame. Nevertheless, {a,'} rep- 
resents a particular Lorentz transformation at each instant; therefore if we have 
an arbitrary tensor relation in the laboratory frame which does not explicitly 
involve proper-time derivations, it can be transferred to the body frame com- 
ponents with the invariant form. A trivial example is 

Le alee Te, 
We now consider a 3-dimensional rotation of the spatial axes in the internal 

space of the rotator, namely 

De ee ee a,'=invariant, (9a) 


Where (C”*) is a constant matrix of rotation: 


* T. Takabayasi, mémoire mimeographed (1958) ; see also ref. 10). 
** This method was employed in ref. 7). 


rn rei 
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C™ CN = 0. (9b) 


This transformation expresses the fact that we can always go over from one set of 
spatial axes fixed to the body to another set of axes again fixed to the body for 
the description of the rotator’s motion. The spherical property of the rotator is 
then represented by the fact that the theory should be invariant under the trans- 
formation (9). 

If we generalize (9) to full rotations in the internal 4-dimensional Lorentz 
space such that 


a,* mS rae (Ev Gn’, Cf Cck= Ont : (10) 


the orthonormality condition of {a,°} and the timelike character of za,* remain 
conserved, and J‘? transforms then as tensor components in the internal: Lorentz 
space : 


TiS ce Ct Te 


However, as the result of (10), the new fourth axis za,‘ no longer signifies the 
orbital velocity of the rotator. Thus we have no simple physical reason to require 
that the theory be invariant under the 4-dimensional full rotations (10), nor there 
exists any theory for a single rotator which fulfills such requirement perfectly. 
(The situation is different in field theory. When we represent the 4-component 
neutrino field by a continuous distribution of rotators,* we see that this field ful- 
fills the perfect 4-dimensional internal symmetry. Indeed, the internal Lorentz 
space in the present sense was originally introduced to manifest this neutrino 
group.” In. Heisenberg’s non-linear field’ this symmetry reduces to the spherical 
symmetry, where Pauli transformation” is nothing but the internal rotation (9).) 


2b. Internal reflection 
It also’ belongs to our liberty whether we take a right-handed frame or a left- 
handed one for the frame fixed to the body. Corresponding to this fact we can 


consider reflections of the body frame. Since this transformation is given by 
@>—a,” in a rest frame, it is represented, in a laboratory frame, by 


4 


a, >—a,’, a,‘=—iv,=invariant. (11) 


Evidently, this transformation is independent of the usual inversion of the labora- 


tory frame: 
LpP—-X,, tt, (12) 


where a,'’s transform by 
agir—a~, afoas, (13) 


as we regard a,'’s as regular vectors. (11) is clearly different from (13). We 


* Cf. footnote, p. 919. 
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shall call (11) the internal inversion to distinguish it from the usual external in- 
version (12). If the model is right-left symmetric the theory must be invariant 


under (11). 
For this internal inversion, the usual body components of a tensor, (8), trans- 


form like those of a regular tensor : 
VFS Vie Vea 
T?3T";. T%37T%, 
T"%>-T", T*’>-T”, 


irrespective of whether V, or T,, is a regular tensor or a pseudotensor with re- 
spect to external reflection. 
We have a particular unit pseudoscalar for internal transformations, 
7=det {a,"}, (14) 
which is also a pseudoscalar for external (i.e. usual) transformations. 7 is +1 if 


the body frame and the laboratory frame are of the same chirality, and —1 if they 
are of different chiralities. (Here we are suppressing time reversal.) 


2c. Antisymmetric tensor and duals 
The distinction between the two kinds of inversions is important in the def- 
inition of the dual of an antisymmetric tensor A,,. The usual dual defined by 


~ 


A Ts — 5 Ean An (15) 


BY 


is a pseudotensor if A,, is a regular tensor. The six body components of A, 
given by 


~ 


A®=a,ia, A,,=— = Een a,fa,’ Ap, (16) 


my 


are external pseudoscalars and form an antisymmetric tensor in the internal 
space. 
On the other hand, we can define the dual of A regarding body components 


by 
oa Tags he As. cae (17) 


analogously to (15). Then we have the relation 
v 1 ; 5 ~ 
Ae sae Jy Bake ee a, Aen = Sey eine a, ay! 5 ea = nA‘, ] (18) 


with the use of (14). . This indicates that A‘ are external scalars each and con- 
stitute an internal pseudotensor. 
Evidently, we have the relation 


Ay A, =A” Atay AM Am, (19) 


AS Sere 
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Table I. Tensor character of duals 


| Ay» | Ay | Ag, 
external PT PS Ss 
internal Ss ‘ap | Pat 


Another useful relation between the body components and the laboratory com- 
ponents of a skew-tensor is 


S149) Gut (20) * 


§ 3. Angular velocity 


38a. Angular velocity tensor 


& . . . 
Each a,* vector tansforms, under an infinitesimal Lorentz transformation 


Ly Ops + Cee 5 (Go == 6%) (21) 
by 
ae >a,? pee ae. 
If we suppose instead that the laboratory frame is unchanged and the Minkowski 


space fixed to the tetrapod {a,*} makes an infinitesimal 4-dimensional rotation rep- 
resented by the same (21), a,' changes by 


a,i'>a,'—E,, a,’. (22) 


Dividing &,, by the proper-time interval dz, during which the infinitesimal rotation 
took place, we get the 4-dimensional angular velocity tensor, 4, €)5/ AC, SOmn ie 
(22) is rewritten as 
da,‘ 
dt 


Sn oO (23) 


This gives 
Ow= —@;;=4,' a," (24) 
by the aid of (7). This exhibits that w,, is an internal scalar regarding full in- 


ternal rotations (10) including internal reflection (11). 
On the other hand, the body components of w,, are 


oO =a Oia a,’= —o", (25) 


_ * 3} signifies the summation over (rs) =23, 31,12. To prove (20) we first note that its left 


Crs] 4 
side is the length of the axial vector representing the spatial part of the body components of the 
while the right side of (20) is the length of the axial vector corresponding to the 


skew-tensor Ag,, 
(2)24 Ag, (224+ Aj.(2), and second that 


spatial part of A,» in an arbitrary rest frame 5 (i.e. Ags 
¥ and Y° transform to each other by a pure space rotation. 
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which are external scalars and form an internal skew-tensor. Its dual is 


ev, 1 : fe : 
etn Con Est Au a, =70"". (26) 


a 


8b. Proper angular velocity 

Now, w,, signified the proper-time rate with which the rotator is realizing a 
Lorentz transformation at each instant. The real angular velocity of spatial rota- 
tion is more properly represented in a covariant way by the “ proper space part” 


of w,,, which we denote as w,,*, rather than by w,, itself. Namely, following the 


general procedure (stated in the Appendix) of decomposing an arbitrary skew- 
tensor, w,, is uniquely resolved such that 


Digg == Onn as es (27a) 
with the conditions 
We, 0, =0;— AGIA) yu: (27b) 
This is also expressed by 
(Or pein ee 


Explicitly, 


ak me : 
LES ag Doe (ay a a as) > (28a) 


a 
pes S24 a s) 
Op» =A, Qj = — Ue pV}, (28b) 
or, with the aid of a pseudovector,* 
we os 
Di = Daye, ela UE (29) 
the former is expressed in the form 
ee 
Op, = 16,5, 0, 0: (30) 


That «,,* (or equivalently w,*) represents the covariant angular velocity of 
the spatial rotation is justified from the fact that in the rest frame 3’ its space 
components are 


~\ (2) 
sk PY Se aad 1) ne OO 
(OFF =W; = Oijies (a, 7% 4 (31a) 


(ijk~123) 


the last expression being the usual 3-dimensional angular velocity, while the time 
components vanish : 


oh =08=0. (31b) 


On the other hand, w,, comprises the angular velocity of rotation and the 


* Note that wn+=op» v»=—Vy,. 


ie haath aaa 
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acceleration of the translational motion as is observed in (28b). 
The internal hyper-spherical property of w,, is reduced to the simple spherical 
symmetry in w,,*. Naturally this applies also to their magnitudes : 


2 


SNe 
Ow =a, 


a = (a,")*—7%,), (32) 

(o4,*)?=2 (0,*)?= (a,")?— (4,')?= (a,")? +0,7. (33) 
The former is an internal 4-scalar, whereas the latter is an internal 3-scalar. On 
the other hand, 


Opp O py = 21E yen ana VEU; (34) 
is an internal 4-scalar and external pseudoscalar, while 
0? = — 28, Ly A Bs Dy =O pp ns (35) 


is an internal pseudoscalar and external scalar. 


§ 4. General dynamics 


4a. Lagrangian 

Now the equations of motion for the kinematical variables of the rotator are 
derived from the Lagrangian. Its main part corresponds to a “ 4-dimensional 
rotation” denoted as £, and we assume that £ is a function of a,‘ and a,‘ only, 
without involving higher derivatives. The total Lagrangian for the case of free 
rotator* is given by adding to & the terms for assuring the constraint (7) and 
the relation (6) which defines the physical meaning of a,’, 1.e. 


LVL Sta,.. (36) 
Thus the Lagrangian must be of the general form: 


DAGas Xu > Pu> Aft | == Ls Gass a,') $= (a,é Ay" —O,) ates (%,—ia,") ; (37) 


where 4{=/" are Lagrangian multipliers. The p,’s are also other Lagrangian 
multipliers, but from (37) it follows immediately that 


OL 


“=p,, p,=0, p,=const, (38) 
Ox 


“ 

indicating that p, are canonical momenta conjugate to x, and are constants of 
motion. Thus p, means the momentum-energy 4-vector of the system, required to 
be time-like (or null). Putting 


pi =copst, == 027, Cm’ = 0) (39) 


* Throughout Parts I and IL we limit the considerations to free rotator. The case with 
interaction is treated in Part III. 
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m! signifies the observable rest mass of the system, since empirically we define 
the rest mass through this relation.” It is one of the constants of motion depend- 
ing solely on the internal state of motion as we shall see later. 

Here we give some further remarks about the form (37). As already stated 
the identification (36) is essential for a relativistic rotator, meaning a kinematical 
coupling between orbital motion and internal rotation of the rotator. The covariant 
theory of rotator is formally represented as a 4-dimensional rotation, but the prop- 
erly internal rotation must take place always in the 3-dimensional space-like plane 
normal to the orbital velocity which is taken as the fourth axis of the 4-dimensional 
rotation. For the rotator motion we are not introducing kinematically any new 
mysterious degrees of freedom non-existing in a simple non-relativistic rotator. (If 
one discard the condition (36), this amounts to introducing the second velocity 
ia,’ along with the orbital velocity v,, and the theory no longer represents a pure 
rotator but corresponds to a more complex motion including “time-like rotation”. 
Simple omission of (36) means the perfect decoupling between the internal and 
external degrees of freedom but it does not lead to a consistent theory with a 
clear physical meaning; one needs to assume certain alternative relation between 
z, and a,‘ in the place of (36). In this kind of theory there will appear a diver- 
gence difficulty or infinite degeneracy of levels in the quantization of internal motion 
in so far as the internal space is an independent Lorentz space. If one replaces 
this by a 4-dimensional Euclidian internal space as was assumed by Nakano,® one 
is further away from a real rotator model.) 

Now, on the other hand, the kinematical coupling between the internal rotation 
and orbital motion implied in the conditions (36) and (7) allows a relativistic 
rotator an accelerated orbital motion even for a free system, so that v,=2, is not 
colinear with p, which is the canonical conjugate to x, and represents the mean 
constant rectilinear translation of the system. Thus v, behaves as variables in- 
dependent of p,, so that the system possesses, besides p,, six independent degrees 
of freedom {v,, a,’}, i.e. the original {a,*} variables. (The situation will become 
clearer presently.) Although v, is the orbital velocity it is convenient to count it 
among the internal variables because it represents essentially the precessional motion 
(Zitterbewegung) around the constant p,, and thus we have six internal degrees of 
freedom effectively. 

The above situation is similar to the case of Dirac particle in which the in- 
stantaneous velocity operator a, representing Zitterbewegung could be regarded as 
internal variables. The theory in which the orbital velocity works as internal 
variables was formerly proposed by Hénl, Papapetrou” and Bopp," but because 
these authors started from the pole-dipole model, they introduced as internal vari- 
ables only v, and not the spatial rotational variables a,” normal to v,- Such model 
involves spin but not isospin. As we shall see, this theory is a special degenerate 
case of our rotator theory. 


The second remark is that we need not supplement the Lagrangian (37) with 


Se 
¥ 


oe. D3 
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a usual term like 


m* 


Gets (40) 
corresponding to the translational motion, since such term is already implied in 
the second and third terms of (37), and the only effect of the addition of (40) to 
the original Lagrangian is the renormalization of the “true rest mass” 


M=—VUpPp (41) 


by an amount m*. In our theory the rest mass (m’ of (39) rather than (41)) is 
a physical quantity which is shown to be a constant ot motion related to the in- 
ternal motion and takes a discrete spectrum of eigenvalues after quantization. Natu- 
rally this is possible as & must contain at least one structure constant involving 
the dimension of mass so that £ has the dimension of energy. 

In the above we called the expression (41) “true rest mass” because it is 


equal to the energy of the system in the rest frame 2: 


Up =p 74. 
On the other hand, the observable rest mass m’ means the energy of the system 
in the “mean rest frame” denoted as //, i.e. the frame in which the momentum 
vanishes : 


(2) — Fy J 
Pu =m Ons 


Finally, the characteristics for a given rotator model are condensed in the 
functional structure of € (a,', a,*). For general arguments we do not need its ex- 
plicit form but in any case it must be invariant under usual Lorentz transfor- 


mations. This is assured by the condition 


9& gf,4+ 2% at.=0. (42) 


4b. Equations of motion, internal angular momentum 
Now the variations of the Lagrangian (37) with respect to its arguments 
yield, besides Eqs. (7), (36), and (38), 


Bt pa ee ope a,"=0 e4Pi, (43) 
7 
where ; 
oo (44) 
a 


are canonical momenta conjugate to a,'. 
We can eliminate 4”’s from (43) by multiplying it with a,‘ (summation over *) 


and noting the symmetry of 4"a,"a,‘ in # and v. Thus we get 
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Ot. 
ain aij-bat,: Baty 1Pe pW) 
By the aid of (42) this is rewritten as 
& (a,fa,6—a,Fa,!) =i(p,4,'—p.a,'). (45) 
This exhibits that 
S,,=a,a,'—a,'a,é (46) 


means the internal angular momentum tensor of the system,” because (45) then 
takes the standard form 


S w= Pp Vv— Pr Vp (47) 
Its integrated form 


Sick (2, p,— LPs) =S .=const (48) 


represents the covariant conservation law of the angular momentum, namely the 
orbital part of the angular momentum 2x,;f,;; plus the internal part S,; is conserved. 

Eq. (45) represents, at the same time, the basic equations of the rotator which 
are differential equations of the second order (involving d;,’) excepting the case in 
which & is linear in a,'. Thus by integrating the set of six equations contained 
in (45), with respect to the six independent internal variables implied by {a,5}, 
the motion is to be determined in principle. 

The structure of the internal angular momentum tensor S,, as functions of 
kinematical variables is not unique but just characterizes the model. We have a 
general relation 


i) : 
Say Oyy= 2 se Tee 
which becomes 
a a Ony = (49) 
2n 


if € is a homogeneous form of the mth order in 4,'. 
The body components of the internal angular momentum tensor are evidently 


is a, a,’—a ate (50) 


Just as we have done for the angular velocity tensor Wy»; it is useful to decompose 


S,, into its proper space part S,,* and proper space-time part S,,' by the aid of 
two vectors’ 


S,*=S,.0;, S,' =S,,v,, (51) 
GSS De) 


Theory of Relativistic Rotators and Elementary Particles. I 929 


such that 
fe ine — ert a 


9 
A es ea tee Vx> S a 


a 

py Up Shik 

Equally important is the decomposition” using p, in the place of v,; namely, S 
. . . : é oe 
is equivalent to the pair of pseudovector and vector, 


M,=S,,p,/m', 1,=S,p,/m”, (53) 
(M,p,=0, r,P,=0) 


since S,, is then expressed in the form 
Z 
Ayers — Ewer Px— TUpPr}- (54) 


The above -4(, is the quantity which coincides with the internal angular momen- 
tum S;,; in the //-frame: 


MG =S5, (Gk~123) ; Mi =0, 


and is exactly the covariant definition of particle spin given by Pauli.” On the 
other hand, r, signifies the radius vector of Zitterbewegung as we shall. see pre- 
sently. 

In Eq. (48) we have already obtained six constants of motion J,,, the com- 
ponents of the total angular momentum tensor. This is already the right number 
of intermediate integrals for the equation which involve six independent variables. 
a,*. However, J,,’s are not the appropriate quantities representing the internal prop- 
erties of the rotator, because it depends on the external motion also. It is one 
of the main problem to find out a right number of the constants of motion depend- 
ing solely on the internal state of motion in order to identify them with various 
intrinsic properties of elementary particles. 


4c. Zitterbewegung, internal chirality 

In this subsection we shall give some general relations which follow directly 
from the conservation laws, (38) and (47), without going into the characteristics 
of the model, namely the functional form of a,’ in a,’ and a, 

Now, corresponding to the separation (54), the basic equation (47) is equiva- 
lent to the pair of equations : 


. 


Oe =). M,=const., (55) 
7 p=, — a Pw (56) 
mM 


where m signifies the true rest mass defined by (41) and is not necessarily a con- 
stant of motion. Eq. (55) indicates that the spin pseudovector is generally con-, 
served, supplying three constants of motion. Especially, the magnitude of spin 


s 
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AG ea (97) 


is the constant of motion determined by the internal state of motion. 
On the other hand, integrating (56) we obtain 


Tv 


x2 | mdz+r,-+const, (58) 


mi’ 


ae 
which exhibits that the orbital motion consists of two parts, the mean rectilinear 
motion in the direction of p, and a certain Zitterbewegung around it represented 
by r,. Written in the //-frame, (58) becomes 


dd. 
2, =r, + const, =| mdr, (59) 
m! . 


which gives a parametric representation of the orbit in this frame, 2;‘” (<(¢'”)). 
Now the meaning of (54) is clear: The first term in the right side is con- 
stant while the second term just represents the part to balance the fluctuation 
of the orbital angular momentum due to Zitterbewegung. 
Other important quantities derivable from S,, are the scalar S,,? and the 
pseudoscalar S,, Sy They are written as 


S,2= 5! $= 2(SP—S, ce 
—_ (AM, 2m? r, 
S,5,,= St St — dm! ra r,=—4S8,*S," (61) 


(60) 


Instead of (61) we may employ the externally scalar and internally pseudoscalar 
quantity : 


“ 


t=—— 5" 'r—ym! M, r gn! Mx pleat a (62) 


While (60) coincides with o? in the non-relativistic limit, (62) represents a 
typically relativistic quantity. If 7=0, 4,” is orthogonal to rz’, considered in 
the //-frame; namely the rotator is spinning in the same plane with the orbital 
motion. But if ¥0 the Zitterbewegung has a component normal to the plane of 
spin and defines a right-handed or left-handed screw according to the sign of YX. 
Thus 7% represents the chirality of the internal motion and the appearance of 7 in 
(62) indicates that the definition is made in the manner invariant against external 
reflection.”® 


A general formula for a skew-tensor gives 
(4S,,5,,,)?= —det (S,,). 
Hence, if S,, satisfies a relation of the type S,,4,=0, where &, is a certain 4-com- 


ponent quantity, % vanishes identically, since the matrix (S,,) is then of rank three 
and so det (S,,)=0. Consequently the internal chirality vanishes almost always 
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for hitherto known models (e.g. for Weyssenhoff’s particle S,,v,=0, for Nakano’s 
rigid body S,,p,=0, and for Hénl-Papapetrou’s particle S,,v,=0), but it is not the 
case with more general models. 

Finally, we note some other relations easily following from (47) for future 
references. 


Pp=Mv,—S,.0,, (63) 

m=S,*%,, (64) 
2 

res St ECP (65) 


m” 
Though m is not necessarily a constant of motion, it must be greater than 
ms 
m=m’'>0, (66) 


taking into account the assumption (1). (66) is derived by using the definitions 
(2), (39) and (41), and the Schwartz inequality.* 


§5. Internal symmetries, isospin, rigidity 


5a. Spherical symmetry and isospin 
We now reexpress the equation of motion (45) in terms of the body com- 
ponents of the internal angular momentum tensor (50) to obtain 


. CBE me fo) Baie 
Beal ie aD 5 a.) +ip,de-ag", (67) 
B # - 


Here we shall introduce the assumption that the rotator be spherical. This is 
ensured if & be invariant under 3-dimensional infinitesimal rotations in the internal 


space belonging to (9): 


PES rE”? ae Es = — &*”) 
is p ( fey 
a,‘ = invariant, 
but this condition is expressed by 
(28 at + 2S as\—( al See eee (69) 
0a,” 0a,’ a,° 0a, . 
We now employ (69) to (67) and immediately obtain 
S”=0, i.e. .S=const. (70) 


Thus we get three new constants of motion, S”, S*, and S”, depending solely on 
the internal state of motion of the rotator. It is appropriate to identify them as 


* In fact we have one more possibility : m>0, m/=0 but we disregard this case in our 


discussions. 
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the components of isospin J, i, and J, (apart from a constant factor such that 
S”°= —fE,,I,). This identification will further be justified afterwards.* In particular 
the magnitude of isospin can be expressed in terms of laboratory components : 
f= 3} (S")*= (S.,0,)'=S,", (71) 
G 
recalling the formula (20). 

We have thus obtained six independent constants of motion, M, and S”, for 
spherical rotators in general. This is the right number of intermediate integrals but 
they are not yet sufficient for our purpose, because they furnish only a set of four 
quantities (42, Ms, S,**, S¥) with mutually vanishing Poisson brackets. 

We shall add two remarks. Higher symmetry than spherical is the internal 
4-dimensional symmetry, i.e. the invariance under full rotations in the internal Lorentz 
space (10). When & has this symmetry we shall call the case ‘“‘ hyper-spherical ”. 
Even in this case, however, the fourth axis plays a distinguished réle in the total 
Lagrangian (37) and we do not have S"*=0 other than (70) either. 

Secondly, though we have shown that the spherical symmetry leads to (70), 
there are cases where (70) holds without spherical symmetry as in the example of 
6a-(i). However, in such a case we cannot identify S” as isospin components, 
since for this purpose S”* must satisfy among themselves the commutation relations 
corresponding to the generators of a three-dimensional rotation, and this requires 
that the conservation of S”* must result from the invariance under a certain kind 
of 3-dimensional rotation. 


ob. Reflection symmetry 


This means the invariance under (11). If a rotator is spherical and at the 
same time reflection symmetric, the proper space parts of angular momentum and 
angular velocity tensors are usually parallel : 


S,*=Bu,*, ie. S"=Go"%, (72) 
whereas if a rotator is spherical and reflection anti-symmetric, the relation will be 

S*= Glo 1.6. SA s7O' ao PAIS 
oc. Rigidity 


Our rotators have directionally rigid structures, but we now define ful] 
‘rigidity’ by the following condition. 

We know that for a non-relativistic spherical rigid body the angular momen- 
tum M and angular velocity @ are related through a constant moment of inertia 
I like M=Iw. Restricting ourselves to the cases satisfying (72), we shall call a 
relativistic rotator “ rigid” if & bea constant,” namely 


* The identification of the iso-spin in our theory is essentially identical as in the Heisenberg’s 


theory,!) because the rotation (9) is represented as the Pauli transformation if it is expressed in 
spinor formalism 


A 
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i lw ee (be const) (74) 
which is equivalent to 
Dela, 5 OL jo Sle" (74’) 


Still it should be remarked that our “ rigidity ” must not be taken too literally, 
since we have defined it through the dynamical relation (74), without going into 
the internal geometrical structures. Our rigid rotator includes the simple relativis- 
tic transcription of the non-relativistic rigid body as a special case, but it has 
dynamically more degrees of freedom, which allow the rotator to perform wider 
<“ non-classical” mode of motions. 

Finally, we remark that the full proportionality 


Pas fore (75) 


is not required for a rotator to be rigid. (75) is satisfied only for the rigid hyper- 
spherical case (6b-(ii)). However, in usual cases where (74’) holds, the proper 
time parts of S,, and w,, are also parallel, but with a different proportionality 
factor, like S,*=kw,* (see Eq. (87)). 

When a rotator satisfies (72) but with & depending on a,’ and a vit 4s 
not “rigid” but corresponds to a radially deformable structure. 


§6. Classification of relativistic rotators 


On the basis of the general theory thus far developed we shall classify in this 
section simple possible relativistic- rotators according to the forms of the rotational 
part of the Lagrangian, &. 


Ga. Linear Lagrangian 


If Z is linear in a,’ it must-have the form 


, 1 
ee a Atatag=—- Aol, (76) 
where Af7=—A* are constant coefficients. The internal angular momentum tensor 
takes the form 
S,,=Aa,fa,", S'"=A'=const. (77) 


and so the equation of motion is of the first order in proper-time derivation. We 
have m=const., using (64) and (77). We shall consider the three special cases. 
(i) If A*=0, (76) and (77) become 


= a A’ a,"a,', (78) 


and 


Sj,=A" a,’a,’. (79) 
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The latter evidently satisfies Weyssenhoff’s condition” 
SS. =S,,0,=0, (80) 


which is also expressed as 
SU; (80’) 


Although (78) does not fulfill the condition of spherical symmetry, S” are con- 
stant : 


S*%=— A”. (81) 


This indicates, however, that S”* become structure constants rather than constants 
of motion and cannot be identified as isospin, since they remain c-numbers in 
quantum theory and cannot fulfill the commutation relations for isospin components. 

Further, it is proved that the condition (72) is also satisfied as the result of 
equations of motion. 

It can really be proved* that the above theory is equivalent to Matthison-Weys- 
senhoff theory.®” In the usual form of this theory the internal rotation is hidden 
and the theory is represented directly by (47) and (80), while in our method the 
theory is automatically derived only if we take the form (78) for the rotational 
part of the Lagrangian. Moreover, we shall see that more significant form of & 
corresponding to Weyssenhoff’s theory is given by a particular second order form. 

(ii) The next case is A*=0O, then we have 


GALA aD 
Sww=A’ (a,"0;— a," v,), 
so that 
Sg a. hea ess sO, 
1A" =const: 
This model is similar to the case 60-(iii) of the quadratic Lagrangian. 
(iii) If A™ is proportional to A®“, such that 


ie 
An =—— Ey, Ay sO Siege 

2 2 
this gives the model proposed in a previous paper.” This model is distinguished 
from the preceding ones by the feature that the internal chirality y= — (7/4) Siy Ss a 
is a non-vanishing constant of motion. 

Generally speaking, linear Lagrangian models are exceptional in that the equa- 

tions of motion are first order differential equations, and as a result they have not 
sufficient number of internal constants of motion, lacking isospin freedoms. In 


* To be published separately. 


A C0 Tbe At s 


il 


B "7 ‘ aes 


4 


~~ 


Theory of Relativistic Rotators and Elementary Particles. I 935 


fact they are generally regarded as representing particular modes of motions 
implied by the models belonging to quadratic £ as to be stated below. On the 
other hand, it has been shown that the Dirac field is interpreted as a continuous 
distribution of relativistic rotators of the linear Lagrangian type.” 


6b. Quadratic Lagrangian 


We shall now consider the rotators whose £ is quadratic in a,*, restricting 
ourselves to spherical rotators. We have then two possibilities, the first is internal 


3-scalar, 
=a as + atiys | (82) 


and the second is internal pseudoscalar (cf. Eqs. (34) and (35)), 


F. = “he ‘ ; 
Ee Oh a Ea, bh) Oy 
4 2 


tole, 


Cd Crd OnU ys (83) 


Ft pen Pe Cag Rei SY ieee ieee 
Oy ep = To, OO, = 


(We are using the method” in which the Lagrangian is always an external scalar, 
and accordingly the equations of motion is always covariant under external reflection. 
In this method the right-left asymmetrical object is distinguished by the appearance 
of the pseudoscalar 7 in the equation of motion.) 

The former, (82), contains two structure constants J and K, while the latter, 
(83), involves only one structure constant /” and is necessarily hyper-spherical. 

We shall first consider the form (82). The internal angular momentum 
tensor 1s 

"4 


(' Ess OE 
Suv = Ba doy tn Ao} 


a 


= Iey,5-+ ah, dy 
ESS AG oe ae =I+K 84 
Jax; == Ul Vv)» tS Sault ) ( ) 
which gives 
S,*=S,,0,=1o,", (85) 
indicating that the rotator is “rigid”. The constant I corresponds to the moment 


of inertia for the non-relativistic rigid body, and so we have to assume I~=0, while 
EK is allowed to be any constant value KS0. According to the general theory 


of 5a we have 
; S” =I" =Ia,’ a,;=const., (86) 


signifying the isospin components. 
On the other hand, (84) gives 
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rl ei Dar miths 
S,'=S,.0= rs Me 5 (ss (87) 
or equivalently, 
St=— _a cde = J 3 Or. (87’) 


to 


(87) is the characteristic relation for the spherical rigid rotator. 
Internal constants of motion for this model other than (86), (39) and (55) 
are the following two remarkable quantities (see Part II) : 


m + Iv¢, (88a) 


CHEAG S*: (88b) 
This model is especially important, including the following special cases : 
(i) K=—-I ie ~J=0. 
Then (cf. Eq. (33)), 


a= 6 $0.9 = (= (89) 


Sle ee 


This case may be regarded as the natural covariant generalizaton of the usual 
non-relativistic spherical rigid body with the moment of intertia J, since w,* in 
(89) signifies the covariant angular velocity of spatial rotation. Indeed, this case 
has particular simplicity because (87) simplifies to 


S ges U,w dLCk WS aes (90) 
i.e. the Weyssenhoff’s condition. By virtue of this the motion necessarily satisfies 
m= COnStee 5,,-==COnSL am =U; 


Still, », is not colinear to v, in general. 

The present model contains the model given by (78) and is regarded as the 
richer representation of Matthison-Weyssenhoff’s theory in terms of the internal 
space. To see this we first note that 


Spt a Soo aes (91) 


because of (90). But, since we know that S” here are constants owing to (86), 
S,, Of (91) is equivalent to (79), and especially the equations of motion (47) 
become of the same structure in both cases. Thus, if one fixes the constants of 
motion S” in the present case to certain specified values, the present model reduces 
to the former model defined by the linear Lagrangian (78). The advantage of 
the present theory over the former one is clear, since here the arbitrary structure 
constants A” are replaced by the constants of motion meaning isospin components. 


CT fy we) 
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In this model magnitudes of spin and isospin stand in a simple relation, 
t/o=m!'/m, 


and we have five internal degrees of freedom only (see Part II). 


Gis ee ee & 
The rotator is hyper-spherical, with (cf. Eq. (32)) 
£ =a! oe Ce yay ote (92) 
oe 2 (93) 


This case was adopted by Vigier et al.’”’’* Important property is that only in 
this case and in the preceding case (i) the relation 


at 2 
Seta (94) 
holds. (Compare with the general relation (49).) On the other hand, there is 
no a priori physical reason to pick out this hyper-spherical case, since the fourth 
axis has physically distinguished meaning, as was stated before. Nor this hyper- 
spherical property changes the general character of the motion (cf. 5a). 
(iii) If one imposes the subsidiary condition 


SP =m’ r=, (95) 


on our rigid rotator defined by the general Lagrangian (82), realizable motions 
are restricted to special ones in which p, is colinear to v, with complete decoup- 
ling between internal rotation and orbital motion. This is just the case considered 
by Nakano” as the relativistic rigid body by his definition. (Such “ classical mode ”’ 
of motions is always allowed as special solutions irrespective of the value of K 
for our general rigid rotator (82). In order to confine the motion to “ classical ” 
mode a simple procedure is to replace the constant K in the Lagrangian (82) by 
a Lagrangian multiplier 7. Nakano” starts from a complicated Lagrangian in terms 
of his Euclidian parameters, but the resulting motion is the same as far as classical 
theory is concerned.) 

‘It is to be noted, however, that, as we have stated, in order to have the theory 
of a relativistic rotator with clear physical meaning, the condition (36) was essential, 
while the simple analogy with the conventional non-relativistic rigid body by (95) 
is by no means necessary. Indeed r,, the time-like part of the internal angular 
momentum tensor S,,, was physically well understood as the radius vector of Zit- 
terbewegung. If one suppresses three internal degrees of freedom by the condition 
(95) in order to restrict the motion to “ classical” mode, the disparities between 


* They imposed the subsidiary condition 7=const. which suppresses two degrees of freedom 
for the motion (since then z must necessarily vanish), while we deal with the general motion without! 


such condition. 
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two rest masses m and m’ and between the magnitudes of spin and isospin, « and 
z, necessarily disappear (see Part II). 

(iv) I=0, (K40) 

This is nothing but the Hénl-Papapetrou particle,” which corresponds to a 
most primitive non-local particle model. The internal rotation degenerates com- 
pletely and the internal angular momentum tensor takes the form 


Sw= aS (Op Ue Os D,) ? Sau 


originating exclusively from acceleration. Thus this model can supply the ordinary 
spin but not the isospin: 


S.*=0, ie S*=0. (97) 


The equations of motion are reduced to 


Se ae v,,) is FE += (98) 


a 


: KA K 
ig ea Sta v,= ( 
Since in this case the variables a,’ are entirely redundant, the Lagrangian can be 
simplified to the form ; 


£=—* 6, — CA 261) EP ketene 


which directly leads to (98). Taking into account that p,=0, it is readily proved 
that (98) is equivalent to the Hénl-Papapetrou’s equation of motion. 

Our considerations need not be limited to the special cases (i)—(iv), above 
stated. In later sections we shall investigate the spherical rigid rotators without 
taking those special choices of J and K ratio. 

Next we consider the model given by (83) which is quite new one and repre- 
sents a typical example with internal chirality. In-this case 


Spa CI Ue oS Ne legge (99) 
hence 
aed re (100) 
The isospin components are 
SY =/&.a, Uz=eopst. (101) 
and accordingly we have 
v, =const.. (102) 


The appearance of 7 in (100) indicates that the motion defines a right- or left- 
handed screw (depending on the sign of [’). The reason why the internal chirality 
can have relativistically invariant sense for non-zero mass particle is due to the ac- 
celeration %, which does not vanish even for free particle, defining a screw with 


ribs * 


2 
7 
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the pseudovector S,.* 

Finally, the mixture of the linear Lagrangian (78) and the quadratic Lagran- 
gian (82) defines a more general model,* which has interesting properties. 

In this section we have enumerated and classified various possible relativistic 
rotators starting from the Lagrangian and outlined their features. In later sections 
we shall especially work out the properties of the quadratic Lagrangian model more 
deeply and show that it leads to a unified model of elementary particles. 

The author wishes to thank Professors L. de Broglie and J. P. Vigier for 
stimulating discussions at the Institut Henri Poincaré and at the occasion of the 
latter’s visit to Japan. He would like also to thank Professors H. Yukawa, S. 
Sakata, and M. Taketani for valuable discussions. 


Appendix 


Relativistic decomposition of anti-symmetric tensors 


An arbitrary skew-tensor A,, can be decomposed uniquely into its “ proper 
space part” A,,* and “ proper time part” A,,’ such that 


A= A,,*+A,,, (AS 
A,.*v;=0, ie. A,*@=0; (A -2) 
(A,,')~v,=0, ie. Agt”=0. (A-3) 


Using the projection tensor 


Tv = 9 yy TV, =a, a,, 
Pav=Jous QuvVv=0, Yor Irr=Jur)> (A-4) 
A,,* is derived by 
A.s* Fup Que Ape - (A-5) 
An, wand 7A, 3" abe mathematically equivalent to the pseudovector 
A,*=A,,v,,  (A,*v,=0) (A-6) 
and the vector 
A,{=A,,v,, (A,'v,=0) (A:7) 
respectively, since we have 
As Pee GC Me Ox: (A-8) 
A,,'=v,, Aly- (A-9) 


In a rest frame we have 


* his is an important example of rotators with a composite internal structure. 
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QaA KO AZO, (GR~123 
(Ais Ai A Gi ) (A-10) 
aie A,t M214} ®. 

The dual operation and the * or + projection is not commutative, but we have 
(AZ) i As) a Tae LGN ENCE Ay, (A > 11) 
(A,,) en Oe Rape tee As +78 ,,.0, Ay =U; pAns (A-12) 

which involve, e.g., the relation 
(A,,) *=A,s— (A,.*)~. (A-13) 


For arbitrary two skew-tensors, A,, and B,,, we have the formulas : 


mae ra AS Bsy'=— Ay Bes (nes 
Ave Ba Os 
and accordingly 

Ay By=2( AS Bey Ae Oe) (A-15) 
Taking into account that (B,,)~ =—B,., (A-15) gives 

A,B De Bs (A-16) 
and, in particular, & 

AltA p= AAR A. (A-17) 


Finally a similar decomposition of a skew-tensor can be made by using any 
(non-null) vector, say z,, in the place of v,, thus 


badd hemi leiey 8 (Ancy 2p) 2x + Atyp %p “3: (A -18) 
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Note added in proof: 1) To make the argument clear we have restricted ourselves in this Part 
to the simplest types of rotators with directional rigidity. However, we do not mean to exclude 
the possibility of more flexible models. Indeed we can introduce the degrees of freedom corressond- 
ing to dilatations and deformations by slightly generalizing our formulation. It is also possible and 
useful to investigate the rotators containing higher derivatives, rotators with composite internal 
structures,* partially “ time-like rotations ”, rotations on the light-cone,!® etc. [*An example is given 
by the Lagrangian L=Aaz,7b,7, where {az7} and {b,7} are independent sets of 3-dimensional ortho- 
normal vectors (taking the non-relativistic case for simplicity).. Another example was recently pro- 
posed by H. Fukutome (Soryusiron-kenkyu (mimeographed circular in Japanese) 20 (1959), 331).] 
2) Recently, a quantization of relativistic rotator was investigated by Vigier et al. (to be published). 
Our theory is different from theirs in the following main respects: (1) Identification of intrinsic 
properties of elementary particles are quite different. (2) Their treatment discards the kinematical 
coupling between orbital motion and internal rotation. This implies to admit unrestricted “ time-like 
rotations”. (3) They quantize the motion in terms of three complex Euler angles, which involve 
three hyperbolic parameters varying from zero to oo, by introducing an indefinite metric, while we 
quantize, in a normal method, by five angular variables and only one hyperbolic parameter 7 (cosh 
7=vp=v,/i), which works just like a radius variable, and the corresponding principal quantum 
number determines the discrete eigenvalues of rest mass that depends also on other quantum 
numbers (spin, isospin and hypercharge). 

3) Our quantum theory for simple spherical rotator deduces main characteristics of elementary 
particles, while its most serious defect is the fact that the spin and isospin for each particle have 
both integer or both half-integer values, as was remarked especially by Yukawa. This is due to the 
fact that in our theory the ordinary spin is, roughly speaking, the sum of the angular momentum 
of internal rotation (which is related to isospin) and that of the orbital precession which takes only 
integral eigenvalues. There are various ways to revise this defect. 
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Dispersion Relations in Nucleon-Nucleon Scattering 
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Two-pion contribution to the absorptive part of nucleon-nucleon scattering amplitudes 
in the unphysical region is calculated using the dispersion relations for pion-nucleon scattering. 
The dispersion relations with this absorptive part are used for analyzing nucleon-nucleon 
scattering data at low energy and at moderate energy, and we find good agreement if we 
choose the coupling constant as 

f? 


7 


=0.08+0.01. 


§ 1. Introduction 


Although the dispersion relations have proved so successful in the problem of 
pion-nucleon phenomena, the corresponding relationship for nucleon-nucleon case 
has not been exploited in detail.” This is due to the appearance of large unphys- 
ical regions which do not correspond to directly observable quantities. However, 
it is possible to calculate this unphysical contribution in terms of the meson theory 
with sufficient accuracy to compare with experimental information. The application 
of this relation to experimental data will be an important test for our understanding 
of local field theories and this is the purpose of this paper. 

The validity of dispersion relations for nucleon-nucleon scattering has not been 
proved with the same rigor as the pion-nucleon case, but for forward scattering 
the relation has been proved in every order in perturbation expansion.” We ex- 
pand the S-matrix in the number of exchanged pions and calculate one- and two- 
pion exchange terms of its absorptive part. In doing so, use is made of the dispersion 
relations for pion-nucleon scattering. Three- and more-pion exchange terms, after 


_one subtraction, turned out to be unimportant for moderate nucleon energies. 


The dispersion relation with this absorptive part in the unphysical region is 
used for analyzing proton-proton scattering below 40 Mev where phase shift analy- 
sis was carried out.” It is also applied to low energy neutron-proton scattering. 
We find good agreement if we choose the coupling constant as 


2 
F” = 0.08 + 0.01. 
Ax 

In §2 we calculate the two-pion contribution to the absorptive part in the 
unphysical region. This dispersion relation is applied to proton-proton scattering 
in § 38, and to low energy nucleon-nucleon scattering in § 4. Conclusion and dis- 
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cussions are given in § 5. 


§ 2. One- and two-pion contribution to the absorptive part 


In this section we calculate the. absorptive part of the forward scattering am- 
plitudes in the unphysical region. Here the momenta of the incoming particles are 
in general complex and the scattering matrices are not defined in the usual sense. 
However, there are various ways of extending into complex variables. For example, 
in Feynman’s perturbation expansion the scattering matrices are written as rational 
functions in the momentum variables and they are well defined even for complex 
momenta. 


The S-matrix elements are divided into two parts, i.e. dispersive part D and — 
absorptive part A: 


S(E) = (22)*8(S'p)i(D(E) +i1A(E)) E>m, 


(2-1) 
= (22)‘0!(Sp)i(D(E) —iA(E))  E<m, 


where E is the laboratory energy of the incoming nucleon and m is the nucleon 
mass. D and A are written in the form 


D(E) =u(p)u(q) d(E) u(p)u(q) 
A(E) =u(p)u(q) a(E)u(p)u(q) 


and d(E£) and a(E£) satisfy dispersion relations.” In this paper we are interested 
only in low energy phenomena in which relativistic effects are unimportant. We 
often make non-relativistic approximations whenever it is convenient and we do 
not distinguish between d and D or a and A since energy dependence of the Dirac 
spinor u, w, is small. For the case of forward scattering in definite spin state, D 


and A are both real and 
1 


AC) = 55 438(0) 


Res Ge) 3 om: (22:2) 


The problem is thus the calculation of the real part of the S-matrix for E<m. 
The corresponding Feynman diagrams are drawn in Fig. 1 and Fig. 2. a, a’, 
8 or #’ stand for spin and isotopic spin state of each particle. As is easily seen, 


P> ey aS q, p q; B’ p> a’ p> a q 8 q B Pp, s 
| ) / . 
p> a B Pp, a q B P> a q B 
, a q, BP % 
3 (a) (b) (a) (b) 


Fig. 1. Fig. 2. 
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Fig. 1(a) and Fig. 2(a) give no contribution to the absorptive part in the unphys- 
ical region” in which we are interested (Fig. 1(a) is actually zero), so we concern 
ourselves with exchange type diagrams, ie. Fig. 1(b) and Fig. 2(b). The 
momentum p is held fixed and q is varied in such a way that 


>= Was Uys 
G7 Ege) gs 
The absorptive part for one-pion exchange, Aj,, is rather trivial and* 
a 23 g a 7 Ny aL 
A, (BE) = 4 2 (atleer,|8) (Beeri|a) 0 E-m+ >| (2-3) 
4x m 2m 
where f is the renormalized coupling constant.** 
For the calculation of the two-pion part, A,,, it is convenient to choose the 
center-of-mass system. In this case 


cael say l. ee tell = wee 
pee e), ae. (Er ; Ze). 


The S-matrix is expressed as” 


_s i i Cj, US"|t,k>< 7, —L|S?|i, —k) 4 4 |. 
> cell GeO, te ae) share : ae 


where (j, /|S*|z, k) is the scattering amplitude of an 7-th pion with momentum & 
into a j-th pion with momentum 7 by the first nucleon. Similarly, (7, —J|S*|z, 
—k» describes the scattering by the second nucleon. The momentum transfer is 
given by 


27 


l—k=p'—q'=t, 
t,—= (0; —ge). 

A;, has non-vanishing value for g?<—4” In this unphysical region the mo- 
mentum transfer is purely imaginary and the scattering matrices <|S‘|) must be 
defined in some way. Here we proceed as follows. The scattering matrix with 
constant momentum transfer can be expressed in a dispersion formula in the pion 


energy. Singe we are interested only in the region of fairly small 22, it can be 
sufficiently well approximated by the following expression” : 


Cho US|i, k) = (22) *i0* L—k—21) [A (hy) t,7;0ko 1+ B (A) 
x (t,tolok+7,c,c0kol) + C(k) 7 ,7:0lok| (2°5) 


* We take H=c=pion mass=1. 
** 2m f=g is the pseudoscalar coupling constant. 
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co 


Ak) =f? 1 1 1 hae Oss(P) 1 sh ee 
ky—€ An On W,— Ro 367, Op w+ Ro 


> 


B(k&) = : (es Cast 2015 | = ‘dp Fast 2015 
Laz; Wp Wp—Ry Loz. Wy Wptkhy 
C(&) =—f? 1 a i (22 An Meu ten 4 1 | oP O33 (2-6)* 
kyoté 367% Up Wp— Ro An Wp, W,+Ro 
Bue f=—q>0. 
Am 


Except for the first terms of A and C, (2-6) is equal to the static formula. How- 
ever, the € in the denominator cannot be neglected since A,, (Eq. (2-°8)) is di- 
vergent without this term. In this sense A., does not have a static limit as 1/m-0. 
This scattering matrix is defined also for complex momenta. 

The momentum transfer ¢ is timelike in the sense that 4,2>=2°—-f=2>0, 
and it is possible to choose a Lorentz frame in which ¢,/= (4,0). Notice that the 
S-matrix as defined by the Feynman method is invariant under (complex) Lorentz 
transformation. In this reference frame the calculation of the absorptive part is 
straightforward since it is identical with the calculation of total cross section for 
the production of two (physical) pions.** The momenta of the two pions are 


Le re & > ky, Ro, ks), —k,!= i 3 — ky, = |e —h), 


bithi+ki= 2 =1, 


or in the original reference frame, 


ra a er’ | : 5 Al 
Ry, = (it, 5 A, Re, i=), L,= (it, 5 Ri, Re, -i+), 


if e is chosen as the third axis. In this way, if 


d‘k dl . 
So, = 84(0 | g (I-k-O F(R, D, 
: oe (ky — wx) (dy — w;’) ; M 
its absorptive part in the unphysical region is given by 
Fe 4 ; Sd Meo ae 
As = - |e a(e— (4-1) ¢(ih ; hk, ia eee tks 5 Bs by i) 
a&>A, (2-7) 


(2:4), (2-5), (2-6) and (2-7) yield 


* In the following, we neglect oj, and 043. 
** This procedure is not always justified when unphysical threshold appears. 
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V A2/4—-1 ; ; $ £ 
= il ‘e lies poe A aS MERE ee Cee 
An (B= — oq | dh{G'r)| (Sie) +a ‘ 
—V A2/4—-1 


| 


Sati aia) tote) (a*e)) | | 4 (iky) C (ibs) +B (ih) Bike) | 

+ deed peal ( ier. 1— ae) + —é (+ —1 —ke'] ( (o'0") — (a'e) (ae) ) | 
x A (ik;) Biks) 

42 (rey (2 pe kt) — 2 e( —1—k:) ((o'9*) — (o"e) (o°e) )| 


x A (tks) B (tks) 


1-129 ( & ea\e Oy OY 2 fe ON apes 2 | 
+efeszpea| (S—1—z) (= 1 ke) ((e'e") (ce) (o?e)) 


x | A Giks) A Gk) +B (hs) B(its) |}, (2-8) 


where E=m— ,2m and spin and isospin operator X'Y* means (a’|X"|,7) (3’| Y*|@). 
This matrix element can be written as a linear combination of (a’|X‘*\a) (;3’| Y*|9), 
which we simply write as XY. Then 


3 


Aut) = (- 2+ (rr) 4 3 (e0)— (rr) (oo) =e) (ce) 


ie (TT) (ce) (ce) £ ea 


TZ I 


a(E-m+ + | 


2m 
and 


Az, (FE) = ASR + (rr) AP + (oc) AS + (tT) (oc) AS 
+ (ae) (ce) AS2+ (TT) (ce) (ve) AS®. (2-10) 


The final expression for A,, is given in the Appendix and numerical results are 


‘given in Table I. In general, the forward scattering amplitudes D and A can be 
expanded in the following way, 


D(E) =D” + (tt) D® + (oe) D® + (rr) (66) D® + (ce) (oe) D® 
: + (rr) (ee) (ce) D”, (2-11) 


and 
A(E) =A + (17) A™ + (oo) A® + (tT) (oc) A® + (ce) (ce) A” 
+ (rT) (ce) (ce) A”. 
_ Each coefficient D (E) and A“ (E) separately satisfies dispersion relations” 


: P c A® (E’) 
D‘ (EF) = dk! : 
(E) Bon (2-12) 
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2 See Cee nee Bikes A 
J E 4n om a 
2m 
32 ) ae 1 mn aco Y 
27 ie i 
pare = = t t L | (E ) dE’, 
m'1—R"n0E—Ep § 2 B22 Kk 
where 
aw far 3 : al : 3: 1 3 5 
‘age 4 2 a= py ees 4 > = 4 > aie na 
3 3 1 1 
i Fie Le ee i > ie a > a ae ea 
1 16° f 16 3 16 4 16 /s=Pe=0 


and R is the radius of the deuteron, R= ,/mB, and ¢(=e(—B, —B)) is the 
effective range for spin triplet state, and E,=m—2B+B’/2m, B being the binding 
energy of the deuteron. 

For E>m, A(E) can be related by the so-called optical theorem to the total 
scattering cross section oj(H) as 


A(E) =-2 ; 
(E) ie (E) (2-13) 
Table I. 

ne es ae ES a aia a a Ea i ee es ke | 

prea re) Oe a AR a AD AY 

2.0 0.00 0.00 0.00 0.00 0.00 | 0.00 

2.05. |  +0.18 0.45 -OI0e 4 0.39 0.08 |  —0.06 

| | 

Vins | —0.31 | 0.55 —0.16 0.43 0.15 | —0.12 

Dae, — 0.48 0.72 | —0.21 | 049 0.27 | —0.24 

2.4 —0.70 0.97 —0.27 0.56 0.43 —0.41 

2.6 —0.89 . 113 —0.32 0.60 0.57 —0.54 

2.8 —1.05 25 — 0.37 | 0.61 0.69 ; —0.64 

3.0 —1.21 | 1.31 —0.42 0.60 | 0.80 —0.71 
OOO 


* E=m— L2/2m 
§ 3. Application to proton-proton scattering 


Probably no subtraction will be necessary for the dispersion relation for two- 
nucleon scattering. In practical applications, however, it is more convenient to 
make one subtraction to suppress the high energy effect which is less known. In 
this paper we use the dispersion relation of the type 


perp Foe Afjol |g MOee, 69 


to bring in the experimental data. The second integral of (3-1) is the unphysical 
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contribution, arising from the exchange of pions. In the last section we have cal- 
culated one- and two-pion exchange term, the latter starting from E=,,=m— 
(2/m) =m—40 Mey to the left. For E<(—m, the absorptive part A is related to 
the total nucleon-antinucleon cross section. Between —m and E;,=m— (9/2m) 
=m—90 Mev, from which three-pion term A;, starts, the absorptive part is very 
complicated and hard to evaluate. However, since A(E;,) and A(—m) are nearly 
equal, an interpolation by a straight line would give a rough estimate for three- 
and more-pion contribution. This term turned out to be small for low and 
moderate energies (see Table II). 

In this section, the relation is used for analyzing proton-proton scattering data 
up to 40 Mev. In Eq. (3-1) the low energy S-wave scattering gives large con- 
tribution to both sides. In order to eliminate this, we subtract 


su Ag (ED * Sap 
(E’—m) (E’—E) 


™m 


E-—m 


from both sides, where A,,; is the absorptive part calculated from the effective PAE: 
formula. Scattering length and effective range used here are 


‘a (pp) = —15.6X10-" cm 
“TAPP ) == 2 00 0a 5G 


Taking unpolarized p—p beam, D= D+ D® and A=A%+A”. The final formula 
is 


(3-2) 


1+" q? 
iGo eee (a+- ise. jee : 


Ha iene 
m V @—2ar m Ya@—2ar 


4 (Em) pe’ ace, ay coe 


(E’/—E) (E’—m) 


dk’ (3-3) 


v0 


m 


i—m | A(F’) 
se — dE’. 
v4 (Er E) (E’—m) 


_ The right-hand side is compared with D(E), the real part of forward scattering 
amplitude, 


DE ee (sin 0s cos 0s-++sin 07-° cos 02°°+.3 sin O47 cos 627 
+5 sin 02° cos 07-°+5 sin 0; cos 0y)+---) 
A(#)= in *Os+sin *07-°+3 sin 704-145 sin 20%? 
Mo 


+5 sin*dp)+::-).. E>m (3-4)* 


>k 
We neglect the difference between the nuclear bar phase shifts used here and true nuclear 
phase shifts which we do not know. 
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The total cross section used are those cited in the review article by Hess” and the 
values cited in (3-2). Results are given in Table II and plotted in Fig. 3. In 
this energy region, the experimental data show no disagreement with the theory. 


It is hoped that the more data on phase shifts, both for p—p and n—p be obtained 
shortly. 


Table II. 
. 3rd _ line 
Evap | 1st line : it 
(Mev) | D a) 2nd line | ; Sh Ge Sum 
| eat! " eee a # more-7z 
9.68 0.88 | 1.09 0.02 38 01 01 90 
9.73 0.74 | 1.08 | 0.02 oe 01 01 89 
14.16 | 0.80 | 1.04 | 0.02 Osa a ale Ohare 
162304 1.04 | 1.02 | 0.03 a9 Fy Node .02 01 76 
gg i 0.71 1.02 0.03 paeee 02 01 75 
| 
31.8 ree | 106)" |=" 0.05 2.33 02 02 15 
39.4 0.83 | 1.06 0.12 —.40 03 02 83 


* Result from the phase shift analysis from which the 14° point is dropped. 


f?/4x=0.04 
1.0 


F?/4x=0.08 


f?/4x=0.12 


0.5 


E Mev 


10. 20 30 40 


Fig. 3. Real part of the forward p-p scattering amplitude 
Solid lines are theoretical curves (Eq. (3-3)) for various choices of 
f2/4x. Circles are experimental points.) Dashed line is obtained with 
the effective range approximation. 
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. * 
$4. Application to nucleon-nucleon scattering at low energy 


In this section, we apply the dispersion relation to low energy nucleon-nucleon 
scattering. As proton-proton scattering has ambiguity due to Coulomb interaction, 
we concern ourselves with neutron-proton scattering in spin triplet, isospin singlet 
state which is experimentally well known. In this case, 


D=D®—~3D®+D—3D” 4 1 pwo_p®, 
3 
and (4-1) 


A=AP—3A%4 493404 1 4o_ Ao, 
3 


The relation to be used is 


_ D(E)—D(m) _ 3, EN A(E) dB 1 ~( A@)de 
ee E-—m preie )(E’—E) (E’—m) 2 i} (E’—m)” 
Soe hex 


(1— Rp) m? (m— Ep) 


of G(E\ dE! oe 
; on? 1 ( A(E) dE’ 
=lim 


Eom leona (Elm) ox + (=m) 3 


ae: 1 327R* 


; 4-2 
4am ( ) : (1— R10) m? (m—Ep)* So 


E ingot 
2m 
The last term in the right-hand side comes from deuteron, and the third term 
comes from one-pion exchange process. The second term comes from two-pion 
exchange process which we have calculated in § 2, and from three- and more-pion 
exchange processes which we neglect here as its contribution may be small. 


* The problem discussed in this section is the same as the one discussed by S. Matsuyama.® 
He retained only one-pion exchange neglecting multi-pion processes, while we included also two- 
pion contribution here. He discussed m-p scattering in spin triplet state, so 


D=D® ~ D®+ D®) — D® += De ~D®, 


(4-1)7 
A=AM®— A+ A4@)— A® +740 =, Ae, 
and the relation used was 
UB) dE’ 
ee o(E’)dE 
P 217 f?- Ax (E—m) 
D(E) — D(m) = (E— — - 
CRU Eta os (E’—m) 4x 3m (ams) 
2m 
16zR1(E—m) 

+ ; .2)/ 
(1—R“1p) m2 (m—Ep) (E—Ep) ee 


* 
ih 
os 
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The second and third’ terms are functions of the pion-nucleon coupling constant, f”. 
The left-hand side and the first term in the right-hand side can be expressed in 
terms of observable quantities, 


D (E,) = yo Fee. (E.) Sh DD 5euve (E.) ae > 


DO vars (E.) — 2 sin Os cos Os, 
Me 
and 3 
A CE) = As wate (E,) a LA aeee (E.) — WI 
As.wave (E.) = 87 sin? ds ; 
Me 
and i 
Gy Tt Ope PSG, ET BG T. 3S 
as 


where the subscript c means “in the center-of-mass system ”’. 
The left-hand side of Eq. (4-2) contains only S-wave scattering length as, and 
S-wave effective range rs, 


PREY GRY ne] ie ei 
lim as =4n(as : as rs). 


The first term in the right-hand side of Eq. (4-2) contains the contribution from 
all even partial waves, but we can neglect all contributions except that from low 
energy S-wave scattering in good approximation, 


oo 2as'+ |asrs| —2asrst 4| asrs| rss 
Ee: A (h’) dE’ Te 2 as 
lim - = E! E SATE 27as 7 = no Ps" 
oe eat m (E ig m) ( Py ) rh as — Asis lasrs| + Alasrs| rss 


Ss 


The last term, 


327R' He 87 
(1—R-p) m(m—E,p)? (—7p)7*” 
where y 
oP] 
ak ae B, 


7=1/as+ rere — Pp’, 


eS cant as APp*/as’. 


¢ 
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Thus (4-2) is 
Ps 


aL eo tp EG 
as + ima |asrs|—AsTs+2 | asrs| ee 
af 2 
At (a°— as rs) + 4aas— 


a S 


EPO 
7 V as’ —Asrst+ | as rs| +4las rs| ee 
m—2/m 
Grige sy. ftom 1 Be ek 00s), 2 


=p... de m (z—m+2y z J (E/—m)? 

2m 

Inserting the experimental value for as and B known at present, 

Gg (5.377-420.023) K105- cm 
B=2.226 + 0.004 Mev 
and an assumption, 
P=0.00+ 0.03, 
we see the left-hand side of Eq. (4-3) is 
—17.6+42.2.* 

The right-hand side, the unphysical contribution, is 
—11.7—2.6=—14.3 for f?/4%=0.07 
—13.4—3.8=—17.2 for */4x=0.08 
=15.1—=4.8=—19.9= form f-747=0.09: 


The first numbers in the left represent the one-pion exchange contribution, and the 
second numbers represent the two-pion exchange contribution. 
Thus we find as the pion-nucleon coupling constant 


f?/42=0.082 + 0.008. 


§ 5. Conclusion and discussions 


The results of the previous sections confirm the correctness of dispersion 
theoretic approach to the two-nucleon problem. The conventional meson theory 
of nuclear forces is as follows. One calculates nuclear potential perhaps by adia- 
-batic approximation or including recoil corrections by expanding in p/m. Then 
he solves the Schrédinger equation with this potential to see if the theoretical 
phase shifts agree with experiment. This way of approach, however, meets with 
several difficulties. First, it is difficult to define “ potential ” without the adiabatic 
approximation. Second, the Schrodinger equation is non-relativistic and the rela- 


* If P is negative, the coupling constant decreases, 
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tivistic two-body equation is not well established. Finally, we have to introduce 
cutoff since meson potential is badly singular at the origin. 

In our approach all of these difficulties are removed. It is free from the 
adiabatic approximation and it is possible to formulate the theory in a relativistic 
way although we did it non-relativistically. It is our feeling that no subtraction 
is necessary in two-nucleon dispersion relations so that no more additional constant 
is needed. Taketani” has developed with success a theory in which he divided 
nuclear forces into inner and outer regions and proposed to deal only with the 
outer region meson theoretically. Taketani’s idea is reproduced here by making 
one subtraction thereby eliminating less known high energy effects. 

In this paper we have been concerned only with the forward scattering. By in- 
cluding the momentum transfer as another variable more information can be obtained 
from dispersion relations and it may even be possible to use them for solving the 
two-nucleon problem.” 

This type of dispersion relations together with similar ones for 7—p scattering 
could be used to determine the accurate value of the pion-nucleon coupling constant 
if the nucleon-nucleon scattering is measured with sufficient accuracy. 
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Using the identities, 
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On the Model of Elementary 
Particles 


Yoshio Miyatake 


Yoshida College 
Kyoto University, Kyoto 


December 22, 1959 


The present field theories are formu- 
lated with the fundamental concept that 
elementary particles are created or an- 
nihilated. But how should we under- 
stand the concept that some elementary 
particles are suddenly created or anni- 
hilated ? We have no such discon- 
tinuous phenomena in various macroscopic 
reactions. Why should we admit such 
discontinuous idea of abrupt creation or 
annihilation only in the reactions of 
elementary particles? Some people may 
answer that it is because the quantum 
mechanics controlling them is based on 
the principle of discontinuity. But is 
it not an unrealistic idea to insist upon 
such a misterious idea as well as the 
idea of point-like particles ? 

From this standpoint it may be al- 
lowable to consider the reactions between 
elementary particles as continuous, dis- 
regarding abrupt creation and annihila- 
tion of particles. It is easy to think 
this way at least in our common sense. 

According to this viewpoint, if we 


examine various decay modes of ele- 
mentary particles we find that there 
finally remain only proton, electron, 
neutrino and gamma, the stable particles. 
Now we assume that the fundamental 
particles are p (proton), e (electron), 


~ y(meutrino) and 7 (gamma), and all 


> 


other “elementary ” particles are com- 
pounded with their finally reaching 
decay products. But since the sum of 
masses of these decay products is less 
than that of the parent particle, we must 
add some energy term G to these masses 
as in Table I, where the G term should 
be determined in such a way that each 
elementary particle has its own charac- 
ter, i.e., the rest mass, the charge, the 
spin, the strangeness, etc., and each G 
term will therefore be different from 
one another. More concretely speaking, 
we may take the G term as “ geon” 
derived by Wheeler,” for instance, be- 
cause the geon is constructed with the 
photon and the neutrino, i.e., the funda- 
mental particles. The geon theory is, 
as Wheeler discussed, classical ; we must 
therefore modify it in future by taking 
into account the quantum effects or 
some new mechanical effects and then 
the graviton will become one of the 


fundamental particles. Furthermore, in 


future we must discuss how the geon 
can have the strangeness. Then the 
‘ elemen- 


« 


various reactions between the 
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tary’ particles may be explained by the 
parting and meeting of these construct- 
ing particles but not by sudden anni- 
hilation and creation of elementary 


particles. 

Table I 
ae compound modes 
pe et+y+y9+G 

70 27-+G 

nt et +2v+y+G 

90 et+e-+3y+37+G 
ee Qet+e-+5y+47+G 
A pte +v+G 

‘Ao pte-+yv+27+G 

yt pte tet+2v+27+G 
s- pt2e-+v+39+G 

a> pt2e-+2v+47+G 


Now, we regard the following facts 
as favourable to our model: (1) From 
the experiments. of electron-proton scat- 
tering at Stanford” the following charge 
distributions of proton and _ neutron 
(Fig. 1) are now considered as_ the 
best. The neutron has the negative 
charge distribution for the outer part 
of its extension and this can be well 
explained by considering that 7 is con- 
structed as in Table I with e rotating 
around p. 


Pr Pr 


neutron charge 
distribution 


proton charge 
distribution 


Fig. 1 


(2) Sakata® has very recently proposed 
the new composite model that 4, 7 and 
p are constructed of (v7, B*), (e°, B*) 
and (v, B*) respectively, in order to 
explain Gamba-Okubo-Marshak’s sym- 
metry*—the weak interactions are sym- 
metric with respect to the exchanges 
Aop-, nee and pev,—where B* is 
an unknown boson with positive electric 
charge. But if we regard B* as a 
composite particle constructed of p, ¥ 
and G, then Sakata’s new model be- 
comes similar to our model. But then 
in Sakata’s new model the fundamental 
particles are p, e, y and »# whereas in 
our model they are p, e, v andy. The 
mass difference between » and e is 
obvious in our model. 

We have discussed only the guiding 
principle and the frame of our model. 
Next problems are as follows: a) Why 
do the fundamental particles exist ? 
What are their structures ? b) By what 
mechanism are composite particles 
constructed of fundamental particles ? 
c) Can this model explain the Nishi- 
jima-Gell-Mann theory and 
selection rules ? 

The author would like to discuss 
these problems in future. 


various 
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An Example of Nonlocal Interaction 
Yoshio Miyatake 


Yoshida College 
Kyoto University, Kyoto 


January 11, 1960 


In the theories of nonlocal interactions 
which have been discussed by many 
authors, the lengths expressing the ex- 
tensions of interactions are assumed to 
be derived artificially, but first of all 
we must derive them naturally from 
the physical viewpoint for the discus- 
sions of nonlocal interactions. 

From the recent experiments at 
Stanford” the proton has been found 
to have an electric charge distribution. 
If we regard the electric charge as 
dynamical quantity derived by the 
interaction with the electromagnetic 
field, as in- the other coupling constants, 
the extension of electric charge will 
mean that the domain of interaction 
between the proton and the electro- 
magnetic field is not a point but some 
three-dimensional volume. Therefore, 
the magnitudes of charge distributions 
at some points mean the strengths of 
interactions between them at _ those 
points, and consequently, will connect 
with the probabilities that the point-like 
proton exists at those points. In fact, 
if the charge distribution e(2) is ob- 
served, it will be given by the relation 

e(x) =p (x)w(z), (1) 
where w(x) is the probability of pro- 
ton’s being at x. Since (x) is con- 
jectured as three-dimensional spherical 
symmetry from the Stanford experiments, 
Eq. (1) will be 


e(r) =p(r)w(r), (1’) 


where r= (27 +27+2,)'". If e(r)-is 
observed by any method, we get w(r) 
from (1’) but as the fragment of charge 
has not yet been observed, such a micro- 
scopic quantity as e(7r) could not be 
observed but only its integral, the total 
charge e. In this case, it is natural to 
define the observable position of proton 
as the mean of its positions in the 
microscopic region where its charge is 
distributed. 

From this point of view, the coordinate 
of proton is found to be the mean value 
of the sum of X, and ¢, with w(r) as 
a weight function, where X, and ¢, 
mean the coordinate of its center of 
mass and the relative coordinate to its 
center of mass respectively, and r= 
(€2+6/+é7)1", Now €,=0 since: the 
charge will have a_three-dimensional 
distribution around its center of mass. 
In practice, since w(7) is a function 
of only r, the mean values of ¢, (“= 
1, 2, 3) with w(r) as a weight function 
are zero and the mean values of 


a= XG an (v=1, 2, 3, 4), &)=0 (2) 


are equal to X,. That is, the coordinate 
of proton are equal to those of its center 
of mass. But the mean values of q,’ 


are 


qa= XK i+2X,6,+62=X2+r. (3) 


If we write 


SAaeg? S=HxX?, Pea, A) 
this is the same as an example of in- 
definite metric (nonlocal interaction) 
discussed by Markov.” Consequently, 
the charge distributions of elementary 
particles mean that the singularities of 
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propagators, which have been regarded 
to lie on the light cone, lie on the 
hyperboloid 


SP Sta R-T+2'=0 7G) 


and that the Coulomb potential is not 
e/R but 


ef Ray's (6) 


where 


Taal 


co oo 


== | wo (yr dr/ | w (7) pdrl, (7) 
0 0 

which has been derived artificially by 
Markov, is connected with the charge 
distribution from Eq. (1’). 

From above, the proton, in- general 
the elementary particle, is considered to 
have a three-dimensional spherical inner 
distribution of+ position from the micro- 
scopic point of view and to have the 
nonlocal effect shown by Markoy from 
This 
seems to be important because tthe non- 
local extensions of interactions, which 
have been introduced artificially, will be 
naturally introduced by the charge dis- 
tribution and Markov’s model will have 
a practical use. 


the macroscopic point of view. 


1) E. E. Chambers and R. Hofstadter, Phys. 
—- Rey. 103 (1956), 1454. 
2) M. Markov, Nuclear Physics 10 (1959); 140. 
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Some Considerations on the Parity- 
Non-Conserving Interactions in the 
Theory of Propagators 


Tetz Yoshimura* 


Yokohama, Japan 
January 25, 1960 


Recently, it is generally believed that 
the parity is not conserved in the so- 
called weak interactions such as the 
Those interactions 
are described by Lagrangians which are 


Fermi-interaction. 


not invariant under the space reflection 
and the charge conjugation, and espe- 
cially in cases of beta-decays special 


elementary particle named two com- 
ponent neutrino. 


Though such interactions are weak 
in the low energy region, observed 
effects of such interactions may not be 
considered to be the effects of the lowest 
order in the sense of the perturbation 


theory, because those interactions belong 


to the second kind, accordingly the per- 
turbation expansion might not be possi- 
ble even as an asymptotic expansion.” 

On the other hand, d’Espagnat and 
Prentki” and Sekine® have shown that 
the propagators of fields which have 
parity-nonconserving interactions, in- 
volve terms containing 7;, and the Z- 
factors have form of Z+7;Z’. (In this 
note we consider only the renormali- 
zation factors of propagators and not 
those of vertex parts.) Interactions 
treated by them belong to the first kind, 
and perturbation-theoretical methods are 
used. However, realistic parity-noncon- 


* Present address : 51H, Yaguchidai, Naka-ku. 
Yokohama, Japan. 
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serving interactions may belong to the 
second kind, then uses of such methods 
are not reasonable. 

In this note we consider the case of 
the Fermi-interactions. 

The purpose of this note is to show 
that the coexistence of the ST P-type 
interaction and the V A-type interaction 
is not necessary for the disappearance 
of 7; in the propagators, if perturbation 
theory is avoided. 

Now we consider the following: in- 
teraction : 

bs peed CP O; 4x) 


X (GeO: (a+b7s)$,) +h.c.  () 


where g;, a and & are real constants. 

It should be noticed that the total 
energy-momentum vector is not com- 
mutative with the operators of space 
reflection and charge conjugation. 

On the other hand, when a Lagran- 
gian is given, we can easily obtain the 
equations for the propagators by using 
the method of Schwinger.” When the 
perturbation theory is avoided, the 
vertex parts 


Pees = Co G,* <0 | THaVp Py Ps 0» 
BG aie (2) 


(where a, 8,7, 0=P, N, e, ¥) may be 
chosen as a boundary condition for the 
functional differential equations for the 
propagators.” Because of the noncom- 
mutativity of the total energy-momentum 
vector with the space reflection and the 
charge conjugation, the ratio between 
the scalar and the pseudoscalar parts is 
not determined by the form of the in- 
teraction Lagrangian and may depend 
on the momenta of participant particles. 


961 


In order to explain the experimental 
data on the asymmetry and the polari- 
zation of the electrons emitted in the 
processes of beta-decay, it is not neces- 
sary to assume the two component 
neutrino, but it is sufficient to choose 
the boundary condition /’,,., so that it 
satisfies the following condition : 


Prexv (Pes Pes Pr» ps) 
=( 1475) Fu hrepton 

X[F, (Pes Pes Pw, Pr) 
bys (pe, Pe >Pws Ps) Inaicteon (3) 


where fF’, and F,,’ are vector functions 


pee=me, py2=0 


free from Dirac matrices referring to 
the leptons. 

The equations for one-body propaga- 
tors can be written as follows (in mo- 
mentum representation) : 


Fp Pat Matra" (p))Ga(p) =1, 


(a=P, N, é, v) (A) 
¥,*(p) = Sq | dkdgO.Gy(h) 
x G,(k+q—p) O; (a+ bys) 
X GQ Tm, re (ks.93- Pp: R+9—P), 
(Sa) 


e 


Ey (pS 9: dkdqO;G;(k) 


x G, (k+q—p) (a—bys) O: 
x G, (q) ra Ny (k, qd; P> k+q—p) ? 
(5b) 


ZA (p) = 39 | de daO (a= PoGen 


x Gp(k+q—P) 
x O;Gy (q) I"yy,re (Qs k ) RTO); Pp), 
(5c) 


3,(p) = Sgr dkdq (aby) O.G.®) 
XGy(k+ q—p) 
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x O;Gp (q) I peu (q, Rk 3 a ai yee Pp) : 
(5d) 


In order that 3,,*’s have forms 

at (p) =p Des (p’) St) (p*) é 
@=PL Nee; Pye) 

BF (pt) =0; (7) 


it is not necessary that b vanishes, but 
bA+a is excluded. If a=+b6, 3* and 
S* cannot have the form (6). HUN 
gously we see that the equality is not 
necessary for the validity of (3). Then 
the requirement (3), (6) and (7) may be 
compatible in the general framework 
of the theory of propagators. (If a= +3, 
I’ must always involve the projection 
operator 1+7; independently of the 
momenta of participant particles; ac- 
cordingly (3) would be Raa by a 
more severe one.) 

If the requirement (3) is replaced by 
a more severe one, for example 


Peedi (Pp, Pe > Pw; Pol pe=me2 
= [ (1+7s) pares [LF (pp > Pe 3 Pu> Pp») 
Sih he (pp ? Pe > Pr» Pp.) Titeteon (8) 


(6) can never take place, even ifa~ +b. 

When Z-factors dognot involve 75, the 
particle picture of each field is not 
distorted, and the anticommutation re- 
lations of field operators at equal time 
are 


[Pe (x, t) ’ Da (x’, t) iF =Z,° 7,0 (x— x’) e 


(9) 

The circumstances are analogous in 
the cases of boson-fermion interactions 
belonging to the second kind. Then it 
is an interesting problem to investigate 


the so-called <-@ puzzle from the above 
standpoint. 


1) P. J. Redmond and J. L. Uretsky, Phys. 
Rev. Letters 1 (1958), 147. 

2) 8B. d’Espagnat et J. Prentki, Nuovo Cimento 
6 (1957), 2989. 

3) K. Sekine, Nuovo Cimento 11 (1959), 87. 

4) J. Schwinger, Proc. Nat. Acad. Sci. 37 (1951), 
452, 455. 

5) TT. Yoshimura, Prog. Theor. Phys. 23 (1960), 
569, 576. 


On the Universality of the Weak 


Interactions 


Daisuke It6, Shinya Furui, Kanji Fujii 
and Tetsuro Sakuma 


Physics Institute 
Hokkaido University, Sapporo 


February 6, 1960 


One of the most striking features of 
the weak decay interactions consists in 
their universality. By assuming that 
all decay interactions are of the second 
kind, Umezawa, Konuma and Nakagawa” 
have shown that all relevant coupling 
constants are related to the length of 
approximately the same order of ey 
tude: 10°"~10-%c 

Universal interactions tees in general, 
many outstanding properties. The most 
familiar classical examples of the uni- 
versal interaction are electromagnetic 
and gravitational interactions. In the 
case of electromagnetic interaction, 
Lorentz’ law of the electromagnetic force 
f=eE-+1/c-jXH is independent of the 
detailed properties of the matters and 
fields which produce the current vector 
J,=(j, @). On account of this uni- 
versality, it is guaranteed to introduce 
the electromagnetic interactions correctly 


ie alll) sila taal a 
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into quantum mechanical systems by the 
well-known formal procedure of replacing 
0, by 0,—ie/Nc- A,,. 

In this short note, we shall show that 
the approximate universality of the weak 
decay interactions also allows us to in- 
troduce correctly the weak interactions 
by a formal procedure similar to the 
substitution 0,>0,—ie/fc-A, in the 
electromagnetic case. 

When all weak interactions are switch- 
ed off, the total system of elementary 
particles is described by Lagrangian : 

L=Let+fet+£7+£€ (0), (1) 
where, 4°, £3, and £§ are Lagrangians 
describing free baryons, bosons and lep- 
tons, respectively, and £ (0) is the 
Lagrangian describing the strong inter- 
actions of baryons and bosons: 


—L£2u(0) =i9 DS) Je*ne 


ti’ YAAK thc, 2) 
Tee (N ire Na (OY fete Sa (3) 
ges App)+-~,_ ete. ) 


Now, if we assume that the baryons 
have an internal structure of the order 
ro~10-"% cm, then the multipole inter- 
actions of the baryons and bosons should 
be taken into acceunt, as mentioned in 
the previous papers.” Thus, the inter- 
action (2) must be supplemented by 
these multipole terms, and (2) turns 
out to be 


—L nu (To) =19 3 Ja" ta 
Hire AB tat 
+ig 3 A*K, 
+79' ro 2 Pee Oe 
+h. c., (4) 


where 


2. = (Ar, 147) p) +5 
J, = 7,0 +75)p) +---, etc. ~ 6) 


It is just at this stage to introduce 
the universal lepton interactions in close 
analogy to the electromagnetic case. 
We propose that the lepton interaction 
may be correctly switched on by the 
following substitutions : 


i> ewes OT > Oa 
Stevan. 
won 3 O70, 7", » (6) 
tn nO ee O ane 
—l[v7, (1 +7) a 


and similar substitutions for K mesons, 
where the parameter / should have a 
dimension of length. 

Applying this substitution to (4), we 
have 


—L£ eu (1) >i9 pai dg 
+197) 3) FO, Rat 
+i! >) AWK, 
+19! To 33 Ty* 8, Kot 
+igrl(Z,** (@+D7r.A+7s)»] 
+J,-*|b7,0+75) e€+4))) 
+79! rol (J u** (+P 1.1 +70)» 
+J,-* [p71 +7s) e+) ) 
+h. c. (7) 


The additional tems introduced by these 
substitutions are enough to describe 
the leptonic decays of hyperons and the 
3-decays. Just as in the electromagnetic 
case, the substitution (6) algo affects 
the Lagrangian £%, of free bosons. For 
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example, pi-meson part £2 of the Ly 


turns out to be 

-£83>) (0%: 0 %at ft, Re Ke) 
+1(0,2*[ (+2) 7,1 +75) »| 
—d,2[¥7,(1+7s) (e+/) J) 
+P(€+P) 71.1 +70) »]* 
Xl@+2)r,.0A+75)¥]. (8) 


Among the resulting terms, the terms 
proportional to / describe the leptonic 
decays of pi-meson, and the term pro- 
portional to ? contains the interaction 
responsible for the #-e decay. The 
same procedure applied to K-meson 
part <% is enough to derive the in- 
teractions responsible for the leptonic 
decays of K-meson. In order to guar- 
antee the well-known equality of the 
' p- and 3-decay coupling constants, we 
should prefer the value of the parameter 
Z to be the same order of magnitude as 
the dipole moment 9/7», i.e. 


l~g' ryo~ 107" ~ 107”) cm. (9) 


In this way, almost all the known 
weak interactions are derived qualita- 
tively by the substitution (6), whereby 
any unwanted interactions do not come 
out. Unfortunately, the quantitative 
agreement of our universal interaction 
with experiment is rather poor. This 
point will be discussed by K. Iwata. 


1) H. Umezawa, M. Konuma and K. Nakagawa, 
Nuclear Physics 7 (1958), 169. 

2) D. Ité, S. Minami and H. Tanaka, Prog. 
Theor. Phys. 22 (1959), 159. 
D. Ité, S. Minami, H. Tanaka, Y. Takahashi 
and M. Yamazaki, Prog. Theor. Phys, 22 
(1959), 168, 
D. It6"and K. Fujii, Prog. Theor. Phys. 23 
(1960), 815. 


Macroscopic Causality and 
Analyticity of Electromagnetic 
Form Factor 


Kunio Yamamoto 


Department of Physics 
Osaka University, Osaka 


February 20, 1960 


Recently the present author has in- 
vestigated the analytic properties of the 
scattering amplitude on the basis of the 
In the present 
note we shall apply the previous method 
to electron-nucleon scattering and discuss 
the analytic property of the electro- 
magnetic form factor of the nucleon in 
the relativistic theory. In order to avoid 
unnecessary complications in the follow- 
ing discussions, we shall neglect the 
dependence on the spin and iso-spin. 

If the electron has an unknown struc- 
ture or one photon exchange does not 
give a good approximation, we cannot 
directly obtain information on the elec- 
tromagnetic structure of the nucleon 
from the electron-nucleon scattering. 
Therefore, we shall assume that the 
electron is a structureless point particle 
and one photon exchange gives a good 
approximation. 


macroscopic causality. 


From the above assumptions, we 
can easily see that the scattering am- 
plitude of electron-nucleon scattering is 
written as 


t= Aa Aes, (1) 
where 4’ is the square of the invariant 
momentum transfer. (4’)~' and F(d?) 
are the photon propagator and the 
electromagnetic form factor of the nu- 
cleon respectively. The analyticity of 


ee 
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‘the latter is the main object of the 


present note. It should be noted that 
the scattering amplitude of electron- 
nucleon scattering has no dependence 


-on the square of the total energy mo- 


mentum W. In the case where the 


‘scattering amplitude has no dependence 


on W, it is concluded that, as will be 


-discussed later, from the requirement 


for the macroscopic causality, the scat- 
tering amplitude is regular in the upper 
half plane of 4 except for the parti- 
cular case. Then we can say that from 
(1) the electromagnetic form factor is 
regular in the upper half plane of 2. 

In order to explain-in a more detail, 
let us introduce the Fourier transform 


-defined by 


[oe] 
e 


t®) = \ da expiad’ T (a). (2) 
Although T(@) is not uniquely deter- 
mined as we have seen in the previous 
paper, we do not repeat the discussion 
on this problem. The restriction on 
p. p’, R,r, R’,r’ for getting a non- 
vanishing transition amplitude (3-1) in 
the previous paper are 


R’—R—V,(p')t~[Va(p) —Valp) IT, 


kB) 
R’—r'—R+2(p—p)a—Va(—p)t 
~[V..(p) —Ve(—p) IT, (4) 
and 
r+2(p—p)a~[Va(p) —Vn(—p) IT. 
(5) 


From (3) and (4), we get 
r’ ~[Va(p!) —Va(—p) |@—-T) 
+2(p—p/a. (6) 
In the limit of |p—p’|—> © we obtain 


r’ ~—r~2(p—p’)a. (7) 


Consider the case where p~—p’. In 
this case if @ is negative (7) shows 
the direction and the sense of r and r’/ 
approximately agree with those of p and 
p’ respectively. Then there hold the 
discussions similar to the ones in section 
IV in the previous paper, and we reach 
the conclusion that, in order to satisfy 
the macroscopic causality, it should be 
able to make T'(a) zero for a<0 by 
a suitable choice of the ambiguity of 
T(a) except for the particular case as 
discussed in the end of section IV of 
reference 1). Accordingly, if the scat- 
tering amplitude has no dependence on 
W, the scattering amplitude is regular 
in the upper half plane as a function’ 
of 2. 

The argument so far stated can be 
easily extended to the case where the 
scattering amplitude t has a W-depend- 
ence but the variation of -W can be 
regarded to be so small that Eqs. (3) 
~ (5) remain unchanged. 

The author would like to express his 
sincere thanks to Prof. R. Utiyama for 
his continual encouragement and dis- 


cussions. 


1) K. Yamamoto, Prog. Theor. Phys., to be 
published. 
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Possible Interconnection between 
Nucleon-Structure and Multiple 
Production in Cosmic Ray 


Energy Regions 
Hideaki Nagai and Daisuke Ité 


Physics Institute 
Hokkaido University, Sapporo 


March 7, 1960 


The characteristic features of the 
multiple production of particles in cos- 
mic ray energy regions have recently 
been successfully described by the so- 
called ‘two center model” proposed 
by Niu” and others.” In this model, 
particles are produced instantaneously 
in two small regions around the col- 
liding nucleons, and then, they fly away 
isotropically in the rest systems of each 
“fire balls”. 

Previously, one of the present au- 
thors? has also shown that the main 
features of the phenomena are also well 
described by “ shaking off ”’ proper fields 
around the nucleons. In this model, 
the extensions of the proper fields play 
the same réle as the fire balls in Niu’s 
model. Therefore, it seems to us highly 
probable that Niu’s fire ball may have 
some intimate connection with the struc- 
ture of nucleon. 

In this short note, we estimate the 
spatial extensions of the fire balls by 
analyzing the distributions of transverse 
momenta of secondary particles. If we 
assume a spherical distribution of the 


momenta P(k) of secondary particles in° 


the rest systems of each fire balls, then 
the distribution of the transverse mo- 
menta is given by 


P(k,) dk, 


fe | dk, P/F, +h +P) 
Saetae: ae 


+o 


Jes dk \ dkyP(/ ki +R +P) 
0 


(1) 
On the other hand, the Fourier trans- 
form 


p(r) = | P® e* "dk (2) 
of P(k) may be regarded as the spatial 
distribution of the particle-source (fire 
ball) in its rest system. For simplicity, 
now let us assume Gaussian distribution 


(7) =p Oexn| —() | 


ore POO exp| = ee (3) 


then the distribution of transverse mo- 
menta P(k,) is readily calculated as 


a 
P(k,) ==()5 a ky exp| mare (4) 


As is shown in Fig 1, this distribution 
reproduces fairly well the results ob- 
served by Japanese E. C. C. group® and 
Bristol group,” if we choose the value 
of a as 


Events 
Histogram: Exp.distr. by Japanese 
20 E.C.C.and Bristol groups. 
—— : Gaussian curve of Eq. 4. 


i: 0S) ant 0 eae 
Py(Bev/c) 
Fig. 1. The distribution of transverse momenta 
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2he 95 Bev, i.e. a~0.75x 107% cm. 
a 
(5) 
The root mean square radius (7°)? is 
readily obtained by expanding P(k) in 
powers of k: 


be SE 4 : 
PH) =PO)|1- © fr) + i- (6) 
For our Gaussian distribution, we have 
(riya [3 an0.92x TO enie =e) 
which is very similar to the mean 
square radius of nucleon-core measured 
by the electron scattering experiments. 
From the above result, we conjecture 


that Niu’s fire ball may have some in- 
timate connections with the nucleon- 


core structure. 

We express our cordial thanks to 
Professor Y. Ono and to Professor I. 
Miura of the Research Institute for 
Nuclear Study for their kind interest. 
After completion of this work, we were 
informed of a similar result obtained 
by Prof. S. Takagi and his collaborators. 
We are grateful for their sending a 
preprint. 


1) K. Niu, Nuovo Cimento 10 (1958), 994. 

2) G. Cocconi, Phys. Rev. 111 (1958), 1699. 
P. Ciok et al., Nuovo Cimento 8 (1958), 166. 

3) D. It6 and H. Tanaka, Suppl. Nuovo 
Cimento 7 (1958), 91. h 

4) J. Nishimura et al., Suppl. Nuovo Cimento 
11 (959), 112. 

5) B. Edwards et al., Phil. Mag. 3 (1958), 237. 


Errata 


Cluster Sums and Related Coefficients of the Ising 


Model 
Shigetoshi KATSURA 4 


Prog. Theor. Phys. 20 (1958), 192 


“Non-crossing chains” written in Abstract in page 192, line 11 in page 193, and line 13 in 
page 199 should be read “ two-end chains which have no junctions with odd branches ”. 


Errata 


Ground State of a System Consisting of Two Oppositely Charged Particles in Coulomb Field 


Mitio INOKUTI, Kanji KATSUURA and Hiroshi MIMURA 


Prog. Theor. Phys. 238 (1960) , 186-187, 
¢€=2.19765, 4=0.728095 should read: 


Oe loiee cy wines lO—17 


¢=0.728095, 1=2.19765 


line 23 attmpted should read: 


attempted 


line 34. Bd. 35 should read: Bd. 34. 
line 38 Phys, Rev. 99 (1955) 653. should read: Phys. Rev. 99 (1955) 635. 
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Collective Excitations of Electrons in Degenerate Bands. I 


——Spin Waves in Stoner’s Model of Ferromagnetism 


Takeo IZUYAMA* 


Research Institute for Fundamental Physics, Kyoto University, Kyoto 


(Received October 21, 1959) 


Spin waves in the collective electron model of ferromagnetism are derived in a completely 
similar manner to that adopted in deriving exciton waves in insulators. The internal motion 
of an electron-hole pair forming the spin wave with a long wavelength is shown to be 
localized in the ordinary space. The frequency of the spin wave with long wavelength 
coincides with the result obtained by K. Yosida and T. Kasuya in the case where all electron 
spins are pointed toward the same direction in the ground state. It is concluded: generally 
that spin’ waves break down unless there is a sufficiently large difference £S5ces the number 
of the electrons with up spin and the number of those with down spin. 


In the many-electron theory developed by Tomonaga,” Bohm-Pines,” and 
Sawada” one has neglected the fact that the energy bands of electrons are degenerate. 
In this case one obtains only the oscillating states of sound waves as the bound 
states of an electron-hole pair. In this and forthcoming papers we will point out 
possibilities of obtaining other kinds of collective oscillations in the many-electron 
system for which the degeneracies of the energy bands of electrons are important. 

In this first paper we consider the spin-degeneracy which leads to the possibility 
of obtaining spin waves. Although the concept of spin waves has already been 
well established,?-® our treatment will be instructive for our later development of 
introducing new collective waves. Further, it will clearly show in a band theoretical 
language that the cause of the spin waves is identical with that of excitons in 
insulators. Here we adopt Stoner’s model” of ferromagnetism in which the energy 
band of the a@-electrons (i.e. electrons with a spin) is taken to be different from 
that of the f-electrons because of the exchange interaction between electrons. This 
idea may be formulated mathematically as below. 

We start from the Hamiltonian 


H= STE (Ki) tet 3) I Pa Pw (1) 
k ee 


where 7;,, and ~, are given respectively by 


| * Present address: Department of Physics, Faculty of Science, Tokyo University, Bunkyo-ku, 


Tokyo. 
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some 
Nhe — Ake Uo 
and 
wh x 
Pies > 0 Glehe Aly 
l 


ay, being the destruction operator for the electron with wave vector k and spin 
o. In the above, J(k) is the Fourier coefficient of the interaction potential between 
two electrons. In the interaction part of Hamiltonian (1), we turn our attention 
to the term 


if = . *K 
ore ord (k) Sia he Ct dig pede: 
BZ k+0 0 


This may be written as 


STG) 2 SI Oi ae (2) 
2 ko 2 kx0 1 
If we evaluate (@|H|®)> where 
C= i ae ‘he Lig Dy, (3) 
IK Shy IkiSkpeg 


@, being the state vector of the real vacuum, the interaction terms which can give 
contributions are limited to those given by (2). In the above, 
V _ Ax E 

“€ a Cpe } 

(Qn)? — 3 Rye N, (4) 
N being the total number of electrons. We will determine k;, by the following 
requirements: We minimize (@|H|@) in the framework of the trial function (3) 
in which k,, is the .variational parameter restricted by condition (4). Here we 
consider the case kra<krg which is illustrated by Fig. 1. 


Es(h) 


0 Rr 

Fig. 1. 
Thus we give up fulfilling the requirement that @ corresponding to the ferromagnetic 
ground state should satisfy the exact spin multiplicity. 


It might be impossible to obtain such a ferromagnetic ground state as given 
above in the single band model adopted here, if we take into account the correlation 


i he uk oka een 
a a 


Collective Excitations of Electrons in Degenerate Bands. I 971 


effect or the screening effect of our electron assembly. Indeed, several authors! -™ 
assert that this screening effect is strong enough to prevent the appearance of the 
ferromagnetism. Although we cannot accept their assertion without doubt because 
they have treated the correlation effect under certain approximations leading to a 
stronger screening than the actual one, the disappearance of the ferromagnetism in the 
single band model might be inevitable because of the following reason. (1) The loss of 
the kinetic energy in converting the paramagnetic configuration to the ferromagnetic 
one. (2) Between two electrons there is the short-range correlation in Brueckner- 
Bethe’s sense which weakens the effect of the Pauli principle. (3) The loss of the 
long-range correlation energy due to the decrease of the screening effect: In the 
ferromagnetic configuration the screening effect is weaker than that in the para- 
magnetic one, since in the former the polarizability of the electron medium is 
weaker than the latter. Further, it is generally accepted that the electron assembly 
will form a lattice when r, is sufficiently large. In this case also the Stoner Model 
will break down. We will not enter into these problems in more detail, because 
in this paper we consider a fictitious system for which the Stoner Model prevails, 
assuming an appropriate E(k) and an appropriate J(k). 
Now, introducing the notation 
pint eat oe ae 
Nica 


=0 if | ied ee 


and neglecting a constant, we rewrite (2) as follows: 


SS I) testes Mie 
2 k+0 1 


= SS (YW ne Nis 


k+0 Z 


GAS SY (hb) tine te 
2k=0 


—E SYST TH) (ete More) Orne 210)- 


The second term of the right side of the above equation is merely a constant and 
is omitted in our discussions because we are now concerning with excitation energies. 
The last term may be neglected because we here consider the excitations of one- 
pair states. Then we may write Hamiltonian (1) as follows : 


Fd, =H,+H’, 
Hy=SYE, (Kk) Ake» | 
PSS Sit Te) 


(9) 


k+0 (Lo) +(U -—k,c!) 
* 
X ine Ue Aji-ket Ato!» 


where 
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E, (k) =E(k) —S) J) thst. (6) 


If we neglect H’, we obtain the continuum of excitation energies of one-pair 
states as shown in Fig. 2, Fig. 3 and Fig. 4. The one-pair states may be clas- 
sified into three groups. One of them is composed of the one-pair states given by 
a-electrons and a-holes and those given by /-electrons and f-holes (cf. Fig. 2). 
The second group is composed of the one-pair states given by. f-electrons and a- 
holes (cf. Fig. 3). In this group one can never find the pair states whose wave 
vectors are smaller than (k,zg—kra) in absolute values, as shown in Fig. 3. The 
third group is composed of the pair~ states given by a@-electrons and /-holes 
(cf. Fig. 4). Note that these groups are completely separated in determining the 
one-pair states by means of New Tamm-Dancoff’s Approximation. In order to 
study spin waves with long wavelengths, we here consider only the third group, 
because the first group gives merely plasma oscillations as the bound states of the 
electron-hole pair and the second group can never give any long wavelength oscil- 
lations. 


0 — 
wave vector wave vector 
sHig 2, Fig. 3. 
Excitation energies of the one- Excitation energies of the one- 
pair states composed of o-elec- pair states composed of f-elec- 
trons and o-holes. trons and a-holes. 


i Wave VeClor 


spin waves 


Fig. 4. 1. The bottom of e-band is lower than the Fermi 
level. Excitation energies of the orie-pair states com- 
posed of a-electrons and 8B -holes. ; 


le 
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spin waves spin waves 


Fig. 4. 2. The bottom of a- Fig. 4. 3. The bottom of a-band 
band coincides with the Fermi is higher than the Fermi level. 


energy level. 


If we neglect H’, we get energy gaps in the excitation energies of the one- 
pair states belonging to the third group as shown in Fig. 4. However, if we-take 
H’ into account, we obtain bound states of these pairs just as in the case of exciton 
states in insulators because of the attractive interactions between the electrons and 
the holes. Hereafter we will study these bound states whose excitation energies 
are lying in the energy gap mentioned above. 

Denoting the space orbital corresponding to the operator a, by %(*), we 
define 


h(x) = Saka n(x) exp [—iE, (hk) t/t] 
b* (x) =Sane Ox (x) exp [—iE 9 (k)t/N). 


Then the distribution amplitude of a pair state ¥,, describing the electron-hole pair _ 


(7) 


and 


is given by 
Xn (1, 2) =(@, T {P)d(2)} Fx), (8) 


where @ is given by (3) and other notations are standard. As shown by Gell- 
Mann and Low,” — 


7, (1, 2)s=explig-X—iw(q) as Mone? (9) 


for the pair state with wave vector q. In the above, 


and r2=2,— 2X. 


ee ri oer ee 
et gl Mae 2 


For the bound state Yj, we get 
Melds 2) =—|d'x, aia, a tk a X¢ 
XG, (1:3) G,(2:4) (3, 4:5, 6) X%q_(5, 6), (10) 


which was derived by Gell-Mann and Low” from Bethe-Salpeter’s equation for 
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two-body Green Function describing our pair: 
G(1, 2:3, 4)=(@, T {(1) 6 (2) 9% (3) 9* (4)} B). 

In the above, 7’, the interaction function,” is given by the sum of all diagrams 
which cannot be decomposed into simpler diagrams connected by one ¢ and one 
@ line, and 

G.01: 2)=@, Tig) ¢*(2)}®), 

G,g(1:2)=(@, T {d(1) 6* (2)} 9D). - 

Now, the most important interactions between an electron and a 

hole for the appearance of the exciton states was shown” to be the 


ladder type interactions as shown in Fig. 5. Thus, we here adopt 
only the ladder type interactions shown in Fig. 5. Then” 


FQ.42 5.6) 


HF IH) 81) (ts— 2) 0(a,— 2). 


Substituting this in Eq. (10) and using (9) or ee 
ky (it, Not) =expliq- X—iw (q)t/h] fy (x), 
we obtain 
fa(®)=—S) [w(q)—E.(k+q) + Es (kb)? 
|A| SkreO |k+q| > kre 
x |dix'exp | (e+). (psx poe fy (x). (11) 


Instead of solving Eq. (11) directly, we consider its Fourier transform. Then 
Eq. (11) is written as 


[w (gq) —E.(p+q) +E s(p) fy (p) 
= TI Ofy (p+) (12) 


where 


fa (p) =\exp(—i(p+ 1) -x]f, (x) dx. (13) 


J 


_ It should be noted that /,(p) has non-vanishing value only if p satisfies the fol- 
lowing condition : 


|P| Skye 9 |p+q|>kra- (14) 


Eq. (12) tells that w(g) is pushed down from the continuum by a finite 
distance if f,(p) has no node in momentum space and is a smooth function of p 


; rt Tees pw eae 
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in the region given by (14). This is certainly satisfied when |q| is small as 
compared with (kre—kra). If |q| is comparable with (k;,—kra), on the other 
hand, f,(p) would not be a smooth function of p, unless the bottom of the a-band 
is extremely higher than the Fermi energy, and would be overwhelmingly large 
for values of p in the neighborhood of p, corresponding to the bottom of the 
continuum. Even in this case w(qg) might certainly be separated from the con- 
tinuum by a finite distance, if J(Z) had sufficiently strong singularity at /=0. Thus 
there arises the possibility that w(qg) becomes negative for comparable values of 
|q| with (Rkre—Rra) if we assume an incomplete ferromagnetic configuration 
-(corresponding to the case krg0, cf. Fig. 4. 1 or Fig. 4. 2) as well as 
lim 4 iG As 57 coor 

The appearance of such an unstable spin wave would be deeply connected with 
the fact that we cannot obtain an incomplete ferromagnetic configuration with a 
lower energy than the energy given by the complete ferromagnetic configuration 
(corresponding to the case kyz=0) if we assume an electron gas model and adopt 
the Hartree-Fock approximation.” 

Hereafter we will examine the solution of Eq. (12) for sufficiently small values 
of |q| as compared with (kre—Rra)- Now, substituting (6) into (12), we obtain 


feo —E(k-+q) +E(k) }fq(k) | 
=2I 0 (Mhe-18 aereer a (k) 


maar te st) fo(k+l) 
=o J(D) {fq(k) —fa(k+D} 
(\k+1| <RpgN |k+14+q|> kre) 
—SIO -falb) 
(k+1| > kre N |k+1+ q|<kra)- 
The second term in the last expression: does not appear unless |q| is larger than . 
(kra—kra)- Therefore, we get 
{w—E(k+q) +E(k)}fy(¥) 
rea VLE kp {fq (k) —fa(k)} - (15) 
In the ‘above, the notation § in the summation ea means that k’ should satisfy the 
following condition ; 
[k!| Sry 0 |B -+4|> bre 
In the special case of kr. =9, 1.€. all electron spins are pointed toward the same direc- 


- tion, Eq. (15) coincides with the result obtained by K. Yosida and T. Kasuya.” The 
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procedure necessary for solving Eq. (15) in the case of kya=0 has been given by 
them. Following them, we take a summation of both sides of Eq. (15) over k. 


Then we obtain 
, 2 2 
si fw- HX @q-1n—-F¢| A =0 
ple m 2m 


or 


wa PP 4 4(P \lss Fe Kf, (h)/ 8 fa()|, (16) 


M1 


where we have assumed that E(k) =h’k’/2m,m being the effective mass of our 
band. 


Now the domain of & in the summation S% is the dotted part in Fig. 4 and 
k 


should be deformed into another domain if we take another value of q. As we 
have assumed that 


lqi< 


Rre—Rra| 
and are now concerned with the lowest order term of w with respect to g, we 
sometimes approximate the domain by the shadowed part in Fig. 6, or we some- 
times replace $8 by 
Rk 
ST = DUK Sry 1 [> ba). 
Further, we will use the following notation: 


SG 


Now, f,(k) can have non-vanishing values only in the dotted region in Fig. 6, 


while f,(k) vanishes discontinuously when k passes through the boundary of this 
region. In order to obtain a more compact expression of (16), we define a func- 


Siete Ae ooh en 
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tion f,(k) as follows: 


Fb) | =fa(h) at points in the dotted region (§). 
‘3 ‘== defined by means of the analytical continuation from the above 
function at points outside the above region. 


Then (16)~may be expressed as © 
w= FL +a( 2) fee(4) aicn/s9 A 
AP) (*)azarrgwion). ae 


Further we may adopt the following expansion used by K. Yosida and T. Kasuya,® 
Falk) =f (k) +q-f'(k) + 
Thus, if w is expanded in powers of g, the zeroth term must vanish, i.e. 
w=q- w+qw?+--. 
Accordingly, we get from Eq. (15) 
2d (kik) if (k) fk’) } =0. 


From this equation we obtain the conclusion that /°(k) is independent of k. ~ This 
conclusion together with the following fact, 


Sq: k=0, 
assures that 


w= PE + o(™ ) coe, $/S8/, 0) 


2m 


+¢(% —) (ath, f(b) (Sf) +0(q"), (16) 


where k, is the z-component of the vector k, the z-axis being taken in the direc- 
tion of the vector q. As 


> k= QNa: 
the second term of the right-hand side of (16’") becomes 


2 h’ IN he 3 h’ 7 \—* Na 3 
— +0 ), 
q ( m) Sif q)= ¢(" ATE 
where N,=(V/(2z)*) - (42/3) kz. is the number of o-electrons. Thus we obtain 
w=w-¢+0@), ) : 
jie re Xe) hr = t 
= 2 kg (k). (17) 
ie 2n \ Ne—Na 3 m \Ng—N. ape re 
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In the above, g(k)=/f1(k) /f° is determined by the following equation : 


—F p= SyJ(k-®) {9 —¢(k)}, (18) 
m ct : 

which is derived from Eq. (15). Then the second term on the right-hand side of 

Eq. (17) becomes 


i 


Paes pee k’)[¢ (k) —9 (k’) F. 


Note that the above expression is always negative provided that J(k) >0. Therefore, 
from Eq. (17) it is concluded that w® should have the following form, 
ps ee hr’ vom CIN, N, a, 
Ne—Na 


(19) 
2m (im 

if we assume J(k) = V~'(4ze"/k), i.e. the completely unscreened interaction. In 
the above, C(N,, Ng) is a positive dimensionless constant which depends only on 
N, and Ng, and r,=r)/(h’?/me*), where the volume per electron in our system is 
set equal to (4/3)zr,°,. Thus spin waves are certainly stable when ;, is sufficiently 
large, though they certainly break down when r, is sufficiently small. (If we adopt 
an effective or screened interaction for J(k), C(N.z, Ng) in (19) should depend 
on r;. Since the screening effect grows stronger as 7, increases, ¢(k) given by (17) 
becomes larger as 7, increases. Then C should also become larger. Thus we can 
never obtain stable spin waves if we adopt a very strongly screened interaction.) 

Now, Eq. (18) can be expressed as 


g(k) =—d" (h'/m)k. +AU S Ik Ek) 9 (k'), (18’) 
where 
d=S)I(k—K’). 
Substituting (18’) into (17), we get 


we =w2! Ley 


evel Won ie — (h'/m) >} 4 ee ey L, 


ML 


y(2)// —— 1 2 —1 , , ) a 
co) OSE BT A TA) 9), 


Hereafter we will investigate w” in the limiting case of N ai We here 
introduce the following small (positive) number, 


€==(Rre—Rra/ky) Or const X (Ne—N,/N),. ¢ 


where (V/(2m)*) x (47k3/3) =(N/2). It is easily shown that w” remains finite 
as €—0, because i 


aera 
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° (f/m) Pay Athi +O(e) i 


In the above, we have used the following facts: 


= (h,— FE.) (1+O0(e)), 
and 
V 
(27) * 
where E,=(h°/2m)k;, and the integral should be performed on the surface (S,) 
of the sphere with radius k;(2?+4"?+2?=&;). 
Now, Eq. (18) may be written in the form 
2 7 fs : 
i eM eg \as T leaxy A 20) —9(x)| x 1+0}, (18”’) 


mo 2n)* 


>) | So -€: ea jas z*. (1+O0(e«)), 


where the surface integral is performed « over the argument x. Omitting O(«€), we 
obtain the solution of (18’’) 


¢(k) = 


In the above, k is taken to be on the surface S,. On this surface we consider a 
great circle passing through the point & and the z-axis (cf. Fig. 7). Referring to 
Fig. 7, we obtain 


| dS Jk») =2n| uJ (yds 


"9J(q) dp. (20) 


ie Fig. 7. 
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In the above, we have used the following relations : - 
87 — cog 6, w=7) cos. 0: (21) 
ds 


Further, we obtain 


e c 


\¢s J (k—x) 9 (x) =2nC\ue J (4) ds 


clk eS 
=2nCk, | "9S (7) A——F) 


2 
ky 


) dy. (22) 


In the above, we have used z 


as well as Eq. (21). Substituting (20) and (22) into (18), and omitting O(€) 
.in (18), we get 


ae (h?/m) 
ees 
where 
ay, We 5 b (2K 5, 7° (7) d 
ree Loxotef BI a 
Then we get 
2 / 
S) Jk) (kh) =- FLW Eg, 000}, 
Il i 
where 
We (2K 7 
= J (9) 1-2). dp. 
Aas x Etke\, 75) ( DE 7 
Thus we obtain 
Ai, soe (?/m)? 


Ww 


i 
iy , 2 ; 93 
(No) (Ey EES ae 


When J(7) =const, w®”=0 or I,=0. Then w® remains finite as «>0. On 
the other hand, if J(y) (>0) isa monotonic decreasing function of 7, it is easily 
shown that [,>0. Obviously [’,>0, provided that J(y)>0. Then we may 
conclude from (23) that w®’’<0 as long as € is sufficiently small.” It should 
be noted that the main term on the right-hand side of (23) is O(1/e). In actual 
problems J(7) is usually positive and monotonic decreasing function of 7. Thus 


ee ee ee 
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it is concluded that the spin waves break down unless there is a sufficiently 
large difference between the number of a-electrons and the one of j3-electrons. 


The reason why lim w=0 is that there are many states which are degenerate 
q>0 : 


to our ground state. In this respect spin waves are different from exciton waves 
in insulators. In other respects both kinds of waves are much alike in character. 
For example, the propagation of the spin polarization corresponds to the propaga- 
tion of the orbital polarization. Further, the internal motion of our electron-hole 
pair forming a spin wave with a long wavelength is localized in a finite region. 
This is analogous to the localized character of the internal motion of the electron- 
hole pair forming an exciton wave in an insulator. The internal motion in our 
case is described by f,(*). This is given by (13) or 


fa(x)oo| d‘p expli(p +1) -xlf,(p). 
Jkra< p< kre 2 

We may evaluate this up to the lowest order term with respect to g. Then we 
get 


2(q/2)-a 


fa(#)oo£—— {na ja (kee 7) Bre jx(era 7} 


where +=|x| and j, is the spherical Bessel function. Thus we find 
fp const: J4(*)/ 77, 


where |%(x)|S1. Therefore f,(*) can be normalized and accordingly we see 
that the electron-hole pair of the spin wave is bounded literally.* Such a 
localized character of the internal motion leads to a spin polarization in a localized 
region and would be essential to a classical image of a spin wave. If the internal 
motion were infinitely spread over the whole space as in the case of scattering 
states, we would merely obtain a nearly uniform decrease of the #-spin .density 
throughout the whole space. 

In our treatment we have not specified the form of J(k). This may be 
regarded as a Fourier coefficient of an effective interaction discussed by Hubbard” 
and others. In our treatment, however, the retardation effect of the effective interac- 


tion is not taken into consideration. 


' The results obtained here in the ladder approximation can be reproduced by 
a technique™ developed in the case of excitons in insulators: In the ladder ap- 


proximation we may replace H’ by 


Hi > Kla——S1 Sy"' I (a) 


x {9* Vo! |L+ po) 0 (U— po’ |Io) 


* Accordingly, it seems that our spin waves cannot be accelerated by an external electric field. 
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4 9* (loll — po!) I 1+ peo|Vo!)} (24) 
In the above, 


0 (kyo; | Kiyo) =b(k,o,) a (koe) , 


where 
ake if |k| > Ree, 
a(t) 
=0 if |k|<&,,, 
and 
=aj, if |k|Shry., 
bk) 
=0 if |k| >. 


Further, we may use the following commutation rule : 
[9 (pier|P22) , o* (py'o’ |p2'o2) | (25) 
=0(p:|py’) 0 (p2|P2’) 0 (04|01') 0 (o2|o79'), 


and 
[0 ( p101| p22) > 0 (p,'o,'|p./o,') |=0. 
Then we have bound states each of which is represented by the state vector 


Py=Uy 0 a 
y= >So (k) O* (kB|k+qa). 


The excitation energy of this bound state which is denoted by w is given by the 
following equation of motion, 


By tO. (27) 

z 

Substituting (26) into (27) and using (24) and (25), we obtain Eq. (12). However, 
the internal motion of our pair would not bedefined unambiguously in the Tamm- 
Dancoff method. This is the reason why we have adopted Gell-Mann and Low’s 
method. 

I am very grateful to Prof. M. Shimizu for valuable information. Further, I 
would like to express my sincere thanks to Prof. T. Matsubara, Prof. Y. Kitano, 
Dr. T. Yoshimori and Prof. H. Kanazawa for helpful discussions. It is also my 
pleasure to thank Prof. K. Yosida for his kind comment on the manuscript. I[ 
am indebted to Yukawa Fellowship for financial aid. 
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The transverse polarization of the recoil proton from 7+f—>79+p is estimated for 
E;=260, 300, 320, 350, and 400 Mev in a phenomenological way. In §2 calculation of the 
polarization is carried out for unpolarized incident particles, where the contribution from 
the electric quadrupole radiation in the 3/, state is neglected. Here only the experimental 
angular distributions of y+p>z9+p and 7+p—z2+-+n, and six phase shifts of the pion-nucleon 
scattering are used as known quantities. Six transition amplitudes of the photopion production, 
corresponding to 5/2, 1/2, and ps3/9 final states with isotopic spin 1/2 and 3/2, cau be expressed 
in terms of these known quantities, after we solve six simultaneous quadratic equations. Then 
10 to 20% polarization is theoretically expected over a wide range of angles in the center of 
mass system. §3 is devoted to review the transition amplitudes obtained in § 2. 


§ 1. Introduction 


Polarization of the recoil proton from the photopion production has recently 
been measured” concerning the parity of the second resonance.” It would, there- 
fore, be worth while to estimate the polarization in lower energy regions. 

In the present paper the polarization is calculated irrespective of any special 
theory, though we are helped by the Chew-Low theory in course of computations. 
Experimental angular distributions of 7+p—2°+p and 7+p—2*+n, and experi- 
mental phase shifts of the pion-nucleon scattering are taken as the basis of our 
calculation. We try to express the polarization in terms of these quantities as 
much as possible. 

As is well known, the predominant contribution to y+p—2°+p comes from 
the magnetic dipole radiation with the 5). final state, and the contribution from 
other multipole transitions is small in the energy region E,=260 Mevy~350 Mev, 
or so. This fact suggests that the polarization should be small, because the polar- 
ization comes from interference of different partial waves. This is realized in § 2. 

Any discrepancy between future experiment and our result might provide 
interesting information on the interpretation of the photopion process. For example, 


contribution of the d-wave, or behaviors of the s-wave would be clarified from this 
information. 


* Now at the Department of Physics, Tokyo University of Education; Tokyo. 
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§2. Calculation 


The differential cross sections of ;+p—2°+p and 7+p—>z2*-+n are written 
down ‘in terms of six transition amplitudes, M], M,, Mx, My, Mss, and M;;, where 
the subscripts should be understood as the same with those of the pion scattering 
phase shifts. We neglect the contribution from the electric quadrupole radiation 
in the fs). state throughout the present work. The phase of M is, as is well 
known, related to the scattering phase shifts,?) namely 


M=Re*. (2-1) 


where R is a positive or negative real number. The unavoidable ambiguity in 
sign is, therefore, absorbed in R. 
The differential cross sections of the respective processes are written as 


4p 27 A°+ BY cos 0-£C° cos 6, (2-2) 
al 
and 
Ak? sm = A*+B* cosé+C* cos*6, (2-3) 


where & is the photon momentum. A, B, and C are given by combinations of six 


9 


R’s and six 0’s. For instance, one gets 


C= = > Re —— 7 Re +V¥=* + RaRs COS (033 — O13) 


= 
» NS 2 Dy X 
— Rs, Reg cos (03; — 933) + Me Rake cos (03; — 03) 


(4 1 
+¥-RuRss COS (O33— 011) — > Rakis cos (O,— 90,3). (2-4) 

“ a 

Table I 
| Coefficients of z° | Coefficients of x* Pion scattering phase shifts 
Gamma-ray energy | angular | angular (degree)°4 
ae distribution (10-4)* distribution (10-4) | 

ce AD BO Co | At Bt CH | fon sg 
260 | 61 0 —40 | 79 -15 —38 =i 97 5 —3 26 2 
300 133 0 —89 | 113 — 7 —44 —13'° 12 die 2 50 2 
320 164 17 -—96 | 123 —2 —48 —14 7 3 ff 65 —1 
350 160 20 —98 112 8 —40 —15 11 —3 2 94! —3 
400 2h 82 2082= 20 += 19 216 4 See ea 
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Others are immediately found in our review work.” 
We are now going to solve six simultaneous quadratic equations of the un- 
known R, using experimental values of the A, B, C, and 0, which are shown in 


Table I. 
In solving the equations, the following set is taken as approximate solutions” : 


Rea teh Ce" 


V3 L 
R=iV/2 Ri 
= Ae Gin NG me ete ae 
ke ( vp __°% sin 033, (2-5) 
33 V3 f g 4M /t 33 


Ree oS Ra = 0, 


where e?=1/137, f?=0.08, & is the incident photon momentum, q is the pion momen- 
tum, M and - are the nucleon and pion mass, respectively, and 9,—9,=2.78—1.91 
nuclear magnetons. 

Now the quadratic equations are reduced to linear equations of the new set of 
unknown dR=R—R, whose square is considered to be small enough to be disre- 
garded. These linear equations are, of course, easy to solve, and the solutions are 


displayed in Table II. 


Table II 
E, (Mev) | R; | R, | Rs Ry | R33 Ris 
260 | 0.062 | 0.070 —0.020 —0.020 —0.089 —0.006 
300 [X= 0.077 | 0.060 } —0.003 | 0.020 —0.132 —0.018 
320 0.070 0.090 »|, 0.006 | 0.010 | —0136 | 0.013 
350 | 0.080 0.055 | 0.000 | 0.020 | 0134 | —0.029 
400 | 0.070 0.101 | 0.009 | —0.016 —0.109 | —0.015 


The polarization of the recoil proton from 7+p—2°+ ) for unpolarized incident 
particles is now readily calculated, by inserting R into the following formula” : 
dP | do 
n 


P=n4_ | 27, 
dQ! dQ 


(2-6) 
where 


ap ae 


~ 


: 2 F . ; 
=sin | 2 RR sin (03— 9031) +, RRu sin (6,— 011) 


pm ae 
—¥2RiRy sin (0—9y) VAR Re Chess) 


1 F x . 4 
Fare iss sin (033— 03) oe R 3k, sin (0:3; —0,) 


5 de 
+V ERR, sin (033;—0,) +V2RR, sin (nas) | 


a OE Rea Vy 
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+ sin @ cos ol RoRs sin (033— 03) + Se Rs sin (0,;— 0) 


V2 io 
i meee sin (033 — Oy) oe V2R Ra sin (013— 01) i (2-7) 


a 


and 


n= (kX q)/|kxXq|. (2-8) 


The results are plotted in Fig. 1, which shows that about 10 to 20% polar- 
ization 1s expected over a wide range of angles. 


305 


ise) 


Polarization (Percent) 


=—<20) [ 


Fig. 1. Polarization of the recoil proton. from 7+p 279+ / for gamma- 
ray energies 260, 300, 320, 350, and 400 Mev. The direction of the polari- 
zation is chosen to be parallel to kXq. 


§ 3. Discussion 


In this section, the transition amplitudes R obtained in § 2 are criticized, and 
some comments are added. 
a) Inaccuracy of R 

One sees unreasonable fluctuations of R vs. E, in Table I. This is mostly 
due to the inaccuracy of A, B,C, and 0. For example, if we assume empirical 
linear momentum dependence for 0; and 0;, and cubic momentum dependence for 


the p phase shifts, more smooth energy dependence is obtained for R. In addition, 


the change of C* of the photopion production for various energies, for instance, 
is not smooth, as it is found in Table I. Accordingly, the values of R in Table II 


‘should not be taken so seriously. The polarization thus obtained is, therefore, reliable 
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only in order of magnitude. For E,=260 Mev and 320 Mey the approximate solu- 
tions (2-5) are found to be quite good, so that the polarization is more reliable 
than other cases. 

b) Relative sign of R 

In our framework, we do not have any method to determine the relative sign 
of R. As is shown in reference 3), R; and R, must have the same sign. The 
approximate solutions R:, and R, have, on the other hand, the opposite sign. 

Since (2-5) is not a good approximation for 300 and 350 Mey, we have tried 
to solve quadratic equations. In this case, we just choose the solutions in which 
all or most of the p-wave amplitudes are negative. This is, of course, not justified. 
c) d-wave contribution ; 

Stein” has obtained positive polarization for E,=550 Mev at 0=90", while the 
present calculation shows negative one for F, higher than the first resonance. Since 
the interference between p-and d-waves gives rise to positive polarization,” it is 
possible that the resultant is positive. The disagreement between the present cal- 
culation and experiment might provide information on the d-wave contribution. 

The author is indebted to Mr. I. Matsumoto for numerical computations. 
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A representation of the canonical commutation relation of Bose fields is given in a way 
which is independent of the choice of the bases of the test functions and covariant with 
respect to the Euclidean transformation of the coordinate system. It is shown that the 
representation is characterized by an integral on the conjugate space L* of the space L of 
the test functions and a real function on Y@L* where ¥ is the group of the transformations 
Sew lf+¢; feL*, g€L and uw is a Euclidean transformation of L*. The conditions for the 
irreducibility of a representation and the unitary equivalence of the representations and the 
existence of unique vacuum state are given. An example of the inequivalent Euclidean 
covariant irreducible representations containing unique vacuum state is given. 


Introduction 


When we treat quantum-mechanically a system having infinite degrees of free- 
dom, we meet situations very different from those for the case of finite degrees of 
freedom. The most striking difference appears in the structure of the Hilbert space 
or in the representation of the canonical commutation relation. In the case of 
finite degrees of freedom, it is well known that the canonical commutation relation — 
determines the structure of the Hilbert space in an essentially unique way. The 
irreducible representation of the canonical commutation relation is given uniquely 
by the well-known Schrodinger representation within the class of the unitary equi- 
valence.” However, in the case of infinite degrees of freedom, such is not the case. 
There are infinitely (at least continuously) many unitarily inequivalent irreducible 


representations.” 
This is a very interesting phenomenon in connection with the divergence 


difficulty of quantum field theory. The peculiar orthogonality found by Van Hove”? 
and discusssed by Friedrichs*’ and others” is closely connected with the appearance 
of the inequivalent representations. It was shown that in a simple model, ice. | 
neutral scalar meson with fixed source, the free field and the interacting field belong 
to mutually inequivalent representations.” 

It seems very probable that this is also the case in more realistic theories such 
as quantum electrodynamics. Recent analysis by Landau et al.” showed that Z, 
factors in quantum electrodynamics are zero. ‘This is a similar situation to that 
found in the above model.” However, no rigorous proof of this conjecture has 
been obtained, at present. 
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Another interesting question is whether there are inequivalent represent- 
ations satisfying physically necessary conditions such as the relativistic covariance 
and the existence of unique vacuum state. A result due to Hall and Wightman” 
indicates that the possibility of the existence of a physically plausible canonical 
theory of interacting fields depends on the existence of such inequivalent represent- 
ations (which are inequivalent to the representation containing the free. vacuum 
state) . 

In order to approach these problems it is necessary to develop a representation 
theory of the canonical commutation relation of fields which is independent of the 
choice of the basis of the test function. 

In this paper we shall give a mathematical theory of the basis-independent 
and Euclidean covariant representation of the canonical commutation relation of Bose 
fields. As for other mathematical theories we refer to the works of Garding-Wightman” 
and Segal.” The method of the former authors is not basis-independent. Our 
‘method resembles in many respects to that of Segal. 


§ 1. Preliminaries 


Since a complex Bose field can be split into two real Bose fields it suffices 
to consider real fields. Let Q,(r,¢) and P,(r, +t) be the field operators of the 
fields and their canonical conjugate operators respectively where the index s denotes 
the tensor index and the kind of the fields. These operators themselves have only 
a symbolical meaning and the actually meaningful operators are their averages O(¢) 
and P(¢) with respect to a real test function g=¢,(r) : 


c r 


QP=DIAGOeMdr, PO=U\PCO¢eMdr. AD 


Q(¢) and P(g), which are self-adjoint operators, satisfy the canonical commut- 
ation relations 


[Q¢), P@#)J=r(¢, 4), [Q(¢),Q%)]=[P@, P@]=0, -2) ; 
_ where the scalar product (9, ¢’) is defined by 


Y N=G, 9) = Bl EC b(rdr. (1-3) 


As is well known, the operators Q(¢) and P(¢) satisfying (1-2) are unbound- 
ed operators. In order to avoid mathematical complications due to the unbounded- 
ness of O(y) and P(¢) we introduce the unitary operators S (¢) and T(g) : 


Sy) =e, T(p) =e. (1-4) 

Then they satisfy 
LP)SY)T"(G) =e SY), , (1-5) 
S@)SY=SE+%), Te)TY)=Tet+¢). ee 


+ 
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Let L be a real linear topological space of the test functions. The topology 
of L is usually referred to as the norm topology induced by the scalar product (1-3). 
In this case L is a Hilbert space. However, in some cases L is to be taken as- 
the space of the test functions of Schwartz. So we do not specify the topology 
of L and only assume the following properties for L: (1) L*DL, where L* is 
the conjugate space of L. (2) The linear functional (/, ¢); fe L*, yeL has the property 
that if fel then it reduces to the scalar product (1-3) (we use the same symbol 
for the linear functional as the scalar product). In the both cases quoted above 
these conditions fer L are satisfied. 

The representation of the canonical commutation relation of Bose fields is a 
realization of S(¢) and T(¢) as the unitary operators on a Hilbert space which 
satisfy (1-5) and are strongly continuous with respect tog. Then Q(¢g) and P(¢) 
are the self-adjoint generators of the one parameter families of the unitaries S(¢¢) 
and T'(t¢) respectively. - 

Corresponding to every Euclidean coordinate tranformation (rotation w and 
translation a) the test functions suffer a transformation wu: 


Wo SC,,.(o) ey keirea), Gn6ye 


where C,,,(w) denotes the transformation coefficient of the tensor index. This w 
obviously satisfies 


(ue, ud) = (9, 9). 


We denote the group of all Euclidean transformation u of L by E. The Euclidean 
transformation « can be extended on L* by 


(uf, ¢) = Ge u-*¢) 0 (1 ta) 
Speaking more correctly, wf must be written as u*—1f where u* is the conjugate 
operator of w. However, no confusion will arise by writing u*"’f as uf, so we 


use this notation for the sake of brevity. 
A representation is called “ Euclidean covariant ” if there is a unitary operator 


T(u) for every wu in E such that 
S(ug) =T (u) S(g)T(u), = Tug) =Tu)T)T), (1-8) 
TT G=T fe): (1. 78)% 


In Euclidean covariant representations the linear and the angular momentum oper- 
ators can be defined as the infinitesimal generators of T'(w). 
Define T(u, ¢) by 


T (u, 9) =T(u)T(), (1-9) 
then from (1-5) and (1-8) 
T (u, 9) S($)T (a, 9) =e? S (ugh), (120) 
T (u, ¢) T (v, $) =T (ur, v'ot+y¢). (1-10)’ | 
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Denote the transformation 
S(¢) oe S (ud) (1-11) 
by o(u, ¢). (1-10) shows that o(u, ¢) forms a group with the multiplication rule 
o(u, v)ao(v, ¢) =a(uv, v'¢ +H) (1-12) 


and in Euclidean covariant representations «(w, ¢) is induced by a unitary operator 
T (o(u, ©)) =T(u)T(v). We denote the group of all o(u, ¢) ; weH, gel by >. 

Conversely, if we have a representation of the Abelian operators S(¢); geL in 
which the transformation o(u, ¢) is induced by a unitary operator T(u, ¢), then 
we have a Euclidean covariant representation of the canonical commutation relation. 
This is the key of our construction method of the Euclidean covariant represent- 
ations. 


§2. Representation of S(9¢) 


Let F(f) be a complex valued bounded continuous function of L* such that, 
by choosing a suitable finite sequence ¢,:-:¢, of the elements in L, F(f) is express- 
ible in the form 


POPI=FCS, Gi (Fi Gn))- (2-1) 


Such function F(/) is called “tame function.” Let the set of all tame functions 
be Y. For the set { we may apply the theory of Daniell integral.” Our termi- 
nology is after Loomis.” Let X be a bounded integral. Let § y be the Hilbert 
space of all X-square summable Baire functions /(f). T is dense in x. Note 
that any X-square summable function %(f) is X-summable since LX (Py Rss 
X(1)X(|¥)?). The scalar product in $x is given by — 
(F, ) x=X(¥0) (2-2) 

where ¥ is the complex conjugate of VF. 


Let F(f) be an X-essentially bounded function. Then define the operator 
M(F) on 9x by 


MUD FCT) = FaP) Piety: (2-3) 


Every tame function is essentially bounded for any X. 
Now we have a representation of S(¢) on 9x by 


S(¢)=M (e's), (2-4) 
namely 
S(g) Pf) =e PCF). : (2-4)! 
Then the transformation o(u, ¢) induces the transformation 


MAC) > MP coy) (2-5) 


ie mat " i 
paren . 
Brant 
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where 
Fucey( f) =F au f+¢). (2-6) 


Thus + is isomorph to the group of one to one mappings of L* 


fo(u, g) =u"fr+g. (2-7) 


§ 3. Euclidean covariant representation 


Let X and Y be bounded integrals. If X is absolutely continuous with re- 
spect to Y we denote it in symbol X¥<Y. If X<Y and Y<X we denote it by 
X~Y. If X<Y, then by a theorem of Radon-Nikodim™ there is a real non- 
negative Y-summable function D(f) such that for any Y-summable function 
Y(f), X(¥)=(D¥). This D(f) is denoted by (dX/dY) (Ga ne as 
then : 


a - —= 5 Sk 
al Ais as, os 


Let G be any group of one to one mappings a of L*. Then for every aeG 
) X.(P) =X (F.-1) 
P(t) =F (fa) 


defines the integral X,. An integral X is called ‘“ G-quasi-invariant ” if X,<<X for 
every a in G. Since G isa group this implies that X,~ X for every ainG. AG- 
quasi-invariant integral X is called ‘“‘ G-ergodic” if there is no G-quasi-invariant 
integral Y such that Y<X but Y~X or Y==0. 

Theorem 1. Let X be a bounded integral and the representation H: S(¢) on 
x be given by (2-4). Then there are ake unitary operators T(o(u, ¢)) =T (u, 9) 
satisfying (1-10) if and only if X is 2-quasi-invariant. 

If T'(c); c€S' exist, then they are given in the following form: 


(3-2) 


T(o) #(f) =| oe (f) | oD B( fo) (3-3) 


where J(c, f) is a real function on 2@)L* satisfying 
J (o,f) +d (p, fo) =JS (op, f). (3-4) 
Proof: Ad the “ only if” part: Since X is bounded 1 is in Hy. Let %7(f) «Ox 
be the mapping image of 1 under the operation of T’(o); 7’7(f) =T(o)1. Then 
for any tame function F(f) we have 
X, (F) =X (F,-) = (1, M(F.-1)1) x= (Te) 1, M(F)T (0) 1) x 
= (0, MP0) x= (l", Ft) 2=X (0) F). (3-5) 


‘ 


This shows that X,<<X for every o in *. From (3-9) we see_ 
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ARG preter CO 
hence 77(f) is in the form 
rip =|-Se [ee (3-6) 


Since X is bounded and X,~X for every oes, dX,/dX is X-essentially bound- 
ed. So that from T(op) =T(c)T(p) we have 


17° (f) =T (op) 1=T 2 (f) =TOMH)T (0) T@)1=2? (fot (f)- 


(327) 
On the other hand, 
7 lp “f -1 ,-1)= -~1)= dX, “7 
eee is P)=X,,F)=XP te) =X, (Fe) x{ F.-1) 
Ao REE. et ase rae 
=x,([ dX LF=x( dX | dX |. F), 
hence 
wee (f)= Xe 2 (f) a Cia) (3-8) 
Bron @te)..(3°7) and) Ges) awe lave Od). 
Ad-the “if” part: > Define-Z7(c) by 
T (a) Pf) =| =f) | fe). 
Then from (3-8) T'(c) satisfies To) (po) 1 (py. 
T() ST (0) Ff) =T() S| “> (f) | EU fo™) 
=Ta)er| SES (py | fo) / 


<tr] BES (fa) 8 feo) 


=e WP f) =e MF (ff) er et Faw) Pf). 
This shows T (o (ug) ) S() T-' (6 (ug)) =e"? S$ (uch). 


(T(o) ¥, T(o) #) =X as 


=X, (8.2) =X(P)=(, #) x 


This shows the unitarity of T(c). Q.E.D. 


From the theorem 1 we have a Euclidean covariant representation of the cano- 
nical commutation relation : 


a 


"ia tale) Laelia ls beth Sahil add i 
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S(g) Bf) =e F(f) 
7 41/2 
T (¢) rf) =| dX, cf) | Case ae 
Pex (3-9) 


where I(g, f) =J(o(1, ¢), f), Ku, f) =J(e(u, 0), f), and they satisfy 
| Te, f) +I, f+ 9) =letd,f) 
Ku, f) +K (ov, uf) =K (ur, f) (3-10) 
Tug, uf) -—L¢,f) =K, f+¢)-K, f): 
From (3-9) we have a repesentation of Q(¢) and P(g): 


Qe) PA=(F, 9) PY), 
PY) EA) =, P(P)— (FON +L 9eN))EN, ! Nae 
where 
0,0 (f) =lim (Pf +19) —(/))/t, 
£(y, f) =lim (Gg, f) -1)/t, 
(9, f) =lim (Xe (f)—1)/¢. (3-12) 


They have the properties 
Bey EF) =8, PUP) +542), FFE N=AFOI HOS 
7(9*9$,f)=7¢,f)4+79f) (3-13) 


and 
Xe, f) ES) =-XO,F(f)).- (3-14) 


(3-14) secures the self-adjointness of P(g). (3:11) is a generalization of the . 
well-known Schrodinger representation of the canonical commutation relation. 

In the theorem 1 we have treated the Euclidean covariant representation. If 
we take L instead of Y in the theorem 1 we have the theorem corresponding to 
the not necessarily Euclidean covariant representation. Since LC * (regarding L 
as an addition group), L-quasi-invariance of an integral X does not necessarily 
imply ¥-quasi-invariance of X. So that there may be representations of the cano- 
nical commutation relation in which T(z) satisfying (1-8) do not exist. 

Theorem 2. The representation (3-9) is irreducible, i.e. there is no operator 
on $x which commutes with all of S(v) and T(¢); g¢L but the scalar multiples 
of 1, if X is L-ergodic. 

To prove this theorem we need the following lemma. 


ME ee ae 
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Lemma 1. Let % be the set of all operators M(F) where F is X-essentially 
bounded and 9’ be the set of all bounded operators on § x which commute with 
all operators in YY. Then °%=W’. 

Proof: Since 9 is Abelian, 9{C ’ is obvious. So it suffices to show Y/C YU. 
Let B be any operator in Yl’. Then by the assumption 


M(F) BY (f) =BM(F) F(f) =BF(S) PH. (3-15) 
Let K(f) be the mapping image of 1 under the operation of B; Bl=K(/f). 


- From (3-15) we have 


M(P)K(f)=F(P) K(f) =BF(f). (3-16) 
Let F(f) be a tame function. Since Z is dense in $x, (3-16) shows for any 
P(f) in Ox 
BE(f)=K(f) Ff). 
Since B is bounded, K(f) must be bounded, hence we have 
B=IMAK ). Or De 


Proof of theorem 2: Let §R’ be the set of all bounded operators which com- 
mute with all of S(v) and T(¢);¢eL. Then it is obvious that R’C YW’, hence’ 
by the lemma 1 W’/C 2%; so any operator B in ’ is in the form of M(K). Let 
B be a projection in ’. Then from B’=B it follows K*(f)=K(f). By as 
sumption T(¢)B=BT(¢) for all g«L; so we have K(f+¢)=K(/f) for all geL. 
Define the integral Y by 


tAC A=. G6 Se 
Then Y<X and Y is L-quasi-invariant.. For 
YAP) = Y (Fo). = X(KBE.) HX, FSX RE) 


een ee * KF)= ¥ (Seer). 
aX 
By the assumption of L-ergodicity of X, Y==0 or Y~X. If Y=0, then K( ff) =. 
If Y~X, then dX/dY=(dY/dX)1=K~ exists too. This and K?=K imply 
K(f)=1, hence any projection in RY’ is either 1 or 0. Q.E.D> 

Theorem 3. Let both X and X’ be 3-quasi-invariant integrals, and S(¢v), T(c) 
and S’(¢), T’(c) be Euclidean covariant representations on Oy and § , given in 


the form of (3-9) respectively. Then there is an isometrical mapping V from 9x 
to x, such that : 


a 


S’(g)=VS@)V-,  T'()=VT(e) V- (3-17) 
if and only if X~X’ and there is a real function C( Sf) on L* such that 
C(fo) —C(f) =J(o, f) —J'(o, f). (3-18) 


eens, 
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Proof; Ad the “‘ only if” part: Let V-1=7'(f) «Sx, and V~?-1=%(f) «Sx. 
Then for any tame function F(/) 
X(F)=(, M(F)1)x=(1, VOM" (F) V1) x= (, MP) 21) we =X" (PP). 
(3-19) 
This shows X<X’. Similarly, we have 
X'(F) =X (|x? F), (3-19)’ 
so that X’<X, hence X~ X’. Since for any tame function F(/) 
VF(f) =VM(P)1=VM(P)V2VI=EM (FF) (Af) H=FCAUY) 
and & is dense in $x, we have 
VEU (A/F (f). (3-20) 
Similarly, we have 
VOUP f=“ fl (Pf): (3- 20)’ 
FromVV-!=1 and (3-20), (3-20)’ we have 7(f)%/(f) =1. From this and (3-19), 
(3-19)’ % and 7 are in the form 
| ey er) =| oe | eae 


By assumption T’(o)=VT(c)V~™. From this and (3-20), (3-20)’, (3-21) 


VT (0) V2¥(f) = VT(o)| “ Le oN (f) 


ae) - dX! i a le iO fo) +o DIP ( fg 
v| 2% (7). 2% (fe) |e (fo) 


= aXe ») aXe! ( ¢) GX afer 1(d (o —C(fo)+C LY (fo). 
=| IX (tf) dX. ad, Ax (f)| exp|i(J (o,f) (fo) +C(f) | PCfo) 


De er fy- COPD CLP) PU 
=| AE (7) J" expires) —CU2) +E IPC) 


=| nf eter rf), (3-22) 


hence we have Waifs ef) = CX fo)— CL): 


Ad the “if” part: Define V by 


VE(f) =| Go Bae vf), 


vor =_ en] nr. 
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Then VS(~) V-1=S’(¢) is obvious. Proof of VT (ec) V-=T’'(c) is a tautology 
of (3-22). Isometry of V is proved as 


(VY, VP) =X! ( 7?) = X(J¥P)=(%, Px. OED. 


The similar theorem for the not necessarily Euclidean covariant representation 
is given by replacing ¥ by L, T(o) by T(g) and J(o,f) by I(¢, f) in theorem’ 
3. 

Theorem 3 shows that two types of unitary inequivalence of the representa- 
tion may occur, i.e. from the inequivalence of the integrations and from the non- 
existence of the function C(/) satisfying (3-18). 


§ 4. The vacuum state 


A vacuum state @ is a state in a Euclidean covariant representation which is 
invariant under the operation of T(«) for any uw in EF. 


T (u) O=@. (4-1) 


Theorem 4. Let X be 2-quasi-invariant integral and consider a Euclidean 
covariant representation on © y. Then there is a vacuum state @ if and only if 
there is an H-invariant integral Y such that Y<X anda real function N(f) on 
L* such that 


Kt, fy =Nu"f) -N(f). (4-2) 
Proof: Ad the “if” part: Let @(f) be given by 
ee adY ~fl/2 
D = pp) a2 : 
O(f) =enr| SE ey]. (4-3) 


Then from (3-9) and (4-2) we have for every weE 


[Bu 8 ates ) Pew mac) 


Therefore @(f) is a vacuum state. Ad the “only if” part: Let @ be a vacuum state. 
Then from T(w)@( f) =@(f) and (3-9) 


—— elites, axe ales -1 
acf) enen| 2s of) Mow p), (4-4) 
Let Y be an integral defined by ? 


Y(F)=X(|O? F). (4-5) 
Then from (4-4) | 
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YF.) =X (lol Pa) =X (2 | 0.) F,) =X.(10u) Pe) =X (OPP) = YE). 
(4-6) 
By definition Y<X and (4-6) shows that Y is F-invariant. By definition 
dY 
=|@— = 
Ax (A=|9C//’, 


hence @(f) is of the form of (4-3). From this and (4-4) 


axe Se eee A. soot aX. a iP 
Lax CF) | e e ie eux). 


1/2 


= iK(u,f)—iN(u-1f) ELSE 
Le Py 


Therefore we have K(u, f)=N@u'*f)-N(f). QED. 

Theorem 5. The vacuum state is unique if X is E-ergodic. 

Proof: Let @(f) be a vacuum state. Then the integral Y defined by (4-5) 
is E-invariant. By the assumption of E-ergodicity of X, Y~X or Y=0, 10: 
then @(f)=0 so that this case may be eliminated, hence Y~X. Since A(f) is 
of the form of (4-3) and N(f) in (4-3) satisfies (4-2) by theorem 3, we may 
replace X by Y and K(u,f) by 0 by a suitable unitary transformation from 
x to $;. By this transformation @(f) is mapped to 1. And in the represent- 
ation in ©y, T'(w) is given by 


T(u P(f)=%U'S). (4-7) 
Let @’(f) be another vacuum state in ©y. Then from (4-7) for every wek 
: O (f) =O (wf). (4-8) 


Consider the operator 1/(@’), then by (4-8) M(@’) commutes with all of T(«) 
and a fortiori to all of S(g). By the same argument as in the proof of theorem 
2 we can show that any operator which commutes with all of T (uw) and S(¢) is 
a scalar multiple of the identity if X is E-ergodic. This shows that @(/)==const. 


OE.D. 
§ 5. Examples 


We give lastly some examples of the inequivalent irreducible Euclidean covariant 


representations. 
(1) Let L be such that L* is properly larger than L ; L*> Land L*4L, and % 
be any 2-quasi-invariant and L-ergodic integral. Then consider the representations 
on x in which I(¢, f)=0 and I'(y, f) =2(f, 9) + & ¥) respectively. These 
representations are inequivalent, since there is no function C(/f) satisfying 


Clf49) -—CPHVE@.A)-I@f/)=2F, 9+ 9). (5-1) 


Saee  m a™ 
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Formally (5-1) is satisfied by 
CHA)=(hP): 


However, this C(f) does not exist everywhere on L* if L*DL and L*¥L. 

(2) Canonical normal representations :”) Let L be a Hilbert space. Then L*=L. 
Let ©, @,:- be an arbitrary ortho-normal complete set in L. Let F(f) be a tame 
function such that 


F(f)= WFCF¢0) (6-2) 


where F(x) =1 but for finite members of 7’s. Every tame function can be approx- 
imated by a finite sum of the tame functions in the form of (5-2). Let X® be an 
integral such that for the tame functions in the form of (5-2) 


X*(F) = I X"(F), 2, 
where 
X¢(F) =—5= | Fi(x)e@* de. (5-4) 
Vad 


mince, X;( 1) (¢/y% z,) {" e-°"dz=1, (5-3) is actually a finite product for the 


tame functions in the form of (5-2). (5-3) with (5-4) determines an integral 
X°. If cAc’, then X° and X” are not equivalent. From the definition of dX/dY and 
(5-3) if X°~X”, dX’/dX” must be given by 


adX° 
dx” 


(f) a ti [ce~ oh 94)2 chen Fen) — Il Bee ‘| ; (5 i 5) 
oe = 


i=1 c’ 4 


However, (5-5) is 0 or ~ for any f if cA#c’. Hence X°x X°” if cAc/> XX is S- 
quasi-invariant, for ; 


ous Cf) = Life ne s+ 9-00" /e-“s2"| expt 6 (@, @) Bea fe pide 


(5-6) 


Now let us show that any representation on x is irreducible. To prove this we 
need the following lemma. 

Lemma 2. Let 3 be a ring of von Neumann™ on a Hilbert space § and [RF] 
be the closed linear manifold spanned by the elements of § in the form of AV : 
Ae. Suppose that % is such that [RP ]=. Then ® coincides with the ring B 
of all bounded operators on § if and only if the projection Ey, onto is in XR. 

Proof: Ad the “only if” part: Obvious. Ad the “if” part: By assump- 
tion, for any eH there is a sequence of operators A,, A,---eR such that A,,% con- 
verges to @. Define the projections E,, by 
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[Oe An Ey A,™/ Lf, 5 a An P) 6 
Then £,, converges weakly to Fy, for, for any 7, 7’«8, 
Miah (Keyan te PSL) LAY, And), 
so: that lim (7.2.4) = QW; ®) (@, X) 7 (O;@) = (', EoX) 3 accordingly, if Ey is an, 
E, is in & for every eH. This means R=. 
Proof of the statement: Let ¥ and 8 in the above lemma be the identity 


function in §y- and the ring generated by S(¢); geL respectively. Since RDY%, 
[(R1]=Hxe. Let Ore be the Hilbert spaces of the functions F;(x) whose scalar 


product (F;, G;){ is given by 


coe eres MiG) Gla)le 2 dex: 


Then $y. ist he incomplete infinite direct product space ’S x? of von Neumann™ 
4=0 ¢ 
which contains the identity function. Then we may consider the representation of S (¢;) 
and T(¢,;) on Ox¢ which is the restriction of S(g;) and T(¢;) on $x onto Ox. 
Since any representation of S(¢,) and T(¢;) on $x is irreducible in xe, the pro- ~ 
jection E, onto the identity function in $x is in Rt; where WR, is the ring generat- 
ed by S(g,;) and T(¢;) on Ox. Since R is generated by R;, 7=1, 2,---, and H=UE,, 
4 t=1 

E,e®, implies Ee3t, where E is the projection onto the identity function in Ox-, 
hence by lemma 2 we have R=B. Q.E.D. 

Thus we have seen that there are at least continuously many inequivalent 
Euclidean covariant irreducible representations. 

Now, consider the representation of S(¢) and T'(¢) on $x« in which Ig, f) 
and K(u, f) in (3-9) is zero. Then from (5-6), 7(¢,f) in (3-12) is given by 


7(9,f)=—2c" (fF, ¥), | Pe GL) 
accordingly, from (3 -11) we have 
(P(g) —ic? Q(¢))1=0. (5-8) 


By introducing the annihilation-creation operators a(g) and a*(¢) by 


a= OM +PO), &O= jz Q@)-PO), 69) 
V2 / 


(4-8) is rewritten as 
[ (ce? +1) a(g) + (c?—1) a* (gv) J1=0. (5-10) 
If c=1, then (5-10) shows that the identity function in 1 must be identified 


with the free vacuum state; so the representation in § x1 is identical with the represen- 
tation of free field. For c41, by the transformations 
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Q(v) >Q(cy), P(g) >P(e"9), MP) > ¥ CS) (5-11) 


the representation in $x« is transformed into the representation in $1. 
Finally, from (5-6) we have 


dX‘ /dX°=1, (5-12) 


hence X° is E-invariant. From the 3rd equation in (3-9) and (5-12) we have 


-T(u)1=1 for every weE, hence the identity function in Ox is the vacuum state. 


It is well known that in the free field representation the vacuum state is unique. 
Since the representation in xe is connected with the representation in Ox by 
transformation (5-11), it is obvious that the vacuum state in )y« is also unique. 
It is of considerable interest whether there are inequivalent Euclidean covariant re- 
presentations containing unique vacuum state other than the ones given here. We 
have no definite result about this question. 
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An exact integral equation is found for the pair distribution function. The integral 
equation is of somewhat different nature from the usual ones known in the theory of classical 
fluids, in the point that it involves an infinite series. The Helmholtz free energy is expressed 
as a series expansion which may be more rapidly convergent than the usual one. It is shown 
that the integral equation can be derived also by means of a variational principle from the 
expression for the free energy. It is pointed out that the theory of classical fluids may be 
constructed with the knowledge of the pair distribution function alone, even if a form of the 
pair interaction potential is not known. 


§ 1. troduction 


In the classical statistical mechanics, the thermodynamic quantities and pair 
distribution function of an imperfect gas are expressed as a form of series expansion 
in powers of the density.””® As such series expansions necessarily converge badly 
at high densities, many attempts have been made to overcome such a difficulty. 

One of these attempts is based on the integral equation method for deriving 
the pair distribution function. Since the integral equation for the pair distribution 
function involves the triple distribution function, it is necessary to introduce the 
assumption of a suitable closure in order to solve the integral equation. The closure 
which has been widely used is the Kirkwood superposition approximation, leading 
to the well-known integral equations of Kirkwood® and Yvon-Born-Green ;””*” one 
of the present authors has pointed out that there exists an inconsistency in the 


solution of these integral equations.” 
Other attempts are based on partial summation of particular terms appearing 


in the series expansions. This method has originated from the work of Montroll 
and Mayer” for the pair distribution function. Remarkable progress has been made 
after that.” It is hoped that this method is able to give a formalism which may 
be useful at high densities, especially, at the densities of liquid state. 

Following the latter method, one of the present authors has proposed the 
hyper-netted chain approximation to consider by means of the Fourier transfor- 
mation as many terms as possible in the series expansion formulas for the Helmholtz 
free energy and the pair distribution function.” He has shown also that the pair 
distribution function in this approximation satisfies an integral equation similar to 
the Yvon-Born-Green integral equation.’ 


— 
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In the preliminary report” we have shown that the technique used in reference 
14) can be applied to get an exact integral equation for the pair distribution 
function. It has also been shown that the hyper-netted chain approximation appears 
as the zeroth approximation to solve the integral equation. Recently, van Leeuwen, 
Groeneveld and de Boer™ have derived the integral equation which is identical 
with the one derived by us. 2 

The purpose of the present paper is to present the details of the preliminary 
report and to propose a new expansion scheme of the thermodynamic quantities 
which may be useful at high densities. 

In the case of the hyper-netted chain Approximation, one of the authors has 
derived the expressions for the pair distribution function, the chemical potential 


2).18).18) The calculation was simple for the pair 


and the free energy, independently. 
distribution function but it was very cumbersome for the chemical potential and 
the free energy. Because of this fact, the other of the authors has noticed that 
the calculation will be much simplified if we first get the expression for the pair 
distribution function and then derive the expression for the free energy by means 
of the method which is equivalent to integrating the expression for the internal 
energy in terms of the pair distribution function just obtained.” In this way we 
have two methods in deriving the expression for the free energy. That is to say, 
the one is to use the series expansion formula for the free energy and the other 
is to use the derived expression for the pair distribution function. 

When we derive the expressions for the free energy and the pair distribution 
function in some approximation, the latter method is applicable in a consistent 
way only if some compatibility condition is satisfied in that approximation.® 1” 
When we do not know whether this compatibility condition is satisfied in that 
approximation, we have to derive the expressions for the pair distribution function 
and for the free energy, independently. Therefore it was meaningful to derive the 
expressions for the pair distribution function and for the free energy, independently, 
in the case of the hyper-netted chain approximation; though in this case it was 
confirmed later that the above compatibility condition was satisfied and so the two 
methods gave an identical result. 

The situation is much simpler when no approximation is introduced into the 
theory, because in this case there cannot be any discrepancy among the expressions 
for the free energy derived by different methods. It is sufficient to derive the ex- 
pression by the simplest method. In the text of the present paper we shall use 
the latter method in deriving the expression for the free energy. For the sake of 
completeness and technical interest, we shall derive the expression in the Appendix 
by means of the former method. 
io Pea a ee neat are as follows. In § 2 we present the 

. din the following sections. In §3 we derive 
the exact integral equation for the pair distribution function by starting from the 
series expansion of the pair distribution function. The results of § 3 have been 


. ee 
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reported previously” and obtained independently by de Boer et al.’ In § 4 we 
derive the expression for the Helmholtz free energy with the aid of the results of 
§3. In §5 we show that the integral equation derived in §3 can be obtained 
also from the free energy in § 4 by means of a variational principle. The stationa- 
ry character of the free energy is shown to be convenient in the derivation of the 
expressions for some thermodynamic quantities. In § 6 we give a summary of our 
results and some remarks. In the Appendix we derive the integral equation for 
the pair distribution function as well as the expressions for the chemical potential 
and the free energy by means of the graphical method.” The derivation of the 
integral equation presented there may be more easily understood than that in § 3, for 
a reader who is familiar with the graphical method. 


§ 2. Definition of functions w(r), x(r), zs(7), z=(7) and v(r) 


Let us consider a classical fluid of volume V and temperature T composed 
of N identical particles interacting with central forces. The pair distribution 
function g(r) is defined by 


g(r») = lim of = 5 (2-1) 
Too |: fare. -dry eer eee 


p=N/V =const. 


where ¢(r;;) is the pair interaction potential between particles 7 and j. The 
definition of the pair distribution has been chosen in such a way that y(7) becomes 
rigorously equal to 1 for values of + much larger than the range of (7). 

We shall start with considering the function w(r), defined by 


g(r) =exp| — #@) 2D +20(r) |. (2.2) 


It is known that w(7) can be expressed as a series expansion in powers of particle 
number density N/V=e in the following form :” 


eh) Se |. dre a SO Mb) (2.3) 
mal ow ; m+2>i> jel 
where 
b(ry) etre? 1, (2-4) 


In order to explain the meaning of 3°” in (2-3), we shall adopt a graphical 
representation of one of the products //b(r;;) occuring in Sige Particles 1 and 
2 are represented by a white circle respectively. Particles 3, 4, --- and m-+2, over 
which the integrations are to be performed, are represented : numbered points 
(or numbered black circles). A factor b(r;,) is represented by a line (6-bond) 
drawn between two points i and j. Then a product // b(7,;) is represented by a 
bond diagram. Two particles 7 and j are said to be directly connected if b(7;,) 


‘ 
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appears in the product. Obviously, two or more particles may also be connected 
indirectly, through other particles. 

Futhermore, we shall introduce an important notion of “ s-point”, which is a 
point by which the diagram can be separated into two independent parts. In other 
words, it may be said to be a point through which all possible paths going from 
particle 1 to particle 2 must pass. Such a point has been called a “ node” by 
- de Boer et. al. In Fig. 1 the s-points are represented by black circles. 

For convenience of later considerations, we introduce following four restrictions 
which are to be imposed on the summation of diagrams : 


(1): Each particle of the set 3, 4, :--,m-+2 ts independently \ 
connected to particles 1 and 2. / 
(IL): Particles 3, 4, ---, m+2 are connected among themselves | 
independently of particles 1 and 2. 
(Ill): Particles 1 and 2 are not directly connected. | 
(IV): The diagram has no s-point. 


m= m=2 


Fig. 1. Diagrams appearing in XY‘) for m=1 and m=2. 
Black circles represent s-points. 


Now 2 occurring in (2-3) is defined in such a way that the sum is taken over 
all diagrams being possible under restrictions (I), (II) and (III) (see Fig. 1). 
We shall define functions x(r), z5(r), z(r) and v(r) as follows: 


2(ra) = D1 | dry dt nes YM b(r9), (2-6) 


m=2 yn! . m+2>i> jel 


where 3° is the sum over all diagrams being possible under restrictions yeh): 


(I) and (IV). 


ao gm (% ‘fe 
- ~ aod se ! 4 
s(n) = 3) | | dry derma SIZ I Br), (2-7) 
mea TN m+ Tet> Jezl 


where 2°%* is the sum over all diagrams which are possible under restriction (1) 
and also the restriction that there exists at least one s-point. Such diagrams are 
automatically under restrictions (II) and (III). 


foe} o™ rio 
Z(T2) = >} t...{ aE, drag a b(ri5), (2-8) 


m=9 771! m+2>%> j>1 


Leal . a . . . ; 
where 3° is the sum over all diagrams being possible under restrictions (I) and 


(IV). 
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m=2 


12 =F 12 3 


f: 


Fig. 2. Diagrams appearing in ¥(*) for m=2 and m=3. 


+ 


a 
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: “iP yu 
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+6 +6 


O— 


i 
«f\ +12 
+6 : \ 


Fig. 3. Diagrams appearing in 3(%s) for m=1, 2 and 3. Black circles represent s-points. 
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m=() Ooo) 


Fig. 4. Diagrams appearing in 3%) for m=0, 1 and 2. 


ee. miles : XV) ; “ 9 
oa i dr3: --ar,, 2 IT b(r#), (2 ) 
OO > ail y | es ‘ patel! = 
where 3”) is the sum over all diagrams being possible under restriction (I) alone. 
Some diagrams appearing in 3, 3%) and ¥™ are shown in Figs. 2, 3 and 
4, respectively. 
It is also known that the pair distribution function is expressed in a form’ 


Ir sero 4 S Sf | dreds OM b(ry) |, 2-10) 
mate m\ . m+2>t>jel 
where 3“ is the sum over all diagrams being possible under restrictions (1) and 
(Ill). The equivalence of (2:10) to (2-2) with (2-3) has been proved by 
Meeron™” and also by de Boer e¢ ail.’ 
In the following the Fourier transforms of w(r), 2(7), zs(7), z(7) and v(r) 
will be denoted as W(k), X(k), Zs(k), Z(k) and V(k), respectively. Namely, 


for example, 


a 


r) at oe (R) eikr 
(2-11) 
Z(k) = | dr z(r)e7* 


The functions defined in this section are not independent of each other. The 
relations among them will be discussed in the next section. 


§ 3. Integral equation for the pair distribution function 


We shall derive several relations among the functions defined in the preceding 


section. The relations will be seen to give an integral equation for the pair’ dis- 
tribution function. 


Let us begin with the consideration of diagrams in 3”, which has been defined 
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below (2-5). The diagrams appearing in 3” can be divided into two groups. 
One group consists of the diagrams having no s-point, which are just those ap- 
pearing in 2“, as is seen from (2-6). The other group consists of the diagrams 
having at least one s-point, which are just those appearing in 37, as is seen 
from (2-7). Therefore we get 


w(r)=x(r) +2s(r). (Er) 
In quite the same way, we have 
V(r) =2z(r) +25(7). (3-2) 


Diagrams appearing in 375’ can be grouped together by the number of s- 
points. Let us consider a diagram having 7 s-points which is shown in Fig. 5. 
Let r, particles be between particle 1 and s-point s,, 7, particles between s-points 
s, and s,, and so on. Obviously we have 


‘ 
n+1 


SS Fin mM. 


Sil 
i 7, particles 2 T> parucles 2 " peparneless 
Fig. 5. A diagram appearing in 3°75) which has 7 s-points. 


The number of ways in which 7 particles may be selected from m particles and 
arranged in order on 7 s-points and the remaining (7—™n) particles may be divided 


into (n+1) groups each containing 7, 7, °-:, Tn+1 particles is 
m! (GE ee eee 
bpm ! n+l n+1 
m—n) ! 
Ce) es eet 


q=1 q=1 


Therefore the diagrams having 7 s-points contribute 


3} Pf dry~den| fain} 3 1 o(re) || dtr) BO M1 Gra) | 
n+1 Fate a Jaen 
Aare 
or nti owe i 
xf Ld tras} BO bra) | 
- Fn41+ 
to zs(m2), where the first sum is taken over all sets {74, 72, °°", Tayi} satisfying 
n+l 


>) r,=m—n, and \ dir;} is the integral over r; particles. In the above expression 


4=1 


XS appears, because the diagrams which are to appear between neighboring 
s-points are free from restrictions (IL) and (II) of (2-5) but must not have an 
s-point (see (2-8)). When the above contributions are summed with respect to 
m, the summations over 1%, 72, °* and fn.1 can be performed independently. As 


the result we get, with the aid of (2-8), 


get eee TN 


iz 
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zs(ria) = SY" | drydres-drayse(ra)2 (Pu) “2 Punt)? Fura) 8-8) 
By the use of Fourier transforms, (3-3) is rewritten in a compact form: 
Z5(8) =pZ2 (k) 4° Z9(R) bee 
SS RENE (3-3) 


Next we shall consider diagrams appearing in 3°”. These diagrams can be 
grouped together by the number of parts into which the diagrams are divided when 
particles 1 and 2 are removed. Let us consider a diagram which is to be divided 
into parts (see Fig. 6). Let the parts contain 7;, 72, --- and r, particles respec- 
tively. We first suppose that particles 1 and 2 are not directly connected in the 
diagram, namely b(ri2) does not appear. The number of ways in which m particles 
may be divided into ” groups each containing 7, 7, -*:, 7 particles is 

m aT ry\, 


i=1 


where it is noted that $}r;=m. Therefore the diagrams which are to be divided 


q=1 


into 7 parts contribute 


| =! iat r; } IOP Tbr) | 


to z(r2), where a factor 1/n! has been introduced 7 particles 


~ 


because the first sum is to be taken independently .77, particles = 


over 71, f, ‘*- and 7, satisfying SS a he ic 2S a nae 
reason why 23°” appears in the shone expression is kaa S» 
that the diagrams appearing in each part are to be . <n partic lees os 
restrictedizby- (1),’and: (IL) of @-5)* and. have ‘been =)... =) esos 
assumed tentatively not to contain b(r,). However, 8: 6 A diagram appearing 
2 must be replaced by 3“ when n=1, since dia- pe 
grams appearing in 2%’ must not contain an s-point. When the summation over 
m is performed, the summation over 7,, 7, ::- and 7, in the above expression 


can be performed independently. Therefore the contribution of diagrams not con- 
taining b(7) to z(72) is found to be, by the use of (2-6) and (2-3), 


X(T13) + SS a Ww" (Ty) =X (ry) $e" —1l—w (712) - 


So far, we have considered the ee ed in which 5(72) does not appear. In 


a similar way as above, the contribution of diagrams containing (1) to ze) 
can be shown to be 


b(rn) +b (rn) 3} w" (rin) =(ra oO. 
ar 05 


Ba: 


Vat 


-slessoulltd igus seamed 
Pia! i 
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Adding this contribution to the former one, we can write z(7) in a form: 
z(r) =[(b(r) +1Je’—-142(7r) —w(r). (3-4) 


In the preliminary report,’” (3-3) (or (3-3’)) and (3-4) have been expressed 
symbolically as 


o—o = o—e—o + o—e—_e —0 += (3-3) 


| = ‘| =“ i()s ee (Ps = ee 
i 5 nit “()s =e “ Ogeeenn : (3-4f) 


The meaning of (3-3f) is obvious if we compare (3-3f) with (3-3) or (3-3’). 
The meaning of (3-4f) is also obvious if we remember two expressions above 
(3-4). Conversely if we wish to derive (3-3) or (3-3’) from (3-3f), we may | 
make a diagram occurring on the right-hand side of (3-3f) correspond to the 
integral, the integrand of which is the product of z-functions having the factor p 
to the power of the number of black circles in the diagram. For example, 


and 


oz et eo corresponds to the integral as \ dr, dr,z (113) 2 (Ts) 2 (Ta). To 


derive (3-4) from (3-4) we may make a diagram correspond to the product of 
functions occurring in the diagram, divided by the symmetry number of the diagram. 


For example () w and o(P correspond to 1/2!-b(r)w?(r) and 1/3!-w*(r), 


respectively. In fact such an approach has been developed in reference 14) and 
will be used in the Appendix of the present paper. 

Next we shall show that the sum 3“ appearing in the definition (2-6) of 
a(r) can be reduced to a more restricted sum x if one uses v-bonds in place 
of &bonds. Let a diagram appearing in 3“ have a pair of points by which the 


- diagram is divided into two parts in the following way. The one is the part that 


includes particles 1 and 2 and cannot be divided any more by that pair of points. The 
other is the part consisting of the rest. Diagrams to be included in the latter 
part are restricted by restriction (I) of (2-5) alone, namely they belong to pee 
(see (2-9)). Therefore the latter part can be represented by a v-bond inserted 
between that pair of points, the original diagram in S™ being reduced to a sim- 
pler form. Such a reduction can be continued until any such pair of points does 


not appear. After all (2:6) is reduced to 


wa 
1 


x (ria) = 3} [(dra-drmes SE? Mv (ra), (3-5) 


m=2 m! J m+2>4>j21 


where 3*” is the sum over all diagrams, composed of v-bonds, being possible 
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under the following restriction (V) as well as (I), (II), (III) and (IV) of G:5)" 
(V): There exists no part which is only connected to the rest of the diagram 


by means of two points. . 

In Fig. 7 we show some diagrams appearing in X* where the bold lines 
denote v-bonds. Comparing Fig. 7 with Fig. 2, one sees that a set of diagrams 
appearing in 3‘*” is in fact a subset of those appearing in Pies 


- 
ADA 


Fig. 7. Diagrams appearing in 3(*” for m=2 and m= 
Bold lines denote v-bonds. 


A set of (3-1), (3-2), (3-3’) and (3-4) can be arranged, by eliminating 
ee Ore Z (kh); as Lollows: 


v(r) =[(b(r) +1Je"™—1 (3-6) 

eS ies! 
1— pZ(R) 14 pV® (3-7) 
w(r)=x(r) +v(r) —2(r). (3-8) 


It is to be remembered that Z(k) and V(k) are the Fourier transforms of z(7) 
and v(r) respectively. The function v(7) is related to the pair distribution 
function g(r) by 
v(r) =9(r) —1, (3-9) 

which is readily seen with the aid of (2-2), (2:4) and (3-6).** A set of (3-5), 
(3-6), (3-7) and (3-8) determines in principle the functions v(r), w(r), z(r) 
and x(7r), and so the pair distribution function g(r). Therefore it may be said 
that this set of equations is the integral equation for the pair distribution function. 
It should be noted that this integral equation is an exact one. 

The set of equations may be solved for example by the iteration as follows. 
Introduce a tentative form of w(7) in (3-6) to calculate v(7). Next use thus 
calculated v(r) in (3-5) and (3-7) to calculate x(7) and z(r) respectively. Then 


* It is noted that the original formula (2-6) can be reproduced if we introduce the formula 
(2-9) for v(r) into (3-5). 


** Relation (3-9) may be derived also by comparing (2-10) with (2-9). 


c 
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one gets an improved form of w(r) by using thus calculated v(r), (7) and z(r) 
in (3-8). Repeating such a procedure, we shall obtain in principle the exact 
forms of w(r), v(r), x(r) and z(r) and so the exact form of g(r), if the tenta- 
tive form w(r) is suitably chosen and the iteration converges. If one starts with 
w(r)=0, the above procedure will !give the series expansions of w(r), v(7), 
a(r) and z(r) in powers of ¢ which have been shown in (2-3), (2-9), (2-6) 
and (2-8) respectively. When the pair interaction potential é(r) has the 
Fourier transform, one may start with v(r)=¢(r)/kT in the above procedure. 
Then we shall obtain the giant cluster expansion which has been proposed by 
Abe.” 

Although the set of (3-5), (3-6), (3-7) and (3-8) determines in principle 
the pair distribution function exactly, we must in practice restrict the types of 
diagrams appearing in (3-5) within some special types. If we take x(r)=0 as 
the zeroth approximation, the set of equations is reduced to 


z(r) =[b(r) +1Je"—1—-w(r) 


a p> (3-10) 


ee 
aes 1—pZ(k) 


which are just the equations in the hyper-netted chain approximation proposed by 
one of the authors.” It is noted that in this approximation w(r) is equal to 
zs(r). The next approximation will be to approximate x(r) by the contribution 


arising from the diagram xX] (see Fig. 7). 


The above-derived set of equations is equivalent to the set of equations which 
have been derived by van Leeuwen, Groeneveld and de Boer.’ We shall show the. 
correspondence of our notations to theirs in Table I. Diagrams appearing in 2“*? 
(see (3-5)) have been called “basic elementary diagrams” by de Boer et al. 


Table I. The correspondence of the present notations to those of de Boer et al) 
The upper row shows the present notations and the lower row those of de Boer et al. 


es | wen | z(r) 3 oe) | [b(r) +1] er —1 


bn) | wo) 


= 


ee SO. EY | NOW | XO | GO." Fw) 


§ 4, Expression for the Helmholtz free energy 


As is well-known, the part of the Helmholtz free energy due to the presence 
of interactions is expressed in a form fe 
AG ee 1 3 gol Jo far -drm 3 IT b(n). (4-1) 
NkT Onna m\! V met> jal 


All products which are more than singly connected. 


' 


“aa. 
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It is possible to reduce (4:1) in a similar way as in the preceding: section. In 
fact it will be undertaken in the Appendix. Since it is somewhat complicated and 
tedious, an alternative procedure will be used to derive the expression for the free 
energy in the present section. 

One of the authors has shown that the part of the free energy due to the 
presence of interactions is in general expressed as’” 


1 
A,.=N- | dé \drd(rygr é), (4-2) 
0 


where g(7;€) is the pair distribution function in such a case that the pair in- 
teraction potential is ¢d(r). As far as a classical fluid is concerned, relation (4-2) 
is equivalent to the thermodynamical relation 
; 
maar Ds (4-3) 
0(1/T) 
since the interaction part E, of the internal energy is expressed in terms of g(r) 
7) 
as 


B=N£ \drg(ya(r), (4-4) 


When the pair interaction potential is ¢4(7), the functions b(7), w(r), and 
so on, are also dependent on ¢. In particular b(7) is 


TE 1 Ca) at ange AS (4-5) . 
Taking notice of (2-2) and (4-5), we rewrite (4-2) in a form: 
ab 
: A P38 Cat iS 9b(r 3 &) wr; €) 
seer a8) ar ere (4-2/) 


In the following, € occurring in b(r), w(r), and so on, will not be written ex- 
plicitly, so far as the confusion does not occur. 


Differentiation of (3-6) with respect to € leads to 
BBCP) goo Bv(r) _ Bw(r) _ 


iS as 0g 


v(r) ae 


> 


which is rewritten, by the use of (3-8), as 


oo) en = 2 xe =w(r) = w()v(r) +L) (ro) | 
+v(r) et) arr) me : (4-6) 


Furthermore we obtain, with the aid of (3-7), 
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fe) 
V(b) $2) = — 2 [log {1— 9 ()} +028). (4-7) 


i) 

When (4-6) is introduced into (4-2’) and the term arising from v(r) -0z(r) /0¢ 
is replaced by (4-7) with the aid of of property of the Fourier transform, A; is 
expressed as follows : 


ey =— : [ar| v6) -w(r) -wO) 0) +4 -v() 2) 0(0) | 
ie AY 
= los fi = pZ(k)+ + pZ,(2) | +", 4-8 
+35 ve leet ()} +928) | + nse 
where 
A,’ Me p : al v(r) 
NED a 2 ‘e Sie ae ae 


In deriving (4-8), we have used the fact that v(r), w(r) and Z(k) vanish at 
e=—0: 
Aj’ can be expressed as a sum over diagrams similar to (4:1): 


AG alt oo on 1 ves ia Ss 
=— poe see dry ar 2 > Tl (5) 4-10 
NkT p mm! V | eee Pio u(r) ( ) 


In this expression 3“” denotes the sum over the diagrams which are obtained by 
introducing v(712)-bond into the diagrams appearing in Deo: 
of the restrictions imposed on the diagrams in 2"*” (see below (3-5)), it can 
be proved that “4” is. the sum over all diagrams which are more than doubly 
connected, though the proof will be omitted here. Fig. 8 shows some examples 
of the diagrams appearing in 2”, which is to be compared with Fig. 7. 


- 


Fig. 8. Diagrams appearing in YU” for m=4 and m=5. 


If we take notice 


The proof of (4-10) is as follows. Let us consider the integral 


m+2ei> jel 


fo faradry drs 7 Shot IT v (ris) ; 


which can be written, with the aid of the definition of 2°”, as 
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2 S be | dry dry 3 pane I v(r1s) . 
(m+2)(m+1) OF / . m+ 2=t>jz 


The factor 2/(m-+2)(m-+1) enters because the total of diagrams appearing in 
¥@” is symmetrical in m particles 3, 4, --- and m+2 while the total of diagrams 
appearing in 3” is symmetrical in m+ 2 particles 1, 2, 3, --- and m+2. There- 


fore (4-9) is transformed in the following way (see (3-5)). 


al 
A,’ Po Ge ba wll i\ Ov (Tie) ; 
=— NG elas ee 
NET 2 i Ve aa 
al 
P{ 5. 1S || <a 2072) SENT a(e., 
ees | gs V 2 m! . \ Ch ce O¢ pe LAE 
; 
SA theo 2 a jf | 49 IT 0 (4 
gt 153 eee V pa mi. (m+2)(m+1) dF \ 4 Pntt Ud 


0 


“a IS sad eee |---| dr-dr, S34? IT 0 (rij), 
p m4 mi! VJ .« mei> jet 
where we have used again that v(r) vanishes at ¢=0. The proof has been 
completed. 
For convenience of the following deductions, we shall rewrite (4-8) by the 
use of (3-6), in a form: 


dee zie 5 ar} 60) +1 e"—1—w(r) —w(r)v(r) +i (r) | 
Rissa gi aie . 2 A,’ 
+ Seas >i [log {1—pZ (2) } + pZ(k) + Z(k) V (A) + os (4-11) 


If we drop A,’/NkT, replace w(r) by zs(r) and notice of (3-2), we obtain the 
expression for the free energy in the hyper-netted chain approximation™ (see 
(310)). 


$5. Variational principle for the free energy 


We shall begin with the definition of a functional derivative. Let P be a 
functional of a@(r). When a(r) is varied by da(r), the corresponding first order 
variation of P is denoted by OP. Then the functional derivative 0P/da(r) is 
defined by* 


aP= | dr oP da(r). (5-1) 


Oa(r) 


* This definition is shown to be equivalent to the one given before.18) 
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If a(r) is a functional of other function $(7), the following relation is readily 
proved. 


ES = (arith. Mtr) 
03 (r) da(r’) d8(r) 

As is seen from (4-10), A,//NkT is a functional of v(r). Applying the 
functional derivative to it, we obtain 


(5-2) 


ee 0 Ay 
Rau enae O ( NET ). ry) 
The proof of (5-3) can be done by reversing the reasonings used in the derivation 
of (4-10) from (4-9), though the detail is omitted here. 
Now we consider the first order variation of the free energy when the functions 
w(r), v(r) and z(r) are varied independently in (4:11). The variation is 
written, by the use of (5-3), as 


a( As )=- eg | dr[ {o(r) + 1h" —1—v(r) Jow(r) 


NRT g”. 
Ae Sans z ee oV(k) \d0Z(k 
. Pago Sf 1—Z(k) com Bie Se 
= P| dr[o(r) —w(r) —2(7) +.2(r) ]90(7). (5-4) 


The coefficients of dw(r), 6eZ(k) and dv(r) in the above expression are seen to 
vanish if there exist relations (3-6), (3-7) and (3-8) among w(r), v(r) and 
z(r). Therefore we have an interesting and useful fact that the free energy (4-11) 
is stationary with respect to the functions satisfying (3-6), (3-7) and (38). 
Conversely, this fact may be expressed in such a way that the set of equations 
(3-6), (3-7) and (3-8) is derived by means of a variational principle that the 
free energy (4-11) is stationary with respect to the variations of w(r), v(r) and 
z(r). Such a stationary character of the free energy has been found also in the 
hyper-netted chain approximation.” The above-mentioned stationary character of 
the free energy may give us a practical method to determine the approximate forms 
of w(r), v(r) and z(r) and so of the pair distribution function. If we take 
suitable functional forms for w(r), v(7) and z(r) which contain some parameters, 
the best values of the parameters can be determined so that (4-11) becomes stationa- 
ry. The free energy itself can be determined approximately by such a procedure. 

The stationary character of (4-11) is useful in calculating other quantities by 
means of thermodynamical relations, because we may neglect in (4-11) the de- 
pendence of w(r), v(r) and z(r) upon density and temperature. As is seen from 
(4-10), Ay’/NkT does not depend explicitly on temperature T. Therefore it is 
sufficient to consider the temperature dependence of b(r) alone in the right-hand 
side of (4-11), as far as the temperature dependence is concerned. We accordingly 
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obtain the expression for the interaction part of the internal energy, by the use 
of relation (4-3), as 


ie BOT) esate rae. \) po (kT +w(r) 
Gees NEEL dr eee Jardine 
oes a(1/T) 2 


ae \ drd(r)g(r). (5-5) 


The last expression of (5-5) is just (4-4). Such a result is to be expected na- 
turally if we remember that (4-2) or (4-2’) is equivalent to (4-3). 

The expression for the interaction part of the pressure is also derived by dif- 
ferentiating (4-11) and (4-10) with respect to explicitly appearing p. The 
result is 


pie se ( Ay )=- b | de[v(r) —w(r) wo) + 4-09) | 


PRT Fe 00 NkT 
—~ + 4 y3[log 1—pZ(2)} +0V(®) —PZ® VB] 
20 lara 
SES m1) | (dryer, 334 Hora), (5-6) 
pO m4 a Ae mazi> jez 


where we have used (3-6) and (3-7). On the other hand, it is well-known that 
the pressure is expressed in terms of ¥(7) in a form:” 
gt do(r) 
»= —+— | drr——— g(r): 5-7 
p pola marr A ©) (5-7) 
It can be proved directly that (5-6) is equivalent to (5-7), though the proof is 
omitted here. 


The-expression for the interaction part of the chemical potential is derived as 
follows : 


ae A; Pi =—p\dr|v a at ke ye ran 1 2 | 
ET ONER kT aS he ae 
sr at 
Sah a > [eV (R) —pZ(k) —20°Z(k) Vk) | 
her (ye ‘I ie . 
-- ot oil Upstes (4) 4 
p = (m—1)! V | \ ry dr 21 fl ora) (5-8) 


which will be derived also in the Appendix by the procedure similar to the one 
used in § 3. 

One of the authors has shown that the pair distribution function is in general 
related to the free energy by 


ere Ga evs 
ISON, go Mee ae 


Le, 


ei a 
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which can be rewritten in our case, with the aid of (5-2), and (2-2), as 


OS) eee 2 0 ( Ay $ if 
i! op Ob(r) \ NkT ). Oi 


As we may neglect in (4-11) the functional dependence of w(7), v(r) and z(r) 
on b(r), we can readily confirm that relation (5-9’) is valid in our case as it 


should be. 
§ 6. Summary and concluding remarks 


The results which have been obtained are summarized as follows. The in- 
teraction part of the Helmholtz free energy is expressed in a form: 


Se = far| (00) +e =1-w(r) wo) + -v'() | 
+2 7 Si flog {1=92(0)} +0Z(&) +2 V@)] 
ie S 
ih ao on™ } c e es ; 
Tee ae | |drio-dr,, 3) Mo (ra), (6-1) 
pp m4 m! V3 mat> jel 
All products which are more than doubly connected. 
where 


b(n) =e" — 1, (6-2) 
The functions w(r), v(r) and z(r) (V() and Z(k) are the Fourier transforms 
of v(r) and z(r), respectively) are to be determined in such a way that (6-1) 
is stationary with respect to the variations of those functions. Namely the functions 
satisfy a set of the following equations: 


v(r) =[b(7r) +1Je"—1, (6-3) 
rf 
E79 ee 6-4 
hee LAV) et. 
and 
w(r)=2z(r) +v(r)—z(7). (6-5) 


The function x(7) is defined by 


oo om ( uf - = 
Le). =) er \-| dr3:*-dlms2 > COT ride (6-6) 
m=2 IN} mt227> jel 


where 2%? means the sum over all the different diagrams which are to be obtained 
if one removes a bond v(m.) from the diagrams appearing in the last term on the 
right-hand side of (6-1). The pair distribution function g(r) is related to v(r) 
by 

g(r) =v(r) +1, (6-7) 
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so the structure factor S(k) being determined directly by X-rays scattering ex- 


periment is related to V(k) by 
S(k) =1+pV(k). (6:7') 


The above results have been obtained from a standpoint that the form of pair 
interaction potential is known. Such a standpoint is usual in the molecular theory 
of fluids. The pair interaction potential is, however, not a quantity which is 
obtained directly by means of experiment, while the pair distribution function or 
the structure factor can be directly determined by X-rays or neutron scattering 
experiment. Therefore the above results may be used in the following way. 

The set of (6-3)—(6-7) can be used to determine b(7) or the pair interaction 
potential from the knowledge of the pair distribution function. It is a new method 
to determine the pair interaction potential. It may be said that the method is 
superior to the methods used in the past, since in the latter methods a suitable 
functional form of the pair interaction potential has to be chosen beforehand while 
in the above method there appears no need for such a choice. From the knowledge 
of the pair distribution function one can calculate v(r), z(7) and w(7r) with the 
aid of (6-4)—(6-7). Consequently the free energy can be calculated by means of 
the knowledge of the pair distribution function alone, by the use of the expression 
which is obtained by eliminating (7) from (6-1) with the aid of (6-3). In this 
way, we have reached to a formalism of the theory of classical fluids based upon 
the knowledge of the pair distribution function alone. It should be stressed that 
throughout the present paper the total interaction pee is assumed to be the 
sum of the pair interaction potentials. 

The above situation may be stated as follows. If we know the pair distri- 
bution function rather than the pair interaction potential, the original series ex- 
pansion for the pair distribution function may be considered as the integral equation 
determining 6(7) or the pair interaction potential. The set of equations (6-3)—(6-7) 
may be considered as the solution of this integral equation. Conversely, if we 
know the pair interaction potential, the set of equations (6-3)—(6-7) is the integral 
equation for the pair distribution function and the original series expansion is the 
solution of this. 

In concluding the present paper, we shall consider about the region of validity 
of the results so far obtained. The region will of course be limited within. the 
region where the original series expansions such as (2-3) and (4-1) or their 
analytical continuations, if exist, may be valid. The present authors hope that the 
original series expansions or their analytic continuations may be valid in the liquid 
region as well as in the gaseous regions, though it is an open question how far 
they are valid. Furthermore, we hope that the series expansions appearing in (6-1) 
and (6-6) may be more rapidly convergent than the original series expansions and 
that the results in this paper may be useful in the theory of condensation. 

In forthcoming papers of this series the results obtained in this paper will be 
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generalized to the case of multi-component fluids and will also be applied to simple 
systems such as one-dimensional systems in order to investigate how far they are 


valid. 
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Appendix 
Derivation by means of the “ graphical method ” 


In this appendix we try to derive the expressions for the pair distribution 
function, the chemical potential and the free energy by means of the graphical ~ 
method. ‘The diagrams have been used in the text to derive the expression for the 
pair distribution function. However, in this Appendix diagrams are used in a sense 
somewhat different from the one in the text. For this reason we shall include the 
derivation of the expression for the pair distribution function. For the detail of 
the graphical method we refer to reference 14). Here the derivation of the ex- 
pressions will be given in a concise way as much as possible. 

In the graphical method the starting formulas for the free energy and other 
quantities are expressed as** 


a = ‘ e Z -e +Sum of all the topologically different diagrams which 


a 


consist of three or more black circles (e) and and which are 


more than singly connected. (A-1) 


epee =" oe! -e +Sum of all the topologically different diagrams which 


consist of one white circle (©) and two or more black circles and 
é and for which each black circle is connected to the white circle 
by at least two independent paths and the black circles are connected 
to each other independently of the white circle. (A-2) 
wry) =Sum of all the topologically different diagrams which consist of 
two white circles, ©; and ©,, and one or more black circles and several 
ee and which are under the restriction (W) where (W) means 
ys Daand (WUT) in (2:5): (A-3) 
A propagator is defined in such a way that it is a part of a diagram which 
is connected to another part of the diagram by only two points. If these two 


Ps ‘ 


ere 


points are considered to be particles 1 and 2, the propagator is a diagram appearing 
in 2” in- the text. 
An s-point is defined in the same way as in the text, namely it is such a 


* Here the suffices attached to lines are written in small letters instead of large letters. 
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point (or a circle) that the propagator is to be separated into two parts if one 
removes it. 

The total of propagators can be grouped into two classes, propagator Z and 
propagator Zs: 

Propagator Z is the total of the propagators which have no s-point. 

Propagator Z, is the total of the propagators which have at least one s-point. 

Furthermore propagator Z, can be grouped together by the number of s-points 
in terms of propagator Z, namely propagator Z; has the structure 

ae tle prec a Ge n oeeege (A-4) 

Propagator Z can be grouped together into three classes. The first is B itself. 
The second consists of all the propagators which are to be separated into two or 
more parts if we remove the two points. The third consists of the rest which is 
denoted as propagator X. Therefore propagator Z has the structure 


ii 1 
Rae a ee 
z 
- «()s se “Qe: (A-5) 
where o=—5 is wri.) (see (A-3)). 


Propagator X introduced above turns out to be expressed as 


oe 


¢ =Sum of all the propagators which are under the restriction (X) 
where (X) means (I), (II), CII) and (IV) in (2-5). (A-6) 


Rees 


In other words, ——" is equal to x(ri) in the text. It is readily seen, in the 


Geom Soe ae aoe joNeie 
paso igen 2 1S (A-7) 


If we group the diagrams in (A-6) in an analogous way as was done above 


(3-5) in the text, 9-9 can be expressed as 


LC 


9 9 =Sum of all the topologically different diagrams which consist of 


1 


two white circles, 0, and ©, and two or more black circles and several 
PA Pay U una 


and which are under the restriction (X’) 
where (X’) means all the restrictions stated below (3-5) in the text. 


(A-8) 


An, aie Be FB tat 
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A set of (A-4), (A-5), (A-7) and (A-8) determines v(r) =2z(r) +26(4r), 
hence the pair distribution function y(r) =1 +u(r). 

It is necessary to introduce a process which will be called identification, “in 
order to derive the expressions for the chemical potential and the free energy in 
terms of w(r), x(r), z(r) and zs(r) (see references 12) and 14)). 

In the following we represent —’— by a simple line ——, removing the subscript 
6. Let us consider a propagator which is composed of simple lines and which. is 
under the restriction (X’). Such a propagator will hereafter be represented by a 


wavy line -.—. Furthermore, several kinds of propagators are defined as follows : 
O----0 = o—o + O~o ) 
Oo —9 = o---e----9 $+ 0--+-9---0---4 ++: (A-9) 
a ne eG NY ee 


Then we call the propagators having such a structure as shown in Fig. A-1 
to be identifiable. The process of replacing an identifiable propagator by a simple 
line is called identification. The number of times of identification is defined 


Fig. A-1. Identifiable propagators. 


in such a way that all the identifiable parts in a diagram are replaced by simple 
lines at a time. When a part of a diagram needs larger times of identification 
than the other, the former is called of higher order than the latter. The lower 
or the same order is defined in a similar way. 

The chemical potential. Diagrams appearing in (A-2) can be grouped ac- 
cording to the types of irreducible diagrams, which are obtained after the applica- 
tions of possible identifications to the diagrams in (A -2) and to which the identification 
cannot be applied any more in a unique manner. The irreducible diagrams are 
shown in Fig. A-2. 


[eo $8 


(a) (b) (c) (a’) (b’) 
Fig. A-2. The irreducible diagrams for the chemical potential. 
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>. 


Fig. A-3. Bold lines represent the propagators Z+Zs. 


x 


The diagrams in (A-2) belonging to the irreducible diagrams (a), (b), etc., in 
Fig. A-2 are always contained in (A), (B), etc., respectively, in Fig. A-3. 
However, the converse is not true; for example, the diagrams in (A) do not 
necessarily belong to (a). Therefore the contribution, of the diagrams belonging 
to (a), to the chemical potential is equal to that of (A) minus that of the diagrams 
not belonging to (a) among (A). The contributions of the diagrams belonging 
to (b), (c), etc., are calculated in an analogous way. 

Among (A), the diagrams not belonging to (a) can be shown to be those in 
which one edge w is of higher order than the other edges when we write the 
diagrams as in (A-5). That is, these diagrams are 


sspears ‘(Qe 25 ()« D, Speer “(e a8 S) SY a( am (A -10) 
2 wi al wl all alll 


Here 2’, w’ and x(x’) are the diagrams belonging to propagators z, w and 2, 
respectively. eS means the sum over all those diagrams, belonging to pro- 
pagator W, which are of higher or same order than the other edge. 

The diagrams, the contributions of which are to be subtracted from those of (B), 
(C), «++, are seen to be the diagrams in which one of the edges neighboring to 


the white circle is of higher order than the other edges. The contributions of 
such diagrams turn out to be summed up as 


2 are ()x = >> te x (Jet. (A-11) 
4 2/5 


The contributions to be subtracted from those of (A’), (B’), -:-, can be shown, 
in an analogous way to the above, to be 


> sy () Pose © » So w()a" a ss DEEKD Pa ()2" (A -12) 
z z a// ltl a// 2/5 ay 


tole Sale ales 
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Therefore the contributions to be subtracted from those of Fig. A-3, that is 
the sum of (A-10), (A-11) and (A-12), are obtained as 


-() : il). — (A-18) 


where we have used (A-7). After all the chemical potential is expressed as 


=a -] _ -| = s()e-se()e a()s owas as <> aay 
f(r - ()+} (A-14) 


which is rewritten as 


— /_— 7 (0) —pX(0) +5 -25(0) —L | ar[ er) +2e(N+2(7)}—2(7)] 


kT 
; <p> : vy roe (A-14/) 


Note here that the first and the second rows of (A-14’) are equal respectively to 
the first two and the last rows of the last expression of (5-8) in the text. 

The free energy. The reduction of (A-1) will be made in quite a similar way 
as that of (A-2). The diagrams in (A-1) are grouped together according to 
the irreducible diagrams that are shown in Fig. A-4. The contributions of the 
diagrams belonging to (a), (b), etc., in Fig. A-4 are equal respectively to those 
of (A), (B), etc., in Fig. A-5 minus those of the diagrams not belonging to (a), 
(b), etc., respectively. 

The contributions to be subtracted are those of the diagrams in which one 
edge is of higher order than the others in “(A) written in the form of (A-5)”, 
(B), (C), etc. These contributions among (A) and: (B),. (C),. +=; and (AQ: 


(b) (c) Gaye & 


(a) (d ) (a’) 
Fig. A-4. The irreducible diagrams for the free energy. 
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(A’) (B 
Fig. A-5. 


(B’),---, are shown to be equal to (A-:10), (A-11) and (A-12), respectively, if 
the white circles are replaced by the black circles. Therefore their sum is 


(x = i() : (A-15) 


After all the free energy is obtained as 


aA a4 ah , b % 2 7 x 
VET Ea x = CO TO) ee he a \ = aieee 


— -(). _ i) 3 (A-16) 


— del {e(r) t2s(r) +2}? 2°] 


4 
+ xX] 3 vy oh, (A -16’) 


It is to be noted that (A-16’) is identical with (4-8) and (4-10) in the text. 


ed tae eats ee 
. ‘ 
thy : 


11) 
12) 
13) 
14) 
15) 
16) 
17) 
18) 
19) 
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Ambiguity of OD,.¢.(x)/0x° and Causality 


Ichiro FUKADA 


Department of Physics, Tokyo University of Education, Tokyo 
(Received January 4, 1960) 


In the definition of the derivatives of the causal function Dy (x) a new type of ambiguity 
is pointed out. It can be removed by causality requirements, but not by renormalization. 
Or in other words, an effect of causality requirements in the graphical calculation is made 
explicit. 


§ 1. Introduction 


While the causal “function” De(x), x= (2, 21, L2, X3), Of a massless bose 
field and its derivatives with respect to 2=2x,—x/?—2,’—2; are well-defined as 
Schwartz, distributions of a single variable x”, they cannot directly be defined as 
distributions of four variables 2x), 2,,.x, and 2;. This situation is brought about 
by the singularity at the common tip of the past and future parts of the light-cone.” 
In order to construct a distribution having a singularity at the tip we must define 
it as a finite part in some limit process consisting, for example, of a series of 
distributions which are zero at the tip” or of a series of indefinitely differentiable 
functions such as 1/ {7(27)?(2*—i&)}, €>0. The results of various definitions may 
differ from each other, and this ambiguity in the case of De(x) will turn out to 
interfere with some physical postulates since 9D.(x)/0z* is essentially equal to 
De(x)De(x)””” which in turn corresponds to a self-energy Feynman diagram. 
Without the condition ‘“‘ massless”, clear-cut results cannot be obtained, but the 


essential features are not altered because the most singular part of the causal func- 
tion is independent of its mass. 


§ 2. Definitions of OD,(x) /dx 


Let us investigate first an indefinitely differentiable function with a parameter 


z 
D, ; yy i - : 
ls iene) ot hes for Im z<0 (la) 
and its limit 
e peat 1 eee ES 
el, 2) (Qn)? {Pf aD +120 (x +2)| for In z=0 and z40, (1b) 


which is a well-defined distribution of the four variables. Roughly speaking, (1) 


38.2% 4 


sot 2 Sa CONES 
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is the element of analytic continuation* at 2x? of a distribution Do(zx). In any 
case as long as z does not vanish, we can treat De(x, z) as a “ function” of one 
variable x without any oversight of its structure on the tip. Thus, using the 
formula 


1 
ae for _ Imz<0 


i | da eat (2) 
’ pf _+im0(a2+z) for Imz=0, 
BO 4 


we obtain as the Fourier transform of Ds,¢.(2, 2) 


oo 


co 
1 ‘f c see . 1 ( da : c 
4 “let AE Aree 
0 0 0 
where the formula 
ay 
ae an ae ee ae 
atx e te e2—Fhe __ 17 eitiGe) (3) 
; a\a| 


is used and §=1/4a. For a closed expression an integral representation of the » 
modified Hankel function is required : 


oO 


K,(e-*? wf) =s5 \ efecAerrlAl2 dg (4) 
0 
for 
O<argw<z and = Sag Nec ey Er, 
The validity of this representation is guaranteed by the analyticity of both sides 


sn the stated domain and the validity in special cases.” 
Now, for Im #’>0 


-~ 


1/2 
Deo(k, 2)=—(2) Kee)" ©) 
where —2/2<arg (z)'?<0 and 0< arg (#°)'2<n/2. With the aid of the formula 
ee rt es 
as 2 ai (n+l) 2" 2 Q n=0 n! (n+1)!2""" 
eek i il 
= m Be ma- 1 t 


OQ 


where In 7 is Euler’s constant, the series expansion of Ds.c.(k, 2) 1s obtained : - 


* See ref. 4). The theory of hyperfunctions as boundary values of analytic functions is thor- 


oughly investigated by M. Sato whose early papers are cited in ref. 4). 


_ 
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1 1g eel Beau RRs 
Ds.o(k, 2)=— 4 +2(4—— In 3 c z Inz+O(e’ Inz) 


for 0 <arg(#)?< (7) 


and its boundary value on the real #’-axis 


il age esa ii | a ee ie 
Ds.o.(k, 2) =— PL + ind) +2] Int 7 #)| 


<8 Ine+O (z2*Inz) for & real. (8) 
This result shows first of all that Ds.c.(2, z) converges to D{k)=i70\ k*)— Pf(1/F’) 
independent of argz. Next we must set out to define 9D¢(x)/9z*. As long as z 
remains different from zero, 9De(x, z)/027=9De(a, z)/z is well-defined and for 
Im z<0, in particular, it is equal to the ordinary product {(27)*/i} De(a, z) De(a, 2). 
Therefore we may define a distribution 0D,(x)/0z* of four variables as the finite 
part of 0D<¢(z, z)/dz for z>0. Taking e~”’ as a test function, we get 


[atx Pac(®) o-u-— P(e >0) { dtc Pee 622) o--— PE (20) Z—Do.o. (ks) 
4 6: es 


| B24 1/2 
=Pf(z>0) |— is In rR 
2 2 


= s #(—#)—2_Inz +0 fire) 


Nyy oily te : 
sin TET tng #) +arg 2}, (9) 


2 
where the subtracted infinite part is —In|z|/4, a real logarithmically diverging 
quantity, corresponding to (—In|z|/4)0(a2) and the arbitrary (—7z/4)argz cor- 
responds to (—i/4) (arg z)0(x). Three representative values of arg z are —z, 
—7/2 and 0; —z/2 is the one usually written in the theory of quantized fields, 
while —z and 0 mean approaching to the light-cone, especially to the tip, from 
within and from without respectively. In these three cases 


Oe) for argz=—z 


fatg-Pac() eve In sale = 


it x 
——E(e = — 
Ax (Rk) for argez : (9)’ 


=e) for arg z=0, 


the second of which has already been given by W. Gittinger.” The factor 
{70(—k*) +arg zx} in (9) originates from In(z¢/2) in (6), a glance at which tells 
us that the higher order derivatives of De(x) also contain the same factor in their 
imaginary parts and have the same “ threshold property” as the one in (9). 

It is interesting to introduce along with Do(k, z) another function Daclh,.z): 
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1/2 
Diack; 2)=—(=) 7 GEN On) tel Os Beat 
0 Sarg(z)" << and ——F<arg (2)? <0 

with 
or —n Sarg(z)" S— and  <arg (B) <a, 


whose boundary value is the Fourier transform of Dyo(2, z): 
f 1 1 
_ . for Im z >0 
(27)? xtez = 
Dac(x, z) — rn 
1 
(27)? 
It is evident that only for argz=—z or 0 De(k, z) and Dyck, z) can be unit- 
ed into an analytic function regular in the #-plane cut on the real positive or 
negative axis respectively. This fact has appeared as the threshold property in the 
boundary value on the real #-axis shown in (9) and (9)’. 


{Pf E —ind(x'+z)| (or dines Oeencice sae! 
ate 


§ 3. Threshold property of a self-energy part 


The threshold property of a self-energy part is well-known, yet it shall be re- 
viewed briefly. In order to avoid an inessential complication in the course of 
renormalization the mass of an intermediate particle is kept from zero at first. The 
regulators of Pauli-Villars” are applied, or in other words 


DI (h, M2) =— | dtp reg do(p) reg Do(k—P) (10) 
(27) 
with 
Hk ont nike 2 a2 al 2 ane) 2 
reg dc(p) eee ind (—p’+m elope oF im0(— p*+M yt, 
reg Do(k—p) = Pi —q — 5 + in ((R-9)") 
— {PF Se eteie: +ind(—(k—p)'+M)|, 


(11) 
is first evaluated, and then after subtracting suitable terms the auxiliary mass MW 


is made to tend towards infinity. Applying (2) and (3), we find 


oe 1 co 


z wf 4S sa ea —i€4M2) (p-t(1— Em? __ y-4(1— M2 
3k, M)=55 | a? | e (1-—e )(e —e ye 
16m J) J 3 


0 


The integration with respect to 4 gives zero for €=0 or 1. For 0<¢<1,° the 
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differentiation with respect to #, the integration with respect to 4 with the aid of 
(2) and finally the integration with respect to &’ in view of the formula 


dint _ps} 4 naq) for-are j==0 ee —2; (12) 
ib 


dt 
lead to 
In € (M?—€#) —1n(m?— €R’) — In {§ M?7— © (1—£) FR} 
+1n{€M?+ (1—§) m?—F (1-8) Rt, 


where the arguments of the quantities under the In signs are 0 or —z, and the 
constant of integration with respect to &’ vanish. In order only to get rid of divergence 
there can be infinitely many ways of subtraction, each of which defines a multiplication 
of De(x) and 4o(x).” Here two cases are to be written. One is the mass renor- 
malization at k°=0; the other is the finite part in the manner of the previous section. 
In the latter case mm’? is reduced to zero without new complication and the whole ex- 
pression is devided by i/(2z7)* for the purpose of the immediate comparison with 
the expression of (9)’. The results are 


Sey Mee ge ee eee Nas T ss 

Sa 16n* ) ds |n mee with arg (m’—¢k’)=0 or —z, (13a) 
On)? ; ; 

C2” Sy (8) =~ In [B+ 9B), (18b) 


where the subtracted terms are (¢/16z*) (In M?/m?—1) and (1/4)ln M? respective- ~ 
ly, and the former multiplied by 7, pure real, may be interpreted as the self-energy. 
(13b) coincides with (9)’ for arg z=—z except for (—1/2)In 7/2 resulting from 
the difference of the ways of subtraction and corresponding to (—1/2) (In 7/2)0(x). 
The comparison becomes complete, however, if we vary arg]? continuously 
from 0 to —z, ie. in (10) we substitute 

fee A,(p) = Pt E Std — pi me) Nae 
=p +m —p+M? 


: for _ ImM?< 0, 


(k—p) 


1 


reg Do(k—p) =P 
Se — (k~p)*+ M? 


a tind (k—p)*) — 


(11)’ 
or their limits* (11) where M? is real and now can be negative as well as posi-- 


tive. It is obvious from the results of the previous section with k and x inter- 
changed that these complex and negative values of M? maintain the power of 


* These cases have been argued by N. Nakanishi, Prog. Theor. Phys. 17 (1957), 401, especially 
a footnote on p. 409, with Feynman cutoff method. 
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regulation. In fact, the same way of evaluation as the above leads to 


1 


; f e 2 £72 e 
Seige Ss Oe ey (+4 
>it S45 Ls er amen CE i OY ar 
with arg (m’?—¢k) =0 or —z and —z Sarg M’<<0, (14) 
whence 
- 1 9 
Y 1 (y= me 
a k at Ste Se 7 a 
Diren (A) 162? ey eB +7 arg M*) 
with arg (m’—¢k*) =0 or —z and —zSarg M’<0 (15a) 
and by placing m’=0 
2m)? a 1 2)1/2 Tg 2 2 
Se Rees aba aoe 70 (2) +argM*t. (15b) 
i 2 | 


Here (i/4) {x#(#) +arg M*} gives rise to a wrong threshold property as (—i/4) 
x {xf (—F) +arg z} did in (9). This arg M’, however, cannot be subtracted for it 
would make the self-energy complex. Thus, two quite different classes of approxi- 
mations, (1) and (11), have the same range of ambiguity concerning the threshold 
property. 


§4. Summary 


Apart from the perturbation theory, each of the two general postulates, the 
commutativity of two local field operators at a space-like distance and the positive- 
definiteness of the squared four momentum operator, confirms the conclusion that 
various Green-like and non-Green-like “functions” of a variable k’ can be built up 
of the two boundary values on the real #’-axis of a single analytic function regular 
in the #-plane cut on the real positive axis.” In view of § 2, therefore, the ap- 
proximation D,(x, z) = {—i/(27)*} {P£ 1/(2?+2z)+in0(a?+2z)} withz<0 to D-(2) 
is distinguished by meeting the causality requirements from any other approxi- 
mation of the same type with the argument of z arbitrary. And in view of §3 the 
real auxiliary M in the regulator method possesses a certain physical meaning 
although the interpretation as a mass cannot be carried out owing to imaginary 
coupling constants. . 

In the local field theory an accumulation of two local field operators at a space- 
time point is inevitable, and this accumulation, corresponding to the tip of the 
light-conecin § 2, gives rise not only to the well-known ambiguity which can be 
removed only by comparison with experiment or by renormalization,” but, in the 
graphical calculation, also to a new type of ambiguity which was latent. By de- 
veloping this ambiguity the present paper has made explicit how the causality re- 
quirements operate in the graphical calculation. 
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The effective pion-nucleon interaction and the anomalous magnetic moment of the nucleon 
are calculated on the basis of the composite model for the pion in which the fundamental 
interaction is assumed to be an adequate linear combination of scalar, tensor and pseudoscalar, 
or vector and pseudovector Fermi type couplings. The results are qualitatively in agreement 
with experiment. 


§ 1. Introduction 


Since the problems related to the low energy p-wave pion-nucleon interaction 
were solved by the meson theory with fixed extended source, the phenomena in 
which the effect of the s-wave pion-nucleon interaction plays an important role, 
e.g. s-wave pion-nucleon scattering, the anomalous magnetic moment of the nucleon, 
the radius of the nucleon core, etc. have been studied by many authors. Perhaps 
the virtual nucleon-antinucleon pair plays the important role in these phenomena, 
but the consistent explanation about them as a whole is not yet obtained, as we 
have not a precise treatment concerning the nucleon pair. 

In the previous paper,” hereafter referred to as I, we used the composite model 
for the pion” to treat the nucleon pair, because in this model the pion is regarded - 
as a bound state of one nucleon pair and the nucleon pair can be treated more 
suitably by the method based on this model. InI we assumed that the fundamental 


interaction is the direct Fermi type interaction and its coupling type is pseudoscalar. 


The assumption is the simplest one which gives a pseudoscalar pion. Then the 
effective pion-nucleon interaction is equivalent to the usual meson theory. 

Now the fundamental interaction is assumed to be an arbitrary linear combina- 
tion of scalar (s), tensor (¢) and pseudoscalar (p), or vector (v) and pseudovector 
(a) Fermi type couplings.* We hope that our results are equivalent to the usual 
meson theory in the region mainly related to the p-wave pion-nucleon interaction, 
and also are consistent with experiment in the region in which the s-wave interac- 
tions give the major contributions. The actual treatments (the calculation and the 
approximation) are same as I. In section 2 we consider the eigenvalue problem 


* We consider here only the special combination® of s, v, ¢, a and p for the convenience of 


calculation. 
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for the bound’ state of one nucleon pair by the new Tamm-Dancoff method and 
regard this state as the pion. Then we obtain a normalized wave function for 
this state. In section 3 we get an effective pion-nucleon interaction by the canonical 
transformation using the above wave function. In section 4 the anomalous magnetic 
moment of the nucleon is calculated perturbation-theoretically, by using this model. 
In section 5 we search -an adequate combination of s, ¢ and p, or of v and a, for 
our results obtained in sections 2, 3 and 4 to be consistent with experiment. 


§ 2. Eigenvalue problem for bound state of nucleon-antinucleon pair 


The interaction Hamiltonian between nucleons and antinucleons is assumed to 
have the following form: 


Pp 


Hi= 8 | GH) OH )) GO) Opel) dr 


& i=l M?. 
+ 3) S| EO) OVO) GO) Ong (r)) dr (1) 
where ¢= a is the nucleon field operator. <,’s are the isotopic spin operators 


n 
and O,(k=s, v, t, a, p) are Dirac matrices which correspond to one of the five 
invariant interaction types, scalar, vector, tensor, pseudovector and pseudoscalar, 
respectively, and 


Ojset 

OH 

Oe ee Galo —NTe) 

On= 17574 

Op=7s- (2) 
Now we represent (1) in terms of the creation and annihilation operators and 


make the same approximation as I. Then we get the following interaction 
Hamiltonian corresponding to (I.3) : 


1 il 
Gn? = Mt | dp.dp.dp.dp. 


/~w 


l7 faa pes eai tas Oper oo poe a pat Obs Of, On Oe Cri rae = ps) (Pit Prt Ps + p,) 
— Lat Din* bps Bie-Bon oy C os pa? (Pi + P2— Ps— Ps) } 

+ Ion (aps® Gor" OT bie Bo ps-Bos pat Op Obs af BS Cor on Cog 4a) O(pi+ p+ pst Pps) 
Aap Oe, OF; Gea Boy rage pa O(p, + P.— Ps— pu) 

+91s{ — ah by Bs, apa foes pa Es pa 0 (Pi — P2+ps— ps) } 


ie 
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Tos 2p bis Obs As Los pa Eps p, 9 (P1— Pot Ps— Ps) 
Fil (apt ap Dost OF Six oa Spa ost Obs Ops Goa Ah T pn pa T ps pu) 9 (Pit Pot Ps + Ps) 
+2 (api bie" bp: Aha Oon p2 Ops pa (Pi — Pat Ps— Ps) 
+ apn bie OF ab Sin pe L ps ps9 (Pi + P2— Ps— Ps) ) } 
Vu (Gr, doe Dyas On. Sirs papat Ope Ob abe abe Lonips L spa) O (Pit Pat Pak Pa) 
ee — oe Oe Be BO xp Opn p29 (Pi— Pa EP s— Pd) 
+. abs* be bf? abt Soa T ps ps9 (Pit P2— Ps— Ps) )} 
= Gin \ (Bin ox Obs Ope Tos pal ps pat Obs Ops Bie Ape pad papa) © (Pit Pi Pst ps) 
+ 2 (abi* bpe* bit alt Ko, oa K psp. (Pi — Pa + Ps— Ps) 
+ apy bie Of Obs Tp: pa J ps pa (Pi + P2— Ps— Ps) )} 
= Goo (Caba* abet DE* DES Be, oe Lox pet Obn Ob: Un oe SI 01 pa ps pe) © (Pi + Pat Pet Ps) 
+ 2 (— abi bis bbs a Ko, op Koso, (Pi— Pot Ps— Ps) 
“abs bis bist abs To: pad pape (Pit P2— Ps— Ps) )} 
— On (ale ah* DEE DET VE V pane + Oon Don ate Oe Z oy pa pape) (Pit Pat Pst Pad 
+2 (—abi* bit bbs ae Ub: 9 Us p49 (Pi — Pot Ps— Ps) 
+ ap. OF Obs ae 3a pa a pa (pi + P2— Ps =a )} 
— Goa { Cabe® abi* be BP Y 0, o; Vos put Obs Obs ahs abt Z ys paps pa) (Pt Pat Pat Ps) 
Bed (eeu Sota 7 eo Oboe © hae 0 (pi— P2 + P2— Ps) 


+ abst bist bps aft Yup Zap.9 (Pi + Ps Ps—P»))} | (3) 
where 

B= (e520) 6s B= C= te0, 
Ct= (4201) % 
D age aa foe | 
=, oy O=0o,, 
$= (¢;72) (ovo) S=r,(o40:) 
T*=— (4274) (20%) T= —7 (020%) 

¢ [*= —i (4472) (742) [= —it, (0402) 
JS —i (tts) (F272) J = —1it, (020%) 
Ki) K=1 

¢ Ut= 17,0, U=—io, 


ea Pee ber 


1038 C. Ihara 


Y'= (7:72) 0% Y=120% 
Zi = (t9t;) os LST. (4) 


If we calculate the commutator between Hamiltonian and —af%¥.2B?, ,.b@-Kj2) OF 
be an/2) C2, 2 U-nj2, uSing the same approximation as I, we have the following 
commutators (corresponding to (I.5) and (1.6)). 


o * / 
[—apiee By, pe bP Gy —/2) > ef ] 


~~ (2n)*; uve =a | dp’ \— (891p + 291s — 290s + 691 — 64 oe 
27 PS pa 


* j * 
=F 291 — 29 +e 2910 ie 69oa) apr te/2D ps pa bP —ke/2) 
L 


+ (1091p — 29 op + 6912— 69 or 
+ 610 — 6900 —10 Pin + 29) OF ni) Cha yu Abt anyah (5) 
[Oey tia, C pips pense 4 || 
nae 24 \@p’ — (1091p— 29 op + 6912— 69 oe 
+ 691» — 6 Foy — 1091a-+ 290) O87" 1e/2-B 3g 04 OP Cor — 10/2) 
+ 891» +291s— 290. + 69ur— 69 
+ 291» — 290 + 291a— 69 oa) BP apr + 2/2) Ge: pa Lot 416/20 » (6) 


The eigenvalue equation for the one pair excited state is directly obtained with 
the use of the commutator (5) and (6), as derived in I. 


Case I (5, t, p): 


1 : 
nM {89:p +2 (Jis—Yos) +6 (Jur—Jor) } 
x Jap : ee 
Fp +6j2+ Ep_xp— On Ey sij2t Ep—1jat+ On 


under the condition 


89ip +2 (G1s—IJos) +6 (Gu—Ioe) =1091,— 29 0p +6 (Gur— Jot) 
(Pip — Yop = 91s — Jos) - (8a) 
Case Il (uv; a): 


uk 


1m)? ME {2 (Jv — ov) +2 (Sia— 39a) } 


P 


ie 1 
x fap( us ) 7 
En+np2t+Ep_np— Or E tka t Ey=Ki2top ( ) 


ou, eh Rat 
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under the condition 
2 (Jiv— Jor) + 291a— 6 Joa=6 (Jr»— Jor) —1091a+ 290 
(Div Jou = 391a— 29a) « (8b) 
This eigenvalue equation has two types of solutions, as stated in I, and one of 


them w,~/k?+/2(u is the pion mass) is obtained if we cut the integral in (7) 
at the nucleon mass and take coupling constants as follows: 


Case I: 
AGin + Gis —Gos) +3 Gur —IJos) =30. (9a) 
Gaseyit: 
Gi» — Jon + G1a— 39 0a= 30. (9b) 


The explicit form of the wave function representing this bound state (pion) has 
been obtained in I. 


P,' (k) = Ayr Po (1.13) 


2* and its Hermite conjugate A; are 


Eps kat Ep—Kja— Or Ey +Kj2+ Ep_Kjat Or 


pix z pak p g P 
At* ~ 3h s \4p (ee 92 Op /2) ae bey +ki2) Crees Ap—ke/2 : (1.23) 


k 0 
V 2a, P12 


ly * i * a 
Aji ~ 1 >? \ dp ( Bn B pupa OP p+ hi2). 2. bP —ej2) Cr p2 Ops ke}? : (1.24) 
V 20% hey Ep +Kpt+ Ep-Kp + OK chien pena — OK 


§ 3. Effective Hamiltonian for pion-nucleon interaction 


We search for the effective Hamiltonian for the pion-nucleon system by using 
the pion wave function derived in I. We perform the following canonical transfor- 


mation, 
oe Oe-®=O+[i8, O]+ = HS iS Olas (1.26) 
where _ 
== fe = \ dkd a ( apt Bin p2 beet — We/2) DPN p+ e/2) Ca p2 ak? Ae 
: (22) *” + fi V 20nb\ Epsnpat+Ep—1a— On Ep +njat Ep-nj2+ On 


j * p j p2 ve 
+( ae Bin ps Open 4 OP @-nim Cra Grew Ax | (1.27) 
Q Eo+Kpat Ey—Kjp2+ Or EysKjat Ey-Kj2— OR ; 


on the total Hamiltonian H=H,+ H', and the subsidiary condition : 
Ai Y,=0. (1.21) 


Then the transformed form of (1.21) becomes 
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\a UA Aa Bin a Omemin 4 Omni Chip Opeky2 ) Mi =0 (1-29) 
V 20% En +K/2 i Ey-K/2 +o Ens 7 | REET, co OK 
by using f~15.4 and the cutoff as before. 
Next we transform the total Hamiltonian by (1:26). Before we perform it, 
we rewrite H’ as follows, 


ped Seb Eaters, | 
x {(1]+(1]+ (00) +2 (IV)]+[V]+[VI]4+[VIr) } (10) 
where 
Case I 


[ 1 J=ats* at* at att 3 (p.— pot Pst Ps) (ipD pr p2D oat JopDyr pa Ds pa 
sped Oe Reed Oa Siig OMA Or ervig at AO Pa Ob ers tes Sas ea 
EUul Org Opspe tee ses 

[ IL ]=agst afi* bia* bis 0 (pi + pat ps+ Ps) {Gp B ir paB pe pe + Joo Boys pa Ppa pe 
A-Giel ted oar Gor l pvpil ose hu pal pa FOO pe ea 
mee AC RMR tla eiah pea NEO 

[ TL |= dp, ps ape af 8 (pit P2+ Pst Pa) {9p Co 0 C ps pa + Jon Cor pp Cosipa 
= Gah tes og eae igs y's, rune aa (i ome) ag al cee 
< pd PAO} yen Wea: A Rar ag Brey 

LIV |=ab,* aie* bi" af, °(pr— pot Ps—Ps) (Gre Dorel? papi — Gop payee 
= Gis Ep, treba Gore a Plessis (Ona tree py se pa) papa) 
ot Shc O pees cade es ae 


oF fi 


p3 oe) 


— 7Pi* bps 74 7P2 8 mar . - 
[ Vv | anny bf abs abe 0 (pr P:— P3— Ps) bed B bee Cire opto: p2 Cirsi 


FE Gaal see, eae Red One ne ps pat te (On pa pager, es eee) 
+ Jor (O pl oe: iss ee p2 pees se } 


[VI J=afn* bps bf af: O(pi— pat Ps—Ps) {— Pap Din p2 Db pa + Yop Dior pa Dips pa 
9 is Epa paige Pp Epps lo pe'on Gis Ops Ova eee 
Poel © a iG) ae hued oe) 1 

[VIL] = apy bya" bp, abso (pi + Pa— Ps— Ps) { —Iip Bon ga Cs pa— Yow Bor oa Goa pa 
Gia Pipa pi pa Gord wi pa Sas pat al hig eats ete 
“a Glot' F pupal piback pn el peea 


ee ne Ee: 
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Bi= (@,t,) (o,— ar Rod 71) Dp Dy, 

nese omaar E,+M 1D 
eae (0 2, +M E+M ) PrPy 

Conlon ay har) oD 
Di=s( Eu Mee Bit ) PrDa, 

D=( ey; S E+M ) Pedr 
Bi=z,(1— B,+M E,+M )P.Pe 

z=(i- aay, Bene) DoD 
eee (17) ( aa b+ M )o:Pp Pe 

Pas, EM & aM ) Da 
Gt= (rar) Peay, is EM ) Pru 

conn gitar aig) oP 


ta —_— oP oA | ) DD, 
O'=2,(o4 eM on Be Mele. 


On E 4+M k E,+M d q 


E,+M Eq M 
a py g Je Deg: 
ial E,+M ROK E,+M 24 py Lg 
yt op )D,Das 
Q = (rat) ( E,+M On— TK E,+M 1 eas! | 
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Pete ake OD nae es )D,Di> 
Rer| Bee atop ELM pa 
R=(- {id = C0" +o ) DpD, 
E,+M htop E,+M py 


zs op oq )#DpD, 
2 a E,+M ze E,+M pe 
siete SP gal ) D,D 

(72 A ae E,+M A 1D Es eee 


Tan, op ae ) Dp Dy. 
a eee E+ Me ed 


(11a) 
Case II 

[I |= — abe* ab\* ale als 0 (pi — Pot pst ps) Wie id orpt fe bs pare pa pa tromed 
tpn (Elesg pal peeu ke piopa op ne le te OG pig Operate aes ete 
Sgt Cine Ceo peace | 

[ IT J=— afs* aps bf" Op 8 (pit Pat Pst Ps) (Ir CL pr p2L ps pa + Lips pa Lips oa) 
Ae Gia Lovos dos oa bree dis) Gia Magten’V oak eX tea appa 
Hoa CV gies V pepanGe euestet pels 

[TIL ]= — Of, bf af af, 6 (pit pat pst pa) {Gre (J or p2J ps pat M oa pa M bs pa) 
Goud on pa) o8 pa te lVd papal pepe), Gia (VV bs pat V igen epee 
ce Tua WV ox pal na met 2 pepe pene 

[TV ]= — api ape” Ob* ap 9 (Pi— Pat Pst Ps) {Gav FZ ps po T pa pat Kon pn Le pa) 
Gow Fa sips U pena TES alps Lope ek) Gta OO ea pa Veo nace dere) 
Ge tg a eat Py oe ce am de® 

[ V ]=—api* bf, abs ab: O (pi — Pa— Ps— Ps) {Yau (F751 pa I ps pa + K fa pa M1 pa) 
s+ Gok LL pcpad paoks pega page) + Gra CO ote as pee oe 
it 90a Oar pa: Wespuso pier oups) | 


[VI ]= Taran One by ab O (p1— Pa+ Ps— ps) {Ir (Fics p2 lek. pegs sie caps) 


= Gow (Fos ps ps pat Korpa Kos pa) Gia OG p2 eles Ge eatpope) 
F Goa (ee p2 Oe eels p2 Ni ea) } 


Set ao 


Pion-Nucleon Interaction, Anomalous Magnetic Moment 


[ VII] ee Tag be Ops ar 0 (pi + P2— P3— Ps) {Irv ( (Ces p2 Iie pa ali bes ollie 8) 


Gs Chae ga’) nape tb Lypk bas onipa) a PRG AR We pat bce WANs) 
“ger ey nips Wis Vie = Grr te Tey 


H'=—ic,(—°P a, +0, 4) D, Dy, 
Bp eM SoaE E,+M oe 
ai( Porter 2h) DD 
A ESI EG fe sO eto 
f— _(r.c oP. od pS Reg) . 
aia oie (>.+ jE debts oes es aa 


I= —it, (o.+ oP eee )o.D,D 


oO 
E,+M * E,+M 


tj Tat; SF. a4. )DpDa, 
lf iT, do. (ont E,+M ox E,+M ip+*q 


Peay gE 4 ) DpD 
ai ity, (ont E,+M oO, E,+M pq 


Kt=z,(1+ ok wie | )DpDy, 
Boe. 2h My e? * 


K=(1- a a ) DpD 
Ea TAY TER fal 


Br fie = es P d )e D, D 
—— Grarivs — 7) q? 
(7; »)( m M E, M Py q 


te Cd eee “ae | )e D,D 
6 | E,+M E,+M a Nae Ae] 


eee 2 \7, 0, 
M = (22t,)o( E,+M =F E,+M Pp 1 


oe OP Beg ) DD 
M Aer, E,+M VDA 


Ste 3 op | ) DpDy, 
= iss (on+ E,+M Or E,+M p**a 


ae: Fe eee ) DpD 
Us i(on+ E,+M “"E,+M p+" 


Via —i(st) ( ft ce 


ee ke he O2 De, ’ 
E,+M 


"4 _| 
E,+M 


ee oe OP. ; 74) o,Dp,D 
V= gles Ont Op E,+M 24% L%q 
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Wi=—ilraeyoa ST aONr oe 04 : ae ope Lys 
a ee eg DES "4 ) B,D, 
W==72 reel E,+M Oo; +o, E,+M pa 


a op _+__*4 )D,Dy, 
PRM See ee eee 


a vd hives an BA & ) D,D 


fe) ea Oe a oe Mt 
4 Tz Te (1 ZF. > od je DL), ? 
(77) "ktM. E,+M estes + 
ea op oq )o.D,D, 
( Te +M FopREan Vas okie ee 
t= Tote (1 oP out ) DD, > 
(7221) 4M EEN Ak at 
Z=0,0,(14+— SP 24 | D Dy. 
E,tM E,+M 
D,= Vv “(En t+M) / 3 Oe (11b) 


Now we transform (10) by (I.26) and pick up the terms corresponding to the 
free Hamiltonian of the pion, the f-wave interaction and the s-wave interaction, 
as derived in I. Making the approximation E,,~M and using f=15.4 and cutting 
off integrals with respect to p and p’ at the nucleon mass, we get the following. 
The free Hamiltonian of the pion H, is derived from the terms in 


teal oe we il 
+|is, lis, Fe psu { dp, dp.dp,dp.((U1] + [111] +2((V1] + (Vit) ||. 
- Case I 


US Pla > | dk (2 [2s {4aie+ (Pis— Gos) +3 (Gu— au) Jon 
+2| 4= —{991p—Gop+ (Gis —Ios) +6 (Grs—Ioe) le 5 Aj* A; (12a) 


= >} | dhox Aj* A,d 
J 

by using (8a) and (9a). 

Case II 


1 
H,~ 2 | dk (2 {1-2 (Gv You + Jat 3fo.) | OK 


1 2 ; : 
+8 i (vou Yin Joa) “= ) Ag Ate (12b) 
On 


0. wie Bate TA - - a 
Bayes 2 
: 

‘i 
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If we put 
21 2 Gio Soo + Sra + 3000) | =1 (13b) 
and 
1 (9 = Go Gin + Gen) =O, (14b) 
15 
we get 
H, ~ >! | dleon Ai Ay. | (15) 
The p-wave interaction Hamiltonian H,, is obtained from the terms in 
; i 
[ is, ae Y \aapap.ap.2v + vp |. 
Case I 
1 
New JE ay {491p+ (91s— Jos) +3 (Gu—IJoe) } 


1 
aieny 


rs Ai* 0 (pi —Prt k)} Ape: 
Using (9a) and f~15.4, we obtain 


9 > | dprdp. dhe 55 — aps t, (ok) {— Ax’ 0 (pi— P2— k) 


iG 1 5 a ee MeN NCE Ysa gf 
Be ee ee > | dp.dp. dh Treg tts ob) {Ad (P.—Ps—®) 


+ Aj* 0(pi—p2t+k)} Ape> (16) 
where 
GS" _ 0.09. (17a) 
Ar 
Case II 
| a Pine ae a: { (91—JYor) + (Prat 79oa) } “aye 3p | apd al 
x 1 akc, (ok) {—A,/0(pi— P2— *) + Aft 0 (pi— po +k) } ape 
V 20x 
iG 1 
= Gay S| draped 55 ass(ok) 
Px {Age P HW + Aft 3 (pi— pith) } ap, ay 
where 
GC == | to F { (Giw—IJov) + (fiat 79 oa) } |. (17b) 
An 627 M 
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The effective s-wave interaction Hamiltonian H, is derived from the terms in 


is, Be Si qpe 3) aPeaPeaPsap. UI + +(0n]+2qVE}+{VID} | 


lea : 1 
iee5e Ls, is, get a Gy TEs pa 2 dp, dp, dp; dp. \ {(1]+ ()+00] 


+2((VIJ+[VI)} || 


speek sfa Ap didi 
(22)* “FT ag Pep V 20; i Zane a 


x ax [+7 (7-o@) |a, Axi Aj? (18) 


0 (p’+k’—p—k) 


= 1 
S= =a aa: {6 (591p—Iop) +2 (590s— Is) al 14 (Ju+39o) } 


1 2 
+4)1-—. {991p—Jop+- (91s —Jos) +6(u—Iu)} | 


OK 2 i 
+( on) {8+ {10 (591p—9op) +6 (590s—I1s) —12 (5912 +79o:) } 
1 
+8|1-2. {991»—Jop + (Fis —Jos) +6 uu 9u)} | 
1 
x [2 eens {(Jop—Jip) + (Pis— Jos) } | 


+4)1—2 {(Jop— Jip) + (udu) } | 


1 
= “9 {(590s— 91s) —3 (59 +390) } 


= OK a iL 
7 s(2t)p. on et +6 (G1z—Goe) } 
+2 41-1 (99, —Jop+Iis—IJos +6 ( 
60 Pp Op 1s 0s Iu— Jot) ) 
x {1-2 | —Iipt+ Irs—Ios) 
60 ip Ip Is Os 


/ 
+ {1 mas (991p— Yop + 91s— Gos +6 (J1e— Jor) ) | 


ah SE AF ole 
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: 
1 
$8 (PHY 14 2 (Cbig-+90)) +3 urs) +6 Gu) 


oa! — (Jop— Jip + 91s — Jos) + | 
a 60 


S4(2e)' (20a) 
by using (8a) and (9a). 
Case II 


=— 20 = we +e mega ie oi Nas 3 2 
€=—2+ a {(591»—Yov) — (5914 un)} +4) 1 55 We Ioo) = Ie au) | 


2 
On 4 
+ — 6 +— (691—591a+ Goa 
(2)| 15 (Om Jia + Joa) 


1 
+8 {1—= (Js Jou—Ira+ Fon) | x {1 eG (Jv Joo 39a Jon) | 
1 2 
+441 ar (Jy Joo—3ra~ Jun) | | 
Laan Weed (491, — 291a— Joa) 
15 


2 4 alt 2 
_ OK es 2 2 3 4 (1 — —( 2} 19b) 
+(2) | ae (691—591a toa) + 10 7° ( 


y=4 ( oe [| -1 ets (J10— Joo + rat Joa) 


‘ ; A 

zi {l——e (so —Gaa + Sua) | x {1 Stray, (Jro— Joo— 3410 Fon) | 

: : 
+ {1 (un —In—Ira+ Gon) | | 
3 
+8 (2) | 14+ Ge Sou Ira t Goo) 
; 2 
+ {1 +<— (tv Yow — 39a Joa) | | 


— OK — Se 4 la” le] 
vase i e 4 (i- i de (20b) 
+8 (2) [rita = hs Joa) + Tae 


by using (8b) and (14b). 
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§4. Anomalous magnetic moment of nucleon* 


We calculate the anomalous magnetic moment of the nucleon by the second 
order perturbation, i.e. up to order eg’.** The covariant calculation is not applied 
to using the cutoff in the momentum space here as well as in the previous sec- 
tions. We use a similar method to what have been adopted in the analysis of the 
magnetic moment of the nucleon by Goto.” 

The interaction Hamiltonian of the nucleon with the electromagnetic field is 
given by 


Hy =~ ie| FOr, T*8 (r) A, (r) dr. (21) 


The time-ordered graphs contributing to the anomalous magnetic moment are il- 
lustrated in Fig. 1. The contributions from the diagrams (A1), (C)’s and (F)’s 
are equal to those from (A2), (D)’s and (G)’s respectively, because both diagrams 
can be taken by the time inversion from each other. 

The contribution from the diagram. (A1) in Fig. 1, for example, is obtained 
in the case of pseudoscalar coupling as follows. 


(Al ped hg Madge : | 
p= (Qr yer (2n)3 a Ma | dp.dp.dpsdp.dk0(p.—p.+ ps + Po) 


[ ah fu* (Pd) (Prs=d (Pd) } anSp {0 (ps) (S742) (—Cv* (py) )v (pd C(@A) 


x 


u(P:)| 8 (Pat pit k) — a, \u* (p.) (87571) (—Co* (p)) v(pyC 


1+c 
X (aA) oe u (Ps) (P7s T;)u (Po) | Qype 0 (Ps prt k) | (i= tif i Em) a 


— é SS 2915 


(2m) 9 aE | dp.dp.dp.dp.dk 9 (p.—p.+ps+p.)9(p.+p.+k) 


| as, {u* (p.) (87s T;) u (P2) \ Ang SP | (Pr. 7) Ent Spo — MP (aA) ay a 


Ey, + (aps) + MB | E, wae a —M, t 
SE | aah let (Pd Graze 22 Qe (aa) AE 


x Ent pr) +MB (9) my la _| 
2B (890) UCP) | ys | (Ep — Ep — Eps Ep) (22) 


* Already Iso# attempted to discuss the anomal 
this model. 


** Tf the higher order contributions pla 
calculation will be meaningless. 


ous magnetic moment of the nucleon on 


y the essential role, the conclusion from the present 


Pah VS SOCEC eee 
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where w(p) and v(p) are spinors for the nucleon and the antinucleon respectively 
and 


u(p)u* (p) = (E,+ (ap) + M8) /2Ep, (23) 
—Cv* (p) v (p) C= (E,+ (ap) — MB) /2E,. (24) 
The first term in (22) vanishes because the spur in it is zero. Using the relations 
(ap+ M8) u(p)=E,u(p), (25) 
u* (p) (ap+ Mf) =E£,u* (p), (26) 


we get 


ee ) . 
(ADe~ og te | dpidpsdpsdpidk 0 (.—p.tPrtp.) 440(pt4+—> ) 
> k 
<9 (p.—q+) aku" (pr) | (Ent Ep) (@A) (@-P.— Ps) 


+ (Ey Eps) (Gt-Pi+ ps) (A) | (AE yp Eye) "2" (Ds) Oy 


x ee iy le) rap. (27) 


Since the terms proportional to (a-A) and (a@-p,+p,) (a&-A) (@-p;—p.) contribute 
the charge renormalization and the higher moments and do not contribute to the 
magnetic moment, we omit them in (27). We use the following relations,” 


(a-a) (a-b) =(a-b) +i(¢-[axb)]), (28) 
\@2 (le aie(eod =“ #(e-d), (29) 
(A-p,+p2) = io -[|AX (pi—P») J, (30) 
(A-p,—p.) =0 (31) 


and make the approximation E,,~E,,~M. Further we expand Eq.x2 and Ey-xp 
in (27) into power series of k and pick up the magnetic moment terms; then we 
get 


e 


g 1 gdq . 3—Ts3 
x aku (ps) | oe val eS ee i) =| u(p,) aye (32) 


Carrying out the similar procedure for the other graphs in Fig. 1 and cutting 
off integrals on q at the nucleon mass, we obtain the anomalous magnetic moment 
of the nucleon /y as follows, 


is Py=Ust 7s, (33) 
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where 
Case I 
pp = Ff — Bag + 4p) — Btn + or) +2 Br +590) | 
Or). 13 


1 1 0.7592, + 40.59 sop +13.759%>+1293,— 24915 Jos— 49's 
(27)* 45 


+15.759%— 385.5912 Jor — 443.2590, + 2491p I1s— 2491p Jos 
— 249 op 91s — 89 op Jos — 312915 Jae + 489 05 Je + 204915 Joe 
— 2090s For + 322.59 1p I1r— 98-59 op Jse + 97.99 1p Jou + 120.59 op Joe) (34a) 


ut 5 
big a 15 | (Yip— Yop) + (Jrs— Gos) +2 (39x + Joe) 


S Ne = (112.7593) + 8.59 1p Jop + 9.759 0p + 609i + 8915 Jos — Ais 
“a 


+1087.759%,— 93.5941 Jor — 19-2590: — 6491p Gis — 249 op Js 


+ 891» Jos — 89 op Jos — 164915 J1r— 529 05 J1s— 12915 Jor 
+169 0s Jor— 969.59 1p Jie + 117.59 0p Gur + 89.5915 Jor — 19.59 1p Joe) (35a) 


Case II 


bs = Sorecehs (— 23.2591, + 4.591» Joy — 6.259% — 634.59 15 Jia 


~ (2n)* 45 
— 89.59» J1a— 89.59.10 Joa — 268.59 oy Joa 


: ae (720.7594, — 19.591» Sov — 6.2590, — 42.39 w ia 


fy =——— 
(27)* 45 


— 225.59 Gia— 297.591» Joa— 28.59 ov oa 
+ 723.759 14+ 86.5910 90a t+ 20.759 6a) « (35b) 


§ 5. Results 


We search for the coupling constants 9,, and Jox to satisfy the assumptions 
(8) and (9) (and further (13b) and (14b) in Case II), and so that H,- has the 
desirable form and 4, gives the experimental value. 
Case I 

We assume the following relations : 


I%p— Yop = 91s — Jos > (8a) 
ADip+ (Gis— Jos) +3 (Gu—IJor) =30, (9a) 


a 
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if { 
rere (590;—9is) —3(59u + 390) mail (36a) 


bUs~ 0, (37a) 


where (36a) and (37a) are derived from (19a) and (34a) respectively. H, is 
obtained by using (36a) 


How dp dp! dk dk’ — Ono oer 
(27 ais >| P P V 20K V so P Bes 3M oy, a 
1 ‘ ; 
x Loe ( oA ) (To) ap Ay A,?. (38a) 


As the coupling constants are not decided from (8a), (9a), (36a) and (37a), we 
determine them only in the following three cases: (1) 9%,=9%» and Ju=9Ju, (2) 


Sip =Iop = —A:5 aNd (3) Jiyp=—JYop=Jie- The numerical values are shown in Table I. 
Table I. 
Nip | IJop is | Jos | Nit | Yot | Ly 
oy eee 7.50 | 750 { 12.66 | 12.66 | —086 —086 | 0.37 
he Ose fee 1028 ~10.18 TOR) Loe LT ee 
(DH sc} = | 
| 1.30 1.30 —130  — 1.30 4a ee 0.26 
| | 
| 5.40 —5.40 540 — 5.40 —0.40 | 040 | O11 
(3) | | - | 
taser | 3.37 — 3.37 3.37 B37 --| 8.87 |e eae 
Case II 
Assuming the following relations: 
Fy — Jou = 391a— 29a » (8b) 
Iv — Iw + Gia— 30a = 30, (9b) 
1 
1—— (Jw — You — Fra + Joa) =9, (14b) 
15 
2 . 2 
; Geeeay (A91w— 291a— Joa) ~0, (36b) 


where (36b) is derived from (19b), we get 

Ow 1.0590 = — Ls ia= 1.9, Joa=0. 
By using these values, (13b) is satisfied, G?/4~0.09 from (17b), the second term 
in (19b) is equal to zero and H, is obtained as follows, 


Ha SS | dpdp'dkdk’ 0 (pl +h! p—k) ah 


(22 (On)? e V (20K, V ‘Qe! 
x {o(e) +3 (28) | (ra)ay Ait Av (38b) 
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Moreover, we get from (33), (34b) and (35b) 
Py=—0.43+1.4973, 


thatcis, (—=1.06, ¢,——1-92. 

Thus, it seems to the author that the results obtained above are qualitatively 
in agreement with experiment in Case I rather than in Case II. However, we do 
not discuss about them quantitatively as they depend on the cutoff. Henceforward 
we must also consider the effects of /-particle in the phenomena related to the s- 


wave pion-nucleon interaction.” 
The author is grateful to the members of Yukawa Laboratory for their interest 
in this work. 
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The magnetic anisotropy of cobalt ferrite is considered to arise from the: cobaltous ions 
in the crystalline field of a low symmetry. The crystalline field due to the averaged-out 
charge distribution of Co2+ and Fe3+ ions in the octahedral sites gives the lowest-lying twofold 
degenerate orbital level of the Co?+ ion and to this level are associated four spin levels, 
corresponding to S=3/2, as each spin is subject to exchange field. Each of these orbitally 
doubly degenerate levels is further split into two by the low symmetry field arising from 
the difference of charges of Co?* and Fe3+ ions and spin-orbit coupling. The magnitude of 
this energy splitting depends on the direction of the exchange field, thus on the direction of 
the magnetization, and from this origin the anisotropy energy arises. The relation between 
the magnitude of the anisotropy energy and the strength of the low symmetry field is discussed. 
Two kinds of configuration, A and B, of the Co2?+ and Fe%+ ions neighbouring each Co?* 
ion are considered as having low energy values. By properly choosing the relative numbers 
of Co?* ions in these A and B configurations and the strengths of the respective low symmetry 
fields, the calculated temperature dependence of the cubic anisotropy constant K, can be fitted 
with that measured by Shenker. The values of the parameters thus determined seem to be 
reasonable, as they can be compared with those calculated on the assumption of the point 
charge model. The magnetic moment consisting of the spin and orbital moments is calculated 
to be 3.4~3.5 4p per Co2+ ion. Finally, the dependence of the anisotropy constant of the 
mixed Fe-Co ferrite on the concentration of the cobaltous ions is discussed. 


$1. Introduction 


The easy axis of magnetization of cobalt ferrite lies in the [100] direction 
and its anisotropy energy is very large compared with those of other ferromagnetic 
ferrites, such as Mn, Fe, and Ni ferrites, the easy direction of which lies in 
(111). 

Theoretical investigations concerning the magnetic anisotropy of ferrites have 
been done by Yosida-Tachiki,” Wolf? and Slonczewski.? Yosida and Tachiki have 


shown that the anisotropy energy of Mn and Ni ferrites comes from the fine 


structure coupling of Fe** ions in the A and B sites, and the anisotropy energy 
of magnetite comes from that of Fe** ions in the A and B sites and Fe** ions in 
the B sites. For cobalt ferrite, the contribution of Fe** ions to the anisotropy 
energy (10°~107!cm"') is negligible compared with the observed value, which is 
1.6~7.2 cm7?/molecule*” at the absolute zero of temperature. The anisotropy energy 
due to the second order effect of the magnetic dipolar interaction makes the easy 
direction of magnetization [100], but its magnitude is also too small (107°~ 
10-2 cm7!/molecule) as shown by Yosida and Tachiki. Consequently, they con- 
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cluded that the anisotropy energy of cobalt ferrite might come from Ce ois: 

On the other hand, it has been reported by Bickford et al.°” and van der Burgt” 
that substitution of a small amount of cobalt for the divalent metallic ions in 
ferrites causes the change of easy direction of magnetization from [111] to [100] 
direction. Slonczewski® theoretically studied the state of a Co*~ ion in magnetite 
contaminated with a small amount of cobalt ferrite and succeeded in explaining 
the large increase of cubic anisotropy constant with the cobalt concentration in 
magnetite. Also, he could explain the magnitude of the non-cubic anisotropy energy 
induced by cooling in magnetic field. In his paper, he assumed that Co** ions are 
in the crystalline field of threefold symmetry, because the electron transfer from 
one iron ion to another in the B sites is so fast that Co’* ions are effectively in 
the crystalline field produced by the averaged charge distribution. However, Co** 
ions in pure cobalt ferrite are in the crystalline field of a lower symmetry produced 
by Fe®* and Co?* ions distributed randomly in the B sites. As the result, a Co** 
ion in cobalt ferrite has to have a smaller anisotropy energy than a Co** ion in 
cobalt substituted magnetite. 

In Section 2 of this paper, we discuss the energy levels of a Co’* ion in the 
crystalline field of lower symmetry in cobalt ferrite. In Sections 3 and 4, we 
calculate the anisotropy energy and the magnetic moment of a Co™* ion in this 
lower symmetry field and compare them with the experimental results. In Section 
5, we discuss how the magnitude of the anisotropy energy of mixed ferrite 
Co, Fe,;_,O, depends on the concentration of cobalt ions. 


§2. Energy levels 


Cobalt ferrite has the inverse spinel structure, namely Co’* ions are in the B 
sites or octahedral sites. The B sites form a face centred cubic lattice with half 
of the positions empty and construct tetrahedrons linked to each other at the corner 
Co** ions as shown in Fig. 1. If the charges of Co’* and Fe’* ions in the B 
sites are averaged, Co** ions will find themselves at the centre of a charge distri- 
bution of threefold symmetry, whose axis is distributed along [111], [111], [111], 
and [111]. In the cubic crystalline field, the ground level’ of a Co’* ion (‘F) splits 
into three orbital levels, namely /,, I’; and /,, and the lowest one is the threefold 
degenerate level (/,). This threefold degenerate level splits into a twofold. de- 
generate level and a singlet level by the trigonal field due to the averaged charge 
distribution of the metallic ions in the B sites, Fe** ions in the A sites and the . 
oxygen ions slightly distorted from the octahedral arrangement. It is assumed that 
the doublet level lies lower.®) Furthermore, the orbital degeneracy will be removed 
by the crystalline field of lower symmetry arising from the difference of charges 
of Co** and Fe®* ions in the B sites. The magnitude of this field of lower sym- 
metry will be assumed to be smaller than that of the field of trigonal symmetry. 
We shall later distinguish between two configurations A and B shown by Fig. 1. 


areryy RNG OWS. yo 
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The Hamiltonian of a Co?* 
ion in cobalt ferrite can be 
written as follows: 


eh Wrt Vet Vet W.: 
+Wist V’, (2-1) 


where W, is the Hamiltonian 
of the free ion (without spin- 
orbit coupling), Ve the cubic 
crystalline field, V7 the trigonal 
field, W,, the exchange energy, 


O Oxygen ion 
@ Cobalt ion 


A Configuration . Y) Tron ion 


W,.s the spin-orbit coupling, 
and V’ the crystalline field of 
lower symmetry. With this 
Hamiltonian, we shall calculate 
the low-lying levels. W, and 
Ve (210*cm™) are assumed 
to be so large compared with 
the other parts that we can 
confine our consideration to the 
lowest three levels which are 
degenerate in the cubic field. 
As Abragam and Pryce” have 
shown, these three states cor- 
respond to the eigenstates of 
the z-component of the ficti- 


B_ Configuration 


Fig. 1. Low energy configurations of cations neighbouring — 


tious angular momentum I of oe ; ; 
a Co?+ ion in the B sites of the spinel lattice. 


magnitude one, where z is the 
direction of the axis of trigonal symmetry. Namely, if we take the eigenfunctions 
of 1, denoted by ¢,,, which satisfy the following relation : 


: L, Pm=MPm (m=1, 0, —1), (2-2) 
the doublet state corresponds to ¢, and ¢_, and the singlet state to g. Then, the 
trigonal part of the Hamiltonian can be expressed by s 

Vz=4(1-2,). (2-3) 


Here 4 is the energy separation between the doublet ¢, and ¢_, and the singlet @, 
and it is positive. This positive sign can be confirmed by the numerical calculation 
of the trigonal field on the point charge model, and it is also consistent with the 
experiment as Slonczewski” has shown. 

Using the molecular field approximation, the exchange energy can be expressed 


by 
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W..= 2a l, S; H+ 2431 — be )S¢tde's (2-4) 
where the ¢ axis is parallel to the magnetization and H, and H,’ are the exchange 


field for the doublet and singlet. ; 
According to Abragam and Pryce,” the real angular momentum L is equivalent 


to 

Liyg= =e bay, Le= aly; (2-5) 
in the subspace consisting of the lowest three levels, where z indicates the axis 
parallel to one of the (111) directions and x and y the axes perpendicular to it, 
and @ and a’ are constants which are approximately equal to 3/2. Therefore, the 
L-S coupling can be expressed by 


Wee) Les= —adl, S,—-MAL,S,+1, Sy) 


1 eae Po 
=e aS, 0 rim = poe 
V2 
= 0 aS, = es | (2-6) 
| V 4 
al AS* al AS 
Prantl MA) a 0 
wee V2 ; 


where S* and S~ represent S,+iS, and S,—iS,. 
The low symmetry crystalline potential may be expressed quite generally by 


WE (2-12) +F ely +l) +GGL+h)) +HLL+LL), (2-7) 


because the magnitude of I is unity. The matrix elements of this V’ can be ex- 
pressed in terms of two parameters a and b as 


Yi ger Do 


a 0 a b | 
Vi=| a* 0 —p* (2-8) 
aan) 0 


We shall calculate a and } in the Appendix. 

Thus, we have formulated the effective Hamiltonian V,+ W..+ WistWY in 
the subspacé’ consisting of the lowest doublet and singlet. The next problem is 
to obtain the eigenvalues of this Hamiltonian. Since the off-diagonal elements be- 
tween % and ¢,, namely a’/A and b, are expected to be considerably smaller than 
4 (a/A~100~ 200 cm, 6~100 cm! and 4~1000 cm~'), we will first calculate the 


energy eigenvalues in the two-dimentional subspace of g, and g_,. In this subspace, 
the Hamiltonian reduces to 


; : kK ee aoe 
H= Bite H, Sai 8,6, hg gee (2-9) 
2 Z 


Sei ie 
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where o,, o, and o, represent Pauli’s spin matrices. If we take the direction of 
the vectors, 2/4, H.e;+ae., as ¢/ and ¢’”’, where e, and e, are respectively the unit 
vectors along the € and z axes, and denote the components of the spin vector along 
¢’ and ¢” by S;, and S,,,-as shown in Fig. 2, the matrix of Hamiltonian (2-9) 
with respect to ¢g, and ¢g_, becomes 


Fig. 2. Definition of the directions ¢’ and ¢’’ and 
the angles @ and 6 used in (2-10)and (2-11). 2 and 
¢ indicate the direction of the trigonal axis and 
that of the magnetization. 


Se Bag (Qu, H,)? + (ad)? +2 (24, H:) &|A| cosd aR 
ie a*R SenV. Opp H,)? + (aA)? —2 (2p, H.) @|4| cosd 4 


(2-10) 


where @ is the angle between the z and ¢ axes. The matrix element Ryy, of R 
is defined by the inner product of the two eigenfunctions of spin components Sz, 
and S;,,,, namely Rua = (Lsereu\Use!'==Rum. This rotation matrix R can be 
calculated in the case of S=3/2 as follows” : 


M=-3 M=—4 M=3 M=3 
"a V 30s VY 3ts ae 
ae Sy Ss f— 2ts? Datei V/3ts cate 
Say Ses EY sk I Oe fas ye Bis 
: —s Wads te eS ee 


where s=sin 0/2, t=cos 6/2. 9 is the angle between the ¢/ and ¢” axes and can 
be expressed as 0==(a|A| /tsH.) -sin @. Noting that 6 is small and that a is smaller 
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than the exchange energy 2, H., we take out the elements of (2 10) which refer 
to the same eigenvalues of S,, and S,, and diagonalize them with respect to ¢. 


Then, we obtain 


ins bd | {y/ (2p H,) 24 (a) S42 (2pp H,) &| 4\ cos G 
9 ; 


a 


+ (24,H,)?+ (a) 22 (2p, H.) a\,| cos 4} 


4 {M2 (/ 2pm EH)? + (a)? £2 (2/nH,) || cos 


~1/ (2p, H.)? + (ad)? — 2 (2p A) a|A| cos 6)? 


7 3 1 . 

+ 4a*aRyy Rum} oe (m= ae noe > Se im 2 . (2 12) 
This equation may be expanded in powers of //#,H, as 

En=M (24,H.) #[ (Mad cos6)*+a* a}! 
a M (a sin)? (aA sin 9)*[ (Mad cos#)*+ Ka* a) 
2 (24 FA.) 2 (24, ia) é [ (Mai cos D) : sa a* ay 
/ £ 
2, O| (- Zs .) ‘f 

ae San ees Toe ee ee 

Ke=3 + 400 M=+—, 

ei toe M=4—. (2-13) 


4 


The contribution from the off-diagonal elements of R(Ryw,, 14M’) to the energy 
eigenvalues is ~ {a*a(a/)*/ (4, H,)*} -sin? d and this can be neglected. If the two 
levels represented by (2-13), for example, the upper level of M=—3/2 and the 
lower level of MM=—1/2, accidentally degenerate, these levels repel each other on. 
account of the off-diagonal elements of R and separate by an amount of 
~ (\a/a\/, H,) -sin@. However, this will have little effect on the anisotropy energy, 
since this does not concern with the ground spin-orbit level. The contribution from the 
matrix elements connecting ¢; and ¢_; to g is also not so important for the ani- 
sotropy energy, but it turns out to be responsible for the magnetic moment. We 
shall discuss the latter effect in Section 4. 


\ 


§ 3. Anisotropy energy 


The anisotropy energy measured isothermally is the free energy. Therefore, we 
shall now calculate the free energy of Co?* ions. Assuming that cobaltous ions 
are equally populated in the four kinds of sites corresponding to four trigonal axes 
(111), we can express the free energy as 


of So bak 
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F=—(N/4)kT S)1nZ,, (3-1) 
Zi= > exp[— E,(0,) /kT J, 
d 


where E,(0;) is the j-th energy level of a Co’* ion given by (2-13) in the ¢-th 
position of the B sites. It can be shown that the contributions to the anisotropy 
energy from the third and higher order terms of (2-13) are negligibly small, and 
that those from the second order term give rise to an isotropic part and a small 
anisotropic part which is also negligible. Accordingly, taking only the first and 
second terms of (2-13), the anisotropic part of (3-1) becomes 

Fg=—-&T S3in_ S$} cosh (M2p4n H/T) 


4 M=1/2,3/2 


x cosh[ (Mad cos@;)?+a* a}?/kT. (3-2) 


In analysing the experimental results, the anisotropy energy has usually been 
assumed to have a form of 


Ky (ay a, +a,’ as +a; a’) + Ky ay ay as", (3-3) 


where a, are the direction cosines 
of the magnetization with respect 
to the cubic axes and K, and K, 
are the anisotropy constants. 


(cem7!/Co**ion) 


60 


However, F,, given by (3-2) 50) 
cannot be accurately expressed 

in the form of (3-3), especially 
for-small values of |a/a4| and 40 
for low temperatures. In the 
actual case, |a/a/| turns out to 

be larger than 0.3, and in such 30 
a case the anisotropy energy of 
(3-2) can be approximated by 

the form of (3-3) fairly well 7” 
even at the absolute zero of tem- 
perature. Therefore, we deter- 
mine K, and K, by putting Fran 
of (3-2) equal to (3-3) in the 
three directions, [100], [111], and F 
[110], as done by Slonczewski.” 0 02 04 06 08 10 12 14 16 18 20 
Fig. 3 shows how Ky and K, jatf Sala 

determined in this way eens Fig. 3. Dependence of the calculated cubic anisotropy 


on the values of |a/ (3/2) as). constant at the absolute zero of temperature on the 
For the value of a|A|, we took strength of the crystalline field of low symmetry. 


10 
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the value determined by 
Slonczewski in the case of 
cobalt substituted magnetite, 
namely @|4|=132cm™. As 
seen from Fig. 3, K, is posi- 
tive, K, is negative and the 
absolute values of K, and K, 
decrease rapidly as |a/ (3/2) 
a/| increases. K,+ (K,/9), 
whose sign determines the 


(cm '/molecule) 


K, 


easy axis of magnetization, 
is positive in the whole region 
of |a/ (3/2) a@A| and therefore 
the easy direction of magneti- 
zation is always in (100). 
The temperature dependence 
of K, is shown in Fig. 4 in 
cases of |a/(3/2)a/4|=0.8, 
mom ze and 1:6. 

Now, we compare the 
calculated anisotropy energy 100 200 300 400 
with the experimental one Temperature (°K) 
obtained by Shenker.” He Fig. 4. Temperature dependence of the cubic anisotropy 
has found that A, of a cobalt constant K, in cases of |a/(3/2)a@d|=0.8, 1.0, 1.2 and 1.6. 
ferrite (C0191 Fes9)Os92) can 
be closely approximated by the following empirical formula in the temperature range 
Promec0-K. to 1325°K < 


K,=19.6 X 10° exp(—1.90 x 10° T”) erg/ce. (3-4) 
In his torque measurements, he applied the magnetic field near the [100] direction 


in the (011) plane. In this case, the magnetization deviates slightly from the 


[100] direction in the (011) plane. Denoting this angle by ¢, we can write 
(3-3)" as 


W.,=const.+ K,¢*, (3-5) 


neglecting the higher order terms with respect to ¢. He has determined K;, by 


measuring the dependence of*the torque on the direction and strength of the applied 
magnetic field. 


In order to compare more accurately the anisotropy energy obtained theoreti- 
cally with the experimental results obtained by Shenker, we directly expand (3-2) 
in powers of ¢. If we denote the angles between the magnetization and [111], 


[111], (abbep and ala] by 4, 02, 43, and 6, respectively, the relation between 0; in 
(3-2) and ¢ is given by 


fia eRe 


as. 
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cos 4,=cos6,= (1/3) cos¢, 
cos@;= — (1/3) (cos $—V/2 sing), (3-6) 
cos 0,=— (1/3) (cos +V/ 2 sing). 


Substituting (3-6) into (3-2) and expanding (3-2) in powers of ¢, we obtain 
K,, which is the coefficient of ¢”, as follows: 


peas GA) 
ee Fortis (3-7) 
fo=tanhgf— 9g? sech’ 7, (3-8) 
Se Sep (~ Bie, FH eer le hgg--: 7 tang’? 
fi p(—2/» 9) Sea oN be are af tanhg’| 


UE 1 , 
—98 {(1— £,)—2tanhge (tanhgs—-g-—A tanhg a)t |, (3-9) 


where 


Ere! Py ; 
(3-10) 


and g'=,/ 1 (ad)*+ lal. 


Now, if we consider the electrostatic interaction between the nearest neighbour 
cations in the B sites, the lowest energy configurations of Co** and Fe®* in the 
B sites will be such that each tetrahedrons have two Co** and two Fe** ions.’? 
Paying attention to one Co”* ion; we have its six nearest neighbour B sites forming 
two tetrahedrons jointed at this Co** ion. Under the restriction that one tetrahedron 
sncludes two Co?* and two Fe** ions, we have two kinds of configuration A and 
B, as shown in Fig. 1, in one of which three Co?* ions align in a straight line 
(Fig. 1. B) and in the other not in one line (Fig. 1. A). Then, K, of cobalt 
ferrite is given by the sum of the anisotropy constants of these two kinds of Co** 
ions, 


KJV x Ky (ay) +N,Ky (ap) ? (3 = 11) 


where a, and a; denote the a-values of the two kinds of Co?* ions, and Ny and 
N, their numbers. Since Shenker has measured K, almost continuously in the 
temperature range from 100°K to 300°K, aa, ap, Na, Ne, and H, can be determined 
so as to make the theoretical K, values fit the experimental ones in this temperature 
range. 

Within the limit 1>|a,/as|>1/2, it was found difficult to make calculated 
values fit the experimental ones with any values of a4, ap, Na, and N,. If we 
take |a,/a,|=1/3, a good fit to the experimental curve could be obtained for 
lay|=140em7, N,/Np=0.67, and 2up,H,=540 cm™? (0°K) as shown in Fig, 5-1. 


sey 


eta al ey 
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If we take |a, 


K, (cm '/molecule) 
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|a,|=140cm™, |ap| =3\a,| 


(N,/N) =0.40, 23He=540em~" 
(0° K) 


----- experimental 


—— calculated 


Temperature (°K) 


|a,|=145em™, |a,_|= 90 


(Na/N) =0.47, 24,H-=640cm™'! 
(0° K) 


-——-— experimental 


K, (cm=!/molecule) 


calculated 


0 100 200 300 


Temperature (°K) 


Fig. 5. Temperature dependence of the cubic anisotropy constant K,. Dotted 


curves show the experimental values obtained by Shenker. Solid curves show 
the calculated values with the use of the parameters obtained by fitting the 
calculated values to the experimental ones in the temperature range from 100°K 
to 300°K for |a4/ap|=1/3 (5-1) and |aa/apn|=0 (5-2). 


(0°K), as shown in Fig. 5-2. 


Next, we discuss the values of parameters determined above. 


=o, we obtain |a,|=145 cm™, N,/N,=0.89 and 24,;H.=640 cm7! 


As shown in 


rah 


AD’, 


er 


a4 


igual 
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the Appendix, the calculated value of |a,/a,| based on the point charge model is 
just 1/2. If we use the Slater function, Hartree function, or Hartree-Fock function 
as the 3d-wave function used in calculating the averages of r? and 7 (7 is the 
distance between the d-electron and the nucleus), the calculated value of a, becomes 


|a,|=123 cm, Slater function, 


|a,|=75.5cm™', Hartree function, (3-12) 


|a,|=56.6 cm™, Hartree-Fock function.* 


Considering the approximation nature of the point charge model, the agreement in 
order of magnitude between the values of (3-12) and those obtained from the 
analysis of experimental data (|a,|=140 or 145 cm7’) may be regarded as reasonable. 

As the distance between the two Co’* ions neighbouring the centre Co’* ion 
in the B configuration is longer than that in the A configuration, the electrostatic 
energy of the B configuration should be lower than that of the A configuration. 
Denoting this energy difference by EF, the ratio N,/N,; may be roughly given by 


N,/N,=2exp|— , (3-13) 
where 7’, is the temperature of annealing of the sample. Shenker has found that 
the effect of the field cooling appears above 425°K. This means that Co** ions can 
diffuse above this temperature.”* Therefore, since the sample was slowly cooled 
down in his experiment, we may take 425°K as T,. Based on the point charge 
model, E is calculated to be 4374/€ degree, where & is the reducing factor due to 
the electric polarization of the crystal and should be approximately equal to the 
dielectric constant. If we substitute the values of N,/Np, determined above into. 
(3-13), € turns out to be 9.5 or 12.7 corresponding to |a,/ay|=1/3 or |apl=~.-~ 
Though the author could not find any measured values of & for ferrites, these 
values may be reasonable as they are comparable with the known é’s of other 


oxides.** 
§ 4. Magnetic moment 


Since the angular momentum of Co’* ion is not completely quenched in the 
present case, both the spin and orbital moment contribute to the magnetic moment. 


* This value is obtained with the use of the wave function interpolated between the Hartree- 
Fock wave function of neutral manganese atom and the corresponding hydrogen-like wave function 
(for infinite nuclear charge)by the method suggested by D.R. Hartree in Rev. Mod. Phys. 30 


(1958), 63. 
*k FeO, €=14.2 (room temperature) 
MgO, ¢=9.65 ( 25, GC ) 


CrjO;55 €—12>—, Goon temperature) S 
American Institute of Physics Handbook, McGraw-Hill Co. Inc. (1957), 5-119 
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Using (2-13), we can express the spin magnetic moment at the absolute zeTO of 


temperature as 


j (ad sin#)? 
Ls= — 2a (Se) = — 0E/0 A, =3/ (1 re 8 (Lp H,)? (4-1) 


We shall next calculate the orbital magnetic moment. Denoting by EF’ the 
lowest eigenvalue of H’ defined by the following equation : 
t= FA els (4-2) 
we obtain the orbital magnetic moment at the absolute zero of temperature as the 
following formula : 
P= — ba Ly) = — Pe lim OE’ /dc. (4-3) 
If we take one of (111) as z-axis and take the z- and y-axes perpendicular to it, 


as shown in Fig. 1, and denote the direction cosines of the magnetization with 
respect to these axes by J, m and n, the matrix of L;, will- be given by 


Q, OI Yo 

—an 0 5 (im) | 

| 

oe 0 an — 7 (Z+im) | (4-4) 
Va 
ou : a’ : | 
——j= (l+im)  ——= (l—im) 0 ) 
V2 V 2 eas: 


In calculating the lowest eigenvalue E’ of H’, we cannot neglect the effect of 
the off-diagonal elements between ¢,, and ¢ in contrast with the case of the ani- 
sotropy energy. Therefore, we take into account the effect by the second order 
perturbation. Then, the effective Hamiltonian H’ for the lowest doublet, specified 
by @:%mu=-32 and ¢_:2%y=-3). can be expanded as 

H’=H+cG,+CG,4+ -. (4-5) 


‘The term important for the magnetic moment is G,. Using (2-3), (2-6), (2-8), 
and (4-4), we obtain G, as 


—an 0 1 /p-@ ip 
aa ES 


where the second term comes from the second order perturbation via the upper 
state, and p, g, and r are defined by 


p=— 3/2) a?4A(P +m’), 
GS (a!/V/2) [ (2+im) b+ (l—im) b*], 
r=— (3/2) a? A(—im)?. (4-7) 
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If we express the wave function of the ground state of H as 
fy=UG1Ame-32 + VO_1Am=—3)2; (4-8) 
fx is given with the use of (4-3) by 
(4, /ten= —(y|Crls,) =n (wk w—v* v) 
HOLD pag u—v* 0) ru*o + r¥ao™ |: (4-9) 


If we average (4-9) over all the possible configurations of Co®* and Fe®* ions neigh- 
bouring the Co** ion under consideration, the number of these possible configurations 
being six in the case A and three in the case B, g and r in the second term 
vanish. Substituting the following relation: 


u*u—v* v= ee lAln ; (4-10) 
V “any? ae 
into (4-9), we obtain #4; as 
a da. (4-11) 


V Gain)?+laP 4 2 
The spin and orbital magnetic moments per Co** ion are obtained by averaging 
n? over four kinds of sites. If the magnetization lies along the easy direction [100], 
7’s for the four kinds of site are all equal to 1/3. If |@4| and |a@’A| are assumed 
to be 132 cm=! and 4 is taken as 1000 cm™', 4s, /,, and the total magnetic moment 
U=Ps+p, are obtained from (4-1) and (4-11) in two cases of |a,/a,|=1/3 and 
|a,|=00 as follows: ° 


Ls/ lx, Hz / Le Le/, LR 
and |ap|=3]|a,| 2.94 0.56 B50 
and |ap|=©o 2.96 0.45 3.41. 


for |a,|=140 cm" 


for |2,\=—145 em 


On the other hand, the measured values of /4//, are 3.3%", 3.67", 3.70”) and 
3.94" according to different authors. 


§ 5. Dependence of the anisotropy energy on the 
concentration of cobaltous ions 


In this section we shall consider the dependence of the anisotropy energy on 
the concentration of Co** ions in Fe-Co ferrite Co,Fe_,O-Fe,O;. As in the pre- 
vious sections, we assume that each tetrahedron has two divalent cations and two 
trivalent cations, that the crystalline field of low symmetry at Co** ions is pro- 
duced only by the oe neighbour ions in the B sites, and that the electron 
transfer between Fe’* and Fe** ions is so frequently that we can consider the 


averaged-out charge distribution. 
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Under these assumptions, the cubic anisotropy constant K (the. coefficient 
of aZa2Z+azZaz+a,Za,’) is given by 
K=cy Ky te, Ki+ Con Koa+ Cop Kop + K (Fe** in the A site) . 
+ K(Fe** in the B site) + (1—z)K(Fe’* in the B site), (5-1) 


where c, is the concentration of Co’* ion which has 2 Co** ions as its nearest 
neighbours ; 7 takes 0, 1, and 2. The suffixes A and B in c, and csz mean that 
Co?* jons are in the A and B configurations. Kj, K,, Ke, and K., mean the 
anisotropy constants of Co’* ions corresponding to the nearest neighbour con- 
figurations. The last three terms in (5-1) are the anisotropy constants arising 
from Fe’* and Fe’* ions which can be neglected in cobalt ferrite but are the main 
part of the anisotropy constant in magnetite.” Assuming the random distribution 
of Fe’* and Co’* ions under the restriction that each tetrahedron has two Fe’** 
ions and two divalent ions, we can express ¢, C1, Co, and Cs, as the following 
functions of the concentration of Co?* ions x: 


@=r0—x)*?, 4=27 0-2), 


CR=Cen Is cea (5-2) 


a ae T T ‘i T T T T 4 r 
X10! 


28 
[ 


K (erg /cc) 
K (erg/cc) 


a) 02. * 04 0.6 0.8 1.0 
x x 
Fig. 6-1. Fig. 6-2. 
Dependence of the first order cubic anisotropy constant of the mixed ferrites 
Co,Fe,_,O-Fe,O3 on the concentration of cobaltous ions. In these figures, the values 
of Kya calculated by taking |aa|=140 cm™! (6-1) or |aa|=145cm7! (6-2) are used 
in place of K,. (© are data from reference 7), x are data from reference 4), and 
O are data from reference 5)). 


ait | Wyre 


Origin of the Magnetic Anisotropy Energy of Cobalt Ferrite 1069 


We assume that the ratio c,/cy, is equal to N,/N;,=0.67 or 0.89 (Section 3) 
in the case of pure cobalt ferrite, instead of the random value of 2. Substituting 
(5-2) into (5-1), K becomes 


K=q+a,2—a,2'+ 432°, (5-3) 
* where A= Krnag 
a= K,—K;.2+, 
a,=2(K,—K,), 
and a;=K,—2K,+Ko, 


where K,,.2 and Ke, are respectively the anisotropy constants of magnetite and 

cobalt ferrite. In (5-3), we use the experimental values for K,” for isolated Co** 

ions, Kjnaz’? and Ko,.” As for Ky, there is no experimental value, therefore, assuming 

the relation K,=K., which is exact in the point charge model as shown in the 

Appendix, we use the values of K., calculated in Section 3 in place of Ky. Since 

Kyex+ is very small compared with K,, Ky.2+ can be neglected in the expression of | 
a,. K thus calculated by (5-3) is shown in Fig. 6 together with the experi- 

mental values. In Fig. 6-1 and 6-2, the values of K., calculated by taking |a,|= 

140 cm or |a,|=145 cm™ are used in place of K, as mentioned above. 


§ 6. Discussion 


(1) In this paper, we assumed that the low symmetry field for Co** ion» 
mainly arises from the nearest neighbour ions in the B sites and introduced two 
parameters a, and ag in order to represent the strength of this part of the crystal- 
line field. However, the actual values of a’s would fluctuate around these a, and 
ay, values by the crystalline field from the second neighbour ions or remoter ions. 
The width of this fluctuation may, however, be narrow, because the parameter a _ 
is expressed by the sum of the third and fifth inverse powers of the distance 
between the Co?* and other metallic ions, and the charge far distant from Co** 
ion are screened by the electric polarization of the crystal. Consequently, the pre- 
sent nearest neighbour approximation for treating the low symmetry field may be 
good. 
(2) Since the chemical formula of Shenker’s sample (with whose results we 


compared our theoretical calculation) is Co1.91F €2,90Os,92, it is expected that oxygen 


vacancies may exist in his sample. As Co’* ions around oxygen vacancies are 


exposed to the crystalline field of low symmetry large enough to quench the orbital 
angular momentum, these Co** ions will make little contribution to the anisotropy 
energy. Accordingly, the effective number of Co?t ions, namely Na+ Np, in (3-11), 
may be fewer than the total number of cobaltous ions, but we neglected this effect 


in this paper. | 
(3) For the discussion of the energy difference E between the A and B con- 
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figurations, only the electrostatic energy between point charges was considered. 
However, since the B configuration makes the larger crystalline field of low sym- 
metry at the position of the centre Co** ion than the A configuration, the large 
energy splitting by the low symmetry field may further stabilize the B configuration. 
Therefore, it might have been better to add the difference of the energy splitting 
between these two configurations to the interaction energy between point charges. 
However, since the value of the dielectric constant is not known experimentally, 
our estimate of it might have included this effect. 

(4) In Section 5, because we have no measured values of Ki, we used the 
calculated values of K., in place of those of K,, as K,=K,, follows from the 
assumption of the point charge model and the assumption that the rate of the 
electron transfer between iron ions is so fast that the charges of Fe’* and Fe** in 
the B sites are averaged out. However, the nearest neighbour Fe** would tend to 
be in line with Co?*—Co’+ due to electrostatic repulsion, and as the result of this 
tendency, a, in (A-6) may actually be a little larger than |a,| and so K, a little 
smaller than K,,. If a, were equal to ap, the maxima of the curves in Fig. 6 
would practically disappear. 
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Appendix 
Calculation of the matrix elements of V’ 


We calculate the value of a and } in the matrix (2-8) for the Co* ion, the 
trigonal field of which has its principal axis in the [111] direction. 

We take x, y and z axes along the directions parallel respectively to 
[—1—1 2], [1 —1 0], and [111] referred to the cubic axes as shown in Fig. 1. 
The important parts of the crystalline field of low symmetry determining the 
orbital levels are represented by the following form: 


V=r* (Ci) Y+C? Y?+comp. conj.) 


+rt(CEY/+C? Y?7+C/ Y+comp. conj.), (A-1) 
— 2i+1 a Atm) 1 pimi G 7m@ 
: 2 +m)! ° ee are 


where P;'”'(cos@) denote the associated Legendre function and (r, 0, ¢) represents 
the polar coordinates of the d-electron, whose polar axis is the z-axis. 


We approximate ¢,, defined in (2-2) by the following form: 
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Q.=V/5/6 p.—-V1/6 tr, 
Ca —/5/6 te—V 1, 6 (hiss (A -2) . 
Yo= (2/3) Pot (1/3) v “ye (Y3—Y_s) , 
where ¢,, is the wave function of the F state of Co** ion and m represents the 
magnetic quantum number. These ¢,S are the wave functions corresponding to 
the trigonal symmetry in the ground orbital triplet /°, in the cubic field. Although 
the upper levels 7; and /, mix with the ground orbital levels by the trigonal field, 
the change of the coefficients in (A-2) due to the mixing may be neglected in 
the case of large cubic field compared with the trigonal field. Also, ‘P state mixes 
with the ground states by the cubic and trigonal field, but we neglect these effects. 
This approximation means to take both @ and a’ as 3/2. 
With the use of (A-1) and (A-2), a and } in (2-8) become 
a={9,| V'\9-1)=(r7)[ 0/35) 5/3 C24 (1/7) 5/6 Ca" 
+ (r)[— 0/5/21) C?2— (4/21) 5 Cr*— (6/6) 5/7 Ce], 
b=(¢1| V’|Go. = — (Go| V’|P-1) (A-3) 
=(r*)[ (1/10) 5/6 Ci + (1/14) 75/3 C27] 
+ (DVB /6 Co+ (1/6) 8/7 Ct 6/42) V5 CH]. 
The coefficient C,” in (A-1) is calculated for the A and B configurations, 


neglecting the contributions from further ions’ than the nearest neighbours.  In- 
serting these calculated values of C,”’s into (A-3), we obtain a and 0 as follows: 


™m? 


a= O4- 62") Fo bsp= (1 ten) G, 
an=2F, bp=2G, (A-4) 
F= (3/70) (e?{77)/R®) — (5/112) (e(r*)/R*), | 
G= (3/140) (€7(7?)/R®) + (15/112) (e*(7°)/R), 
where R represents the distance between the nearest neighbour ions in the B 
sites, and e the electronic charge. 


According to (A-4), |as/ap| becomes 1/2. 
If we substitute the following values into (A-4) : 


R=2.95 A 

(ry =0.741 A? 
(r*) =0.882 At, 
(r?)=0.455 A? 
Cr) =0.53 At, 


Slater function, 


Hartree function, (A-5) 
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Cr?) =0.327 A? 


é Hartree-Fock function, 
(rr) =0.282.A%, 


the values of |a,| become as shown in (3-12). 
Similar calculations show that the parameter a for ‘the Co’* ion having only 
one Co** ion in its nearest neighbour sites is given by 


a=F. (A-6) 


Since a, is equal to |a,|, K, is equal to Ks, so far as the higher order contribution 
from the upper ¢ state can be neglected: 
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In the previous paper we have discussed a possible symmetry among the proton, neutron 
and A-particle in Sakata’s model and obtained some physically interesting results in bosons- 
baryons system. This symmetry is equivalent to the invariance of the theory under trans- 
formations of the unitary group U(3) of degree three. We shall study a mathematical struc- 
ture of our work in more detail. 


§ 1. Introduction 


This paper is a continuation of the previous one,” in which we have studied 
a possible symmetry in Sakata’s model for the strongly interacting particles. 

According to Sakata’s idea,” proton, p, neutron, », and 4-particle, 4, are the 
basic particles which compose other baryons and bosons in the sense of Fermi and 
Yang.» We cannot find any difference among these basic particles when the mass 
difference is neglected and the electromagnetic-and weak interactions are switched 
off.. Therefore we may expect a certain symmetry to exist among the basic parti- 
cles and to be realized in their mutual interactions. This view, first advocated by 
Ogawa,” has recently been developed by the present authors” and by Sawada and 
Yonezawa.” Their results are as follows: (a) There exists a m/-meson state which 
is Lorentz-pseudo-scalar and iso-scalar. (b) The spin of &-particle may be (3/2)*. 
(c) Several resonating states are anticipated in K- and z-nucleon scattering. (d) 
For boson and baryon systems a mass formula is found, which has a good cor- — 
respondence to experimental data. Yamaguchi has also made an independent study” 
from the same standpoint of view.” 

Our work is mathematically based on the representation of the unitary group 
U(3) of degree three. This group and its representation do not seem so familiar to 
physicists and, moreover, there are some concrete mathematical problems worthy 
of special mention. In this paper, therefore, we shall expound a mathematical aspect 


of our work as plainly as possible. 
In § 2 we clarify how the above symmetry is reduced to the invariance with 


respect to the unitary group U (3). Under transformations of this group, the 
basic particles and anti-particles are contravariant and covariant vectors respectively, 
while the composite systems are mixed tensors. In § 3 we introduce the physical 
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quantities I, Is, Nz, S, Q and N,, (47=13, 23, 31, 32) associated with the group, 
and search for their commutation relations. There exist three quantities, We ist 
and M’, which are commutable with the above physical quantities. They are the 
analogues of I? in the case of isospin. We further obtain the transformation 
character of the basic particles and anti-particles under the application of the oper- 
ators corresponding to the physical quantities. 

The subsequent two sections (§ 4 and §5) are devoted to the representation 
of U(3). We first use the commutation relations to construct the basis vectors in 
the representation space. Each vector is a simultaneous eigenvector of isospin, 
charge, strangeness and baryon number. The representation thus obtained gives 
the usual values to isospin, but the eigenvalues of N,, S and Q are not necessarily 
integers. This difficulty is inevitable when we take account of the commutation 
relations alone, and actually disappears in the representation of the group U(3). 
An irreducible representation of the group U(3) may be specified by three quantum 
numbers, 7,, 5) and %. In terms of them it is possible to express the values of 
M and M’ and the degree of the representation. . 

In §6 we deal with a composite system of the basic particies and anti- 
particles. It can be decomposed into its irreducible constituents by means of the 
“contraction operation’ and Young’s symmetrizers. We next assign the quantum 
numbers 7,, Ss) and 7 to each constituent and express the basis vectors obtained 
in § 4 in terms of the basic particles and anti-particles. 

In the concluding section we summarize the results which will be necessary 
in concrete applications. 


§2. Symmetry in Sakata’s model 


In this paper we study a symmetry which will be realized in the mutual . 
interactions among the basic particles. This symmetry involves the invariance 
under the exchange between p (or ) and A in addition to the ordinary charge 
independence and the conservation of baryon number. As is well known, the 
charge independence requires p and systems to be invariant for the unimodular 
(special) unitary group SU(2) of degree two. This group is to be replaced by 
the unimodular unitary group SU(3) of degree three, if we admit the exchange 
between » (or m) and A. Further, in order to introduce the concept of baryon 
number, we are led to the unitary group U(3) of degree three. Thus the above 


symmetry is expressible by the invariance with respect to this group. We shall 
describe this symmetry in more detail. 


We first take up the basic particles: p, and A. In view of the symmetry 
among these particles we represent their wave functions by vectors in a certain 
three-dimensional vector space (with complex numbers as scalars) : 


p: = (10,0), : 7=(0,1,0), 
; (2-1) 
A: t= (0, 0, 1). i eS 


fn B, 


Ere aw 
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where the indices 1, 2 and 3 under the kernel letter 7 indicate the vectors, while 
the superscript « indicates the components of each vector. Then a generic vector 
2%" in the space can be expressed in the form 7%*=c'Y* (¢=1, 2, 3), the coefficients c’s 


being complex numbers. We next assume that when the mass difference between 
the basic particles is neglected and the electromagnetic and weak interactions are 
switched off, the theory must be invariant under an arbitrary unitary transformation : 


ya Avy A= At, (2-2) 


where A,’ denotes the complex conjugate of A*’ and the matrix (A%,) is the 
inverse of (A”’), ie. At’ At, =0%', At, AX’=0%. It seems necessary, in this con- 
nection, to add some comments concerning the notation. 7%" are the components 
of a vector % in the “old” coordinate system («), whereas 7 are those of the 
same vector in the “new” system («’). It is the index « and not the kernel 
letter 7% that changes under the coordinate transformation (2-2).* A*’ has the two 
kinds of indices (i.e. with or without prime), which means that it refers 'to the: 
two systems («) and (x’). 

In our theory the anti-particles p, % and / are important as well as the basic 
particles. They will be called basic anti-particles for the sake of convenience. We 
assume that when the particles transform like (2-2), the anti-particles are subject 
to the transformation contragredient to (2-2). This involves that it is convenient 


to represent the wave functions of the anti-particles by %, with a subscript : 


L 2 
pa t= (10; 0p net, 40; 15-0); 


TONES (2-3) 
Az? t= A070,.4) 
Thus the transformation law of the basic anti-particles can be written as 
i pa fede (2-4) 


If we regard a basic particle as a contravariant vector with respect to U(3), a 
basic anti-particle must be taken as a covariant vector. On account of the unitarity 
of (A*’) the coefficients of the transformation (2-4) are the complex conjugates of 
those of (2-2). The assumption (2-4) will be justified by the result at the end 


of the next section. 
We next consider a system composed of & basic particles and / basic anti- 


particles. We denote its Salpeter-Bethe amplitude by 


pr Oe teary A 
=(O\T (tr, (a) ay (2 19 (nn) LX" (ye) ) |B, (2-5) 


where |B) is the eigenstate of the total Hamiltonian and |2) is the true vacuum. 


* Since (2-2) is considered as a coordinate transformation, the equalities in (2-1) are valid 


only in the original coordinate system. 
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On the left-hand side the order of 7,’s and that of 7s are significant, hence they 
must not be changed at random. As is obvious, (2:5) transforms like a mixed 
tensor of contravariant valence k and covariant valence 7 (valence k, 7) under the 
transformation (2-2). It involves that the composite system under consideration 
gives a linear representation of the group U(3). This representation may be de- 
composed into some irreducible representations. Then the states belonging to one 
of the irreducible representations will have a certain symmetry as a realization of 
the symmetry among the basic particles. That is, they will have the same spin 
and parity. This statement is still valid when the difference between 4 and nu- 
‘cleon is due to the adiabatic -change.* 

Thus we are interested in the problem of the representation of the group U(3), 
which we shall subsequently discuss with special regard to its physical applications. 


§ 3. Commutation relations 


In this section we study the physical quantities associated with the unitary 
group U(3) and the commutation relations between them. 
An infinitesimal unitary transformation has the form 


= (Osby iV Xe ayy (3-1) 
where ¢@ is an infinitesimal real parameter and (X,") isan Hermitian matrix («’ 


denotes the row and « the column). (X,") may be expressed linearly in terms 
of the matrices X;,,. (i, j=1,.2, 3) defined by 


(Ky)! [Pere (1-V =D) +8811) ], (3-2) 
os 
£520,580 0 1-Y-1 0 
Xu=|0 0 Of, X~p=—/14+/Y¥—1 0 0 |, 
Oe 0=0 0 0 0 
C= S10 
Xa Tet a0 0 |, 
0 0 0 


and so on. By a direct calculation we can obtain the commutation relations 
def 


[Xi > Xx] a Xj Xu— Xi Xij 
= V=1 (8% Xtiq— 01; Xp O ix Xiny as O75 X aj) > (3 : 3) 


* 7 : 
According to Sawada and Yonezawa, some of the experimental evidences on the spins of 
particle states seem to be different from our expectation, but the configuration of the states derived 


from the symmetry theory still holds its significance (see ref. 5)). A further investigation will 
be needed on this point. 


Ey Sd 


to i Ae ts 
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where ( .) and.[{ | for indices denote the ordinary processes of symmetrization 
and alternation respectively : 


Xun = (KytXe), Xun=F- (Ky Xp). 

Now, when a physical theory is invariant under a (Lie) group of trans- 
fermations, it is usual to make an infinitesimal operator correspond to some physical 
quantity. As an example we give the isospin operators J,=h+ ,/ —1J, and J; in 
the case of the charge independence.* Similarly, in our theory which is invariant 
under U(3), its infinitesimal operators can be identified with physical quantities 
in a certain way. 

To this end we introduce the following matrices : 


i feoaeea 00 0 Terored 
Peirce 001) ro 0 pa 10, 
0 0 0 0 0 0 RAS ecg 
1-0 .0 1-0-6 00 0 
Neh 0-4-0 =-05.00".045 | S=|0-0" 205, (3-4) 
es ewe 0 0 0 Tina 
20: 1 0 0 0 00 0 Cueaeee 
Ne=1-0~ 0-0 |, Na=|0~ 0 1], Na=|-0-0°.0-}, “Na=}0 0 <0 
0 0 0 0 0 0 1207 30 OF iO 


If we write the basic particles (2-1) in the form of column vector and operate 
on them the matrices in (3-4), we have the left half of Table I. From this result 
we may interpret (3-4) as a particular representation of the following physical 
quantities: The first three quantities, I, and J;, are nothing but the isospin oper- 
ators. The next three, N,, Q and S, are baryon number, charge and strangeness 
respectively. I, Nz, Q and S are not linearly independent of each other but sub- 
ject to the well-known relation 


Q=h+— (N, +58): (3-5) 


The last four, Ni (=13, 23, 31, 32), characteristic of our theory, are the oper- 
ators interchanging the basic particles, Le. transforming a into x. 

It is easy to get the commutation relations between the physical quantities. 
For this we have only to form the commutators between the matrices in (3-4). 


* There exists no intuitive physical quantity corresponding to J; or J. But their linear com- | 
bination J, (J_) can be regarded as a physical quantity in the sense that it is the operator transfor- 
na x = . . . . 
ming ” into p (p into n). We are using the term physical quantity in such a wide sense. 
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Table I. The effect of the infinitesimal operators on the basic particles and anti-particles 


I, p=0, I,n=p, I, A=0, 1, p=—A, 1,a=0, 1, 4 

I p=n, I_n=0, i-A=0, Lp=0, lau=-}, I_A=0, 

I, p= p, I,n=—%$n, TA=(; I,p=—tp, . 1,7=3%, TA=0, 
Neb=p, Nan=n, NpA=A, Nep=-P,  Nna=—a, Neioom 
Qp=p, Qn=0, QA=0, Qp=—P, Qn=0, QA=0, 
Sp=0, Sn=0, SA=—A, Sp=0, Sa=0, SA=A, 
Ni3p=0, Ni37=0, Ni3 4=P, Ni p=—A, N,37=0, N,; 4=0, 
N23 P=0, N237=0, N23 A=n, Nox P=0, Nog a= — A, N;3 4=0, 
Ny p=, Ns 2=0, Me, A=) ING =05 Nz, 7=0, Nz, 4=—P, 
N32 P=0; Neos Nj A= 0) Neo P=0, Noo27=0, Nz, A= —A. 


When we apply these operators on the ordered products of p, », A, ~, 7 and A or their sum, 
the following rule must be used: If P and P’ are any ordered products, we have 


O,(aP +6P’) =aO,(P)+60,(P’), a, b=const., 
OXERD =O) PAEEORCSs O,: the above operators. 


This’ rule cannot be applied to Nz, which is not an infinitesimal operator of the group U(3). For 
this operation the definition (4:7) should be remembered and the above rule must be applied to 
I,, I_, Nz, and Ney separately. 


Table II. Commutation relations 


Us, La] =L, Us; de) =—I, U4, IL] =21,, U, S] =U, Nz] =[S, Nz] =0, 
[Q, 14] =1,, Gap ee [Q, Is] = [Q, F?] = Us, 17] = [Q, S] = [Q, Nz] =0, 
INx, Nis] =0, LS, Mis] =Njs, [Q, Nis] = Nis, U3, Nis] =4 Nis, 

[Nz, Nog] =0, LS, Nog] = Nos, [Q, Nos] =0, : U3, No3] = —4 No, 

INz, Ni] =0, LS, Ng] =—Ns:, [Q, Ng] =—Ns3i, Lz, Ns] =—4 No, 

[Nz, N32] =0, LS, N32] =—Nyo, [Q, Ngo] =0, LI3, Noo] =4 Ny», 

U4, Ni3] =0, LU, Ny3] =Nos; INj3, Nei] =Q+S=3(Ne+3S) +L, 

U4, No3] =Nis, U_, Nog] =0, N32, Nos] =Q+S—21,=3(Ne+3S) —b, 

[L,, Ns] = —Noe, [I_, Ns] =0, LNj3, Noo] =4, LNo3, N31] = 1, 

[I4, N32] =0, U_, Ns2] =—No1, [Nj3, Nog] = LNs, Ngo] =0. 


We give the results in Table II, which eeu be valid for any representation of 
the physical quantities. 


The above physical oanGee may be eens tered as infinitesimal operators of 
U(8). They can be expressed linearly in terms of X;,’s as follows: 


To Xa ae Gael X19)) I= = (Xi — Xoa) , 
: 
N. = 2) Xu, QO=X,, S=—Xz, (3-6) 


Conversely, if we denote for convenience the operators [,, Is, --- and Nx by O 
a 


Per F aE Kt 4 


x 
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(a=1, 2, ---, 10) in the order in (3-4), a generic infinitesimal operator O may 
be expressed in the form 


O=a*0,, (3-7) 


where the a’s are not uniquely determined on account of the linear relation (3-5). 
The coefficients of Iz, Nz, Q and S (i.e. a’, a‘, a, a®) can be chosen as real and 
those of I, and I_ (Nj, and Nz, or Nz; and Nz.) are complex conjugate to each 
other: a2@=a’, a’=a’, a’=a". The commutation relations in Table II are satisfied not 
only by the physical quantities but also by the corresponding infinitesimal operators.* 

We can easily see that the commutation relations in Table I have the following 


property : 
[Oa, OsJ=CeeOr» 
where the C’s are constants subject to the conditions 
Cle= — Cha» 
Ge. C+. C..=0, - Gacobi's. identity): 


Commutation relations with this property play an important role in mathematics 
as well as in physics. That is, the infinitesimal operators of a group satisfy 
such commutation relations, which conversely determine the structure of the 
group to a great extent. This fact will be used in the next section to study the 
representation of U(3). But it should be remarked that such a determination of 
the group structure is not complete. For example, the orthogonal group O(”) and 
the proper orthogonal group O(7)* have the associated commutation relations in 
common. For a complete knowledge of the group structure, something is necessary 
in general besides the commutation relations. This “something” will be made 
clear in §5 in the case of the representation of U(3).** 

“We next mention the quantities which are expressible as polynomials of the 
infinitesimal operators of U(3) and commutable with every operator. These quan- 


tities are the analogues of I° in the case of isospin, where I° is the “inner pro- 
duct” of isospin and is defined by 
3 
Pat 1+L 1) + Uy*= 3 ot (3-8) 


From this one can easily see the importance of such quantities. It is obvious that 


_.and Ng, to denote the infinitesimal operators of U(3), 
epresentative matrices such as those in (3-4). This will 
lues of the operators will be denoted in general by the 


* We use the same symbols Ix, Js, -- 
or the associated physical quantities, or the r 
not give rise to any confusion. The eigenva 


corresponding small letters, iz, Q, 5, Mp, etc. . 
** Tn mathematical terminology, the commutation relations determine only the local structure 


of the group, while the global structure refers to the topology of the group. The concepts “local” 
and “global” are explained) elsewhere in some detail.” But such is not necessary to understand the 


following discussions. 
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N, is one of required quantities, but there are two other independent ones, i.e. 
2M= pst (Xi;)’, 
ij 
Bi = Xi {Xj Xp} + {Xin X pj} =. {Xijs Xp (3-9) 
ijk - 
-_ {Xin oa Xe X"} oO, OO. 
Making use of (3-3), we can prove that M and M’ are commutable with every 
infinitesimal operator. The calculations being tedious, we are obliged to omit the 
proof. . 

In concluding this section we consider the basic anti-particles to complete the 
right half of Table I. . When we carry out the transformation (3-1), the anti- 
particles are subject to the infinitesimal transformation whose coefficients are com- 
plex conjugate of those of (3-1), Le. 


e= (6 —/-1 X12 0a) 1, = Ou -V 1X0 0a)7,. (3-10) 
If M, (a=1, 2, -:-, 10) denote the matrices in (3-4), 1, 2, ---, 10 corresponding to 
the order there, a generic matrix (X*%) in (3-1) can be written as (cf. (3-7)) 


Xeno 
Then the corresponding matrix (—X,') in (3-10) has the expression 
(eer) ar) 


where M,” mean the transposed matrices of M,. Further, we can easily see that 
—M,” satisfy the same commutation relations as M,, i.e. 


[—M,’,—M,"|= ([M, > M,)) ?= OFM," =Cia(— 4 * 


Thus the operators O, are represented by the matrices —M/,7 in the case of the 
‘basic anti-particles. In view of this the right half of Table I can be obtained in 
the same manner as the left half. That is, we have only to write the anti-particles 
(2-3) in the form of column vector and then operate on them the matrices —M,”. 


§ 4. Construction of basis in the representation space 


We shall deal with a matrix representation of the commutation relations ob- 
tained in last section (cf. Table Il). The representative matrices of the physical 
quantities are assumed to be of finite degree and to have the complex elements. 
We are especially interested in the connection with isospin, charge, strangeness and 
baryon number. Our purpose is to construct a basis in the representation space 
so that each vector is a simultaneous eigenvector of Teel SOR cate ieee 

We shall first give the following two facts, which are immediate consequences 
of the commutation relations. . 

(1) If V is an irreducible invariant subspace of the representation space, it 
is an eigenspace of N,. ° Namely, any vector of V is an eigenvector of N;, cor- 


a, 


fae 


TREY ~ 
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responding to the same eigenvalue 7,. This comes from the commutability of N, 
with all the infinitesimal operators: If N;v=n,v, veV, then N, (0.0) = OF GNZO) 
=n (Oz). 

(2) If v is a simultaneous eigenvector of N,, S, Q and Jz, so are I,v and 
N,;v. The corresponding changes of the eigenvalues, 4n,, 4s, 4g and dis, are given 
in the left half of Table III. These results can be easily obtained. For ex- 
ample, from Sv=sv we have | 


S (Nisv) == (Ni3S+Nis) v= (s+1) (Ni3V) 3 


on account of the commutation relation. The right half of Table III describes the 
interchange of the basic particles and that of the basic anti-particles by means of 
I, and N;;. This fact has already been given in Table I in a concrete form. 


Table III. Effect of the operators I, and N;; 


Cineraive Change of the NEE interchaneore? 
Oz Ans | oP | us | Ai particles and anti-particles 
I, 0 0 1 1 n—>p, poi 
Te 0 0 | ay == pon. ASB 
Ny 0 1 / 1 4 A>p, po-A 
Nog 0 1 —3 Aon, 7A 
Nu 0 = Pare hee ae pA Se 
No2 0 | —] 4 nA, A>—7A 


If v is a simultaneous eigenvector of Np, S, Q and J, with the eigenvalues zp, s, g and is, 
then O,v is also an eigenvector corresponding to the eigenvalues mp+4np, s+ 4s, g+4q and 23+ dis. 


Now, let s. be an eigenvalue of S with the largest real part and let V, be the 
associated eigenspace. Since J; and S commute, the operator J, leaves the subspace 
V, invariant: If veV), i.e. Suv=syv, then S(Uyv) =i(Sv) =H (av), IveVo. Ac- 
cordingly, if we choose basis vectors in the representation space so that the first 
(say, n) vectors span V,, then J, takes the form 


where J,/ is an 2Xn matrix and © is a zero matrix. Next, let % be an eigenvalue | 
of J;/ with the largest real part. Although it is an eigenvalue of J;, its real part 
is not necessarily the largest of the real parts of the eigenvalues of J;. However, 
if v is a simultaneous eigenvector of S and 7, with the eigenvalue s) of S, then 
the corresponding eigenvalue of J; is at most %. We now denote by v,,, a simul- 
taneous eigenvector of S and J; belonging to the eigenvalues sy) and %. Then (cf. 
Table III), J,v.;, isa simultaneous eigenvector of S and J; corresponding to the 
respective eigenvalues 5» and ip +13 NisVsor, and NosVs.¢ are eigenvectors of S with 
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the eigenvalue s)+1, hence we obtain from the definition of s) and % 
T 4, Oso ip = N13 Veo to = N03 Vig tp = O- (4-1) 


In what follows we shall construct basis vectors of the irreducible invariant 
subspace involving v,,;, in such a way that each vector is a simultaneous eigenvector 
of S, and J;. For this we start with the vector v,,4,. 

Iterating the operation Ns. on the vector v,,,, we define the vectors 


def T 
Usose,totr/2 —— (N22)” Uso fo» (r=0, es (4-2) 


Vso-rin+rj2 18 a Simultaneous eigenvector of S and J; with the respective eigenvalues 
Ss—r and ip+4r, as is seen in Table III. From this we know that all the non- 
zero vectors in (4-2) are linearly independent of each other. Therefore, a zero 
vector must appear in the series (4-2), as we are considering a representation of 
finite degree. The vectors in (4-2) satisfy the relations 

No3 Us¢ = %eiVo41,6-1/25 G&se—=Const., @s,4,—=0, 


/ (3, 7) = (5, 10) 5 G1, jp by 2 ay ee (4-3) 


- This equation is trivial for (s, 2) =(s, i) by virtue of (4-1). The equation for 
some (s—1,z+4) can be deduced from that for (s, 2) : 


INS; (Ogeieg pia INGE Neo VUsi 
=[ Naa Nog + (1/2) (Nz+38) ~ I; | Use=|Qei + (1/2) (mz+3s) —i]Vs;. 


Thus (4:3) can be proved by the inductive method. At the same time we obtain 
the recursion formula for a,,; 


a, eee ey (ng +3s) —1, Qa 


whose solution gives at once 


S09 = O5 
As—riger/2—= (1/2) r[ng+3s).—2i—2(r—1)]. 


Since a zero vector appears in the series (4-2), we may assume Vy)-1,741,2=0 and 
Vsrir #0 for some s’ and 7’. Then we have from (4-3) that a@g_1 + 41p2=0, accordingly 


= (1/2) (12 +35)— 2%) = 0, 
S'= (1/2) (—np—%+2in), i= (1/4) (ng +3594 2ir), 
where r’ is the value of + corresponding to v,;,, i.e. 
B= Sp 15 ft! Sp 1/2) er 


Next we repeatedly operate Ny, on the last vector v,),, in the series (A¥2) 5 
def 
Usr—t Rue (Na)? Usr ar (4-5) 
These are the eigenvectors of § and J, belonging to the eigenvalues s’—z and i ‘it 


respectively. We make the same consideration for (4:5) as for (4-2) to obtain 
the following result : 


(4-4) 


t 
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t= 21, — 0,. Ss" = (1/2) Nag sea) tS (1/4) (2p +35)— 2%), (4-6) 
where 7#’”, s’ and 7” are the values of ¢, s and i, corresponding to the last non- 
vanishing vector in the series (4-5). 

For the future discussions it is convenient to introduce a matrix Ny, through 


def 


Na=2Nal+Nul_=Na(2h-HY) + I_ No=2 (U3 +1) Na+ F_ Noo» (4-7) 
It satisfies the commutation relations 
[Nees Net=0; LS, Nal=—Nas [ Is, Nal=— (1/2) aN sie . (4-8) 


The last two relations indicate that N,, is an operator decreasing the eigenvalues 
of S and J; by one and one half respectively: If v is a simultaneous eigenvector 
of S and JI, with the eigenvalues s and iz, then Nyv is also an eigenvector cor- 
responding to s—1 and i,—2 respectively. In this point Nx plays the same role 
as N;,, but the difference will be revealed soon. 

Consider then the vectors defined by 


defy 
UV s9—r—t tot (r—t)/2 — (Nar)* CNo2)” Uso to > 
r=0, 2s Sips ae t=0, Bs pele ti? (=2y), (4-9) 
which are simultaneous eigenvectors of S and J, belonging to the eigenvalues s)—7r—t 


and ij+4(r—2) respectively. The vectors for r=r’ coincide with those in (4-5) 
to within scalar factors; it is trivial for z=0. Next, assume that it holds good 


for some ¢, and we have from the second expression for Ns in (4-7) and the 
definition of 7’ 


Nav= Gig-Fei—st+ 1) Nav+l_ (Na)! (Nao) eg (2inee (Pec s= 1) Nuv, 


where v stands for V.,-y/-ti9+Gr-92» Since we have 2%+1/—t+140 from t<2%, 
the above statement has been proved. On making use of this result we can show 
that each vector in (4-9) is not zero. That is, if Vs --1,29+¢-02=9 for some 7 
and zt, we operate (Nz:)!’~'(Ng)””-” on it to get Vern =0. This is contradictory, 
AS Vers is equal to B,,, to within a scalar factor. 

Here we should notice a remarkable property of the vectors in (4-9), ie. 


Hs Ug Sn tg ilrty ae (4- 10) 
Its proof is simple. In the case of t=0 we have from (4-1) 
LoD ena I, Ng2)” Vs %0= (N 32)" 1. so 19 = 9- 
Then assuming J..V.,-,-1+1,i+¢—1+D2=9, We obtain 
db: Usp—r—t,fo+ G—0)/2 Le Na Usg—r—t 1,9 + (7—t +1) /2 
— (2Nai I3+ Ng tl. 2Na1) Ei Usy—r—t+1,to H(7—t +1)/2— 0. 


(4-10) shows that-each vector in (4-9) is the eigenvector of J; belonging to the 
largest eigenvalue in some irreducible representation of isospin. If we use Ny 
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instead of Nx, in (4-9), the resulting vectors do not satisfy (4-10). 
If we operate J. on one of the vectors in (4-9) repeatedly, we get all the 
eigenvectors of J; in the same representation of isospin, thus 


lef — 
DEES Pact tee = Gs) (Noi) (N32) ” Vso tos 


r=0,1, °°, 7! (=(1/2) (14g+35—2%)), 2=0, 1, ---72% (27715); 
u=0,1, > 2" (=2n-r—). (4-11) 


The three indices of the vectors, ss—7r—t, ?+4(r—f) and i.+4(r—Zd) —u, are the 
associated eigenvalues of S, J and J; respectively, where J is defined to be the 
positive root of 


II+1) =P. (4-12) 


It is obvious that these vectors are not zero. They are linearly independent of 
each other, because they have different sets of the eigenvalues of S, J and J;. In 
the Appendix we shall prove that they span the irreducible invariant subspace 
under consideration, namely, that the representation given by the vectors in (4-11) 
is irreducible. 

For an irreducible representation the subspace spanned by the vectors (4-11) 
is coincident with the whole representation space, hence an arbitrary irreducible 
representation is equivalent to one of the representations constructed in this section. 


§ 5. Properties of representation 


In this section we shall give some properties of the representations. There 
exists a close connection between the representations of U(3) and of the associated 
commutation relations. For instance, a representation of the group U(3) reduces to 
that of the commutation relations; the former is reducible or irreducible when and 
only when the latter has the same property; and so on. Thus we may deduce 
the properties of the representations of U(3) from the results in last section. 
However, one should notice that it is not a sufficient method for our purpose. We 
shall start with the observation of these circumstances. 

It follows from (4-11) that w’”=2i+r—z is a non-negative integer, hence 
i=1)+%(r—Z2) is a non-negative half-integer and i, takes the values i, +4(r—2) —u, 
(w=0, 1, ++, 24+r—t). This coincides with the usual values for isospin. On the 
other hand, the eigenvalues of N,, S and Q are ordinarily taken to be integers. 
This requirement is not necessarily fulfiled by the representations of the commutation 
relations. For example, the following matrices satisfy the commutation relations: 


Oi Te.0 0 0 0 TeOeeG 
f= 10-0 n On| Mie sl ean 1 


» 5) eee] Ud Od, 
0.520510 ORO REO) 00.0 


ot % Mets Bala 
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Berk O 0 = Ok a) zo ee 0 
parietal eee 0 el wo =| 01s 0 tO l) OS” Se Ore oe) 
0 ICG S Drea ee 6 0 z-1 0 Ore, ji 
OS ALcek Usa0-r eG 00s 0} O00 
en eg ar —| Oo) esa 1 102 20: 20. 15 Neg == |kO 0 0/8 
Of Oc70 O00 ole rett) 0°12 0 


where z is an arbitrary complex number.* In the case z=0 (5-1) is reduced to 
(3:4). On the contrary, when z+0, this representation is not equivalent to the 
representation (3-4), because N,, S and Q have the different eigenvalues for (3-4) 
ahd (=. 1-).< 

We have pointed out in § 3 that the commutation relations cannot completely 
determine the group structure and that for the complete determination “ something ” 
is necessary besides the commutation relations. This “something” has appeared 


© 


now. In fact, the non-integral values of ,, s and q are forbidden in the represen- 
tation of U(3), which we are going to prove. 
The infinitesimal operator S in (3-4) generates the one-dimensional subgroup 


G, of U(3) defined by 
ft? Eek ex (i Fe) (5-2) 


where a is a real parameter. If we denote the components 7“ and 7" in the matrix 
form 7 and 7’ respectively, (5-2) may be written as 


Y=exp(/ —laS)z%, ~ : (5-3) 


where S is the matrix given by (3:4). Next consider a continuous representation 
of U(3). There corresponds to (5-3) the following transformation in the repre- 
sentation space : 


Exp GA aS)v, (5-4) 
where we have employed the same symbol S to denote the representative matrix. 
We may regard this correspondence as a continuous representation of the subgroup 
G,. On the other hand, G, is isomorphic to the unitary group U(1) of degree 
one and has the period 27 with respect to the parameter a. A continuous repre- 
sentation of such a group is fully reducible, and any irreducible representation is 
of degree one and has the form exp(\/—17@), being an arbitrary integer.” It 
follows then that by a suitable choice of basis vectors the matrix S in (5-4) can 
be reduced to a diagonal form with integral elements. 

This proof can be applied to the cases of N, and Q to show that their ei- 
genvalues are also restricted to integers. Contrary to S, N, and Q, the com- 


* » cannot be reinoved even if we assume the matrices X;; to be Hermitian. 
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mutation relations alone give the usual values to isospin, as was already observed. 
But we may make a consideration similar to the above with respect to lor 
this purpose we have merely to remark that in this case the one-dimensional group 
corresponding to the above G, has the period 42 with respect to the parameter, 
although it is also isomorphic to the unitary group U(1). 

Now, regardless of physical applications, many investigations have been made 
concerning the representations of the unitary group.” In the case of U(3) their 
results are often stated in terms of the set of three integers f; (7=1, 2,3; A2A= fs), 
which specifies an irreducible representation. To see the role of 7,, 5» and 7) more 
clearly, we shall seek for the relation between (7,, So, i) and (fi, fo fs)- 

Any unitary transformation can be reduced to the form 


UE We d=1) (net summed: tore), (5-5) 


by a suitable choice of a basis. Then, in the irreducible representation of U(3) spec- 
ified by f,, the corresponding representative matrix has the character 


| €, €,/2 €,'3 | | ey é at 
cree i fi l: / | 2 | 
KG foe fy) ley eee? Ser ae Es 1), (5-6) 
s | | 
| @gt és €* |) Les és - 14 


where 
L= tas l,=f2+-1, l= fy - 
Each term of (5-6) has the form 


ee 3 3 
2 €y"2 €3°3, (> n1;= ZS) s (5 - “@) 
= i= 


where n’s are integers. It we choose such a basis in the representation space that 
the representative matrix is diagonal, the quantities. (5-7) become its diagonal 
elements. Each of them gives rise to the respective eigenvalues : 


3 
Np= >i s=—Ns3, c= Cat) 
= 


a4 


This comes from the facts that the transformations generated by N,, S and J, in 
(3-4) are of the form (5-5) with 


Np: é=€)=€,=exp(/ —1a),; Sik eee 0. €s=exp(—y —1la), 
carat 5-8 
dene eae EXP La) Vo =e) |, €;=0, (a@: real parameter), ee 


and that the corresponding representative matrices may be made diagonal at the 
same time. : 

On the other hand, the results in last section tell us the uniqueness of the set 
of eigenvalues (7, So, ip), hence the uniqueness of the corresponding diagonal element 
(5-7). Therefore, this element is not cancelled by other diagonal elements in 


NLR is ie gigs Mere te 


t 


" 
a 


7 
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taking the spur of the matrix. In other words, the diagonal element corresponding 
to (M,, So, io) should appear in the character (5-7). Thus we have from the def- 
inition of 7,, sp and iy 


3 
: it 
Ig 2 Mi So = max (—73), iy== max —— (m,—MN2) , (5-9) 


rg=—So LG 


where the first maximum is to be taken with respect to all the terms in (5-6), 


and the second to the terms with m=—s. A close examination shows that 
min 7,;=/f; and the coefficient of ef* is 
(€,"1 €2'* — €,'* €2") /€1 €n(€1— 2). (5-10) 


It follows then that min(,—7) =fi—/fr: 


N3=—S8o 


Summarizing the above we have the desired relation : 
3 
m= ho 9=—fs, a= (1/2) fi-f 
or fi= (1/2) (tg+5) +to, fo= 1/2) (p+ 5), fo=—5o- 
For example, we have for the basic particles and anti-particles 


“(h1, hr, Vase Fas Sak fs) = (1, 9, 0), (np, So > i) = (1, 0, 1/2 > 


(5-11) 


MN Sas Eas aS (Fi, 3, fs) = (0, 0, =P) 5 (12, So» ij =H ae 0). 


In the next section we shall give a method of assigning (7, 5, %) to irreducible 
composite systems without referring to /;. 

In view of this result we may use (sz, 50, %) instead of (fi, fo, fs) to specify 
an irreducible representation of U(3). In this case the following prescription is 
necessary to the values of m,, sy and i: 

Cinjie yy and. sare integers, and i is a half-integer or an integer. 

(ii) According as i, is an integer or a half-integer, so is 4(mp+50)- 


(ii1) ip =0, Ng +35)— 2%) = 0. (5-12) 


The condition (iii) is equivalent to i{=> fr= fs, or to r'>0, #70 [(4-4), (4-6) ]. - 


The results in last section are valid for representations of the group U(3) with 
the provisos (i), (ii) and (iii). 

It seems to us that the set (72,, 5, i) is more convenient “thane Chrys) fs) when 
we discuss physical problems. Thus we shall denote an irreducible representation of 
U(3) by the symbol D(7z, 50, 7). Next, we state some properties of irreducible 
representations in terms of (7,, So; dy) 

Since M and M’ defined by (3-9) are commutable with the quantities J,, Js, 

- and Ny, they have the same values for each vector in an irreducible invariant 
subspace. (The proof is the same as in the case of N,. cf. (i) in § 4) Accordingly, 
they may be calculated through 7,, 59 and iy. In fact, if we substitute (3-6) in (3-9) 


and use the commutation relations, we have 
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2M=Q?+S?+ (N,—Q+8)?+2(Q+8) +2U_L.+NaNist+No Nos), 
8M’=4(Q*—S*+ (N,—Q+8)'+3(Q’—S”) +3(Q—S) —2Nz] 
4+12[QU_ I, +Na Nis) + (Ne—Q4+8) UL. +Noa Nas) 
— S (Nu Nis+ Nos Nos) +1. 1. — Noo Nos] +6 (Ns: T3NiytNau {Nos 14})- 
Operating these on v,,;,, we obtain on account of (4-1) 
m= (1/2) (qo? + 50° + (12 — G0 + 50) +2 (Go+ 50) J, 
m!= (1/2) [qn®— so? + (te — Go + 50) ?+3 (Go? — 50°) +3 (Go— 50) —2n17],* 


(5-13) 


where q is charge corresponding to v;,,, and is given by (cf. (3-5)) 
Jo=in t+ (1/2) (22+ 50) - 


(5-13) ean be uniquely solved for s; and q, because we have, by making use of 
(5-12), 


On1/Os, O11/Oqp | 
| ent es 2 \=3 (254+ n2—g+1) (2g.—z— 5 +1) (go+50+2)/22 38, 


Om! /8s) Am! /Aqq | 
where sp, go and 2, are taken to be independent of each other when calculating 
the derivatives. Thus we may use (7,, 7, m’). instead of (72,, So, io) to specify’ 
an irreducible representation of U(3). (5-13) tells us that 2 and m’ are integers 
or half-integers according as m, is even or odd. 

We can easily calculate the degree of an irreducible representation, which is 
equal to the dimension number of the subspace spanned by the vectors in (4-11). 
The calculation may be performed*by taking account of the linear independence 
of those vectors. The result is 


pl ULE 


d= SIN) (Qit+r—t4+1) 


ae 
= (2%) +1) (mg +35) + 2%) + 4) (np+35)— 29+ 2) /8. (5-14) 
From the discussion in last section we know the way an irreducible repre- 
sentation of U(3) is decomposed into irreducible representations of isospin. We 
give the results in Table IV. There, D(s, 7) stands for an irreducible representa- 
tion of isospin, s and i being the associated eigenvalues of S and J respectively. 
An arrow — [J] means that the vector belonging to the maximum eigenvalue of 


I; in D(s, 7) is transformed into that vector in S6-1, i+) [D(s—1, 7—4) ] by 
the operator Ny» ENCE 


§ 6. Composite system 


In this section we consider composite systems of the basic particles and anti- 


; * In Eq. (8) of the previous paper, the plus sign before so3 should be replaced by the minus 
sign. - : 


‘a a ala 
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particles. One of the problems thereof is to decompose a system into its consti- 
tuents irreducible and invariant under the unitary group U(3). The states belonging 
to such a constituent give an irreducible representation of U(3) and will have a 
certain symmetry as a realization of the symmetry among the basic particles. We 
shall solve the above problem in a concrete way, and then state a method of as- 
Signing (7, So, i) to each irreducible constituent and that of expressing the basis 
vectors (4-11) in terms of the basic particles and anti-particles. 

As was mentioned in § 2, our problem is reduced to the problem of decomposing 
the tensor space V/ (the totality of mixed tensors ot valence k, 2). In this con- 
nection we first recall the decomposition of a tensor space with respect to the 
orthogonal group O(7), where use is made of the trace operation by means of the 
fundamental tensor 0,, and the application of Young’s symmetrizers.”’” Under the 
orthogonal group the difference disappears between the contravariant and covariant 
indices, whereas we must distinguish between them with respect to the unitary 
group. Therefore, when we apply the above procedure of decomposition to our 
case, the fundamental tensor 0,, in the case of O(m) should be replaced by the 
Kronecker delta 0,° and Young’s symmetrizers should be applied to superscripts and 
subscripts separately. Thus we may decompose the tensor space V/' through the 
following two steps: 

(1) “Contraction operation”, which corresponds to the trace operation in 
the case of O(n). In the concrete, 


a ed) nO } 
Kyte rae me Ri pak bene “Ke Na NEB Kyra Kp kf 
D igs 7 Pee. aw ee —», ii Mah Mor ps pve Des Agena Neg e (6-1) 


On the right-hand side, the indices (0), (a, b), (ab, cd), --:, designate the tensors 


T’s, and the symbol /\(\/ ) tells us to remove the index under (over) itself. There- 
(a,b) (ab,ca) 


fore, T is a tensor of valence kK—1, /-1; T a tensor of valence kR—2, /—2; and 
so on. These tensors are reduced to zero if we contract them for any pair of 
a superscript and a subscript. The summation >} is to be taken for a, b=1, 2, 


ab, ed 


k (a<b) and c, d=1, 2,---, 1 independently. 


Example I 
© Gh ©) 
T= T, +057, TS=0; 
(0) (1,1) (1,2) (2,1) (2,2) (12,12) om 


IN} BN) NY S 
Cea eto A 0 Te +0272 4eTe +oe Ts +00 T +0202 T, 


(0) (0) (0) oes (a,b) 
ae [ee Tt T= Tt=0, (ab=11, 12, 21, 22); 


(4,1) (2,1) (0) (0) 
Te ko Te Ko ae ot [i =e ie pe: Shee — — Tee = lke 
(2,1) 
x52 Ly Tas x2 ee a Te mall an Te 3 Ye si) 3 


(3,2) (12,12) 


+ ae vie ane are" res mot ane prime age Ts 
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(12,21) (13,12) (13,21) 4 aa gt: < 28 
+ 00 dea Te Os de Tt Ox O38 TP + On: O53 T+ O53 Ons TP, 
(0) (0) (9) (9) (9) (9) is (2.5) pee 
Ki 
Dee heres Pee Tyg a od ee 
(ab= 11g 1272 kee 2 es lees ake 


(2) Operation of Young’s symmetrizers. After the process (1) is achieved, 
operate the symmetrizers on the tensors 7’s on the right-hand side of (6-1) with 
respect to superscripts and subscripts separately. When the number of indices is 
two, this process is reduced to the ordinary symmetrization and alternation. For 
the indices more than two we refer to other books.*”” 
satisfy the a in italics stated in (1), there occurs some simplification. That 


Since the tensors in question 


is, for the tensor T'¥3"{* we have only to consider the following cases : 


Case i) 
i po eee ae 
RIMEeSre sees wh ok esa 
h 
ee 
Se for subscripts, 
U—4=20, 1/2 
Sere yaa Esrey 
/—1, 
k 
Case ii) £5 
44{{— for superscripts, 
Sate TORT 


== 0,1, "> [ke] 


(LLLP fr subscripts, 


SOLS TN TTR”, 
ZL 


where [2] denotes the “integral part of x”, the largest integer which does not 
exceed x. We can easily prove that if we operate on YT’ the symmetrizers corre- 


sponding to the other cases, the resulting tensors vanish identically. (See Example 
: - z (a,b) (ab,ea) 
II.) The same simplification holds good for the tensors T, T. ‘++, in which cases 


we have merely to replace k and / by £1 and 71; £2 and J 9. respec- 
tively. 
Example II 


ky Ko __ Fey to) ko) . 
186 Ae * (Aq Ad) Si see ra] sie Tot x3 > 


scripts (process (2)). 
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TEx2] is identically zero on account of Ti%j=0. 
2 iis LZ Te #9) os To ko | : 
KY Ko kg __ (e1 Ko #3) (#1 Ko 13) 11K kok KL kok 
ras te Li Oe TERS, 
where 'T’ and ’’T are characterized by 


/ Ky Ko Kz / Ko Ky k3 / Ky Ko k3 / Kg 3 Ky / K3 Ky Kw 
=> € = a= 
o ek ein he's Sipe Ly = 0, 


Oe er De eee eres BT 3 


Kok3] / Kok: Kok s} S Kak 
Then Tae and /T33% are identically zero because of Ti**/=0, etc. 


We notice that it is possible to decompose tensor spaces in a different form, 
e.g. 
Peta ey aa (process (2)) 


pee gt ape ed (0) 
TEP =TOO4TE, TE=0, 
‘ay : A (process (1)) 


4 (2) 
Ti &o)— Th to] se Ass ge [eee O. 


(0) (0) 
Here the tensors 7") and 7"! are nothing but those resulting from the above 
method of decomposition. The other two are of the form 


(1) 2 Caress ad (2) SGD ee eM) 
ga (1/2) (O8T*409T), Te= (1/2) @eT—deT"), 
. ce) «Ga ; 
and are irreducible as well as 0°7' and 07'". This shows that the decompo- 


sition of tensors into irreducible constituents is not necessarily unique. But the 


irreducible constituents obtained from Tee in (6-1) are uniquely determined. 
This fact seems to be of interest, because only these (unique) irreducible consti- 
tuents have been employed to obtain a physically significant mass formula for 
baryons and bosons.” 

Now we consider an irreducible invariant subspace thus obtained, and denote 
by 78 a non-vanishing component Ty} "x? of a generic tensor belonging to this 
subspace. T'{*}’s are not linearly independent but subject to some linear relations. 
Such relations are expressible either as outer and inner products with 0* (process 
-(1)), or as symmetrizations and alternations with respect to superscripts and sub- 
As examples of the former type, we give the tensor 


Ke ; . yd ol, 2) 2) 
Tes On TE xe for the outer product and the relation 0277 x#=0 for the inner 


product, i.e. 
Liege) Dear ek —_ rpBRasK 
Tika, = Ty504,= Ty... a ’ (6 2) 
Leg 4h 2g KI Bkgrhh 
: Ditherx} a de ae 5 Rees oo 


Here we introduce N,[(«), (4)], the number of indices 1 of the component 


T\. This is defined as the remainder when we subtract the number of 1 of the 


v)*_ 


subscripts #’s in T&} from that of the superscripts «’s. In the same way we define 
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the number of indices 2 (3) of the component T{3, which we designate by 
N,[(«), (A)] CNs[(), (A)]). All the terms in a relation of the form (6-2) possess 
N,[(«), (A)] in common (i=1, 2, 3); that is, N;[(«), (4)] are the same for the 
components 7’*)’s linearly depending through the process (1). This fact is also 
valid with respect to the process (2). Thus, if we take up any component Ea; 
then the components linearly depending on it have the same values of N,[(«), (4) ], 
ice. Nz{ (io) 5° (4o).]- 
Next, consider the tensor with the components 
T=0 when T% is linearly independent of T%°}, Fe 


T‘340 when Tf} is linearly dependent on 7°}, 


and we may regard N,|(«), (40.)| as associated with this tensor. By the same 
method we may introduce similar tensors starting with the non-vanishing com- 
ponents other than those in the second line of (6-3). These tensors are linearly 
independent of each other and form a basis in the subspace in question. They 
are simultaneous eigenvectors of N,, S, J; and Q and the corresponding eigenvalues 
are respectively given by 


ng=k—-1= NL), 4], s=— Nal Co) .(4) ] 
2is= Ny[ (Ho) (40) ]—Nal Co), (40) ],  G= Nil Co), Ao) |, 


for, under the transformation (5-2) generated by S, the above tensor is multiplied 
by the scalar factor exp(— / —1a@N5| (ko), (40) |), which implies that the tensor is an 


eigenvector of S with the eigenvalue —Ng|(«), (4) ]. This reasoning can also be 
applied to N,, I; and Q. 


From (6-4) we have, by remembering the definition of s) and 7 in § 4, 
So=max (—N,| («),(A) ]), 
io (1/2) max (Ni («), 2) —NaL() A) 


(6-4) 


(6-5) 


The first maximum is to be taken with respect to all non-vanishing components 
T(3’s, and the second to all such components Ti’s as N3[(«), (4) |=—s.. Thus 
we have determined the quantum numbers s) and i) associated with the irreducible 
invariant subspace, or with the corresponding irreducible representation. The values 
(So, 7) are actually taken by a certain tensor, which is nothing but v,,,, introduced 
in §4. It can be obtained by putting to zero all the components corresponding to 
(s, 7) # (50, %). The uniqueness of v,,;, is obvious from the results in § 4. 

It is obvious from the above consideration that we may take the following 
step after the processes (1) and (2): 

(3) A practical method of obtaining (7%, 59, i) and Vsyig or the irreducible 
representations resulting from T. 


Case i) For a fixed J, (see (2)), make the diagrams 


a ee 
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SEER Siete ten oe for superscripts, 


Brigette eee ee) S55 ctbscrinis, 


where (1’, 2’, ---, /’) is such a permutation of (1, 2, --:, 7) that the number increases 
from left to right in each row and from top to bottom in each column. A non- 


vanishing component of v,.. is Ty0x* with 


Ke=1, a=1, Leg Rk, 
Aa; b=)’, 2A (a2) Es A= 25 b= CBE eA eae Ls 
and the other non-vanishing components are obtained from this by performing 
alternations of the subscripts #’s belonging to the same columns. 7, so and % are 
given by 
Boa sTyLe 
The representations corresponding to different (1’, 2’, ---, I’) are equivalent to each 
other and their number is” 
Eh —t-F 1) 
(4+1)! G—L)! 


Case ii) We can treat this case in the same way as i). For a fixed k, the 


diagrams are 


2c eC 
fen peer 


Fad See for subscripts. 


The indices of a non-vanishing component of v,,, are given by 
Ka=1, a=l', ies ess: ky’ > Ky=2, a= (hier 2), me k’, 
Thy dat Oe Pe 


for superscripts, 


Np, Sot) and the number of equivalent representations are 
k! (2k,—k+1) 
(ky +1)! (R—-k)! 


Np=k—l, eee 19 (1/2) (2k,—k), 


respectively. 

We next describe a method of expressing the tensors given by (6-3) in terms 
of p, n, A, p, n:and A. The basic particles %* or anti-particles %, form a basis in 
the vector space V)' or Vi" respectively. Therefore, any tensor aes expressible 
in the form | 
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A dN Kyp 
Die Vi om Orage ae recat Ot ki ae (6-6) 
ils, gis ay th 
d re 2 . 
In this expression, replace %s and 7,’s by p, 7, --- and A [(2-1), (2-3)] without 
changing their order, and we get a sum of ordered products of & particles and / 
' anti-particles. For example, 


=H, 1° =pptin+AA. : (6-7) 


Hereafter we denote such a sum of ordered products by P/(p, 2, A, p, 7, A). We 
remark that one must not change the order of the products at random. Particular 


attention should be paid to the expression of tensors involving 0X, such as the 
(4,0) A 


second and the following terms in (6-1). For instance, oxeT Bae ye eal, be ex- 


b 

id (a,b) A 
pressed as the product of (6-7) and the expression P/u'(p, 7, ---, A) of Denes 
In this case, , 2 and A in the expression P,'(p, 7, ---, A) of oxe are to be Sater 
at the a-th place of the particles, and p, m and A at the b-th place of the anti- 
particles. Thus it is now easy to express v,,,, in terms of p, 7, --- and A: 


ie PD. nN, +, A). (6-8) 


In Table V we give the non-vanishing components of v,,;,, the expression 
(6-8), the values of (7, 50, to), 72 and m’; and the degree d of the representations. 

For the expression of tensors other than v,,;,, the above procedure is also 
useful but the following is simpler and more convenient for the concrete applications : 
Let O, be the infinitesimal operators of U(3) (see § 3). Their effect on the basic 
particles and anti-particles is given in Table I. As for the ordered products of 
p,n, + and A or their sum ithe foHowing rule is valid: If P and P’ are any 
ordered products, we have 


O.(aP+bP’) =aO.(P)+60,(P’), a, b=const., 


OL PP!) =O; CP) PU BOM PR). (6.9) 


_ This can be easily seen by performing the infinitesimal transformation corresponding 
to O, on aP+bP’ and PP’. The rule (6- 9) cannot be applied to Ns, which is 
not an infinitesimal operator of the group U(3). For this operation the definition 
3 (4-7) should be remembered and the above rule must be applied to I;, I_, Ney and 
Nx separately. Thus, operating Nz», Nz and I_ on (6-8) repeatedly, we have all 
the tensors (4-11) in the form. P,"(p, n, ---, A). These are nothing but the tensors 
given by (6-3), which we see from the sone values of 7, 7, and s. 
Finally, we touch on a property of the transformation 


P; (p, nN, At, P> n, A) — P,* (p; n, A, IDs 1, A). 


Under this transformation, basis vectors of an irreducible representation become 
those of another irreducible representation. The corresponding changes of 7,, 5, 


4 

} 

¢ 
? 
c 
_ 
.. 
2 
zx 
- 
~ 
= 
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go, m and m’ are easily obtained by means of (3), i.e. 


Ap Np, SPH, HOH, mom, m'>—Mm. 


§ 7. Summary for applications 


We shall summarize the above results for the convenience of concrete applications. 
(1) Physical quantities associated with the unitary group, U(3) are 
I (isospin), N, (baryon number), 
S (strangeness), © Q _ (charge), 
N,; (characteristic of our theory; 7=13, 23, 31, 32). 
They are not linearly independent but subject to the well-known relation (3-5). 
I. and N,,; are the operators transforming the basic particles into each other (cf. 


Tables I and II). The commutation relations between the quantities are given 


in Table II. 
(2) An irreducible representation may be specified by the following three 


numbers : 


n, (baryon number), s (the largest eigenvalue of S), 


iy (the largest isospin of the states with S=5). 


Table IV. Decomposition of D(7z, 59, zo) into irreducible representations of isospin 


D (59, 20) Ne 9 (5,—1, igo t 3) No. evade a ey rieea as" r!) 
Na {Nat [Nox 

D(sp—1, io—4) N22 5 (5,—2, Z) Nox settee Dae eG ip +3 (r’—1)) 
[Na | No [Nou 
[Nox | Nou | Noi 

D (sp—2zy +1, 3) N22 5 (5)—2i9, 1) Nox Fabien Ped (noi k(r/+1)) 
[Nox [Na [Na 


3 N, : 
D(5p—2ip, 0) —4D(5)—2to—1, 4) pan CEE PN82, D> (sg—1/ —2ig, $177) [r= (MB + 359— 2to) ]. 


This table tells how the irreducible representation of U(3), D(mz, So, ip), is decomposed into 


irreducible representations of isopin. D(s, 7) stands for an irreducible representation of isospin, s 
An arrow — [J] means that the 


and i being the associated eigenvalues of S and I respectively. 
vector corresponding to the maximum eigenvalue of J, in D(s, i) is transformed into that vector in 
D(s—1, i+}) [D(s—1, 7—4)] by the operator Neo LN] - 


These must satisfy the conditions (i), (ii) and (iii) in §5. We denote this rep- © 
resentation by D(z, So; t0)- Tablé IV tells us how D(z, So, %) 18 decomposed 
into irreducible representations of isospin. The degree of D2, 5 io) is given by 
(5-14). There exist three quantities N;, M and M’ that commute with all quan- 
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tities given in (1). MM and M’ are defined by (3-9) and their eigenvalues may 
be calculated by means of (5-13). It is possible to specify an irreducible repre- 
sentation by (7,, m7, m’) in place of (72, S05 to)- 

(3) The decomposition of the composite system of & basic particles and Z 
anti-particles is reducible to the decomposition of the tensor space V,” (the totality 
of tensors of valence , 2). The latter can be performed through two steps: the 
“contraction operation” and Young’s symmetrization. They have been explained 
in detail in (1) and (2) of §6. It is easy to assign (77g, 5, i) to an irreducible 
constituent thus obtained and to find the eigenvector v,,, with the eigenvalues 
S=s, and I;=i. A method is given in (3) of §6. (cf. Table V). The basis 
vectors (4-11) can be constructed from this v,,,, according to Table I. In this 


case Table IV will be helpful. The concrete expressions of the vectors have already 
been published.””” 


Table V. The non-vanishing components and the expression of vsji,, the values of (7%, 59, io), 
m and m’, and the degree d of the representations 


Uso to NBR, So, to | m | m/ d 
| | | 

T* 14s p be d,O8 3/2 5/2 3 
an es A =i, 18.0 3/2 —5/2 3 
(0) ‘| at ° 
Te Te Ap 0, 1, $ SEH 0 8 
Sy, ) 1 alas | 
T0333 T 33 _ AApp Osea | 8 | 0 27 
(0) | | | 
TE x2 Ty=-Ty | (A, Appi 2 0; 4,372 6. P= agt aa 
(0) | : | | / 

K14 Ko |’ | Ty aay | | 
Tk) T3=—T33 | AALp, n]/V 2 02.5000 6 aS 10 
(0) | | 

ky K Ly | a | | 
ese) T3 _ App 412 GE se) ye ee 
(9) % 

Ky Ke 12 D} — r= | 
Th *21 Teen os AL p, n]/V 2 ik, AUC 7/2 = 6 
(0) | | | 

(41 kg k 111 aaa } 

LEONE T 33 AAppp 1, 2, 3/2. wesaaye 35/2 42 
(0) 

(#4 Ko #3) Lies Se — 

Tim? | Tos=-Ta | (A, A]ppp//2 1, dy 2a | oem ie, cao ereaat aaa 
(0) 

Ky Kok 121 eaten — | 

Eas). Ty =—T33 | AA[d, n]p/V 2 1x2, OF 17/2 Ly oA 
(0) 

Ky Kok | 112 2 | ir = | 

AR Es Ty3 =—T33 | AA(ppn—npp)/V2 | 1, 2, 3 17/2 a ar 
a 
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Appendix 

Proof that the vectors (4:11) span an irreducible invariant subspace 

In §4 we constructed the linearly independent vectors (4-11) in the repre- 
sentation space. In this Appendix we shall show that they form a basis in an 
irreducible invariant subspace. 


For the sake of simplicity, we denote the vectors as follows : 


Vuip = 1)" (Nas)! (Nos) Vso tos 
r=0,:1, ---, 7 (=(1/2) (mg +35) —2%)), 
t=0, 1, ge) ve (=2%), 


w= 0 45 a" (25rd): 


(A-1) 


Since we have 
Never =Na Vottt p= 1_ Vat =O, 
it is possible to extend the domain of the variables r, ¢ and w in (A-1) such that 
SE i ea 
pe Fat su-20 3 (A-2) 


Pmt St a al" 


Vutr = 0, 


As (A-1) is obviously closed under the operations of Nz, S, J; and I,, we — 


have merely to examine the effect of the operation of N,,; on (A-1). 
If we operate on v,,, the third expression of Nz in (4-7), we have 


Vo.t+1,r= Na Voir t 1 Vo.tyrt+1> (P=219+ r—t+1#0. 
Further operating (J_)“ on this and taking account of (A-2), we get 
Nai a CBP Verti,ter+i) =L (Vutr) oe (A 3 3) 


where L(v,,,.) stands for a linear combination of the vectors in (A-1). 


Next we have 


[Nee > Gs) i <a uNar FS) Sa 


If we operate this on v,,, we obtain by virtue of (A-3) 


Noe Vutr = Vyt,r+1 =e uNs1 Vy-1,t,7— L (Vutr) $ (A ; 4) 


As for Nos, we first consider the case r=w=0, in which 


Sa eo Lisa) (A-5) 


2 ee 


1098 M. Ikeda, S. Ogawa and Y. Ohnuki 


holds good. This is trivial for ¢=0, because NoxV’o0=0; assuming it for some ?, 


we have 
Nos Vo,041,0= Nos Noi Voto= { (Nar +Nar) Nos t+ (Q4+S+2) I} Voto 
= { (2Nu Ig +Nol_) +No} L ur) +(Q4S+2) 0v=L utr) » 

where (A-3) and (A-4) have been used in the last equality... In the case u=0, 
the assumption 

Nes Ven L Dun) 
leads to 

Nos Vo.t,+1= Nos Noa Vor = (Non Nog +O+S—21s) Vor =L utr) - 

Further, from 

Nes Dupe Lea), (A-6) 
it follows that 

Nido LeNGo abs 
Thus by the-inductive method (A-6) can be proved for all w, ¢ and r. 
Lastly we consider Ni3. From 

N13 Voor=L (Vutr) 5 (A-7) 

we get 
N43 Vo,0,741= (Ne Nis +1.) Voor=L utr) 5 

hence (A-7) is valid in general. (For r=0, Ni3v00=0.) Next, the assumption 

N43 Vor=L (Var) 
results in : 

Nas a = ON ND) NaS NaN 208, See ee 
and from 
N13 Vutr=L (ur) (A-8) 

it follows that . 
Nig Vu+1,t.= _ Nig— Nos) Vir = (Orer) « 


Thus we have (A-8) in general. 

It follows from the above that the vectors (A-1) generate an invariant subspace 
of the representation space. The irreducibility of the subspace is known from the 
construction of (A-1) in §4 and the first equation of (A-3). 


) Nl i oid SoBe) a Rian lih (nti LL, ie lh ll 
“i : \ ; , : 


Pui 
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An interaction Lagrangian of general four-nucleon coupling is assumed and equations 
for nucleon-antinucleon and two-nucleon systems in three types of chain approximation are 
derived from the interaction and solved exactly. Then the mathematical structure of the 

- solutions is studied in various cases, and the regions where the value of the coupling con- 
stant must lie in order to give the bound states are obtained in the case of pseudoscalar 
coupling. Some interesting features are pointed out. 


$1. Introduction and summary 


Recently, composite particle models have been presented and studied by many 
authors and the strong and weak points of the models have gradually become clear. 
Aims of the models are to derive elementary particles, which have been found by experi- 
ment, from as fewer particles as possible and to seize a multiplicity of interactions 
between elementary particles in a unified way. Because of difficulty in mathematical 
treatment of the models, studies on this problem are mainly devoted to make clear 
the qualitative characters of the interactions from the standpoint of the models. 
In regard to Sakata’s model,” especially, energetic investigations were performed 
by the Nagoya group. The model seems to have no qualitative difficulty except 
for 3* decay (n+e*+v).” As the experiment of 3'* may, however, be unreliable, 
the validity of the model seems to be sure enough. 

On the other hand, there is an interesting work of Maki® on the mathematical 
treatement of Sakata’s model which assumes a strong four-fermi coupling on baryons 
(i.e. N and 4) and constructs z- and K-mesons as bound states of (NN) and (AN) 
or (AN), respectively, through this interaction. His results are very satisfactory 
and it seems that all the physically interesting points are worked out in his article. 
From the mathematical standpoint, however, his interaction type (pseudoscalar 
coupling) is not the only one which satisfies the necessary conditions. Therefore 
it is not meaningless to study other possibilities. The necessary conditions which 
we call here are as follows: 

1) A nucleon and an antinucleon make a z-meson as a bound state and do not 
make any other bound state through the interaction. 
ii) Two nucleons make no bound state with small extension. 


i) Usual z-N coupling constant is deduced from the theory. 


Waly ae Dae elo 


pee DY. WHR Oe RET I GY 
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Beside the above conditions, we may require that a nucleon and an antinucleon 
make another bound state called a z””-meson which is charge singlet and pseudoscalar. 
The last requirement is, however, not of serious meaning unless we take account 
of A-particle because a z”-meson might contain a /-particle’ and even its existence 
might not be sure. 

We start with an interaction Lagrangian of general four-nucleon coupling. 
Though the interaction 


2 es Whe S ves 
—L= SNe: (GO) GOW) : +94 31: FO GOW} — 1) 


seems to be the most general one which satisfies charge independence, g4’s and 44’s 
are related to each other through Fierz’s identity.” Therefore the most general 
four-nucleon coupling results in the following forms :* 


-L'=3393: GO") GO"W):, (12a) 
-L/=31 95 3%: GOP) Gr): (1-2b) 
A f=1 
4 — —_ 
- —L=S3 98>}: G=10%$) Ga10"): (120) 


where O“ is a matrix operator, “A” standing for scalar (S), vector (V), tensor 
(T), axial vector (A) or pseudoscalar (P). We see, therefore, that there are five 
independent coupling constants. Adding the cutoff parameter, there are six inde- 
pendent parameters. What we must do is to determine the values of these para- 
meters, but the above conditions are too lax for determining them. They are to 
be determined in future by adding other conditions (for instance, we require that 
K- and #’-mesons are composed of nucleons and /-particles through the N-N and 
N-A couplings of the same type, whose coupling constants are related to each 
other by -O-O symmetry”). 

As the model contains many parameters in this manner, the parameters cannot 
be determined at present. It has therefore no serious meaning to determine the 
values of coupling constants by taking up only a special type. What we must do 
at present might be to examine the properties and possibilities of the model in 
various coupling types so as to be of use in the future time when the conditions 
enough to determine the parameters appear altogether. 

Among many ways to study the mathematical structure of the model, it is 
desirable to have such a way that brings the characteristics of the model to light 
well. Though we can derive the two-body equation from the general interaction 
(1-2) and can naturally solve it, the problem will become unintelligible in this 
case because of the complexity. Therefore we assume the following interaction 


Lagrangian : 


* The author is indebted to Dr. Z. Maki for pointing out this form. 
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a ee ae. S60 
—L'=93: (GO%p) (GOP) : +94 D1: GeO") PHO"), (1-3) 


where summation over A is-not. taken, As g% and 9% are “independent “ot each 
other in this case, there are three adjustable parameters. The Lagrangian (1-3) 
corresponds to the special case of (1-1) where all other coupling constants than 
g* and g%, are equal to zero. Three cases in (1-3), Le. gi=0, 98=0-and 94=95 
correspond to the special cases of (1-2a) (1-2b) and (1-2c) respectively. 

From the above interaction (1-3) we derive the equations for the nucleon- 
antinucleon system and two-nucleon system in general chain approximation. Then 
we see that there are two types of chain approximation for the nucleon-antinucleon. 
the first and second approximations ”’ respec- 
We solve the equations exactly 


“e 


system. We call here the two types 
tively, and the mixture of them “ the general one”. 
and calculate the coupling constants of pseudoscalar type (O*=7;) as an example, 
for two cases where the total energy of the system (i.e. the mass of bound state) 
is equal to a two-nucleon mass and to a vanishing mass. The calculated coupling 
constants give the boundary values of the region where the value of the coupling 
constant must lie in order to give the bound state. 

We studied the mathematical structure of the model in such a way as men- 
tioned above and obtained the following results. 
(1) Any type of coupling satisfies the above conditions provided the coupling 
constants are suitably chosen, even if unwilling bound states are existent for the 
smaller coupling constant. For pseudoscalar type, the value of the coupling constant 
is the smallest and there is no other bound state below. This situation, however, 
is not necessary for the above condition. 
(2) In the first chain approximation, the allowed bound state is the only one 
which has the same assignment as the coupling type, that is, if the coupling is of 
charge triplet pseudoscalar type, for example, only the charge triplet pseudoscalar 
state is allowed. 
(3) Inthe second chain approximation, various states are allowed for the only 
one coupling type. This fact is a matter of course because this case is reduced to ° 
the first chain approximation with many coupling types by making use of Fierz’s 
formulae.” We may notice further the following facts, though they are self-evident : 
If 7=0, charge singlet and triplet states are degenerate, and if 93=0, there is a 
relation 9%j;= —39% where 9% and gj; are the coupling constants which are deter- 
mined for charge singlet and triplet states, respectively, to have the same binding 
energy. If yi=g%, no charge triplet state is allowed. 
(4) In the general chain approximation, the first and second ones compete with 
each other. 
(5) The equation for two-nucleon system is reduced to the equation for nucleon- 
antinucleon system in the second chain approximation by suitable replacement. 
The coupling constants in this case are obtainable from those for nucleon-antinucleon 
system in the second one. The similar argument as paragraph (3) holds in this 


~ <O| and |NN after taking the T-product, we have 


pen ee Ce 
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Case. 


(6) There is a fact which is contrary to our ordinary sense. That is, the larger 
the absolute value of the coupling constant grows, the smaller the binding energy 
becomes for some bound states. This fact might be regarded as an effect of the rela- 
tivity. 

(7) When the coupling constant exceeds the boundary value of the region which 
we mentioned above, the binding energy of the system overcomes the masses of 
two particles and the square of the total energy becomes negative, i. E’<0. 
This might be regarded as a “ghost” in a sense. The ghost disappears if 
we require that the wave function vanishes in the distance. 


§ 2. Formulation 


We rewrite our interaction Lagrangian (1-3) as 


—L!= (9/4) : ($=10*#) (or10"$):, (2-1) 


where ¢ is nucleon operator, 7,(L=0, 1, 2,3) isotopic spin operator of nucleon, 
m=1, 9{=95, 91=94=93=91, O7 7-matrices and A denotes scalar (S), vector (V), 
tensor (IT), pseudovector (A) or pseudoscalar (P). Then we have 


Fp 9, +e) P(x) = — (95/2) z, OF : (x) (Y (x) tr OW (2)):, (2-2) 
or 
p(x) = (x) —1(94/2) |Se(e—2") t,0*: 6(2') (b(2')t,0%9 EES ‘ 
where « is the nucleon mass, and ¢° and S,(x) are the operator and propagator 


of the free nucleon and satisfy the following equations respectively, 


(7, 9.+e) P=0 (2-4) 


“9 z ae me, ear 
(7,9, +) Sp(x) =—10(x), Sr (x)= Sees (dp). (2-5) 


i) Equation for nucleon-antinucleon system in a bound state 
We define the wave function of a nucleon-antinucleon system as 


b(1, 2) =(O|T1 4 (a1) $ (a2) INN), (2-6) 
and operating ¢(x) on both sides of Eq. (2-3) from right and placing it between 


é(1, 2) = —1(94,/2) |Se(er— a) oi Os 
x CO\T[ : (xy) Glare, O"4 (a!)): PCa) INN) (da). 7) 


As we are dealing with bound state, it is assumed here that free part of the wave 
function does not exist. Using Wick’s theorem, the T-product of the integrand 
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in Eq. (2-7) is rewritten as 
COITE : Cary’) (Y(ay')t, O14 (x): $ (a2) ||NN) 
=(O|NLy (ar) ( (ey!) 1,04 (x) $ (x2) INN) (2-8) 
= Si el ee sO ty) +o(1!, 1°)4,07 Ss Gry 5) 


If we take the Tamm-Dancoff approximation, the first term of Eq. (2-8) is neg- 
lected and S}(x) becomes S,(x). Then we have 


(1, 2) a1 (Gf 2) S-(21— 21) tz ORS At 2) Tr(zz,070(1, 1’)) (dzy’) 


Sp(ax,—2/)+,0°6(1', Vt, O48; (xy — 2) (day). (2-9) 


—1(94/2) 
As the second and third terms of Eq. (2-9) have quite different character, we 
take them up separately in two equations : 


6(1, 2) =1(94/ 2) (S-(a1—2/) t,O* Sy (2'— 22) 
xTr(e,0(V,1)) (dav), (2-10) 
6(1, 2) =—1(94/2) |\Sp(a—2/) 7,080, 1) 


TOTS ety! et) (dxy'). (2-11) 


LI 


QO 


{ 


(a) (b) 


Fig. 1. Feynman diagram Fig. 2. Feynman diagram 
of nucleon-antinucleon sys- of two-nucleon system in 
tem in chain approximation. chain approximation. 

(a) first type 

(b) second type 


Equation (2:10) is the same formula as that has been obtained by Maki if we 
put g3=g%. We shall call Eqs. (2-10), (2:11) and (2-9) “the first, second 
and general types of chain approximation”. The name “chain approximation” 
is in accordance with Maki’s. In order to understand the equations intuitively, we 
show them in Feynman diagrams (Fig 1). “Eqas(2210). and® (2:41) correspond 
to (a) and (b) of Fig. 1 respectively and Eq. (2-9) is the mixture of (a) and (b). 


- ig necessar 
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ul) Equation for 2 nucleons in bound state 

The equation for the 2-nucleon system is obtained in the same manner as that 
for the nucleon-antinucleon system. Defining the wave function of 2-nucleon system 
as 


W(1, 2) ==(0|T Ig (21) $ (2s) 12N), (2-12) 
and considering 
{O|T[ :(2y') (P (ay) 71, O49 (an): (a2) J|2N) 
= (0| Nip (ay) (P (ary) t1, O79 (221) f (2) 12) 
+ Sr(%2— 271’) ag Cram an 13 (2-13) 


we see 


P(1, 2) =—1(94/2) is C= BOSS (= 26,09 092 PaO 

’ (2-14) 
Here we take the Tamm-Dancoff approximation as in last paragraph 1). It must 
be noticed that there exists only one equation in this case and it is different from 
the case of NN system as being convinced from the Feynman diagram (Fig. 2). 
Hereafter in § 3 and § 4 we shall solve these equations, (2-10) (2-11) (2:9) 
and (2-14), in order. Since all these equations, however, involve a divergent 
integral, we make use of the cutoff method in order to avoid this divergence. That 

is, we use cutoff propagator S%(x) as a substitute for-usual Sp); 


Sy (x) =i (27) =f GPa”) IP teil lp Ya) eh ap) 


i [ Uf wPu— ; eK ips . . 5 


§ 3. Solution for nucleon-antinucleon system in bound state 


i) First type of chain approximation 

The equation for nucleon-antinucleon system in the first type of chain approxi- 
mation (2:10) have already been solved by Maki when g{=g% and O4=75, but: it 
y to solve it briefly for comparison with solutions of the other equations 
(2-9) (2-11) and (2-14) and for comprehension of this approximation. First of 
all, we separate the coordinate of centre of mass X=(a2,+2,)/2 from Eq. (2:10) 
and reduce it to the equation which contains the relative coordinate r= L\— Lo 


only. That is, if we put 
(1, 2) =d(x)exp (PX), (3-1) 
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then we have the equation for ¢(x), 


(2) =— Gi/2) 2x) 4G =e) Pe] Mir (p+ P/2) —0h 71 OF 
x {ir (p—P/2) — Tr, 0°46) (3-2) 
where 
F{u(p) | = (dp) exp (ipx) u(p)[ (p+-P/2)? +17 —1€] "| (p— P/2)? +4 —71€ | 


x[(PLP/2)?+?—i€}"[ (p— P/2)?+ 7s}? (3-3) 


and P=p,—p, and p=(pitp.)/2 are total and relative energy momentum. We 
take hereafter the centre of mass system P=(0, iE). As ¢(x) generally has 64 
independent components, we describe them in the following form, 


b(x) = (65 (2) +7, $48 (x) Ho; 0 (x) +60 +770.4 (x) +707 (x)) tz, (3-4) 


where i(=1, 2,3), L(=0,1, 2,3) and #(=1, 2,3, 4) are dummy indices. We 
shall denote these 64 47, 4,7, ---, as 6% en bloc and corresponding matrices 1t;, 7,77, °°: 
assis 

Now Tr (z,O0*/"7¢*) is non-vanishing only if /°*=+7,O*; for instance, when 
O1=7s, 


| Tr (zz 75 (0) ) =8¢7 (0). (3-5) 
Therefore, 
b(x)\= —14 (22) *(#—*) G7 tz Of (0) FL fiz (b+ P/2) —e} 75 
RPG /aaepl (3-6) 
Considering 
iy (b+ P/2) —k} 75 {iy (p— P/2) —«} =75{p’+ (p2— P2/4) +0} 
+ic:-pP,—i7p7.Puc, (3-2) 
we see 


é5=6,5=6h=64,=0. | (3-8) 
Consequently the solution of Eq. (3-2) is expressed as 


(x) = (0-5 (x) +7 bst (x) +705 ()) tr, (3-9) 


where $7, 6,7 and ¢% are given by the following equations («=E/2), 


Us da see a 


‘ 
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Or (x) = —14 (22) *(P—@)?97 650) FL p’—po +e +], 
$7, (x) az » F{—2pe], 
i, Coe $3 F,{2€«)]. (3-10) 


The solution (3-9) represents charge triplet, pseudo-scalar and spin 0 state (briefly 
hereafter T, —,0) when g§=0 which corresponds to z-meson, and (S, —, 0) 


~ when g7=0. If g§=g%, according to Maki, both states are possible, or in other 


words, they are degenerate. 
In order to obtain the eigenvalue of coupling constant, we set x=0 in the 
first equation of (3-10) and define new constant as follows, 


Gik= (# — 17)? (2°- 32°)“ 93, (3-11) 
Fi p= G?/4) Ay, Fol ]= (2/6) Ao, Fol po ]= (éz?/12) (Ar—2As). (3-12) 

Then we have 
8GE{A,+ Ast (2 +4) A;} =1. (3-13) 


This is the equation that gives the relation between energy and coupling constant. 


ii) Second type of chain approximation 
In the same manner as in the case of the first type, we see that wave func- 
tion ¢6(x) for relative coordinate satisfies 


B(x) = (i/2) (22) * Px)? 95 FL tir (p+ P/2) — a} 7,09 (0) 7.0% ti7 (p— Ri ) a |. 


Substituting the equation (3-4) and 
= Vit, 04 62,07 =94 0 +9485 (3-15) 


O! $0" B= Crt) in ) 
2, OG x Of = W547 Ge tts | (3-16) 
=3 (05 +1, bot )— Cit bet) F/ 
into Eq. (3:15) and comparing factors of /"*’s in the both sides, we have fie 
following equations («=1), 


WS 


b§ (x) = (i/2) (2m) *@—1)7FL(— pt pd E+ 1) (95 bi (0) +9482") 
Bip: (GI GY (0) +9 $2" (0)) + 2p0(93 8 (O) +94 Bir! (O)) 
+2€p- (9 $i (0) +94 $17 (0)) 1, i | 
io= » ~— FL(p'—pd +41) 95 67 0) +94 $2" O)) 
—2pp- (V5 $17 (0) +92 $:." (0)) —2ip (5 82 () +94 82° (0) — 


Cie ete eee feet Mt Ge 


Pee 


i Veg es Fer ye 


ee 
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—2ipp (94 br (0) +94 Gir (0)) +2i€ (95 $7 (0) +972," (0)) 


+ 2iepx (93 674 (0) +94 677 (0) ) J, 


Grr (x) = $ FL (p+pe—@ +1) (95 6, 0) +93 647 (0)) 
+ 2p(95 BS (0) +95 875 (0)) —2ipop: (95 67 (0) +94 p 4O}D 4 
$7 (x)= 5 F{(p?+p2—€+1) 95 67 (0) +94 br" (0)) 


—2pp- (93 $i" (0) +9161" (0)) —2ippx (9367 (0) +94 br” (0)) 


— 2p (93 b'4 (0) +94 674 (0)) +2p (95 6:2. (0) +95 Guz* (0) ) 
—2ep (95 67 (0) +97 6%" (0)) J, 


$3 (x) = > Fi(-pp—pr +e 4+) p'” (0) +9761," (0)) 
+2pp: (95 $7 (0) +95 677 (0)) —2ep (93 65 (0) +94 O75 (0) ) 
—21€ (95 62 (0) +94 7" (0)) +2ippx (95 67 (0) +92 677 (0) ) 


+2px (95 644 (0) +94 674 (0)) J, 


$7 (x) = » FL (—p'+po— © +1) (95 6 (0) +9297" (0) ) 
+ 2pp: (94 br! (0) +9467" (0)) —21epx (94 b7 (0) +941" (0)) 
+ 2ipo(95 67 (0) +9562" (0)) +2px (95 67 (0) +94 $17 (0)) 


+ 2ipop (73 4 4(0) +94 ur (0) ; 


Gi, (x) = 5 FL (—p’—po +? +1) (95 64 (0) +94 
—2p: (93 OF (0) +94 62" (0)) +2ipop- (73 $4 (0) +94 6”4(0)) 


—2€(95 07 (0) +94 07" (0)) J, 


dF (x)= . Fl (p’—po +? +1) (92 67 (0) +94 $7 (0)) 
+ 2p: (93 67 (0) +94 677 (0)) —2€ (93 64 (0) +93 64/4 (0)) |. 


In order to obtain eigenvalue ‘equations for the coupling constant, we set ex in 
Eqs. (3-17) and rewrite them, using Eqs. (3-11) and (3-12). 


{—A\—A,+ (1—#) A} (Gi gS +G2 bf) 4+48=0, 
{As+ (1+?) Aj} (G3 67 +G4 67”) +¢°, 

+2ieA,(Gs bi + G2 6") =0, 
{—A,+ A, + (1+?) A} (G3 O67 +G2 $7) +62 

—21€ A, (Gib? +G2 6") = 
{2A,—As+ (1—€) A,} (G4 65 +G4 bu”) +6%,=0, 
(Ai— As+ (1—€*) Ay} (G5 b1 + G4 67") +$7=0, 


\ (3-17) 


= 


(3-18) 


BE ee, 
’ 
‘ 
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{—As+ (1—©*) As} (G4 6+G% $5") +$7=0, 

{—2A,4+ As+ (1+ ©) As} (Gi bi +G4 bar’) +94 
—2€A,(Gid7+Gi 67”) =0, 

{A,+ As+ (1+) As} (Ga 67 +G4 67”) +07 
—2€A,(G4O¢+G4 bir) =0. 


Among Eqs. (3-18) the second and third equations and the seventh and eighth 
equations are simultaneous equations. 

It must be noticed here that various states (which are represented by [J"*] or 
é* hereafter) are possible in this case and different coupling constants are deter- 
mined for each state respectively. This is a remarkable difference between the 
first and second types of chain approximation. If g4=0, two states which are 
designated by the same spin and parity but different charge state (charge singlet 
L=0 and triplet L=1, 2,3) are degenerate, or conversely they have an équal 
coupling constant (73) for a given energy. If g=0, there is a relation between 
the coupling constants. which are determined from charge singlet state g% and 


triplet state 9%: respectively so as to give an equal energy. That is, I= — 8940- 
When we take Maki’s interaction (93=91=9.4), we see 
G7, O04b7, 04 =494 G0 +7. 90+ 7 +90") > - (3-19) 


therefore charge triplet states do not exist as the solutions of the equation at all. 
~ If we put O*4=7, (pseudoscalar coupling) for example, 


‘= (G7 —T,, v + 0,b, +59, —1or bar +7597) Tz. (3-20) 


iii) General type of chain approximation 7 
We have the solutions for the first and second chain approximations in para- — 


graphs i) and ii). Utilizing these solutions, we can very easily obtain the solu- 
tion of Eq. (2-9) for the general case. If we take O*=75, we have equations 


which correspond to Eqs. (3-13) and (3-18) : 

[1— {—2Ai:+ Ast (1+ ©) Ag} (GS +3G%) 6 —6¢ Ay (3G5 + G4) ra 

[1+ {Ai + As+ + @) As} (—7G4+3G%) bo + 2€A,(Gi+3G%) 6H=0, oe 
gee {—2A,+As+ (1+€’) A3} (Gi—G4) df—2€ A, (G3+7G%) ¢7 =0, 

[1+ {A+ Ast (1+ €*) As} (Gi—9G%) 1b? +2€A,(Gi—G4) bi, =0. 


The equations for other states than ¢& and 4,4 are quite the same as Eqs. (3-18). 
If gi=0, the first two equations of (3:21) are the same as the last two of (3-18) 
for charge singlet state, and if g4=0, the last two of (3-21) are also the same as 
those for charge triplet states. Further, when 7=g%, the last of (3-21) is equiva- 


lent to Eq. (3-13). 


Pe te ee rena 


STA le aia eG} 


<< - C.4 
ae Se Owe ees el 
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§ 4. Solution for two-nucleon system in bound state 


As in the case of a nucleon-antinucleon system, the wave function for two 
nucleons % also has 64 components which are conveniently expressed in oe 
matrix in regard to spinor suffices and 2X2 matrix in regard to isospin suffices.” 
If we use this expression the equation (2-14) is reduced to 


U(x) = — (i/2) (22) (#294 FL fiz (p+ P/2) — 0} 7,048 0) 7,04 
x {—ir(p—P/2)—«}], (4-1) 


where total and relative energy-momenta are written as P=p,+ p, and p= (pi— 2) /2 
which are slightly different from those for the nucleon-antinucleon system, and 
O*=AO*T A, A being defined by Ay,7A-=y, (v=1, 2, 3, 4,5). That is 


ipcaaks Vu=Tw o;= — 7%, = —6;, ro.= TT5i p> 1s=75- (4 . 2) 
Now, if we operate 7; on both sides of Eq. (4-1) from the right and substitute 
O(a) =0(a)75 
== (V7(z) Saas Jee (x) =o, Cr, GA) =a, Vt, (x) ToT p aes (2) +7,P7 ees 


OE" a) ren 0" Ca) a ays Ga (4-4) 
At pOr! (2) tp Op — Gale (a) is Gal Ts 
=92 O (x) +97 O" (x), (4-5) 
where 
P(x) =O48 (x) O04, 8" (x) =c, OF (x) 7,04, (4-6) 


then we see 9, @ and @” satisfy Eqs. (3-17) and (3-18) formally, so the equa- 
tion for two nucleon system has characters of extreme resemblance to that for nucleon- 
antinucleon system in the second approximation. Therefore, similar argument 
related under Eq. (3-18) holds also in this case. It must, however, be noticed 
that anti-symmetry with respect to two nucleons is required in this case and there- 
fore a half of states are physically meaningless because of the violation of the 
Fermi statistics. From the definitions (4-3) and (4-4), we see that a coupling 
constant for a state [/"*] of two-nucleon system g(J").y is obtainable from that 


for a state [/"*7;] of the nucleon-antinucleon system in the second approximation 
Gly) NN > 1:€, 9g(L"*) w= —9 (1's) NN: 


§5. Calculation of eigenvalue for coupling 
constant and its interpretation 


As a result of sections 3 and 4 we see that, in order to obtain the eigenvalue 
of coupling constant, it is necessary to calculate A,, A, and A, which are defined 
by Eqs. (3-12) and (3-13). Rewriting F\|w(p) | with the use of Feynman’s formula, 


-where we put a=Ph/e for simplicity. 
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we have 


Pu(p)]= 8/16) \dx | dy [dz +z) 0-2) | (dpyup) 


x| ppt + {e(xt+y) +€z(y—2)} po— C+ (P48) /24+ (#—w)z/2| 


(5-1) 
Substituting w(p) =p’, 1 and p,° and integrating over p, we obtain 
‘A= (716) jdx|dy|de (+z) 1=z)[(4/4) {1 —2) e+ (142) 9}? 
Se (ALY /2HE =) 2/2l4, (5-2) 
A,= ” [ ” ees (5-3) 
A3;= ”? [ >»? in 
x {= 4 (P40) /24+ (P—-#) 2/2}. (5-4) 


Now, if (NN) and (NN) are in a bound state, energy EF lies in region OX E<2k, 
and coupling constant should, therefore, be in some corresponding region. Then 
we calculate the coupling constants for E=0 and H=2« so as to obtain this 
region. The integrations in Eqs. (5-2), (5-3) and (5-4) become easy in these 
cases and the results are as follows: 


ron 4— 0, 
3 2a \ 
= A,=—— — ja +1-—_ 1 5-5 
A.=As eens 22” log a (5-5) 
6 at+l . 
ao ee log a}, 5-6 
ae eet og a Oe 
and for E=2k 
a 128 See a’ —14a4+37 
= = Sis i 2 log a 
As asl ae Peale ee aa a—l 
EVA 9)* 16 {etsy ee. peste AU eet ACN: 
Jao  lat+3+Vv (a—) @-9 abv ee 
3 es pe ra las 
ee 8S! loga'— eit mew eek: | (5-8) 
= sane Wij cance Pea 3 
it 64 Pf reek: a? —2a—23 | 
==) |, ae og &@ 
ee ree [sto Tia aa 
Feats a 
ze coo) re log | ¥ \| (5-9) 
Vv a-l 


If we take a=10 and «=1, the values of 
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A,, A, and Az are 
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tor 90; A,=A,=0:218, A,=0.06 (5-10) 

and 10rak—2> A,=0.288, A,=0.190, A,;=0.265. (5-11) 
G>0, Substituting these values and O*=7, in Eqs. (3-13), 
on (3-18) and (3-21), we have eigenvalues for coupl- 
ing constants as shown in three cases of Table I 
which correspond to the cases 97=0, g4=0, and 

Pu Le G,=94=9 4 vespectively. 

2.004 As mentioned before, the coupling constant has 
=| different eigenvalue for each state which we describe 
as [/'*] or ¢*. We see in the tables that two states 


1.00 


Q $7 (NN) 
G=0,00 


—3.00 


G<0 


Fig. 


Ly ou (NN) > 
F $k (NN) 


¢3(NN) 


[saw 


PET 
¢4(NN) 
__T gi (WN) 
oa(NN) | ¢°(NN) 
a 
¢;(NN) 
oy (NN) 4 (NN) 
$3(NN) 


3. Existence regions of 


bound states. 


are yet possible which have the same parity, spin 
and charge state. As we see from Eqs. (3-18) and 
(3-21) two sets of states (¢,7, 67) and (¢f,, of, 
for (NN) are combined by the simultaneous equa- 
tions and therefore give two coupling constants 
respectively. But in the case of E=O, these equa- 
tions become independent of each other and give 
different coupling constants which correspond to 
each state. Then we write the value of the coupling 
constants for EH=2« also in the corresponding 
positions of the table. The symbol “ x ”’ means that 
the corresponding states have no existence as the 
solutions of the equations, and in the case of (NN), 
especially except the charge triplet states in the 
case III, these states are symmetric with respect to two 
nucleons and are, therefore, physically meaningless 
because of the violation of the Fermi _ statistics. 
In the case of (NN), however, every state is 
possible, because the antisymmetry with respect to 
two particles is not required in this case on account 
of discrepancy of the two particles. 

The first thing which draws our attention might 
be that the states which have spin larger than 2 do 
not exist as solutions of the equations. This is, 


however, a matter of course because we take the chain approximation. Next, it 
seems to be plausible to us that a larger absolute value of coupling constant is necessary 
to give a bound state of smaller energy (or larger binding energy), but there are 


many exceptions which are contrary to our ordinary sense. 


This fact may re 


present an effect of the relativity, since the coupling constant |G] in question is con- 


ih oe oli eet 
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siderably large as expected. 

Now let us consider to make coupling constant G increase gradually from 
zero. We take the case I] (y=g", g*=0) as a typical example and illustrate it by 
a diagram (Fig. 3) so as to make easy to understand the table. When G=0, all 
particles move quite freely. If G grows larger in the region 0<G<0.116, every 
particle begins to interact with each other but composes no real bound state. Once 
G arrives at 0.116, there appears the first bound state (T, —,0) of (NN) with 
mass 2« (or zero binding energy) which corresponds to z-meson. The larger G 
grows further, the smaller the mass of the bound state becomes. When G gets to 
0.226, the binding energy overcomes the mass of the two particles 2«, and the 
energy (i.e. mass) of the bound state vanishes at all. If we make G larger, the 
bound state disappears. In other words, it becomes a composite particle of imagi- 
nary mass which is regarded asa ghost in a certain sense. This is an interesting 
fact and is always possible not only in the case (NN) but also in (NN) when 
G is large enough for binding energy to overcome the mass of two particles. 
According to the study by S. Tanaka” the wave function of such a particle satisfies 
(p?—m’)¢=0 instead of (p’+m"*)¢=0, and propagate with super-light velocity. 
If such a particle were possible as an intermediate state, a phenomena should ap- 
pear in nucleon-nucleon scattering which violates the causality. 

Beyond a region where is no bound state, there appears the next bound state 
of (NN) at G=0.60, ie. dGS, +, 0). When G grows further to 0.71, another 
bound state 6%(NN) (S,—,1) becomes possible before the former bound state 
disappears. Therefore the two bound states coexist for a while. Repeating such 
circumstance, G grows larger and larger and when G arrives at 1.81 there appears 
the first bound state of two nucleons, ¢7(NN) (T, —, 0). Successively the next: 
bound state, Z(NN) (S, +, 1), is formed at G=1.83 which corresponds to the 
deuteron with very small range. We do not hope the existence of such bound 
states. The similar situation holds also in the case G<O but it is somewhat dif- 
ferent from the case G>O that the bound state of (NN) appears for a considerably 
small coupling constant |G}. 

It is of interest that bound states of (NN) and (NN) appear and disappear 
in such a manner as mentioned above according to the increase of coupling con- 
stant. What we must do might, however, be to determine the most suitable type 
and constant of coupling from the circumstances. This is however difficult for 
the following reasons: We take a special type of interaction, Le. pseudoscalar 
coupling (O‘=75) only anda special approximation, i.e. chain approximation, and 
do not consider the interaction between N and 4. But we may assert at least 
that pseudo-scalar coupling is not always necessary to compose the z-meson as a 
bound state of (NV) and it is always possible, even though we take any type of 
coupling, only if we choose a suitable coupling constant. The value of coupling 
constant giving z-meson is smallest if we take pseudoscalar coupling. Further, it 
is possible for this theory to give the usual z-meson-nucleon’ coupling constant 
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(f=0.08), if we take a suitable cutoff parameter 72, because meson-nucleon coupling 
constant is dependent only upon the range of meson and independent of the value 
of our coupling constant 7.” 

In conclusion we notice that the original coupling constant g (erg cm’) is 
obtainable by multiplying G by 3.2x10™. 


§ 6. Possible extension 


i) Nucleon-nucleon scattering 

It seems necessary to calculate nucleon-nucleon scattering in order to investigate 
the effects which the four fermi coupling have upon nucleon-nucleon interaction. 
According to Nishijima,” the S-matrix is written in this case as 


fa 


Sep= 9-1 (94/4) \FA, Dz OD $,0 Fad) (day), (6-1) 


where ¥°(1-1) denotes the free part of wave function. If we put ¥,(1-2)= 


exp (iP, (21+ 22) /2)@.(%1—22), then S-matrix (6-1) is rewritten as 
Sas=Oas— 1 (9/4) (21) 404 (Pa—P;) (0) (tz O*) (7, O*) OD, (0). (6-2) 


At first sight, we see that only the waves which have values at x=0 are scattered. 
This is a considerably different character from what we usually encounter. Actually 
the states which are influenced by this scattering are only the states that appear 
in Table I. States J=2 are not scattered so far as we take chain approximation. 
ii) Applications to K, 2 and = 

According to Sakata’s model, K-meson is a bound state of (AN) or (AN). 
As the two particles are different from each other, only one type of chain approxi- 
mation is possible according as the coupling is of form (AN) (NA) or (AA) (NN). 


As the discussion on K-meson is quite similar to that on z-meson, we do not mention 


further here. 


Sand = are composed of (ANN) and (AAN) respectively and the equation 


for these particles are easily formulated as in section 2. If we define the wave 


function of » by 


Ps (1, 2, 3)=(0|T [$y (1) $4(2) bx(3) JIS), (6-3) 


neglect NA Interaction and consider only the first type of chain approximation for 
NN and AN, then ¥;(1, 2, 2) satisfies . 


P5(1, 2, 3) =i(g%/2) [SP A=V) (04) SP A'—3) 
x Tr™[ (2, 0,) *™8, (1, 2, V) (day) 


+1(9'4/2) \se (2—2/) 704) OS (2/3) Tre c7OD ee, 2a ite 
(6-4) 


= See Ge x x * eee (NN) 
a | ag iN & 
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PET‘0 wZ=¥ |UD s 
3, 0=4 ] 
Ket OGer he Mani S rT Mt win pM 3 
ZEz'0 0=a Q 
; x x x = X 1ST 5 
: rel‘0 se=aq |. 
ig : : aT. 
Ss e'9— 99°% 0=F 
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z eLe— IST ye=q | ‘NN) & 
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2 ee'9 | 922'0 = = 
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where g’% is the coupling constant of (¢,7,07¢y) (Pytz,O%p,) 
and T<*? means to take the trace about spinor suffices of two 
particles 7 and 7. It is quite trivial to write the equation in 
which all types of interaction are taken into account. If we 
show Eq. (6:4) by the Feynman diagram, it becomes as Fig. 4, 
for instance. The equation is very interesting if we can solve 
it by some excellent prescription and obtain the mass of 4, but 
it is very hard because the equation essentially contains the 
difficulty of the three-body problem. 

The author is indebted to many people for valuable discus- 
sions and he wishes to express his gratitude to all of them though 


he does not write their names here. 
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High energy neutrino-electron and neutrino-nucleon collisions are discussed. In particular 
the “elastic” processes y+f—-n+e* and v+n—>p+e7 are investigated in detail. The cross 
section of y+n—>p+e™- is estimated to be~0.8x 10788 cm? for neutrino energy in lab system 
> 1 Bev under the reasonable assumptions. 


$1. Introduction 


A high energy neutrino flux obtained by the multi-Gev accelerator (e.g., the 
proton synchrotron at CERN) may be used for investigating reactions induced by 
neutrinos. If such a plan turns out to be feasible, there will open a new branch 
of the particle physics, of which no direct experimental information is available 
up to the present. On the other hand, considerable amount to knowledge have 
been accumulated on the weak processes at “low energy” regions. Noticeably, the 
antineutrino-reactions, e. g. 


y+ ponte’, 
vt+d—>n+tn+et, 


were successfully investigated? by making use of an intense beam of “pile ”- 
neutrinos ; whereas the reaction” 

p+Cl* > A*+e7 
has not been detected. These facts, failure in detecting any double §-decay pro- 
cesses and all evidences for weak processes, support the conservation law of lepton 
number. 

Extremely energetic processes induced by weak interactions, or more definitely 
leptonic processes at very high energies, must be one of the most interesting prob- 
lems in particle physics: they are quite sensitive to mechanisms and/or structures 
of interactions involved. Speculations” on these phenomena have been published 
from time to time, after the Fermi theory of nuclear /-decays was established. 
However, even at the present days, it remains to be entirely unclear what we could 


ever expect about very high energy leptonic processes. In the present paper, we 
cannot, of course, state anything new about such cases. Rather we shall be reasona- 


* On leave of absence from Osaka City University, Osaka, Japan. 
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bly modest and conservative ; in particular one of the purposes of the present Ms ear 
is to estimate the “elastic” cross-sections of ¥+ponte* and v+n>ptre at 
multi-Gev regions, for which we can hope to, say, extrapolate the present information 
obtained at low energy (sub-Gev) regions. 

First of all it would be instructive to list the threshold energies for various 
reactions initiated by neutrinos (target particles are assumed to be at rest) (Table I). 


Table I. Threshold Energies 
eee 


Reactions Threshold energy in Gev 
| mbet 0.0018 
fo ae it peenO sist 
n+et+79 0.15 
NO+eF 0.36 (=the 33 isobar, its mass being assumed to be 1.23 Gev) 
y+p > | A+et+ Ko "| 0.92 
rey he | -~0.19 
A+pt 0.33 
y9+et 0.29 
59+ yt | 0.43 
ls pote La suit 
a +79 74 
yt+e—> | 
rs Ke 4-20 ag i400 
| K-+Ko | 960 


From the threshold values, we expect to observe neither »¥-e~ nor v-e~ reactions 
at the present stage of large accelerators. The cosmic-ray neutrinos seem to be the 
only source for such a purpose. 

We shall next mention obvious remarks about the conservation laws of lepton 
number. Conventionally, the neutrino, the electron e~ and the negative muon p- 
are defined as leptons, and the total number of leptons minus that of antileptons is be- 
lieved to be conserved in leptonic processes. For the time being, let us assume 
there exist two kinds of neutrinos,* v, and »,, the v, is always accompanied with 
the muon and the v, with the electron, and moreover the number of 4 plus v, and 
the number of e and y, are separately conserved in all processes. For example, 


7" | py, 
—- 

soe) e*+y, 

n—>pt+e +», 


* Such a possibility must have been known to many people. See for example, B. Pontecorvo, 
J. Expl. Theoret. Phys. (U.S.S.R.) 37 (1959), 1751. 
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{we +et+y, 
Aye 
m+pt ty, 
Fo pene; fi >? + e* FY, etc., 


are allowed. Such a postulate is sufficient to make the unwanted processes for- 


bidden : 
Lo +pp pte” 
Hopes TF 
pe Ae*+e*+e-. 
The neutrinos available by multi-Gev accelerators must be almost v, and », since 


the major source of “neutrinos” are z-4 and K,, decays. Then, the artificially 
produced “neutrinos” (»,,¥,) can induce the following reactions:* 


ytpontp 
y (1) 
se ah Sa ob wal 
but they cannot induce the following reaction : 
Viarp ne: 
: (2) 
Vitn=w pre 


Experimental check of such a possibility must be relatively easy once neutrino 
reactions become detectable. In what follows we shall no more consider the pos- 
sibility of two kinds of neutrinos; we assume hereafter only one kind of “ two- 
component” neutrinos. We also accept the (universal) V-A type (lepton number 
conserving, time reversal invariant) weak Fermi-interactions currently fashionable 
(unless the contrary is stated explicitly)”. 

For the sake of completeness, we shall begin our discussions with neutrino- 
electron interactions (Section 2). We shall add there some speculation on leptonic 


interactions. Next we shall discuss the “ elastic processes ”’ 


vtponte* 

(3) 
pin p+e 

in Section 3. In this section, however, we shall be extremely conservative. If we 

take the conserved (strangeness conserving) weak vector current, the vector part 

(and the weak magnetism) of the relevant nuclear matrix elements can be evaluated 


* Under this assumption, the reactions 
Vit Ca Cut Vip 


eC FV a 
Y fants Cie 


Lo +FVe 


are allowed, while y,te yu +¥e, etc., are forbidden. 
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with the aid of the electromagnetic form factors of the physical nucleons. We 


have no way of estimating the axial vector parts reliably. 
Above the pion thresholds there are no reasons why the inelastic processes, 


e.g. 
y+ p—>e*+n-+ (several pions) +---, 


should not have large cross-sections as compared with the “ elastic” processes (3). 
Such a possibility shall be briefly considerd in Section 4. 


§ 2. Neutrino-electron interactions 


Discussions given in this section are mostly of academic nature, because all 
reactions induced by the neutrino-electron collision seem to have too small cross- 
sections to be measurable (or energetically forbidden even for the largest accelerators 
which will be available in the immediate future). We shall discuss this interaction 
and give some remarks on it simply for the sake of completeness and comparison 
with neutrino-nucleon case. 

Existence of the ~-decay, y>e+yv+y, tells us the reactions 


Wael, 


: ae (4) 
VE Cm me 
must occur. The conventional -decay interaction 
Gua 2 
F= Ura +75) 4) (Cra +7s)¥) +h. c. (9) 
predicts the following cross-sections for high energy neutrinos:* 
ov+e Spe +yv) =80(¥+e7° Dy + Pb) Wee se 
ia 
2 Deis 
: = 0.57 X 107-* cm’ (2) for p>m, (6) 
\M, 


where p is the neutrino momentum in the CM system, M is the proton mass, and 
the muon mass ™, has been neglected.** 
Estimation of the cross-sections for 


Dan ex ee Clea ‘! 
vte->e-+y 

depends on a model and the corresponding specific interactions we happen to choose. 

It is commonly believed that leptons have no strong interactions among themselves 


We assume that the target electron is at rest, In heavy material, the inner atomic electrons 
have considerable internal motion, hence the cross-sections would increase for such electrons as 
compared with the case of free electrons at rest. 


** More accurate evaluation tells us ¢(y+e7>p7+y) =1.0X 10-40 cm? for viad=20 M, where vzap 
is the incident neutrino energy in the lab system. 


ee ye Ser ces 
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and with strongly interacting particles other than the electromagnetic coupling. 
There are no positive evidences against this point of view. Nevertheless ex- 
perimental information about neutrino-electron interactions is in fact extremely 
meagre. We have only two conditions: (i) Firstly, we know from pile-neutrino 
experiment” 
o(¥+e e+) <6X10-* cm? (7) 
or the anomalous magnetic moment of » must be smaller than 1.4107° Bohr ~ 
magneton.* (ii) The second piece of information comes from the great success 
of the quantum electrodynamics (QED) applied to electrons (particularly the Lamb 
shifts of hydrogen-like atoms, and the QED correction to the magnetic moment of 
the electron). An additional electron-neutrino interactions, if they ever exist, should 
not disturb the excellent fit between experiments and QED-predictions. 
One of the appealing and simplest possibilities of guessing the cross-sections 
for (6) would be given by a universal generalization, 


| Gre (+73) ) + Gad +7) ) || @rea +7)¥) + Gra (1 ts) » |, (8) 


a 
V2 


of the v-decay interaction (5). If the weak interactions are intermediated by a 
charged boson,” (8) would be quite a reasonable choice. Then we find again 


Bijan Leer ita (aes Se re. for p>m, | (9) 
7 


where we have ignored the electron mass m,. For example, (v+-e"—e7 +») turns 
out to be 1.6107 cm? at v:.,=10M (where »,., is the Jab energy of the incident 
neutrino). The angular distributions in the CM system are as follows: Isotropic 
for vte->e-+», (1+cos ¢)? for »+e-—e-+¥, where @ is the scattering angle of 
the antineutrino. 

Pomeranchuk® has asserted that the total cross-section for a particle-particle 
collision must be equal to that for an antiparticle-particle collision at high energy 
limit. If this assertion remains to be true for all interactions including weak 
interactions (a reasonable guess, if his assertion happens to be true for the strong 
interactions), one can expect the equality of total cross-sections 


Orn (Vbe-) =O (Y+e-) at extremely high energies. (10) 


The “elastic” cross-sections do not satisfy** such an equality (see (6) and 


* If the neutrino » obeys two-component theory,® y and y cannot have any anomalous magnetic 
moment. However, they can have in principle an “electric” structure. 

*& This is, of course, not surprizing, because (6) and (9) should not be trusted at very high 
energies. For example, if some sorts of structures are associated with the leptonic interactions, we 
must expect that the validity of simple formulae like (6) and (9) is necessarily limited to low 
momentum transfer region. Even if we suppose that leptonic structures are unimportant until 
exceedingly high energies, the unitarity condition will tell us their validity; if gumerical values of 
cross sections predicted from (6) and (9) are of the order of the wave mechanical limit ~z/p?, these 
formulae (6) and (9) will no longer be valid. We can define the critical energy by (6) or (9)~7/p?. 
Such a critical energy (in the center of mass system) is of the order G~1/2=300 Gey, and above 
this energy the reactions of (ie. the higher order effects of) “weak” interactions must be duly taken 
into account. — 
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(9)). However, one can naturally expect that there are many inelastic processes, 
e. g. 

yvte—>e + a 

+ (many electron pairs or photons, etc.) 


D+ ee +5) 
available at high energies, which might make the equality (10) valid at high energy 
limit. 

Finally we must remark the possible deviation of cross-sections from simple 
formulae (6) and (9). If the weak leptonic interactions have some non-locality,” 
in particular if a possible intermediary boson” (a catalyzer of weak processes) 
exist, we can expect quite substantial deviation from (6) and (9). A possible 
effect of an intermediary boson has recently been noticed by Glashow,” who has 
given the cross-section : 


ote >e +) = 


POD ge TPT Sat en i Sar | 
32 | (my — 4p’)? + (m,7)? 

where m, and c is the mass and mean lifetime of the intermediate boson. How- 
ever, any deviations should occur at extremely high neutrino energies (provided 
the target electron is at rest) 


Wien = 4p"/m.~m; /m,. 


Since m, should not be smaller than the K-meson mass 72x, 7, /m, must be larger 
than 1000 m,500 Gey. 

Let us add a (drastic) speculation about possible existence of an extra neutrino- 
electron interaction.” We assume that apparent lack of any strong interactions 
between leptons are merely limited within the “low energy” regions (more pre- 
cisely, small values of 4-momentum transfer g) (see (i) and (ii) mentioned above). 
We introduce here a characteristic momentum «; and we shall imagine that our 
extra neutrino-electroninteraction is effectively very “weak” for g?<« but is not 
necessarily “weak” for g?=«°. A phenomenological description of such a possi- 
bility would be given by, say, a non-local e-y interaction density : 


e 


759 @(x)7a(1+75)e(2)) F(a@—y) @O) 7a t7)¥0))dty, — (11) 


where F(x—y) is a scalar function of (z—y), and whose Fourier transform is 
arbitrarily assumed to be* 


2 
Fg) ee, 
2) 2 


7 


ee ‘ 
* At low energy, |p|<n, this choice is equivalent to an interaction of Konopinski-Uhlenbeck 
type: 


1 
So yy We Prad+1)6)] (9a@ ra +79)». 
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Then we shall find 


ote se +) = 4g? 4 Ap* ) / 
Se One te CP 8) (11’) 

37 K— 4p? z 
where p is again the CM momentum of the neutrino and m, has been ignored. 
If we assume «~WM and use o(¥+e e+) ~6X10-" cm? at v4,~%2m, (see Eq. 
(7)) in order to fix the coupling constant y, we find very large neutrino cross- 
sections for large »v,,,; for example «(+e >e~+¥)~10-% cm’ at v.10 M. 
Furthermore, once we admit some non-weak interactions between leptons, we may 
try to assign the strangeness to all leptons :'” 
and neutrinos (as well as positrons and antineutrinos), and strangeness +1 for 
the “* meson, and assume the extra non-weak interactions among leptons being 
not only lepton number conserving but also ‘ 
conclude 


e. g. strangeness zero for electrons 


‘strangeness conserving”. Then we 


o(vt+e >v+e7) o(vte 2p +y) 
> (12) 


ate —>Y¥+e)) ote >p +r) * 


at very high energies, since the latter processes, v+e—>y-+», etc., are caused by 
the weak interactions (compare (11) with (6)). 

These possibilities have been mentioned in order to warn a credulity about 
non-existence of non-weak leptonic interactions (other than electromagnetic coupling). 
It would be needless to say that all numerical statements, Eq. (11) and others, 
should by no means be taken seriously. Though not repeated below, similar state- 
ments can be made on possible existence of new interactions between leptons and 
strongly interacting particles.* In the subsequent two sections, we come back to 
and keep to hold a conservative and conventional point of view about leptonic processes. 


§ 3. “Elastic” neutrino-nucleon processes** 


We shall treat in this section the well-defined problem ; the “elastic ” neutrino- 


nucleon processes*** 


D+ ponte 
Pia Ni, € (13) 


vinopte. 


~ These processes must exist according to the well-established weak interactions for 
nuclear 9-decays. Other elastic processes, 


2A possible non-weak interaction between muons and other particles shall be discussed fully 

in a forthcoming paper by A. Peterman and Y. Yamaguchi. See also J. Schwinger, ref. 7). 
*& Prof, G. Cocconi has kindly informed me that essentially the same analysis as presented in 
this section has been performed also by T. D. Lee and by N. Cabbibo and R. Gatto (to be published). 
*e& For high energy neutrinos, atomic nuclei may be replaced to a good approximation een an 


assembly of free nucleons. 
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Yo pao ie. 
vin>pte, 


are forbidden from the conservation law of lepton number. The /--capture in- 
teractions predict the existence of two additional “elastic ” processes : 


YT Po MAE) (14) 
Vn pa 


For definiteness, we assume the universal weak interaction (CP invariant) :” 


FE 4+5| Gredt71)) + Graitr)y |ehe. AS) 


V2 


being responsible to (13) and (14), where J,” and J,“ are the (strangeness con- 
serving) weak vector and axial vector currents, respectively, and these currents are 
assumed to obey the transformation laws” 


Je —Je 
J,4A>+J,4 


under the combined operation of charge conjugation and charge symmetry. J,” 
contains terms (p77) and so on, whereas J“ must contain at least the term 
(p yaysn). Their explicit forms depend on a special choice of the “model ”’. 
For example, if the divergenceless weak vector current (0,J."=0)* is postulated 


(as far as the charge independence holds), the weak vector current is completely 
fixed : 


= (pyran) HV oe pee) Oe ee eee 
+12 {(n*)*0,2°—n°0, 0} + {(K*)*0,K°—K0,K-}. (16) 


The special choice of our weak interaction (15) tells us that the elastic scat- 
terings of the neutrinos 


bop Pv 
Vt popt+y, etc., 


are the second order effects in the weak constant G, and have very small cross- 
sections. 


Under the assumptions of weak interaction (15), the matrix element for 


y+n—p+e~ in the first order in the weak interaction .must have the general 
form’ 


C.: é V (p72 
Feit] Fy (q°) ret p MD (papas 


ae AF 4 (q*) Va i+ ibF’p (q’) (pe | UnX Ue Va Cl 7) uy, (17) 


lah diate) heliniie 
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(the same formula holds for »+n—>p+yo if we replace the Dirac spinor %, by 
Zi,), where we have used the charge symmetry for strong interactions, //=nucleon 
mass, 4-momenta of the neutrino, the proton, the final ‘electron and the neutron. 
are written by the particle symbols », p, e, 2 and q is the momentum transfer 


qaHe—v=p-n. 


Form factors F;, F>, F,, F,» are functions of g?, the invariant momentum transfer 
squared, and they are normalized to one at g’=0: 


F,(0) =F, (0) =F 4(0) =F, (0) =1. 


G, and G,=—/G, (4~1.25) are the renormalized vector and axial vector constants, 
respectively, and the second and the fourth terms in the curl bracket of Eq. (17) 
represent the so-called weak magnetism and the induced pseudoscalar effect. If we 
take the conserved weak vector current J,”, we find no renormalization for the 
vector constant: G,;=G, » equal to the difference of the anomalous magnetic 
moment of the proton and that of the neutron in the units of nuclear magneton: » 


=3.71 (18) 


and the two form factors F, and F, must be equal to the electromagnetic form 
factors of nucleons measured by Hofstadter et al.” 


1___=F@’) (19) 
rq ) 
1 


r~0.8 107" cm 


F,(q’) © F,(q") © 
1+ 


which hold at least for small g’?. Magnitude of the pseudoscalar constant has been 
estimated. by Wolfenstein” and Goldberger-Treiman”” 


IG, b| 410 |Gy|/m, (20) 


“where m, is the muon mass. For the electron case (13), the pseudoscalar term 


contributes very little to the reaction rates and can be neglected. We know little 
about F, and Fp (however, see ref. 13)). Time reversal invariance of strong and 
weak interactions guarantees Gy, 2, p and b being real; more accurately, all form 
factors are in general real below the pion threshold (e.g. ¥+pontet+a°) but 
they are complex above the pion threshold. 

Using the general form of the matrix element (17), we can easily calculate 
the cross-section* for the elastic processes 


vtn>pte, and 
y+ ponte’: 


* The cross-section in the lab system is given in the Appendix. 
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o(v+n—>pte ) 


o(¥t+ ponte’) 
x ie te a ) [in (9°) pi+2) (1+cos@) 


+/Fi(q?) + 0Fi(q?) (2) (1—cosé)? 


coe (1—cos’@) 


2 2 
+ | eF (¢?) | an ie E 


a (1—cos’@) 


SLUR MG)" i(1 +£) (1+cos@) +2(1—cos@) —( = 


+ 2Re{ (Fi (q’) + HF 2(q")) *4F 4(9")} 
x {2-8 2 (a—cost) + (2 ) (1—cos” 4); 


2 2 
+ |m,bF;p(q’) |? S (=e —cos@) 


S Ra elon, bso a ae 45 cos®) | (21) 


where p and E are the momentum and energy of the nucleon in the CM system, 
@ is the angle in the CM system between the incident » and produced e, the integrand 
represents the angular distribution of the produced electron. The electron mass 
m, has been ignored except for (7,6) ; hence g?=2p?(1—cos@). If m6 is re 
placed by m,b, (21) gives the cross-sections for 
van > pt 
fi (for p>m,). 
y+p—>n+ ye) 
We quote here two limiting cases of the elastic cross-sections (21). 
(I) The non-relativistic limit, p<E~M, all F’s=1. In such a case, weak 
magnetism (and pseudoscalar term) can be ignored. 
ae (2=—-24) (22) 


Gy 


o%+pontet)=c(vt+n>pte)= : 
7 


This is a well-known result.* \ 
(II) Extreme relativistic limit, p>. There the values of the cross-sections 


depend critically on a choice of form factors as well as vt. If we choose the con- 


served weak vector current and further assume 


* Notice that in (22) we Ag me=0, proton mass M,,=neutron mass M,,; otherwise we find 


67+ ponter) =~ Gy2(1432) [p—(M,,—M,)] ((6-M,+M,)2—m,2] 12. 


= 2.292 (142.6%) x 10-44 cm? (-2--2.530) | (42580) - aie (22/) 
Me Me 


where # is the neutrino momentum. 


oe atl 
cs 


een sr Sey 


é 
* 


WE 


‘ticle Mees andi DA ihe Shia kl al 
“aaa eed, 
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: ‘ r? 2 a 
Fg) =F.@) =1/ (14+ 24) =F’) 
ng (23) 
Fg) ~Fa(q’) =F’), 
then we find the limiting value of cross-sections 


2 Gem |1+8+— | 3 | 
says r® M® PN aes ks 


o(vtn—>pte) =o(¥+pronte*) = 


0:75 107* cm’ (for 4=1.25, p=3.71) | 

0.64 10-* cm? (for 4=1.00, u=3.71) | Sey 
Notice that this limiting cross-section is constant. This is because the form factors 
restrict the scattering angle @ within very small forward cone 6<1/rp. In the 
extremely relativistic limit, contributions from all interference terms and the pseudo- 
scalar term are of the order of (or even less than) M?/p*. Thus (24) can be 
applied also to v-+n—>p+y > and ¥+pont+P’. 

Between these two limiting cases, the cross-sections increase rapidly (roughly 
as the square of the CM momentum , 1.e. linear in the Jab energy via, of the 
neutrino). Under the assumption (23), o(v-+n—p+e-) reaches essentially to the 
high energy limit for y2< M. 

The estimation of the cross-section at intermediate energy range can be tried 
on the basis of a simplified assumption (23). 


We find: 


fee Sawaal 77) ae de 


+a+m (Ly nant tebe (+b) Go 


fala ly atnt+2n—-(£) 4-7} 
E E 


sua+n 2 p-f+(£) KA}; (25) 


We have neglected the small contribution from the induced pseudoscalar term. 


yes 1,2). is defined by* 


* For any reasonable choice of the form factor F'(qg2) (assumed to be monotonic decreasing), 


we verify the following limiting values for f;(/=0, see) y 


fool 
fi70 for p>0 
So 1/3 
lim p?fo= lim p? f= lim p? fo 
p2> oo p2> p20 


lim p4(fo—A) aie P(fo—fr) 
pera p2ro 


iz 
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filb”) =| dQ, F?(q*)(cos@)',. g7=2p*(1—cos#), 


more explicitly : 


Whee oe 


3a (1+a)? 
Rail 2 Lee, (26) 
a S54 |, = 
Si 30 +a+ (1+a)? Wee 
noes bye acu 4 2: 1 | 
i= 348 | 6a-+ (a+2) ee +E (14a)? eee 
and 
i 
— __ 
fo 3a 
a (1-4) 1 \ for aco 
Q/ oa 
fia (1-4) 2 
@ I 3a 
where 


It would be evident from Eq. (25) how the formula should be modified if different 
form factors F,, F, and Fy, are taken. 

The difference between the cross-sections for ¥»+ and y+ comes from the 
‘interference between J’ and J* contributions to the matrix element; both in non- 
relativistic and extreme relativistic limits such a difference does vanish. 

The cross-sections up tO %4,=10M have been calculated from a simplified 
expression (25) and have been tabulated in Table II. 

We must emphasize here the important contribution to the cross-section coming 
from the weak magnetism. Roughly one half of the total cross-section o(vt+n-> 
pte’) shown in Table I] is in fact due to the weak magnetism. Or, expressing 
in a converse manner, we may regard o(v+m—p+e-) as one of the sensible tests 
for the starting hypothesis: the conserved weak vector current. 


For the sake of comparison, we quote here the result for 4=1, v=0 and “no” 
form factors: J, (¢7)i= Fy (q7)=1- 


ite AG? ( peE rl (fez) 


o(¥+ p) ( E > 7 (27) 


T 


We find from this expression 


‘ 
a 
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Table II. Elastic cross-section in 10788 cm?. 
The following table is based on Eq.(25). Parameters are chosen as follows: 
Gy=(1.01) X1075/M?,  »=3.71 


F,(q?) =F ,(q@?) =F 4(@) =— Sa F TE : 
(1+ 2? 
2 2 
a= ; pes(s7) (r+=0.8 107 cm) 


1/M=2.10;x 10-4 cm (nucleon Compton wavelength). 
We have tried two different values of the axial vector constant: A=—G4/Gy=1.25 and 1.00 
(A=1.25+0.04 has been reported in the “Proceedings of 1958 Annual International Conference on 
High Energy Physics at CERN”, edited by B. Ferretti, 1958, Geneva (p. 241).). 


ee ee ——————————_—_™@<<———~E— 


MGC | A=1.25 A=1.00 
process | ytn—-pt+e- yt+p—ont+et Va Pace y+pon+et 
Viar|/M | | 
0.5 ) 0.701 0.190 | 0.565 0.157 
i | 0.886 | 0.331 | 0.711 0.296 
2 0.836 0.479 | 0.699 | 0.415 
3 0.810 | 0.551 | 0.682 0.475 
4 | 0.794 | 0.592 | 0.671 0.509 
5 ) 0.785 0.620 0.665 0.533 
6 | 0.779 ” 0.639 0.661 0.549 
7 0.774 0.653 0.657 0.561 
} | 
8 | 0.771 0.664 0.656 | 0.571 
9 | 0.769 0.673 | 0.655 | 0.578 
10 | 0.767 0.681 0.653 | 0.585 
Bier eee) eee 
1.9 107% cm? : ea 1 
o(vt+n)= OY YMap/ LVL = 
ST KIO Gm? 10. 


Another reason for quoting this formula will be described in the subsequent section. 

Essentially the same cross-sections as (25) can be expected for the cross- 
sections for ¥+ponty* and v+n pty apart from the pseudoscalar term. 
However, the pseudoscalar term contributes still substantially to the cross-sections 
for vi, below and around M. For example, we find 


o(vvtn>pt+r) ~ 0.9 10-* cm? 
oY+tpontp*) ~0.6X 10°" cm? 
at Vian=3M (and 4=1.25) 


if we grant the estimation (20) of the pseudoscalar constant and F\=f,=Fy= 
F,=Eq. (23) (other parameters are same as Table II). The pseudoscalar con- 
tribution decreases with increasing Yas(>M 1 
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It would be desirable to discuss the sensitivity of total cross-sections to form 
factors assumed. For this purpose we have tried two other possibilities : 


| (1+ 4") a) 
Fig) =h.@) =fi@) =F. @) = | ea ie ae | (II) 


We have, of course, to choose all form factors so as to reproduce the same result 


for small gq’: 


F@)=1-—— gt. 


The first choice (I) gives larger cross-sections (about two times) than those listed 
in Table II. However, it should be noticed that (1) has already been excluded by 
Hofstadter et al.“ for the electromagnetic structure of physical nucleons, and 
hence (I) cannot be accepted.for our weak (vector) form factor provided we take 
the conserved weak vector currerit. On the other hand, the second choice (II) 
leads to essentially the same results as tabulated in Table II. This is not surprising, 
because both form factors (23) and (II) decrease rapidly with increasing g* and 
values of the cross-sections are essentially determined by the integral on the scat- 
tering angle 9 within the narrow forward cone (@<1/rp if rp>1) common to 
both cases. 

Next, we have to discuss F',(q”). As stated above, we know very little 
about it. However, we may expect in any sensible model of strong interactions 


r4< (Hofstadter radius) =r (28) 


where 7, is defined again by* 
Fg) =1-— raq'+-:- for small q’ 


(in this connection see ref. 13). From this we may conclude that 
| F4(q°) 2 F(q’) given in (23). 


If our reasoning is true (which seems to be quite reasonable), we can assert that 
(provided the weak interaction is given by the point Fermi interaction (15) and the 
conserved weak vector current is assumed) the results given in Table II and the 


* If we take such an axial vector current J,4 as suggested by R. P. Feynman (unpublished) 


2Mi 
daJa4=—-— : 


w 


Or (a) 


where f, is the pion-nucleon coupling constant (fr2/4n=15) and gz is the pion field operator (the 
Same isovector component as J4), then the difference of the pion lifetime predicted from (a) and 
the experimental lifetime can be used to guess the value of 74; the result is not incompatible with (28). 


.. = 
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high energy limit (24) give the lower bounds* of the “elastic” cross-sections 
o(¥+pon+te*) ando(v+n>pte-). (Evidently the total cross-sections for (anti) 
neutrino-nucleon collisions must be larger than the partial cross-sections (25).) 

Up to now we did not take into account a possible non-local effect” associated 
with the original weak interaction (15). If such an effect does exist, all the form 
factors F,, F,, F, and F, must be regarded as resultant non-localities due to the 
weak interaction itself and the contribution from strong interactions. As a typical 
example, we take the intermediate charged boson with the mass m,. Then F; and 

F, are equal to the Hofstadter form factors 
P(g?) =(14+ 4 74") 

te 


=a 


multipled by m%,/(m,z+q°). As long as m, is rather large, say, m,>3/r, the 
non-locality due to intermediary bosons, ™,/(m',+q"), is not important. There- 
fore, provided any non-locality inherent to the weak interaction is smal/—it is not 
unreasonable—we feel that the results given in Table II are fairly close to the 
trois * . 

We have many other two-body processes induced by neutrinos and consistent 
with the law of lepton number conservation when we take into account hyperons : 
M+ et, A+ pt 
y+ p> (29) 


S+et, S°+ pe 


* This is quite true, if F(g?) is not monotonically decreasing. As was emphasized by R. G. 
Sachs, F,(q?), 2(qg2) may not be smoothly decreasing. 

**k On the other hand if the intermediary boson B have a relatively small mass (say,~ my), 
then the neutrino-nucleon collisions can produce this boson B, and the B-production cross-section 
o will be linear in the Fermi constant Gy. In order to balance the total energy and total mo- 
mentum, one virtual photon must be involved in the process: 


B 


nucleus 
where the nucleus may or may not stay in the original ground state. Depending on these two 
possibilities we find the proportionalities for « (per proton): 


Z 

Gy X F97 

oR 1 
or Gy X97 


where Z is the number of protons in the target nucleus, In either case og seems to be large com- | 
pared with the elastic cross-sections (25), well above the B-threshold (vias = M). 
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p+nu>ad-+er, 2-+p* (30) 
vinod*+e, t+ (31) 
y+ proE+et, E+ pt | 

vino>-+e*,F- +p" i 


These are induced by the weak interaction responsible to leptonic decays of strange 


particles : 


eS Tenet (@7a(1+75)¥) + (Bra +75) ») |+h. C. (33) 
V2 


where J**° is a strangeness-non-conserving weak current.” If J**° induces only 
the strangeness change 4S=+1, (32) must be extremely slow processes (whose 
reaction rates are proportional to (G’)*). If the J*”° is such that only processes 
with 4$/4Q=-+1 are allowed,” then (31) is also forbidden in the lowest order in 
the weak interaction (33). Experiments seem to show that the renormalized (G’)? 
is one order of magnitude smaller than Gy at least for A>p+e7+»."” We may 
therefore expect naively 


ovipom+e*)/oe+ponte) S107 (os) 


for high neutrino energies (j/2m,v,.,>4-p mass difference), unless the relevant 
“form factors” for these two-body processes differ considerably. To derive any 
better guess of the cross-sections for (29)—(32), apparently we need more experi- 
mental data on leptonic decays of hyperons. 

- So much about the “elastic”? processes, we are going to discuss the inelastic 
_ processes in the subsequent section. 


§4. Reactions induced by energetic neutrinos 


In this section we give a brief discussion on other reactions than two-body 
processes described in the preceding section. First of all, we have the pion pro- 
duction ; there are six single pion production modes: 


nin’+et 
pA-wi ne 


vinonta tet 7 j 
(35) 


+p | 


VaR p> PAA a eo 
pt+wte 
n+n2* +e, 


and as far as the available energy allows, we can expect many modes of multiple 
production of strongly interacting particles. All these reactions are induced by 


+n>| 


ae 


eS re gee CIM Re HME ra UNC RRIF NTE NPI ce RT NT I = 
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the weak interactions (15) or (33) in combination with strong interactions. 

Number 7 of open channels increases so rapidly with increasing neutrino energy. 
The cross-section per each open channel will be, on the average, of the order of 
o(vt+nptre) given in (25),* and thus the total cross-sections o.(v+N) and 
O1,(%+N) (we denote the nucleon by N) 


Cin VtN) ~oin(Y+N)~o(v+n>pte) xn 


will increase as p*0Cyq, (p: CM momentum to the incident neutrino) : or more 
optimistically o,, is of the order of o)(v+m) given in (27), the simplest prediction 
from perturbation theory (without renormalization complication) : 


o,,. (neutrino-nucleon) ~o» (v+7)- (36) 


for large »;4,: This conclusion can also be shown to be very plausible by applying . 


the so-called closure approximation” (with an appropriate modification) to estimate 
O,4 (neutrino-nucleon) . 

We can, in principle, make a more definite statement on the contribution o{” 
to the neutrino cross-section due to J,” based on the assumption of divergenceless 
J”. Je’ and the isovector part jf of the electric current (ej.=e(ja+ja)) are 
the components of one isovector. Therefore, as long as the charge independence 
is valid for the system consisting of strongly interacting particles, the neutrino 
reaction o{% (or o,%? 


v+n—->F+e (37) 
or vtnoF+p (37’) 
due to J,” are intimately connected with the electron (or muon) induced reaction 
and-o%)-(or of” 
Gap Fe, eee) 


or ptpoF+H, (38’) 


due to the isovector part ja; 
particles and F must have the (total) nucleon number 1, and total electric charge 


1 (in unit of the protonic charge). Under the assumption of keeping only J,” 


and jz, the cross-sections of 
v+p—>F+e* 


v+poF+pe 
e+n—>F’+e 
ptn F’+pe 


ross-section o(v+N-N+zx+e) for low energy pion production by 


* We can estimane the c 
tions, Such an estimation shows that 


using the Chew-Low static model for pion-nucleon interac 
o(v+N>N+r+e) is of the order of o(v+n>pte7). 


where F denotes a final state of strongly interacting — 


nee 
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are trivially related to those of (37), (38) by “isospin rotation” (/ and F’ are 
identical states except for orientation of isospin). More precisely, the relationship” 
between “differential ” cross-sections of these processes (37) and (38) is given by* 
(m, is set equal to 0) 


(’) 2 . ’ 2 2 2 
dov.(q, Hr; F) 2) <q?) =2.4( 2 x 10-8 (39) 
doa" Bat) eC \ M? 


where g is the 4-momentum transfer (the neutrino momentum minus the electron 
momentum for (37), and the initial electron momentum minus the final electron 
momentum for (38)), Hy is the total energy of the strongly interacting system F, 
e’?/4t=1/137 is the fine structure constant. It should be noticed that in (39) we 
are comparing two cross-sections for the same momentum transfer squared q’ 
and the same final energy Ey of the system F. It is evident that 


) 2 2 
3dr (Ts ESP) dog, E) 
Sido, E;F) — do(q’, E) 
Re 


is again equal to the right-hand side of (39). If the muon is energetic it is evident 
that we can replace oS” by of” in Eq. (39). For the total contribution 


| ae V v 
oo +o%,, 


we find 
of!) BSNS 1024 (g ANE) Ds oS), (40) 


Evidently, experimental information about the electron- and muon-induced reactions 
can be used to estimate do{’'(q’, E) (or even the total contribution o”).  Unfor- 
tunately, available data on electro-pion production is limited to low energy regions” 
and are not sufficient enough to guess o$” at multi-Gev neutrino energies. Some 
information on nuclear interactions due to energetic muons is available from the 
cosmic-ray experiments underground.” Difficulties of using such data lie in the 
following points : . 
(a) We must separate the cross-section into partial contributions o” and 
o, due to jy and jz (and possibly the interference term) ; 
(b) nuclear interactions of muons are intermediated by the virtual photon, 
and resulting reaction rates favours to small momentum transfer (q°). 
Particularly, (b) makes difficult to guess the average quantities € (G/M roe 
which is so vital when one tries to apply the formula (40). Under the precaution 
of these comments, we have tried preliminary analysis to estimate neutrino cross- 


* If a charged intermediate boson with mass m, exists, 2(Gy/e 
, y/e?)2(q2)2 must be ] 
2(Gy|e2)2- (q2)2- (m72/(mp2+@2))2. replaced by 
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section o$”. The result appears to show that the meson riba ie of low multi- 


plicity (say E,<M) due to energetic neutrinos (say, »/.,—= 10M) is of the order of 
10-* cm? 


Conclusion 


We know that the neutrino is electrically neutral, spin 1/2, and has the rest 
mass less than several 100 ev.” Neutrinos appear to interact with other particles 
only through ‘“ weak” interactions. The last statement is confirmed as long as 
neutrino-reactions involve only ‘“‘ small”? momentum transfer. The leptons, in par- 
ticular the neutrinos, are so curious particles that any kind of experiments on 
leptonic processes at high energies are extremely interesting, even though experi- 
mental results are negative (for example, check the process y+e-—e" +»). 

We have estimated the cross-sections of two-body neutrino processes ¥+p— 
n+e*, and pre hee based on the weak Fermi interaction, and found o (y+ 
p+e-) 20.8 x 10-* cm’ for the neutrino energy (lab system) Vig», M. Total cross- 
section o, for high energy neutrino must be substantially larger than the elastic 
cross-section «(yv-+n—>p+e-) quoted above; therefore detection of neutrino inter- 


actions with v;,.,/M=1~10 does not seem to be quite hopeless. 
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Appendix 


The differential cross-section for elastic processes in the lab system is given by — 


( os 2) 
do (ytn>pre \ _ Gy’ 12 Se , Ape a 
5) ewer 
| IF; (q’) p+ {a[F, (q°) + pF, (q’) F (tan ” c) aaa |F.(q”) 


A 2 
+? |F4(q") |?: +2 (tan~ ) + T . (tan )} 
2M Fi) 


UF (gh HF g)) "Fs (@)| x 22 — | (tan 2) | 
£2Re| (Fy(q") +H Faq") *4F a) |X ]2 7 — aga | (tO 
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where 


y =incident neutrino energy in lab system ; 


4=angle between the neutrino and the electron ; 


g’= (momentum transfer)? = 
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It is proposed that the solar modulation of cosmic rays is accounted for in terms of a 
combined model, for which disordered as well as ordered magnetic fields are responsible. 
These magnetic fields are considered to be of solar origin. The diffusion region of disordered 
magnetic fields is assumed to extend widely over the solar system and takes part in the 
modulation of the low energy part of primary cosmic rays. Special account is given for the 
interpretation of the characteristic shape of the low energy spectra common to all heavy 
primary cosmic rays recently observed.2?) The eleven-year variations are ascribed to the 
superposition effect of ordered magnetic fields distributed near the earth orbit. The diurnal 
variations are shown to be a direct consequence of the present model. 

Our arguments are based upon the assumption of two kinds of solar streams: the con- 
tinuously ejected streams and the more intense ones produced by solar eruptions. A quanti- 
tative estimate of the physical parameters to describe the present model is worked out. 


§ 1. Introduction 


The relations between the solar ejection of highly ionized gases and the various 
types of time variations of cosmic rays have been disclosed by many authors, though 
no theory is yet complete enough. If we lay aside the unusual cosmic-ray pro- 
duction associated with solar flare events, we can retain the essential constancy 
and isotropy of primary cosmic rays, since cosmic rays are regarded to be. substan- 
tially of galactic origin.” The idea that the solar corpuscular streams cause a 
variation in the intensity of primary cosmic rays was first suggested by Alfvén.” 
Alfvén’s model in its original form seems at present to be of limited applicability. 
Since then many hypothetical mechanisms of hydrodynamic nature have been 
proposed to explain the observed .time variations of cosmic rays; some of them 
have given at least positive results, to which we shall refer here. 

Morrison” has suggested the statistical modulation of primary cosmic rays by 
interplanetary magnetic fields of solar origin, in an effort to give a consistent in- 
terpretation of several phenomena, such as the cosmic-ray storms (Forbush decreases) , 
the eleven-year variations and the 27-day recurrent phenomena. The cosmic-ray 
storms are ascribed to a screening effect of cosmic rays by the intense magnetic 
clouds which are ejected from the equatorial region of the sun and correlate strongly 


* This work was reported partly in the paper titled under “Interpretation of the energy 


spectrum of heavy primary cosmic rays” by S. Hayakawa, M. Koshiba and Y. T. P at the Moscow 
Conference on Cosmic Rays. 
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with solar activity. It has also been proposed that a diffusion region of random 
magnetic fields, extending widely over a bulky portion of the solar system, is re- 
sponsible for the eleven-year variations as well as for the low energy cutoff of the 
primary spectrum. In order to sustain the assumed diffusion region, the continual 
emission of corpuscular streams should be needed even from high heliographic lati- 
tudes. Several difficulties have been argued concerning Morrison’s model, for ex- 
ample, by a critical work of Parker.” Here we remark one of the difficulties 
that both the low energy spectral shape and eleven-year variations cannot be ex- 
plained by the same mechanism, since the latter indicate the modulation of cosmic 
rays with energies as high as 30 Gev, while the former is concerned mainly with 
the energy region less than 1 Gev. 

The continual emission of corpuscular streams is thought to be a serious dif- 
ficulty with which such a diffusion model as Morrison’s one meets. Parker has | 
expressed a positive view on this point.” As is generally believed, the solar corona 
is found to be not in hydrostatic equilibrium, but to keep its stability by steadily 
ejecting corpuscular streams. Obviously, Parker’s theory is not an established one 
but is open to question. It would, nevertheless, be permissible to regard the con- 
tinual emission of solar streams as a working hypothesis, since there is no astro- 
physical evidence against it. One may accept it as reasonable to use cosmic rays 
as test particles travelling through interplanetary magnetic fields. jk 

Referring to the diurnal variations of cosmic rays, a revised version of Alfvén’s 
original idea has been proposed by Nagashima” and by Dorman,” independently. 
They have assumed the presence of an outward steady flow of solar streams, which 
will cause energy changes and consequently intensity changes of cosmic rays in- 
cident upon the earth. 

The characteristic-shape of the low energy spectra of heavy primaries observed 
recently by Aizu et al.” makes it possible to investigate the solar modulation me- 
chanism more quantitatively. There are naturally many possibilities of interpreting” 
the implications in this result.” We here resort only to the solar modulation 


mechanism. 
In this paper we shall develop a combined model by which we mean the 


modulation due to both disordered and ordered magnetic fields. In Section 1, the 
observed spectra of heavy primaries are accounted for in terms of the diffusion in 
disordered magnetic fields, extending far out of the earth orbit. In Section 2, the 
presence of a decelerating region of ordered magnetic fields near the earth orbit is 
‘nferred from the eleven-year variations. In Section 3, the other types of time 
variations are discussed referring to the interplanetary magnetic fields suggested by | 


the present model. % 


§ 2. Modulation due to disordered magnetic fields 


Let us consider such corpuscular streams of highly ionized gases that are steadily 
emitted from the solar corona, as was proposed by Parker.” The solar streams thus 
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produced are supposed to have uniform magnetic fields near the sun.” As the 
distance from the sun increases, hydrodynamical instability in them will grow. 
When the solar streams pass through the earth orbit, they will become waved or 
kinked and their magnetic fields are entangled at the same time. Therefore the 
formation of a region of disordered magnetic fields beyond the earth orbit may 
well be possible. It is important to distinguish between the role of rather regular 


“ magnetic fields near the earth and that of random ones far beyond it. We call 


attention only to the latter for the present. 

The diffusion region is assumed to lie outside the earth orbit at distances from 
the sun, 7; to r.(1.> 1; > Te) Te=the sun-earth distance). The magnetic fields inside 
the diffusion region are regarded to consist of magnetic clouds of the average 
dimension J(7), of the strength B(7), and with the average distance between 
clouds, 4(r), all depending upon the distance from the sun, 7. For simplicity 
these magnetic clouds are assumed to be distributed symmetrically about the sun and 
to move steadily outwards with constant velocity V. Such a region of magnetic 
clouds will cause a reduction of intensity of low energy cosmic rays. Such simpli- 
fications will not lose essential points in comparison with Morrison’s model with 
a diffusion region of ellipsoidal shape. The assumption of constant outward velocity 
does not seem unreasonable because a deceleration of the magnetic clouds due to 
collisions. with interplanetary gases is less effective. 

We define the modulation factor 4(R) as 


J(R) dR=6(R)j.(R) dR (1) 


where j)(R) dR is the differential rigidity spectrum of cosmic rays in the interstellar 
space and j(R)dR is that modulated by the diffusion region. (We express the 
cosmic-ray spectrum in rigidity form hereafter.) Since we here deal with the equili- 
brium distribution of cosmic-ray particles, the net flux of cosmic-ray particles inside 
the diffusion region is zero, that is, 


Vite Paeuee < [of(r, R)]=0 


where f(r, R) is the differential rigidity spectrum at r, v the velocity of a cosmic- 
ray particle with the rigidity R and /(r, R) its effective mean, free path. With 
the boundary conditions /(7,, R) =j.(R) and f(r<r,, R)= j(R), we find 


F(R) =jy(R) exp (— : \ an A 
that is, : 
(R, v) = exp| — | on | va 


the diffusion region. 
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It should be noted that b(R)=6(R, v) is dependent not only on R but also on 
v. A(r, R), the effective mean free path can be expressed as 


Ur, R)=A(r) {1+ (R/R))} (3) 


with 

R.(r) = B(r)l(r). (4) 
The r-dependences of 4,(r), 2(r) and B(r) enable us to perform the integral in 
(2). We make further assumptions: The configuration of the magnetic clouds 


is stable and stationary, and thus both the magnetic flux of a cloud, z/?(r)B(r), 
and the number of clouds are conserved which results in . 


Ae On ve OTANI 
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where N(r) is the density of the clouds, so that there holds N (ricbros sien 
dy (r) =1/2F (r) N(r)_ and 4)(r) =! (r) lead us to 4)(r)ocr**. The conservation of 
the magnetic flux gives us B(r)ccr, Summarizing the above arguments, we 
have 


A(r) U(r) er, B(r) cer“? and R,(7r) 0c (ae (5) 


Now we are able to give an explicit form of the modulation factor, neglecting 


the ratio of 7,/r, compared with unity, as 


- fo /2 : 
b(R, Ry) =exp| —9( ea Vri (R'+ RB)? | for REE, GB) 
chy (ri) R 


2 2\ 1/2 2 . vs 
b(R, Ry) =exp| —3 Vir, SARI Be ro | Son Re Ris = AOR) 
. char) R 
Here we have taken into account 
v=cR/(R’+R,)'? with Ry=AMc’/Ze, (7) 


where A and Z are respectively the mass number and the atomic number of a 


cosmic-ray particle and Mc? the rest energy 0 
b(R, v) as OCR, Ro). Interpolating (6a) and (6b), we obtain 


R2(R +R)" | 
= a ae = =a (8 
b(R, Ro) exp| R(R +R?) ) 
with y ss 

K=9Vr,/ch(r,) and R= R.(7) WB (tal Te) (9) 


It should be noted that the modulation factor in this form is simply expressed in 
terms of two parameters, K and R,, depending upon the characteristic quantities of 
It is plotted in Fig. 1 with suitable sets of parameters. 


According to (8), the modulated spectrum independent of particle species is 


f a nucleon. We have rewritten | 
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expected only for R>K, 
far above 2 Gv. Below ky 
the rigidity spectra of 
protons and heavy nuclei 
are certainly different. The 
difference between the maxi- 
mum position of the proton 
spectrum, R,,,, and that of 
the heavy primary spectrum, 
Ryn,» 18 reasonably small, 
when R, is taken as smaller 
than 1Gv. Such a small 


value of R, results in a 
large value of K. 

In a quiet period of 
solar activity, 1954, the 
observed  a@-spectrum’?’™ 
showed a peak at 


Te o4) ez 1:6 Gyyi> 10) 


while the proton spectrum 
deduced from the latitude 
effect” has a peak at Rp 
~ 1.4 Gy, slightly different 
from vk, an (10).- As" to 
the proton spectrum, there 
exist uncertainties. It has 


recently been reported that. 


the proton component has 
the same rigidity spectrum 
as heavier nuclei.’ If 
strictly so, the diffusion 
model will fail due to the 
R,-dependence. But the 
estimation of R,,, by this 
experiment is not free from 
ambiguities. As will be 
shown later, the predicted 
spectrum of the proton 
component is only slightly 
different from that of 
heavier nuclei, and then 
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Fig. 1-b. 


The modulation factor of the diffusion in disordered 
magnetic fields 6(R, Ry) defined in Eq. (8), is plotted 
against the rigidity of a cosmic ray particle R. b(R, Ro) 
has two parameters, K and R,, which are, as defined 
in (9), dependent upon the characteristic quantities of the 
diffusion region. The values of 6(R, Ro) are calculated for 
the four sets of assignment of these parameters. Fixing 
K=20, we take R,=0.31, 0.35, 0.40 and 0.45 for the case I, 
II, Il and IV respectively. Fig. l-a shows 6(R, Ry) of 
protons for respective cases and 1-b that of heavy nuclei. 


‘ 
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we could rather say that this experiment would support the present analysis. As 
the sun becomes active, the maximum position may shift to 


Rag. Ot) Gz 20 GY (11) 


as was given in reference 2) for all heavy nuclei and by the Minnesota groups” 
for a-particles, both observed in 1957. The integral intensity of heavy primaries is 
reduced by factor 2. 

If the spectrum in the interstellar space is expressed as 


jo(R) dR=const. R-’dR with: =); (12) 


then the values of R,,, and R,,,, allow us to choose the values of the parameters 
defined in (9). The characteristic quantities of the diffusion region in the solar 
quiet period are summarized in Table I, in which the value of V is inferred from 
retardation of the geomagnetic disturbances as compared to solar events, and the 
inner radius of the diffusion region is taken plausibly as 7,=3r., as will be dis- 
cussed in the next section. In the active period of solar activity, the values in 
Table I change; perhaps the strength of the magnetic fields increases. We change 
the values of the parameters, so that the shift of R,,, and the reduction in the 
intensity level fit the observations.* The modulated rigidity spectra are calculated 
and are shown in Fig. 2-a and 2-b. The results are in good agreement with the 
observations.** The energy output from the sun to sustain the steady ‘outward flow 
of such magnetic clouds is estimated to be ~10” erg sec™’, if the gas density of 
the clouds is of the order of 10?cm™ at the earth orbit. This and the values in » 
Table I are not inconsistent with those estimated by Parker.” 


Table I. Possible sets of the values of the quantities to describe the diffusion 
region lying at distances from the sun, 7%; to 7s 
V: the outward velocity of magnetic clouds, 

1 : their typical dimension, 

Ay: the average distance between them, 

B: the strength of magnetic fields. 


Bog : 3Te 


% 
Ts 2072 30re 
V 108 cm/sec | 108 cm/sec 
Ao (ri) = (7%) 1.31011 cm 1.5101 cm 
Ro (7s) = (7s) 4.51011 cm 6.8101 cm 
B(ri) 1.91075 gauss 1.7 10-5 gauss 
B(1rs) 1.5 10-6 gauss 0.8 x 10-6 gauss 


(r,=the sun-earth distance = 1.5108 cm) 


relation exists between the shifts of the maximum position of the 


spectrum and the changes in the intensity level, as was pointed out by J. Nishimura. 
*& At the Moscow Conference on Cosmic Rays in 1959, C. J. Waddington reported the eleven- 
year variation of the a-particle spectrum during the last solar cycle. His results fit quite well 


with our theory. 


'* For RR, a simple 
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The spectra of heavy primaries we here referred to were measured by means 
of a balloon-flight on September 11, 1957. At that time a solar eruption took place 
and a solar radio outburst was observed.” Therefore one might raise a question 
that the shift of R,,, and the reduction in the intensity level might be attributed 
to such streams that are emitted sporadically from the equatorial region of the sun 
and beared with more intensive magnetic fields than above. However, we believe 
that the influence of the denser streams will be reflected upon a change in the 
intensity of rather high energy particles and is less effective for the reduction of 
the overall intensity of low energy particles, since they occupy a small portion of 
the diffusion region.* It may be remarked that the diffusion region varies with 
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Fig. 2-a. The rigidity spectra modulated by : 
the diffusion region are plotted. We take Fig. 2-b. The modulated energy 
the primary spectrum as R-2-5dR and calcu- spectra of heavy nuclei for the 


late the modulated rigidity spectrum b(R, Ry) - “2 
R™-5 for the four cases. The solid lines cases Tang dV ate Comiparcd wats 


correspond to heavy nuclei and the dotted the observations of a@-spectra in 
lines to protons. 1954 and 1957. 


* The further progress of this experiment finds that the intensity of heavy primaries shows a 
considerable decrease up to 20 Gev and, in detail, the heavier component decreases more.18) The 
mere fact that the changes in intensity are remarkable even in the high energy region may be at- 
tributed to such an effect of ordered magnetic fields as will be discussed in the next section. The 
intensity differences among the different species of heavy nuclei seem to be of confusion, but may 
be caused by unusual absorption of high energy particles in the atmosphere due to magnetic 
disturbance, as was pointed out by S. Hayakawa. 
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Arbitrary Units 
Arbitrary Units 


100 500 1000 100 500 1000 
E(M ev/nucleon) E(Mev/nucleon) 
Fig. 3-a. . Fig. 3-b. 


The ionization energy loss of primary cosmic rays in the interstellar matter, 
say 3 gcem@2, is corrected for the results of Figs. 2-a and b. The modulated 
energy spectra of heavy nuclei, corrected for the ionization loss are shown by 
the dotted lines, while the spectra not corrected for it by the solid lines. Fig. 3-a 
corresponds to the case I and Fig. 3-b to the case IV. * 


solar cycle, though it connects loosely with sunspots themselves. 
Finally we remark the effect of the ionization loss of heavy primaries in the 


interstellar space. Starting from the spectrum (12) at the sources of cosmic rays, _ 


the ionization loss in the interstellar space with, say, the thickness of 3 gem 


causes different shapes of the spectra for different nuclei. As is shown in Fig. 3, » 
the jonization effect would be observable in a solar quiet period. In a solar active 
period, however, the solar modulation is so effective that the effect of the ionization 
loss could not be observed because of the limitation in statistics of the available 


experiments. 


§ 3. Role of ordered magnetic fields 


An effect of ordered magnetic fields we wish to remark is a depression in 
intensity of high energy cosmic rays as far as 15~30Gev. The eleven-year vari- 
ations may indicate the presence of such a region of ordered magnetic fields as 
will be discussed in the following. We again assume the solar streams, which are 
steadily emitted from the sun and are supposed to be distributed nearly spherically. 
Now we are concerned with the stable configuration of them before the onset of 
hydrodynamical instability. Let us consider a stream emitted from the solar region 
of the latitude @ with the initial velocity V=10% cm/sec. When it is at the distance 
+ from the sun, its velocity will have two components, the radial component and 


the azimuthal one, respectively, 
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where w is the angular velocity of the rotation of the sun, 2.7 10°" sec: .(Hete 
we take the frame of reference fixed in the solar system as in the preceding section.) 
We see V,<V, inside the earth orbit and V, will become comparable with V, 
beyond it, but the increase of V, is to be limited by instability of the stream. One 
may expect that it is stable so far as V,<V,, or to the distance 7; (2—3) %. 
If the magnetic field in the stream is uniform and have a component By, normal 
to the direction of the stream motion, the electric field will be induced, seen in the 


fixed frame of reference, which has a radial component 


(yas eR lee E,=+—*By. (14) 
c 
The plus sign, for example, in the case of 6=0, relates to B, upwards in the 
ecliptic plane and the minus sign to downwards (when we stand on the northern 
hemisphere) . 

The magnetic fields of the streams considered here connect possibly to the 
general solar magnetic field. If the solar magnetic field has the same direction as 
the terrestial one, the radial component of induced electric fields will have the out- 
ward direction, corresponding to the plus sign in (14). The solar streams will 
then form a decelerating region against impinging cosmic rays, which lays inside 
the diffusion region discussed in the preceding section. 

Let us follow a cosmic-ray particle which is assumed to be confined in the 
plane inclined by angle @ to the ecliptic plane and to pass straightly in reversed 
radial direction through the decelerating region. The resultant change in the rigidity 
of the particle is found from (13) and (14) as 


4R=— SIE,d(rn)) =— VA sind By (7) dr), (15) 


where d(r) is the width of the streams. The summation is taken over the whole 
streams traversed by the particle, sufficiently from r; to r,, since E, is very small 
for r<r, because of V,< V,. 


d(r) and B,(r) certainly vary with the distance from the sun, 7, as 
Bilr)=Br (te) (re/7r)*) and d= @,) ta (16) 


If we resort to the relation between magnetic field and gas density, Bocp?® for a 
free isotropic expansion,’ we find roughly 


Bi (r) cor“? and d(r) ccr*", (h=2/3 and k=4/3, Case a). (17a) 


Or the component of the magnetic field normal to the stream motion is presumed _ 


to vary in a different manner from the parallel one, and then 
B,(r) ocr and d(r) cor, (h=k=1, Case b). (17b) 


Taking into account the possible passages of a particle through the given 
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region, the net result of rigidity change is the deceleration so far as a particle passes 
through the region from the outer side and has a rigidity larger than R,=B, (7) 
xXd(r.). Obviously, low-rigidity particles are only scattered by the streams and 
suffered from no rigidity change. The net decrease of rigidity can be calculated 
from (15) and (17), in the case of b, as 


AR = — (1/n) (wr,/c) -By (re) —r./7:) for R> R= B,(r)d(r.). (8) 


There enters only a factor of the order of unity in case a. 

According to the Liouville theorem, the deceleration of cosmic-ray particles due 
to the steady magnetic field results“in the decrease of their intensity. As in (1) 
we define the reduction factor 4(R), the ratio of the intensity of particles with 
the rigidity R inside the earth orbit, r<r, to that of rr; For the latter we 
can assume the spectrum in (12), since we are interested in the rigidity region 
larger than several Gv, in which the effect of the diffusion region is negligible. 
Then we obtain 


Dak te eaten Tor aR <i; 


= (19) 
by (R) =1— (7 +2) (4R/R) for R> R,. 
Namely the fractional change of intensity is given by 
dj (R)/j (R) = (7+2) (4R/R) for R>R,. (20) 


The main properties of the eleven-year variations to be compared with the 
above model are of gross structure.” Smoothing out all of the irregular fluc- 
tuations of primary cosmic rays, there exists a pronounced trend, apparently as- 
sociated with solar cycle. The amplitude of variations is about four percent. The 


intensity correlates inversely with the sunspot number. The change of the primary | 


spectrum shows a considerable effect up to 30 Gev. The variations are also mainly 
isotropic and world-wide. We accept the observational information as 


| 42 | —| 420 | Ay, for - R= 15-20 Gv. a 
’ J(R) sunspot max. i j(R) sunspot min. ‘ 

These properties are entirely consistent with the above model, though available 
information is not sufficient to determine the rigidity dependence of intensity change. 
Comparing (21) with (18) and (20), we find reasonable values of the quantities 
of the ordered magnetic field: In the active period of solar activity, they are 


Riese thrs) =e x 107° gauss and d(r,) =5X10" cm, (22) 
and thus the resultant fractional change of intensity is given by 
[ Oj ae sO? ior aR Gy (23). 
= a (R) sunspot max. R 


At the time of solar activity minimum, perhaps B,(r,) decreases to 2X 10-° gauss, 


rjc2re, and d(r,)10" cm. The expected amplitude with these values is reduced — 


ee 
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to the one-fifth of the above value.* 
Here d(r,) is chosen so as to give the 
same value of R,. The broadening of 
the width of the streams and the 
decrease of 7; are considered to arise 
from that the streams are subject to the 
earlier onset of hydrodynamical instabili- 
ty due to decreasing magnetic fields 
than in the epoch of greater solar 
activity. These values of the quantities 
of ordered magnetic fields thus found 
are consistent with the values in Table I. 

The superposition of ordered as 
well as disordered magnetic fields will 
have the combined modulation factor as 


50 


Fig. 4. The combined modulation factor due 

to the superposition of disordered and order- 
shown in Fig. 4. It is needless to say ed magnetic fields is plotted. The solid line 
that our model is too idealistic; the shows the product of 6(R, Ry) and 4(R), 
which are given in (8) and (19), respectively. 
The dotted line denotes an expected form 


transient region, particularly, isneglected, 
in which the regular magnetic fields tr cers 
turn out to be entangled. It will 

modify the results mentioned above and a true form of a combined modulation 
factor would be such as shown by the dotted line in Fig. 4. 


“real” combined modulation factor. 


§4. Other related phenomena 


A direct consequence of our model is the diurnal variations; the solar streams 
with uniform magnetic fields will cause the quiescent diurnal variations (S,) as 
well as the ones associated with magnetic disturbances (DS). These effects have 
been suggested by Nagashima® and Dorman.” According to the extensive analysis 


of Dorman and Feinberg,”"” the real change in the primary spectrum for the S, is found 
to be 


aris paves ; a | 
—/~—/_| =0 for R<R, and | “J | ~4+ % for R>R,, (24 
a : Pas ees = eee 
where R, is taken as 7 Gv and the amplitude is about 0.15 for cosmic rays verti- 
cally incident upon the equatorial region of the earth. The phase of maximum is 
effectively at about 90° to the left of the earth-sun direction for an observer standing 
on the northern hemisphere. The phenomena would be accounted for in terms of 


* If the reversal of the direction of the general solar magnetic field occurs periodically, then 
the region of ordered magnetic fields in a certain period would, contrary to the above case, acceler- 
ate cosmic-ray particles, resulting an increase in their intensity. Thus the eleven-year variations 
might be interpreted as fluctuation around the ground level of the intensity of primary cosmic rays. 
We would reserve this possibility, and do not go into a further discussion on it. 


Toe ve es 
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the rigidity changes due to the solar streams. The magnetic fields must have the 
component upward on the ecliptic plane in order to induce the electric field parallel 
to the direction of the earth revolution, that is, to explain the phase of maximum. 
If a cosmic-ray particle passes through ten or more such streams, the observed 
amplitude will be accounted for. R, is quite the same as R, defined in (18). These 
results strongly support our arguments in the previous section. 

In order to explain the DS, in which the intensity variation of low energy 
particles is enhanced and the time of maximum is displaced to earlier hours, 
Nagashima” has proposed a superposition of such streams that have more inten- 
sive and more turbulent magnetic fields, and reflect particles of rigidities smaller 
than R,. 


If the steadily emitted streams have appreciable irregularities near the earth 
in the period of minimum of solar activity, the time of maximum of the S, will 
shift also to earlier hours. At this time the magnetic fields are supposed to be. 
weak, so that the amplitude will decrease. These effects will qualitatively account 
for the observed trend of change of the S, with solar cycle.” ; 

The above considerations reveal the relationship between the eleven-year vari- 
ations and the diurnal ones. We should like to emphasize the persistent nature of 
these phenomena, which is the very characteristic of the steady configuration of 
solar streams. On the other hand, the phenomena like the cosmic-ray storms 
accompanied with solar eruptions show only transient decreases, being rather ir- 
regular in space and time. 


§5. Concluding remarks 


We have developed the model of the interplanetary magnetic fields mainly from 
the cosmic-ray aspect and have left it for future problems to base our model 
on reasonable astrophysical and hydrodynamical arguments. We believe that the 
assumption of the continual emission of solar streams, upon which the present model 
is based, may not be far from reality. Many questions will arise on the detailed 
nature of the steady configuration of such streams presented here. Particularly, 
the onset of hydrodynamical instability is assumed to take place at the distance of 
a few times the sun-earth distance and the regular magnetic fields distributed inside 
it to have the unique direction. Future investigation must be made to confirm these 
assumptions, and also many variations on our model will be possible. 

The modulation of low energy cosmic rays by the diffusion in disordered mag- 
netic fields shows not only rigidity-dependence, but also velocity-dependence, and 


there may result in a slight difference between the spectrum of the proton com- 


ponent and that of heavier nuclei. The reliable observation of the proton spectrum 


will be important in this respect. It is predicted that both the eleven-year variations 
and the diurnal ones have the same energy-dependence, and the further analysis of _ 


the eleven-year variations is to be expected. The observation of a change of the 


2 . 
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rigidity spectrum of primary cosmic rays with solar cycle is also waited for, since 
the continuously ejected streams are believed to change slowly with solar cycle. 
To make clear the electromagnetic conditions of another kind of solar streams 
sharply connected to sunspot activity, it is desirable to observe, if possible, the 
difference between the cosmic-ray spectra associated with and without solar eruptions 


in each period of solar activity. 
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Integral Representations of Bethe-Salpeter Amplitudes 


Masakuni IDA 


Department of Physics, Kyoto University, Kyoto 
(Received February 11, 1960) 


An integral representation is shown for the matrix element between the vacuum state 
and a one-particle state of the T-product of two field operators (two-body Bethe-Salpeter ampli- 
tudes). It is a generalization of the representation introduced by Wick. The derivation 
makes use of the Lorentz invariance, microcausality, asymptotic conditions, spectral conditions 
plus the stability condition. 


§ 1. Introduction 


Recently, in connection with dispersion relations, our knowledge about the 
analytic properties of scattering amplitudes, all the external particles being on their 
mass shells, has undergone appreciable progress. On the other hand, Jost and 
Lehmann” found an integral representation of the matrix elements of causal com- 
mutators for the case of two fields of equal mass, which was extended to the 
case of unequal masses by Dyson.” It gives the analytic properties of various 
amplitudes when external particles are not necessarily on their mass shells. The 
reason why we consider the knowledge off the mass shell as important comes from 
the hope that it may bring us information on the structure of elementary particles. 
This is indeed the case with the nucleon form factors connected with high energy 
electron-nucleon collisions. 

Vertex functions are the simplest sources of such information, if we exclude 
the familiar propagation functions. They are classified into (three-point) Green’s 
functions, (two-body) Bethe-Salpeter amplitudes and vertex functions in the narrow 
sense, according to the numbers of particles on the physical mass shell. In this 


paper we shall concentrate our attention to two-body B-S amplitudes. Already in - 
1954 Wick® and Cutkosky® introduced an integral representation of B-S amplitudes — 
for the special case of a bound system of two scalar particles exchanging massless. 


“photons”. It is, however, based essentially on the ladder approximation of the 


B-S equation and the vanishing mass of the exchanged “photon”. In order to 


remove these restrictions, we start from the definition of B-S amplitudes instead 
of starting from B-S equations. We derive an integral representation from the 
stability condition (3), in addition to the basic assumptions usually accepted in 
the axiomatic formulation of quantized field theories. 

First we express B-S amplitudes in terms of the vacuum expectation values 


of double retarded commutators. Then, with the use of the Dyson representation 
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for double commutators” we can obtain an integral representation for B-S ampli- 
tudes. A restriction on the integration interval is found by comparing it with the one 
for the case of causal commutators. In § 3 analytic properties of the B-S amplitudes 
are studied. They are analytic functions of two complex variables with singular 
region very different from that of scattering amplitudes, which are conjectured to be 
representable in the form of double dispersion relations. 

As a consequence of generality in our assumptions, we are able to study, for 
example, the B-S equation in the ladder-approximation for a bound system of two 
particles exchanging “ mesons ” with non-vanishing mass. It will be discussed in a 
subsequent paper to be published before long. 


§ 2. Integral representations of B-S amplitudes 


The two-body Bethe-Salpeter amplitude for a one-particle state |p> with a 
momentum pf is defined as the matrix element, between the state [p> and the 
vacuum state |0>, of the time ordered product of two field operators ¢, and ¢., 


Fla, p) =e” * (0/74 (x) (x) |p) = (0/T4 (=) 4.(—=) |p), @) 


where r=2,— 2%, X= (2,+2,)/2 and p-X=p-X—p,-X). Our discussion is based 
on the four assumptions accepted in the general framework of conventional quantized 
field theories: the Lorentz invariance (including the existence of the vacuum state), 


microcausality, asymptotic conditions and spectral conditions. The last assumption 
means that 


(O|¢:|Pa) ; (Palbe|P> =0, (0|ds| Po» (Prlti|p) =, (2) 


a2 


for p. and p, satisfying —p;<m, and —p,<mz,’, respectively. Besides these, 
the stability condition, 


PAE: 
m=V —p’<m+m, (3) 


plays an important role in the derivation of an integral representation of B-S 
amplitudes. 


For simplicity we consider a model in which the particle in question has 
zero spin and both ¢, and 4, are scalar fields. 
related to the corresponding retarded amplitude, 


fr(x, p)= (0|R6, (= ) 6.(— =| IP), im 


which is rewritten, in terms of the incoming field, as the vacuum expectation value, 


fae, p) =(O1R| $s (2) 4,(—2)]. (2310) 


=([R|s.(2)s.(-)], daw |). (5) 


The B-S amplitude is simply 


bs, pees 


go 3d, 
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As a consequence of the asymptotic condition,* it follows that 


fr(x, p) Beet | dtze*(—O. +m) meee ee) - (6) 


(nye 


in an analogous way to Lehmann, Symanzik and Zimmermann,” where 
(x, 23 p) =0(x)0(—p- ee f=] '@) |) 
ra, 23 p)=0@)9(—p-»)({|6 (2), 6(-2)]. 6@ |). @ 


with y=—2/2—z. Then, with the use of Dyson’s representation for the vacuum 
expectation value of a double commutator, 


({[ 6, (S), é:(-+)|, sc) ]).= (ail asfawa, 5 D(a: DICH ees 
(8) 


where 4(xz;s) is the usual invariant commutator function for a free field with 
mass ;/s , we can express the retarded amplitude as 


Fhe y= \aa\ds\ aeog, Sus \dtze”*(—O.4+m) AG, PLO 
0 0 0 


Here we have omitted an irrelevant constant, and A(x, z;p) is given by 
A(z, 23 p)=9(a2)O0(—p-y) 4 (a; s)d(y +4; 2) 


=0(—p-y) 4n(x; 5) de(y +4; 2) 


ios) 


esl ery e d'k er dil el tre) 
=. c x = b) 10 
Qui | Z tT+7e \ (Q27)* k&+s | (2m) 22 J? 42% ca) 
where k=k+iep, with a positive infinitesimal number e. 
Taking the Fourier transform of (9), we obtain 
faq, p)=\d've"*f (2, f) 
1 co co 
= | aa|ds\ ae, sD: lim (p"+ mA (q, 2). (11) 
—p2-> m2 
0 0 0 po>9 


A(q, p) is the Fourier transform of A(z, z; p) and is calculated by replacing the 
z-integration path by a large semi-circle in the upper-half of the complex r plane: 


Aq, p= [diel dtzemer"ACe, 2; p) 


* If the particle is not elementary, we have to make use of the arguments for composite 


particles by Nishijima” and Zimmermann.» 
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co 1 1 5 1 
epee (G+ G—Aptipi'+s ct+ie (zp)? +t 


if! r Mees hap 
G4 GD ptiaty7/—popyi+s W—P4+V2)2vVt 


+ = eT eh On toes poe ae Fe 
(¢+ G—A pt+id—-Vt/—p) pts (—V—-P4V t)2Vvt 


The spectral function @(/, s, t) has the following form, as is assured by the stability 
condition (3) : 


D(A, s, th =0(t—m) OA, s) +9 (t— (mM, + 22)”) D(A, 5, 0). (13) 


We then get from (11), (12) and (13) 


I 


fr(Q P) = falas D(A, 5) 


g+ 4—A) p}*?+s 


(14) 


By a linear transformation of 4 to ¢=2A4—1, (14) can be written in the form 


Tey OG 8) 
fal p)= \dz\as la ue. (15) 


In order to find a restriction on the carrier, outside of which the spectral function 
@(€, s) vanishes, we compare the integral representation (15) with the one for the 
matrix element of the corresponding causal commutator, 


PT ae ek CO 
Fu(q, p) = \d'u\ ds ee (16) 


ra 


¢(u, s) vanishes outside the region where the vectors p/2+wu both lie in the forward 
~ light cone and 


V /53 > Max {0 ;m— ee Ee tu) 5 jingle -(% —u) | : (17) 


By comparison we have a restriction on the carrier of O(¢, s) : 


nie ible hh esas cs bake bared Bebe), oe = 


Vs > Max \7— ve Mm 3 Ms— ‘> mi . (18) 


As an integral representation for the B-S amplitude we finally obtain 


> (19) 


Rl al ls a cll 
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with the restriction (18) on the carrier of O(¢, s) (Fig. 
1). 


§ 3. Analytic properties of B-S amplitudes 


In the center of mass system f(g, p) is a function 
of g and q, and we can easily see from (19) and (18) 


that f(q, p) is, for fixed T> regular in the complex q@ 


plane with two cuts from Ym, 2+ ge to + co and 


a 


from —oo to ak ms +q. 


a 


The gap between the 


two cuts is due to the stability condition (3).” 
In order to see the analytic properties of f(g, p) 
studied in § 2, we write (19) in the form 
1 


f@. ob) yaa a Rare (20) 


after linear transformation of s to t=s+(1—¢’): 
(m/2)?. The restriction on the carrier of P(E, 2) 
given by the inequality (21) (see Fig. 2): 


Fig. 2. The lower bound 
for the carrier of @(¢, ¢) is 
shown. The coordinate 


of the point Q is een 


by Q(,4)= Scart 
(™ - ah (mm 2 a) 
ee. (a) and (8) cor- fs ay 


respond to the cases of (m™m— 
m<2m, and of m>2m, 


respectively. 


i= Bite dhe 


g?) = A(- m( my — 


of the point A. 


Fig. 1. The spectral func- 
tion ®(¢, s) vanishes out- 
side the shaded region. 
m,< mz, is assumed with- 
out the loss of generality. 
The coordinate of the 
point P is given a JA. 


¥s)=P(— ae , (my 


+™M,—m) [2). 
must notice that m,"‘is 
smaller than m+, by its 
definition. 


Here one 


Fig. 3. f(g?, g:-p) is regular outside 
the shaded region for the case of 


coordinates of the 
points A and B are given by mae Pp; 


oF —(m— 2 os 
and B(q:p, @)=B 3(m(m— 2) 
For m>2m, we have 


only to shift the g?-axis to the left 
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2 7 2 ; 
t= Max i(m -) ate es cage ee (mm = <r) Os 


a 


(m2, — 2) + (22) 4m (m1. — 24) ae (21) 
As an analytic function of two complex variables, f(q’, g-f) has singular region 
very different from that of scattering amplitudes. Fig. 3 shows the necessary region 
of regular f(¢, q:p) in the plane of real g° and q-p. 

Recently Deser, Gilbert and Sudarshan’ have published similar work. How- 
ever, their purpose and the method of derivation seem to be somewhat different from 
ours. 

The author should like to express his sincere thanks to Professor H. Yukawa 
for his kind interest. He is also indebted to Dr. N. Nakanishi, with whom he had 


pleasant discussions on the integral representations of causal commutators. 
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Effect of Lattice-Electron Interaction on the Landau Diamagnetism 


Shé-ichiro TANI 


Ryogoku High School, Evening Class, Tokyo 
(Received February. 12, 1960) 


A theory of the Landau diamagnetism is presented, in which the interaction of electrons 
with lattice vibrations connected with virtual exchange of phonons is taken into account. 
Calculation is made up to the second order perturbation; a suitable canonical transformation 
can eliminate the first order term of lattice-electron interaction. The result gives only a 
small correction to the diamagnetism. 


§ 1. Introduction 


The simplest theory of metals is based on the assumption that the electrons 
are free, and in quantum theory it was first shown based on this model by Landau” that 
there is a non-zero diamagnetic effect due to the helical paths of the electrons in 
a magnetic field. We should expect some additional effect on this original work 
if we extend the free electron model to include the interaction of electrons with 
the lattice vibrations. It is the principal object of the present paper to determine 
in a quantitative way the influence of this interaction on the Landau diamagnetism. 

The calculation for current density of the electron-lattice system is carried out 
by employing the perturbation formalism adopted by Schafroth” which has such 
an advantage as that the expressions obtained are everywhere regular, safe from vanish- 
ing energy denominators. 

We restrict ourselves to weak magnetic fields so that the induced current 
density i(x) may be expressed as linear in a field with vector potential A(x), and 
in terms of the Fourier transforms, it becomes 


i,(q) = 2} Ky (@) A.(Q)- (1-1) 


The translational and the gauge invariance requires 
Ky (Q) = (eG Pw PD) KG): (1-2) 
The Meissner-Ochsenfeld effect is given when K (q?) has a first-order pole at the 
origin ; that 1s, , 
K(q@) =Kio/7+K.@), (1-3) 
where K, is a positive constant, and K,(g*) is a regular function of g, to which 


the normal diamagnetism corresponds. The purpose of this paper is to decide quan- 
titatively how a perturbation treatment of the current density, when one takes into 


at 
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account the electron-lattice interaction in the Hamiltonian, exhibits a correction to the 
Landau diamagnetism, after verifying that K, surely vanishes as Schafroth indicated. 


§ 2. Model 


We consider an aggregate of electrons whose density is 7, in the vibrational 
field and a weak static magnetic field. We shall use the. formalism of second 
quantization” defined by 

P(x) = >} b,, exp (ik- x) 
sec ; 2-4) 
P* (x) = >) * exp(—ik-x) 
ko 


Here b%, and J,, are respectively the creation and destruction operators for electrons, 
and possess the commutation properties 


[Ore ? bi; ot] se Ong — 


[Ox » Diperily ies b& 1 |,=0 5) (2-2) 
bits Og = Nie } 


and o denotes the electron spin. The Hamiltonian for our system may be written 
as 


AH=H)+H,+H’, (2-3) 
where 
3 Fh= >) (WP /2m) b& bi. + >) Nws(ay* a,+1/2), (2-3a) 
io wW<W p 
H, =1 ee D3 aa laren o Ox. cs ane Dincis o ) ? (2 ' 3b) 
H’= (eh/me) 3 (k-A(q)) BE gnc Dasnne- (2-3c) 


a; and a, are the creation and destruction operators for phonons, possessing the 
relations : 


: bane Geil==| Gas an |=0 (2-4) 
A, ae Nes 
Here we take H, to describe a system of free electrons and a phonon gas in unit 


volume, and H, and H’ represent respectively the lattice-electron interaction and 
the interaction between the electrons and a magnetic field. The maximum value 


- of w is denoted by wy satisfying the relation in Debye’s approximation 


2wy /3(22)7=n, (25) 


where 7» is the number of atoms per unit volume. JD,, is an interaction constant 


A ede 
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of the lattice-electron system given by 
Di= 2keiws/3n)”: (2-6) 


in Frohlich’s notation.*» Besides, A(q) is the Fourier transform of A(x) : 


A(x) = >) A(q) exp(—iq:%), Gat) 
q N 
therefore, 
A(q)= | 4@) exp (iq: x) dx. (2-7a) 
Our current density operator is given by 
j (x) =o (x) nis (x), (2-8) 
where 
jo(x) =—eh/m- pa k exp (—iq-%) bit. 926 0x-qi20> (2-8a) 
jie) =—e/me- ae A(x) exp(i(k—k’) -x) bite Die: (2-8b) 


Then the average current density is represented by 
i (x) =Spur (j(*) exp(?(@—H))). (2-9) 


Here 8=1/«T (« is the Boltzmann constant) and @ is the free energy of the 
system. We shall hereafter calculate the above average up to the second order 
terms in the lattice-electron interaction and the terms linear in the magnetic 


field. 


§ 3. Discussion of current density 
We now consider a canonical transformation similar to that of Bohm and 
Pines in their plasma theory” to eliminate the lattice-electron interaction H;. When 


our generating function is given by 


E eek Sad 
hws+&(k) —E(k+w) 


S= =F Dy (Qu Doe Bie + Aw by Dpcwe) 


hwo 


we can easily verify 


H,+i| Hh, S10; (3-2) 
where €(k) =/?#/2m. Our Hamiltonian may be written as 
Ha, He He = Ht! +P + OEE (3-3) 


where we put H,Y=i/2-[Fh, SAS Le ah FT nS and H’®=—1/2 -[[H’, S], S]. 


Our new current density operator is likewise expressed as 


neu: (x) eas (x) e* = Jo (x) +h (x) + jo” (x) + jo” (x) ay. (x) one (3 : 4) 
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In this expression we can leave the last term j,*’ (x) out of consideration, because 


it is easily seen that 


2 (jr (x) ),, exp (2 (Q—E,)) =0. (3- 4a) 
The free energy # is determined by 
Spur (exp (7 (Qo— Anew) )) =1. (3-5) 
We wish to find the free energy up to the second order term, so we put 
D=0,+9,, . (3-6) 


where @ is the zeroth-order free energy and @, is the second-order perturbation by 
the lattice-electron interaction. @, is determined by Buckingham and Schafroth® 
in their calculation of the specific heat-of metals as follows: 


ae Eh) 2 1 ~~ 
Po? pa Pe hiws-+&(k) —&(k+w) OBOE eg a Bie 
+F(w) (f(k+w) —f(k))), (3-7) 


where 
S(k) = {1+exp (8 (E(k) —2)) } ; 
F (w) = (exp (PAws) —1)7. (3-7a) 


As it is easily seen that the second term goes to zero with vanishing temperature, 
we may write 


2 f(k+w) 1—f(k)) 
eae " Rws+é(k) —E(k+w) | Sake: 


The average current density is represented by H,,,,. and j,.,, as follows: 
i (x) =Spur { (jo(*) +ji(%) + jo (x) + jo” (x)) exp (2 (O+9, 
= Hj— WA, A ey (3-9) 


Then we get the expression for the average current density determined by the terms 
linear in the magnetic field and quadratic in.the lattice-electron interaction : 


i (3) =H (x) $4 (x) HH (we) 49M (w) $9 (ew), ey 
Here 
i) = 3Gi@))., CN), 0) FG, Bs (3-10a) 
#68) = 3) C0) or (He Hu CHa 8) Fe By Bos Be) 
+ (unr Hs, OH on) FalEus Eur, EJ}, (8108) 
pub (x) = D4 (ho (x) pee Cis ied CH; pe 
vet vl 
=p CEL yet (jo (x) Sash CHO > i,) FE CE; > Ey 5 Ey) ’ (3 : 10c) 
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BP (x)= DY (C fu (%) Dow Lan + ju(®) Door CHL! >) Fi (Ey Ew); 
(3-10d) 
BD) SS fo) Dau CO) Fi Ess Ea); ees, 


where », »’, etc., are the eigenstates of H) and the corresponding eigenvalues F,, E,,, 
etc. When we put 


Fy (E) =exp(8(®—E)), (3-11) 
F\(4,, E,,) and F,(E,, E,,E,,,) are, according to Schafroth, the difference quotients 
of F,(E) given by 


Fy (E,) — Fo (Er) 


(pa 
af ) peas 


> (3-12) 


Fy (£,) 
1 ) RP Dae Eon — : i yas} 
a4 Se Cie AB Co BN ic oar? 


Each term of the average current density is noteworthy in that it has the fol- 
lowing common. expression 


tr) = PE aC ) A, (q) exp(—iq-x), (3-14) 


where N denotes J, II, II, IV, and V. 
The kernel K“(q’) may be expanded up to the second order terms of q: 


KG) = KOK. (3-15) 


Here KS and K‘{” have the following relation: 


v ey: 2 

3) KOO KB Mee el) K,, (3-15a) 
N=] qd 

SK =KP= Ga. —0,,q°) Kg. (3-15b) 


It is easily seen that K, surely vanishes, but here it is worth noticing that 
K&®, the zeroth-order term of KY) (q), does not vanish but remains. Therefore 
we find that there is no singularity in our kernel, and consequently no Meissner 


effect at least within our approximation. 
Now we shall proceed to determine the coefficient Kz which gives a correc- 


tion to the Landau diamagnetism. 
§4. Landau diamagnetism 
As K® vanishes, we may rewrite (1-2) in our approximation into the form 
Kis(Q= GrG—O wd) Ke; (4-1) 


on the other hand, the magnetic field H is given by H=rot A(x) and the magneti- 
zation M is related to the current density by 


PG Lee 
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i(x) =c rotM, (4-2) 


and so we have the equation 

M=-—1/c-K.H, (4-3) 
hence the diamagnetic susceptibility is obtained by the relation 4=—K,/c. The 
calculation is carried out by changing our sum over k and w-to an integral with 


the restriction k<k) and w< wp. cae 
Then we find that the diamagnetic susceptibility including our effect is given 


by 
1=1,|1 a (a/ayiep Bete |cerp/Ro— Aket/ Step (m/f + by) 
Crt, 
—2(kyp—wy)?/3wy(ms/R+k—wy/2) 
| ms/N+k—wo | 
= 2/ : /2 ] MS/ 0 D 
2(ky + wp)?/3wp(ms/h+k)+wp/2) + log ia TEs ok 
+ 2w5' (ms/R + 2ko/3—2n? °/N? ko) 
(ms/h—k,)* | 
Sct ral (4-4) 
ca (ms/h+kyp—wy/2) (ms/R+khy+wp/2 | 
where 


2 
Xr = — Nf / 200 i 


We find that the correction is extremely small, and for Na amounts to 0.06 
percent. Recently May” has investigated the influence of the periodic field on the 
Landau diamagnetism and got a correction which agrees with our result. In this 
paper we discuss the effect of the electron-lattice interaction alone separated from 
the Coulomb interaction. Wentzel® investigated adense electron gas coupled with 
longitudinal sound waves, using the equivalent Hamiltonian to that of the pair 
theory and concluded that the effect on the Landau diamagnetism was unaffected, 
which must have been due to the incompletion of the Hamiltonian. 
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An approach to s-wave K-N interaction is made along the same line with our previous 
study for z-N scattering. The characteristic property of K-N interaction in nucleon core is 
expressed in terms of the change of the value of coupling constant, and it is suggested that 
the introduction of indefinite metric may be necessary in some sense to describe the phenomena 
in nucleon core correctly. Moreover, an attempt to obtain the forward scattering amplitude 
for K-N scattering is made on the basis of the above consideration about characteristic property 
of K-N interaction. It is shown that our results are not inconsistent with the experimental 
ones. Finally some discussion about the coupling constant is made in comparison with the 
results obtained by many authors. 


§1. Introduction 


In order to see the characteristic property of nucleon core, it is necessary to 
examine the following two kinds of phenomena, (i) the phenomena in which the 
nucleon core does not undergo any essential change in the course of collision, (ii) 
the phenomena in which the nucleon core undergoes some remarkable change in 
the course of collision. We have previously examined the problems of s-wave pion- 
nucleon scattering as an approach to the process belonging to the former and have 
seen that the current pion field theory should be modified within the nucleon core 
although it can give a satisfactory explanation with respect to the phenomena in 
the neighborhood of pion cloud. Let us now concentrate our consideration to the 
process belonging to the latter. In this paper we intend to study the problems in 
the case of K-N scattering with the purpose of finding a clue to the correct dy- 
namics in nucleon core. It may be expected that some new result can -be derived 
from our study of this process because here the core in the intermediate state is 
changed into the hyperon core. Our approach to K-N interaction in nucleon core 
is made along the same line with the previous paper.” 

When the forward scattering amplitudes for K*-p and K~-p scattering at the 
energy w are denoted by D. (w) +iA,(w) and D_ (w) +iA_(w) respectively, we 
pay our attention to D(mx)=(1/2)[D- (mx) + Ds (mx) | and D® (mx) =(1/2)LD_(mx) 


—D.(mx)], where mx is the K-meson mass. If both M, (or Ms) =M and mg=pe 


were fulfilled in the case of pseudoscalar KNA (or KN) interaction, as will be 


shown in § 2, the contributions. from the bound state to K-N scattering should — 


: : cues : : a) 
have the same forms with those in z-N scattering, so our discussion about D” (772%). 
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and D®(mx) is developed by tracing the correspondence between these two processes 
throughout this paper, where M,(or M;), M and + are the masses of 4-particle 
(or 3-particle), nucleon and pion, respectively. 

If M,(or M;) were equal to M, we should of course obtain the following 
conclusions. (i) The correct dynamics should have such a property as that the 
effective coupling constant 7,(or gy) is reduced to (77%/2M)gi4=fa (or (mx/2M)95= 
fs) in appearance when the dynamics is applied to the problems within the nucleon 
core.* (ii) The pv-coupling theory is promising to describe the behavior of K-N 
interaction in nucleon core. In the practical case, however, the above conclusions 
are obliged to suffer a remarkable change owing to the relation (M,’—M*—m x) 0 
(or MZ—M?—mz>0), that is, in nucleon core the value of 7/7(or 7s”) is reduced 
to a negative one in appearance.* It may be necessary in some sense to introduce 
the indefinite metric in describing the phenomena in nucleon core. 

On the basis of the results obtained in § 2, some attempt is made in §3 in 
order to derive a significant part from the expression for D™(w) in dispersion 
relation in which a divergent one may be contained, and it is shown that the value 
of D®(mx) obtained by our method is consistent with the experimental results. 
But it is necessary to have much experimental data in order to make sure of the 
validity of our method. In § 4 we deal with the problems for D™ (m,) and D” (mx) 
in the case where both KNA and KN interactions are of scalar type. In §5 


some discussion about the coupling constant is made in comparison with the results 
obtained by many authors.”~” 


§2. S-wave K-N interaction 


As was shown by Igi” and Matthews-Salam,* the dispersion relations for K-N 
scattering” are as follows: 


D® (w) = (1/2) [D_(@) + Dy (w) |=F,(w) +G,(a), (1) 
TD (co) = (4/2) (Do) Ds (Ojo) A GY (2) 
Fi(w) = (1/2) (X’+X), F.(w) = (1/2) (X’—X), (3) 
° An Ax 
Set Aer) = Lepr A (9 
MN = v! Ly. — t 
1 | wo! +o ena XE TES | wo! —w ee (4) 
mr co 
1 ow! A_(w’) : 1 w! k'|o_(w!) +o,.(w’) 
Gdo) = ra | wo" —@ a An* | ww as () 
° am ees 
mie co 
) AS Ca") oO) k'|o_(w!) —o,.(w’) | 
Gro) = | a do’ 8, | Sle Ae ay, (6) 
Ax ™ je 


* , 
Say eR so-called cutoff theory with cutoff energy w,,,2=M may be regarded as the theory in 
which the coupling constant in nucleon core is assumed to be equal to zero. 
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and 
Or = (CM 4+ 2)? — M?— m2} /2M=0.404 mz, (7) 


where k& is the wave number of K-meson and o.(w) are the total cross sections 
for K*-p scattering respectively. If the K-interaction Lagrangian contains 4?(2) or 
$x(x) terms explicitly, an additional term C must be involved on the right-hand 
side of Eq. (1). But we assume for a moment that d(x) or A(x) terms are 
not explicitly contained in the Lagrangian. Some discussion about this problem 
will be made later. 

At present we have not enough~experimental data for K*-p scattering to see 
the properties both of G,(m) and of G,(w) with confidence. If there is such a 
tendency as o_(w’)=o.(w’) at high energy, then the value of D®(w) turns out 
to be finite, while Eq. (1) loses its meaning because’ G,(w) turns out to be a 
divergent quantity. Therefore Eq. (1) should be rewritten as follows: 


DG) = (1/2) gon (w) +D. (wo) |=F,(o) +G,,.(w), ee 


where G;,(@) is the significant physical quantity which can be derived from G,(w) 
by a suitable method. Some attempt to obtain this G,,.(w) is made in § 3. 

In this section we pay our attention to the F\(m,) and F,(mx) which 
represent the contributions from the bound states to K-N scattering in the 
limiting case as k=0. As was mentioned in the previous paper,” we may regard 
these F,(m,) and F,(m,) as the perturbation results in the true field theory. 
We here deal with the case of pseudoscalar interaction. As was shown in reference 
Za OFS, 


2 Se 2 2 
6 oe Eee ee ae 2m (8) 
ota, Os C—O WO— Ws 
o,=(Mi—M?—m2)/2M=0.107 mx, (9) 
wsy= (M?—M?—m?¢)/2M = 0.268 mx, (10) 


where f, and f; are the renormalized coupling constants in KNA and KN2’ in- 
teractions respectively. Let us discuss only the first terms in the expressions of 
X and X’ for simplicity, since the second terms in them respectively have the 
same forms as those of the first terms. Then 


Seg eNO ana Mg Aan) 2M 11) 
Fy,(@) =f woe Ss wo {(M?,—M?—m,’) /2M}? ; 

Recta w akg rd : ae 12) 
Fy4(w) =f ie ari Ss w— {(M?2—M?—m2) /2M}? 


where the suffix A (or 3) stands for the effect due to KNA (or KN2) in- 
teraction. In order to see the correspondence between K-N scattering and 2-N 
scattering, we try to adjust the factors which are derived from the consideration 
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about isotopic spin. For this purpose we set as follows: 
| Piast) Bape ese ae (13) 
If we neglect the strangeness of particles and set /,=M, then the situation for 
the bound state in K+*-p scattering is similar to that in z°-p scattering and, as 
will be shown below, the expressions for F,,(w) and F:,(«@) have the same forms 
with those in z-p scattering except for the difference in the mass between 72% and 
(eis pion mass). If M,=M, 
2 ye 
Fw) —>f,? —mx/M (11)’ 


wo — (m2/2M)? * 


Fy4(@) —> 2f (? ee iBye 


w(t /IMY | 


In z-N scattering, the contributions from the bound state to 2-p scattering are 


BaF? (EM) =e 4 ont ag ae aS °[/M 11)” 
MOS 3— (GIMP OM) a (2/2M ae 


ones 2 (42/2M )*— 2 SOT ov 9)" 
se 0 ah ud A= oe ee ee 
The fin Eqs. (11)” and (12)” is equal to (4/2M)g, where g is the renormalized 
pseudoscalar coupling constant in pion-nucleon system. Then it may be said that 
Fy,(mx) and F.,(mx) will mainly represent the contributions from the nucleon 
core (inner region~1/M) and those from K-meson cloud (outer region~1/m,x) 
respectively. This can also be seen through the following expressions, 


F,,(mx) td MA, ye) Seale ee (14) 


On the other hand, the practical calculation based on the Lorentz-covariant 
perturbation gives the following results. (Hereafter the effect due to KN -inter- 
action is not written down because it can be expressed by the same form as that 
due to KNA-interaction. ) 


D (1) m — 2 —=91(M,+M) 15 
nee (1+mx/M) {(M,+M)?—m2} Sp 
De (mx) &, CP Mi (16) 


(1+mx/M){(M,+M)2—m 2h” 


where ¥, is not the rationalized coupling constant, but the unrationalized one. If 


M,=M; - 
DD? (nx) = —9°/M, D,® (mx) = oP mx/ 2M? = af a" /mx > (17) 


where 94 = 294", Sa =(mx/2M)g9,.. Comparing (17) with (14), we obtain the 
similar conclusions with those in the .case of m-p scattering. The phenomena in 


_ the neighborhood of K-meson cloud can be explained by the current field theory, 


rol 
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while those in nucleon core cannot be explained. The correct dynamics should 
have such a property as that the effective coupling constant g, is reduced to f, in 
appearance when the dynamics is applied to the problems within the nucleon core, 
When pv-coupling theory is adopted, we obtain similar ones with the expressions 
in Eqs. (15) and (16) except for the difference in coupling constant between f/ 
and y,'._ Thus it may be said that pv-coupling theory is promising to describe 
the behavior of K-N interaction in nucleon core. 

The above conclusions, however, must be modified by the fact that M!, is not 
equal to M. Since (M/—M?—mi,)/2M=0.107 mz >0, the Fi,(mx) in Eq. (11) 
and F,,(mx) in Eq. (12) are 


M?7- M?—m,’) /2M Ss 


Mx 


Fi,(mx) =f 2-4 0, (18) 


Fy,(mx) =fa a =2f "/mx. (19) 
Mx 
F,,(mx) in Eq. (19) is almost identical with F.,(,) in Eq. (14) (or D,° (mx) 
in Eq. (17)). This may be due to the following situation. Since the F,,(mx) 
represents the contribution from K-meson cloud, it is not affected by the change 
of nucleon core apart from the question of strangeness. On the other hand, F1,(7x) 
ought to be remarkably affected by the change of nucleon core because it represents 
the contribution from the nucleon core. The sign of Fy,(mx) in Eq. (18) is posi- 
tive, while that of Fy,(mx) in Eq. (14) (or that of Dj“ (mx) in Eq. (17)) is 
negative. Thus we may say that the value of g,(or gs") should be reduced to a 
negative one in appearance when the correct dynamics is applied to the phenomena 


in nucleon core. It may be necessary in some sense to introduce the indefinite 


metric in describing the phenomena in nucleon core.* 


§ 3. On the estimation of D” (a) 


Since the effects due to the internal structure of nucleon core play an important 

e in the D™(w), it is needless to say that our treatment for K-N scattering in 

which the core in the intermediate state is changed into a hyperon core is more 

difficult than that for z-N scattering. In this section, however, let us try to obtain 

the G,.(w) along the same line with the method in the previous paper” as much 
as possible. 

If the practical effect brought by the application of the correct dynamics to 


the phenomena in the region of nucleon core may be expressed in terms of the 
change of the value of coupling constant, our result may be expressed as follows. 


* This conclusion is not inconsistent with our result in the case of pion-nucleon scattering, 
because the {2 may be interpreted as the value of coupling constant averaged over the spread of 


nucleon core. 
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(i) In such phenomena as that the nucleon core does not undergo any essential 
change in the course of collision, the value of coupling constant in nucleon core 
ought to be reduced in appearance to f= (mx/2M)g, in spite of the fact that its 
value in the neighborhood of K-meson cloud is gy. (11) In addition to this, in 
such phenomena as that the nucleon core (mass M) is changed into the hyperon 
core (mass /,) in the course of collision, the value of coupling constant in nucleon 
core ought to be approximately modified as follows* (apart from the question of 
strangeness) , 


ee ay: ee (Me M*—mx') SUN 9()) ** 
ie me— {(M2—M?—m2)/2M}? ae 
(Of course Eq. (20) is reduced to f/f, when M,=M.) 
The D®(w) in Eq. (1)’ can generally be expressed by the following form, 


™ jr 


5 ha 1 il : 
D” (a) =H @) == a | ( efo as mae py ae a! A_(w') dw! 
An 
ela Mec 1 
al te \ ( ea Co es w!' k'|o_(w’) +o, (w’) |da! 
oe 
+a (mgs IM, Mie Ms Sas tee (21) 


One of the important problems is to obtain the unknown a(x, M, M,, Ms, f 7, fs’). 
Now we assume that the a(m,, M, M,, Ms, £7, fs) can approximately be expres- 
sed by the sum of the following three terms. (i) The effect due to K.N/-interac- 
tion a,(mx, M, M,, fs), (ii) the effect due to KN2-interaction a;(m,, M, Ms, fs?) 
and (iii) the effect due to absorption B. 


a(mr, M, M,, My, pre Fz) =a,(mx, M, M,, ja 


+as(me, M, Ms, f2)+B. (22) 
Then 
D® (mz) =D, (nx) 4D; (mg) FB, (23) 
D,® (mx) =Fis(mx) +a,(mx, M, M,, f?), (24) 
Ds (mx) =F 1s(mx) +as(mx, M, My, f2). (25) 


Since Ds™(mx) ought to have a similar form to that of D,° (mx), we now try to 
determine the form of D,%(mx). In. the case where the nucleon core does not 
undergo any essential change in the course of the collision, the form of IB AC cps 


* Compare the Fy4(m,) in Eq. (11) with the F,(u) in Eq. (11). But note that the difference 
in the factor between. these two quantities is derived from the consideration about isotopic spin 

** The description of the other K-meson reactions will be influenced by the existence of eneli 
an effect as this. Some discussion about this problem will be made in near future. 
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should be reduced to that of D”() in the case of z-N scattering except for the 
difference in the mass between m, and #. From the relation between Eq. (11)/ and 
Eq. (11)”, we may determine the form of a@,(mx, M, M,=M, f)=a,(mx, M, f?) 
in the case of 14,=WM, that is, | es 


ane, M; f7)=0 (26) 
or 

AM; fa) = laf oul, (27) 
corresponding respectively to Method (I) or Method (II) in the previous paper,” 
where the factor 1/2 in the right-hand side of Eq. (27) is the coefficient derived 


from the consideration about isotopic spin. Making use of the relation (20), we 
get 


a (Mx, M, Mi, Lae) =0 (26) 
or ; 
ae oe M?—M?—m2)/M 
@3( tix, IM; ,, 2) SA : ( esd ; De 
ee eo 2 me—{(Mi—M?—m2)/2M}? ee: 
Thus ; 
D® (mg) =8| f2 en CM? —M?—m,’)/2M 
mie — {(M?—M? — m2) /2M}¥? 
2 (M,’— —M?—mx) {2M =| 
5 +B, 28 
me— {(Me—M?—m2)/2M}? x) 


where ¢=1 or 2 corresponding to Method (I) or (II) respectively. 

In order to estimate the magnitude of B in Eq. (28), it is convenient to 
describe the s-wave scattering processes of low energy K~-f collisions in terms of 
the complex scattering length A=a+ib which has been employed by many au- 
thors,”~” that is, 

histo A (29) 
where 6 is the complex phase shift (a+7%). For simplicity we now omit the 
isotopic dependence. 

From Eq. (29) it flows that 

sina cosh #= (kb) sina sinhf+ (ka) cosa cosh, (30) 
cosa@ sinh#= (kb) cosa cosh $— (ka) sina sinh ?. (31) 
In the limit £0, both sina and sinh # must tend to zero, since both a and 6 are 
finite quantities (cf. Eqs..(30) and (31)). Strictly speaking, in the limit as k-0, 
sina 224.(ka);. 8 = (Rd), (32) 


where the double signs (+) correspond to the cases of cosa=-+1 respectively. 
Then the R-matrix for s-wave scattering turns out to be 
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RSet se Si Se el Pane (33) 
The real part of forward scattering amplitude D(w);.50 can be expressed as follows : 


Diz) = lim im = lim 28 ea. (34) 
So far as the D(m,) alone is concerned, the effect due to absorption reaction is 
not so important.* Thus we may neglect the B-term in Eq. (28) which represents 
the absorption effect on K-p scattering in the limiting case of “-k=0. 
According to the result obtained by. Igi,?” it seems that the value of coupling 
constant f72(or f:°) is of the order of 1/4.** If this value of coupling constant 
is adopted, then we obtain the following result by means of the relation (28) : 


D® (mz) =0.17 mg > or. €=1) (35) 
or 


DY Gi) = 0.2) mix on = 2) (36) 


Igi?) has analyzed the experimental data on low energy K*-p scattering and has 
obtained the results : 


Dine) = (= 1.33/ mz) ~ Doin) =2.26/ my: (37) 
From these values it follows that 
D® Ginx): =0:47/ tix. (38) 


Although there is enough ground for controversy with regard to our method, it 
may be said that Method (II) is more suitable than Method (1). If f7=f2=1/2, 
the calculation based on Method (II) predicts the result D® (m,) =(0.4/mx) which 
agrees fairly well with the result mentioned in Eq. (38). But it may be premature 
to discuss the value in detail, since the statistics of experimental data on K*-p 


scattering are too poor to supply detailed quantitative information on K-N interac- 
tion. 


§ 4. On scalar K-N interaction 


In the case where both KNA-and KN3-interactions are of scalar type, the 


expressions for F\(w) and F,(«) can be obtained by the substitution of f2>—g 4 (s) 


in Eqs. (11) and (12).*** (g,(s) is the renormalized scalar coupling constant.****) 
When M,=M, we obtain 


* On the contrary, the imaginary part of forward scattering amplitude A(7m,,-) can be expressed 
mostly in terms of the absorption effect. 


** This value corresponds nearly to g,2(or gz") =4 in pseudoscalar coupling constant. Naturally, 
this value may not be a very reliable one. 


** See reference 2). 


*E Our g42(s) corresponds to the 9 2L(Mat+M)2— m2] /4M2 in reference 3). 
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Fy (mx) =9,(s)/M, Fo4(mx) = —294(s)/mx, (14)’ 


where 9/(s) =29,(s). | 
The perturbation results corresponding to Eqs. (15) and (16) are 


— gi (s) (M,—M) 


iE), Op) = : ¢ 15 7 
te) eras ME nig C= MO ee 
D (2) m aaa —94(s)Mmx : 16 , 
a(x) (1+ ,x/M) {m—(M,—M)?’} ae 

When M,=M, 
DY ip 20P DP (me) == 2977 (5) / x. (17)’ 


In the case of pseudoscalar coupling theory, we may regard a suppression of 
contributions from virtual baryon-antibaryon pairs as one of the reasons why the 
coupling constant gy, is reduced to f, in nucleon core. But it may not be expected 
that, in the case of scalar coupling theory, there exists such an effect as this. 
Therefore the fact that D,%(m,) in Eq. (17)’ differs from Fi,(mx) in Eq. (14)/ 
should be interpreted in terms of the modification of the current field theory in 
nucleon core. 

According to the analysis which has been made by Igi,” the D_ (mx) in Eq. (37) 
may change its sign in the case of scalar-type interaction, and for the value of 
D.(mx) it seems that D. (mx) =(—0.75/ mx) may also be allowed. Then the 


yalue of D”(m,) in Eq. (38) is replaced by 
D® (mx) = (—1.5/mx) or (—1.8/m,). (38)/ 


In the case of scalar-type interaction there is no correspondence between the 


treatment for K-N scattering and that for z-N scattering in the strict sense of the 
word, so D®(w) in this case may not be estimated by the same way as in §3, 
but if an attempt to estimate the value of D”(m,) is made under the assumption 


that D”(m,) may be obtained by the substitution of f? (or fs)>—94 (5) (or 


—gz'(s)) in Eq. (28), 
D® (mx) =8| — 929) ae ee oe > 
(MZ —M?—mx')/2M | (28)/ 
Mr — {(M2—M?—m2)/2M}? 
When 92(s) =92(s) =2.5, we have 
D® (mx) =—1.0/mx (for §=1) (83)* 


— Js" (s) 


or 


D® (mx) =—2.0/mx (for §=2). (36)’ 
It may also be said in this case that our results do not contradict with the values 


mentioned in Eq. (38)’. 
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§5. Discussions 


The f, in Eq. (11) or (12) is of course equal to (mx/2M)g, in the limiting 
case M,=M (for example f,=mx94/(MitM)).* Therefore the values of /. dna 
f2=1/4 nearly correspond to those of g2=9s7=4. But these values given by Igi 
or Matthews-Salam may suffer a considerable change with the increasing accuracy 
of experimental data. According to the perturbation result it-seems that 771 (or 
921). Indeed the cross sections for K*-p scattering may be explained in terms of 
perturbation theory if only the value of 7,’ (or gs?) is of the order of unity, but there 
has been no experimental evidence for validity of the current field theory within 
nucleon core. As is seen through Eqs. (15) and (16), the perturbation calculation 
gives the following characteristic results. 


(D,° (mx) /D,? (mx) | |Ds® (nx) /Ds® (mx) | = 45, (39) 
D,? (mx) = —92/2M, Ds (mx) =—92'/2M es 


Since the contributions from nucleon core to the scattering cross section are pre- 
dominantly larger than those from K-meson cloud (cf. Eqs. (39) and (40)), it 
may be said that the determination of coupling constant in perturbation theory has 
been made by comparing the experimental data with the contributions from nucleon 
core which have probably been estimated incorrectly by means of perturbation 
calculation. The perturbation calculation will predict the result o_(im,) =o. (mx) 
because |D™ (mx)|>|D®(mzx)|. This is obviously inconsistent with the experi- 
mental results although one of the reasons of the inconsistency is attributed to the 
neglect of an important effect due to the absorption reaction of K-meson. Thus 
we may say that there will be no reliable foundation for the conclusion 7721 
(or Ys'=1). Now we should like to emphasize that the determination of coupling 
constant in the current field theory must be performed on the basis of the phe- 
nomena in the neighborhood of K-meson cloud. A detailed discussion about the 
coupling constant will be made in near future by taking into consideration the 
other K-meson reactions too (for example, K-meson production by ;-ray). 

In §3 we have tried to estimate the value of D”(m,) along the same line 
with the method in the previous paper.’ As the treatment for K*-p scattering is 
more complicated than that for z*-p scattering in such a meaning that two kinds 
of coupling constants (f, and f;) are involved in the former apart from the ques- 
tion of the effect due to absorption, we are obliged to introduce the assumption of 
(22). There is naturally enough ground for controversy with regard to this as- 
sumption. Therefore it may be difficult to examine the propriety of the method 
employed in the case of z-N scattering through our study of K-N scattering. If 
the value of coupling constant £2 (or fs?) is of the order of 1/2, there will be a 
considerable difference between the result obtained by Method (I) and that obtained 


* The f,2 corresponds to the 9.47 mx? — (M1—M)?] /4M? in reference 3). 
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by Method (II) as was shown in § 3, although the experimental results on 2-N 
scattering can be satisfactorily explained by Method (I) as well as by Method (II) 


in the previous paper.” Thus it will be possible to make a discrimination between— 


them when the reliable experimental data for K*-p scattering will be reported in 
detail. 

Up to now we have taken into account only the KNA-and KN--interactions. 
When the K-interaction Lagrangian contains ¢;(x) or $¢(a) terms explicitly, an 
additional term C must be involved on the right-hand side of Eq. (1). If we are 
forced to reinterpret our subtraction method under the assumption that interaction 
Lagrangian contains ¢x(2) or ¢4(x)-terms, it may be said that the additional C 
term ought to be included in our expression G,,(w) —Gi(). 
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By extending the Sakata model, a unified model for elementary particles is proposed, 
the basic particles in the Sakata model are assumed to be constructed of the lepton and Bt, 
which is regarded as a new kind of matter. The full symmetry among three basic particles 
and the symmetrical property of the weak interactions which was recently pointed out by 
Gamba, Marshak and Okubo come automatically of this model. The nature of B* and the 
new mechanics which accounts for the binding of B* to the lepton will be the central problem 
to be studied in the future. 


§1. Introduction 


A few years ago, one of the present authors (S. S.)” proposed the composite 
model for elementary particles, in which all particles belonging to the boson-baryon 
family were considered to be constructed of protons, neutrons, /-particles and their 
anti-particles. On the basis of this model; many works” have so far been carried 


out ; especially, postulating the full symmetry among the three basic particles,*” 


Ikeda, Ogawa and Ohnuki,” and Sawada and Yonezawa” have recently obtained 


very interesting results which are in good agreement with experimental data. 

In spite of these successes, the Sakata model has been concerned only with 
the strongly interacting particles, and nothing has been done with the lepton. 
Moreover, even in the case of strong interactions, the charge independence or the 
full symmetry (which we shall call the I.0.0. symmetry) among the three basic 
particles was introduced in a formal way, and it has not yet been clear why the 
strong interaction should have such invariance properties. In order to describe 
both baryon and lepton in a unified way, and to find out a profound meaning hid- 


den behind the charge independence or the I.0.O. symmetry, we must go further 


from the Sakata model. 

For this purpose let us turn our attention to the weak interaction. The theory 
of weak interaction has now come to a very definite point after the great success 
of the current-current interaction theory proposed by Feynman and Gell-Mann.® 
Furthermore, it has recently become clear that the Feynman-Gell-Mann current derived 
from the Sakata model is quite sufficient to account for the experimental facts 
concerning the weak processes.” Especially, it should be noted that the terms 
which obeyed the conditions 4S/4Q=—1 and |4S/4Q|>1 automatically dropped 
out of the current. Thus, by adopting the Feynman and Gell-Mann theory and 
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taking the standpoint of the Sakata model, we may write down the interaction 
Hamiltonian for the weak interaction as follows: 


IRS ees Dae eae (1-1) 
where 
2 hi Or, Ci-+-7)e—-) +f, Orn (1 +75) fs (Pr. ee +75) N) +f: (Pr (1 +75) A) 
(1-2) 
and 
Az=h=fs, filfi eee Ee eens (143) 
10 100 


As we see from (1-1), the weak interactions have the universal character 
independent of the family concept of the elementary particles. Not only the cou- 
pling constants are of the same order of magnitude, but also the forms have the 
(A-V) type in common. Moreover, if we disregard the smallness of f, in com- 
parison with other f’s, the interaction Hamiltonian (1-1) is invariant under the 


simultaneous transformation 


Pey, Nee, ACL. (1-4) 


This fact was first pointed out by Gamba, Marshak and Okubo” at the Kiev Con- 
ference, so we shall call it the Kiev symmetry. The existence of the Kiev sym- 
metry tells us that, apart from the strong and electromagnetic interactions, proton, 
neutron and A-particle have the same properties as those of neutrino, electron and 
muon respectively. Therefore, if we imagine that P, N and A are the compound 
system of positively charged matter B* with v,e- and po respectively, all weak 
snteractions will be reduced to those of leptons, and the strong interaction will be 
regarded as the properties of B*. 

In the next section, we shall discuss this model in detail, and show how the 
main features of the weak and strong interactions can be derived from it. 


§2. Qualitative aspects of the model 


We have proposed a unified model for elementary particles in which the three 


basic baryons are supposed to be composed of B* together with », e and (> re 


spectively. So we may denote 


P=(Btv)>* 
N=(Bte-) 7. 
A=(Bt yr). 


* Tt should be remarked that we must adopt the four-component theory of the neutrino to get 


the real proton: 
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At present, however, the nature of B* as well as the mechanism by which B* is 
bound to the lepton are entirely unknown. Thus it is open to question whether 
B* behaves like the ordinary matter or not. For example, we may imagine B* 
having a charge-like nature, as was suggested by Taketani.” Even ik: hasse 
particle-like nature, it would be quite doubtful whether it obeys the quantum law 
or not. These points will be discussed in the next section. In any case, we should 
now be satisfied with qualitative considerations. 
Let us first consider the properties of B*. Irrespective of its real nature, BX 
should have the following properties : 

(i) B* is bound to only one lepton, and not to any anti-lepton. 

(ii) Separation of a baryon into B* and lepton is very hard or may be 
impossible. 

(iii) All of the particle-like natures of the baryon (spin, statistics, and so on) 
come solely from those of the lepton. The role of B* in the baryon is to make 
it massive and active. 

(iv) B-matter must be conserved for all processes. This will account for the 
conservation of baryon number in the usual theory. 

Next we shall discuss the weak interaction. In our model, it is assumed that 
the lepton is the only source of weak interactions. Therefore, adopting the cur- 
rent-current interaction theory proposed by Feynman and Gell-Mann,” we shall 
start from the primary interaction of the form 


tleoae= 1 ate 5 (2-1) 


where j, is the Feynman and Gell-Mann current (F.G.-current) of the lepton: 


Jef \ (A A+7—)») + Fra A+75)») |. “X@g 


Now, if B* is bound to the lepton to form the baryon, the F.G.-current of the 
lepton will take the following form: 


J,=Cise=f |(Nr. +15) P) + Ap, +7) PI (2-8) 


Therefore, in order to take the baryon into consideration, we shall have to use, 
instead of (2-1) and (2-2), the effective Hamiltonian 


He = ks (2-4) 
with the effective current 
Dae | (2-5) 


(2-4) and (2-5) are obviously identical with (1-1) and (1-2) respectively. 

Here it should be noted that we have assumed the conservation of B* in each 
of the F.G.-current. If we require only the conservation of B* through the whole 
weak process, the effective Hamiltonian would in general take the form 
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Ee aad ep ats J rae Tf a (2-6) 
with 

Ji =f\ (Nr. d-+7)») + Ar +70))| (2-7) 
and 

I =f \ (Gal t7)P) + Pr +7s) P) |. (2:8) 


(2-6) is, however, quite unfavourable, because the unwanted processes such as 


Ke SS py 
or 
PHP ent FP 


would occur. This is the reason why we assume that B* is conserved not only 
through the whole weak process, but also in each of the F.G.-current.* 

As was mentioned in §1, the coupling constant of the Fermi interaction 
including A(f; is (1-4)) seems to be slightly smaller than those of the other,’” 
hence the effective Hamiltonian (2-4) should be regarded as an approximate one. 
We may, however, expect that such differences among the coupling constants will 
be explained, for instance, by taking into account the unknown mechanism of 
binding B* to the muon, which is not considered here. 

Now we shall discuss the strong interaction. In our model, it is assumed 
that the strength of the strong interaction between the basic baryons should 
be determined by the nature of B-matter, and be independent or almost independent 
of the kind of lepton to which B-matter is bound. Moreover, the lepton in the 
baryon cannot change its kind by the strong interaction, because such a transition 
happens only when the lepton suffers a weak interaction. It is then conceivable 
to suppose that, in virtue of the property (ii) of B*, the currents defined as 


I. Ov = (POP), 
Iy==(@O00¢),= (NON), 
L,=(hOL) p= (AOA), 


where O denotes the Dirac matrix, for each basic baryon plays an essential role to 
provide the strong interaction, although nothing is known about its profound mean- 
ing.** From these assumptions, one can easily conclude that the effective Hamil- 
tonian for the strong interaction should have a full symmetrical form. Accordingly 


if we put 


— 


* If the weak interactions were mediated by a heavy charged boson introduced by Feynman 


and Gell-Mann,®) this assumption would come out automatically. 
** Tt should be mentioned that an example of such a theory was once proposed by Y. Fujii. 
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(2-9) 


the effective Hamiltonian will be expressed by a function of (7OZ). If we take, for 
example, the four-fermion interaction as a primary one, it should have the following 


form : 


~ 


Hibong= 24 Ja(LO*X) (LO*D). (2-10) 


We here notice that the Hamiltonian for the strong interaction satisfies not 
only the charge independence, but also the 1.0.0. symmetry. These properties 
have hitherto been explained on the basis of the hypothetical charge space, whereas 
in our model such symmetries are an immediate consequence derived from the 
simple properties of B-matter. It should be stressed that it is no more necessary 
to assume the existence of any formal space whose physical meaning is quite obscure. 

Thus we see that the main features of both strong and weak interactions can 
be ascribed to the three leptons and B-matter. 

Finally we shall remark a possibility of the process 


a +NCA+e, 


which represents an exchange of free and bound leptons. This is supposed to be 
caused through the following steps : 


PINE RB 2) CE) a ak ng 


that is, by a collision of the neutron (A-particle) and the muon (electron), the 
former is dissociated into the B* and the electron (muon), and thereafter the B* 
is bound to the muon (electron) leaving the electron (muon) free. Since, as was 


_ mentioned previously, such separation of the baryon into B* and lepton is thought 


to be very hard (even in the virtual process), this reaction would be a very high 
energy phenomena if it occurs. In spite of the difficulty of its observation, we are 
interested in it, for it will give us some information about the binding of B* to 
the lepton. 


§ 3. Further outlook 


In the preceding sections, we have described a new model of elementary par- 
ticles which, unifying all elementary particles into the three leptons (», e~ and p-) 
and a new kind of matter B*, could account for the existence of three basic baryons 
(P, N and 4) strongly interacting in charge-independent or I.0.0. symmetric ways. 


Further, our model was shown to afford a conceivable interpretation of the Kiev sym- 
metry of weak interactions. 


To make further progress, however, it would be necessary to clarify many — 
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problems being left unsolved in the present discussions. Among these the following 
may be of fundamental importance : : 


1. To investigate the physical meaning lying behind the differences among the 
basic baryons. This may be closely related to a problem of finding the structures 
Oto €.<- ali {fas 

2. To find a physical ground for the space-time structure of interactions which 
has been assumed more or less formally or phenomenologically. In other words, 
it will be necessary to search for the reason of parity-conserving character of the 
strong interactions on the one hand, and of parity-violating A-V form of the weak 
interactions on the other. Especially the former problem would. be settled in con- 
nection with discovering the true nature of B-matter. 

3. To discover a dynamical law which governs the compound system of lepton 
and B*. In order to search for the new physical principles which reveal them- 
selves in the sub-quantum-mechanical region of nature, and thus to enable us to 
develope the present model in more concrete form, it would be instructive to draw 
our attention to the various possibilities of constructing the lepton-B* system. The 
possible forms of construction may be classified in accordance with our intuitive 
pictures into the following categories : 

a) The hydrogen-atom-like model. In this model, both B* and lepton are 
regarded as point-like particles. We then treat B* as a kind of charged heavy 
bosons with spin 0 and the baryons are considered to be composite systems of 
leptons and B*-‘ particles”, although the applicability of present-day quantum field 
theory to such systems might be more or less doubtful. 

b) The core type model. One of the constituents (the lepton or B*) is 
assumed to be the point-like core of the other, whereas the latter is imagined to 


have an intrinsic extension in space-time. 


c) The two-fluid model. Both B-matter and lepton are nonlocally distributed 
in a small region of space, and combined dynamically by each other as if they were 
two. different kinds of fluid. 

d) The vessel model. The lepton is imagined to play a role as the vessel 


or the bag in which B-matter can be filled up. An empty vessel is then nothing 


but the lepton itself, whereas a filled one corresponds to the baryon. In this model, 
B-matter would not be able to be observed in any way except in the case where 


’. Bmatter exists as a filling material of the lepton-vessels. In this respect, B may 


have a property similar to that of the charge as was mentioned in § 2. Along this 
line of thought Matumoto and one of the present authors (M. N.) developed a 


~ model’ which could well interpret, e.g. the mass formula of elementary particles 


proposed by Matumoto.” Besides these models, we may picture many other models 
for our compound system. The models a)—d) are merely the ones which we 
take as the typical representatives being expected to be of some use in future 


development of our model. 
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Recently a unified model” for the elementary particles (called “the Nagoya Model”) has 
been proposed in which the basic baryons in the Sakata model are assumed to be composed 
of the leptons and a new kind of matter, B. Through the investigation of the mass formula 
for the compound particles in thé Sakata model, it is shown that the B-matter has a charge- 
like character similar to the electric charge (€=—€). On the basis of this character of the B- 
matter, i) the mass formula (the bond character and the mass-bond relation) is reproduced, 11) 
the physical ground is given to Taketani’s idea,” and his idea “is developed. A dynamical 
law of the basic baryons within the compound particle is discussed. Remarks on new boson- 
baryon family and photon are given. 


§ 1. Intreduction 


Through the investigations of the elementary particles and their mutual inter- 
actions, it has been found that the elementary particles are classified into the lepton 
(v, e, #) and the boson-baryon families and have a kind of universal interaction, 
e.g. the weak interaction, and that the boson-baryon family has another kind of 
universal interaction, e.g., the strong interaction. 

For the strong interaction, the well-known rule of Nakano-Nishijima and Gell- 
Mann® has been established phenomenologically. The more profound and realistic 
way of understanding of this rule has been proposed by Sakata.” According to 
Sakata’s idea, only proton, p, neutron, », A-particle, A, and their anti-particles, 
(p, 7, A), are assumed to be the basic particles which compose other baryons and bosons. 
Through the analysis of the strong interactions based on the Sakata model, it has 
been pointed out that the full symmetry (I.0.0.-.symmetry)” among Pp, ” and A 
exists when the nucleon-/ mass difference is neglected. This idea has been further 
developed and brought into fruitful results.” : 

On the other hand, for the weak interaction, it is clarified that if v, e, ware 
assumed to be the basic particles as well as p, n, A, the Gamba, Marshak and 
Okubo symmetry” for the exchange (», e, 4) (p, », A) is approximately valid.” 

Based on these symmetries, the Nagoya model” has been proposed in which 
the basic baryons p, 7, 4 in the Sakata model are assumed to be composed of the 
leptons v, e, 4 and a new kind of matter, B. 

According to the Nagoya model, the characteristics of the interaction among 
B-matters are supposed to be reflected in the characteristics of the strong interac- 
tion in the Sakata model. 
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Based on the Sakata model, the semi-empirical mass formula” for the compound 
particles has been proposed and fairly well succeeded.* Here, we would consider 
that the characteristics of the interaction among B-matters may be strongly reflected 


in the mass formula. 
The semi-empirical mass formula for the compound particles in the Sakata 


model are as follows: 
M=m,(npztnz) — Ve(ee —Nee—Nee) 
+ dm (n,+nz) +4V (nyz +2y1—Nwi— 57) 
+24V (147 —Mas—N27)s (1-1) 


where 72 ,7~1840 Mes 
V 273400 m,, 
dm=4V ~300~ 400 ™,, 
np, n,: the number of basic baryon, A-particle in the compound particles, 
ee ae ate. thesnumber of the bond B-B’, N-A, etc., in the compound 
particles. 


The main part of the mass formula is reduced to 
| M=m,(n,+nz) — Ve(te7 —Nee—Nee)>, (1-2) 
by neglect of dm, dV. 


Here, the bond character in this mass formula can be shown as just repro- 
ducible** if we assume as follows. 


()  B-matter distributes in v, e, # which are something like the sphere of 
radius (. 


(ii) There exists the very short range (</,) interaction among B-matters. 


The interaction energy of B-B is equal but of the opposite sign to that of 
B-B and B-B. 
Namely, the interaction energies of B-B, B-B, B-B are given by 


ce \\e ()o(r—r') A(e)) dr de’, 
CC\| p(n) ver!) ole!) drdr’ (1-3) 


C \|F@ v(r—r’) o(r’) drdr’, 


* The main consequences obtained by the mass formula are, e.g. the existence of the reso- 
nance of K-N scattering (incident energy~300 Mev) and new bosons (=1700 m,) with strangeness 


eZ. These are supported by the recent experimental analysis. - 


** The authors thank Drs. Z. Maki and S. Sawada for the discussions on this point. 
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where (r), f(r) are the densities of the B- and anti-B-matter and 
v(r—r’) is a very short range (<J,) interaction. 
(iii) The energy of the ground state of the compound particle is given by 
the classical minimum energy. 
According to this analysis, we are tempted to suppose that the B-matter has ee 
a charge-like character* (C=—C) similar to the electric charge (€=—6). 
Recently, an attempt (the Taketani-Katayama model)" has been made to 


understand the mutual differences among the leptons v, e, 4 due to the differences ss 
among the distributions of the electric charge within the leptons. Ss 

The fact that the B-matter has~the charge-like character (C=—C) leads us uy 
to Taketani’s idea? and gives the physical ground to his idea. Taketani attempted 4 
to unify the Nagoya model (lepton B-matter baryon) and the Taketani-Katayama _ 
model in the following manner. (Fig. 1) : 2 
(1) e and p are constructed by loading the &-charge to »v. a 
(2) The basic baryons (p, 7, 4) are constructed by loading é-charge = 
the B-charge to the leptons (», e, 4) respectively. ey a E 

In this paper, we shall introduce the assumptions about | B-charge = 
the structure of the basic particles and of the interaction Baryon “a 


(§ 2), derive the mass formula of the compound particles 
(§ 3), and examine the conditions required for the law of Rien i 
dynamics inside the region of the compound particles (§ 4). 


Shs us 
oy. 
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§ 2. Basic assumptions about the model 


ae i sh oie 


Our basic assumptions on the structure of the elementary particles are as fol- 


lows. Bae 
(1) » is the basic matter which can load** the €-charge and the B-charge. There 


exists its anti-matter ». » has the spin 1/2 and the mass nearly equal to zero. 
At present, we consider » as a rigid sphere with radius J. 


(2) & (anti-€-charge) =—€&, &=€ \¢ (r) dr, (electric charge—), 


B(anti-B-charge) = —B, B=B\ o,(r) dr, (electric charge+). tpt 


There exists a very short range (</,) interaction between the charges. The in- 
teraction energies are given by 


‘cca i ek. sat il irik il i ial i i i ie een A 


hone 


BB’ \\ Og(r)v(r—?’) Pe (r’) dr dr’, 


and é€! \\ pe (r)v(r—P’) Per (r’) dr dr’. 


* The B-matter is conserved in the interaction as in the case for the e-charge. 
** The fundamental origin of the charge and the mechanism of the loading are 


in the present stage. 


(2-2) 


yet unknown 
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The & and the B-charge are conserved in the interaction respectively. 1 
(3) » can load only the &- and the B-charge but neither the €- nor the B-charge. 
» can load only the & and the B-charge but neither the €- and nor the B- 
charge. ae 
(4) -e and y are constructed by loading the &charge to v. The basic baryons 
(p, n, A) are constructed by loading the B-charge to the leptons (v, e, 4) respec- 
tively. Bie: . 
There exists the freedom of the different charge distribution and this appears 
as the e-/ difference. 


§ 3. The masses and the mutual interaction of the basic 
particles and the mass formula for the compound particles 
[1] The mass of the basic particle 


The masses are produced by the interactions between the charges as 


my = B\\ pe) v0!) ae!) dred 


(3-1) 
Me = 2 | | Pe(r)vr—r’) o.(r’) dr dr’. 
If we assume that 7,(r) and ,(r) are constants and 
v(r—r’) =al,0(r—r’) (3:2) 
(a is a numerical factor of order 1), 
then we obtain 
3 ap? 
ae 3-3 
ME Grae i (3-3) 
Bae 
a i 2.4 
SIGE, (3-4) 
From these, it holds 
2/ B= m,/ Mm. (3-5) 


In this case, if we equate & to the electric charge, e, and m, to the electron mass, 
m,, then the length, 4, will be about 0.1 y* from Eq. (3-4).** Therefore, from this 


result of our model it may be expected that the quantum electrodynamics loses its 
validity near the range of this order. 


* ly (1 yukawa) denotes a unit of length (=10- Bem). 


** If we assume ‘v(r—r/)=1/|r—r’|, 1) will be of the order of the classical electron radius 
(~2-8y), and this conflicts with the present knowledge obtained from the experiments about the 
‘applicability of quantum electrodynamics.!2) The very short range of v(r—r’) is also required 
from this point. We consider that the interaction between the 


parts of the unit electric charge is 
not necessarily due to the exchange of y(photon). 
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[2] The interaction between the basic baryons (p, n, A, p, A, A,) 
The interaction energy between the baryon 1 and the baryon 2 is given as 
follows,* 


Ve (R,— R,) =B'B \\ en (r:) U(r —12) Pm (r2)dridr,,  ® (3-6) 


where R,, R, are the center-of-mass coordinates of the baryon 1 and 2 respectively. 


It should be remarked that there exists the following relation, 


VEO 2 mae"5 
hero (1,2 are BB or BB), 
Sea a (3-7) 
(—1 (1,2 are BB), 


namely V#%(R,—R,) is the interaction with the depth not larger than 2m, and 
the range of the order of hh. 
The total energy H of the system of m basic baryons is then given by 


H= SV pe+me+ Vi (RR). (3-8) 
i=1 t<j 


If we assume that 9,(r) is constant, then we obtain from Eq. (3:2) 
: 1 /{R,~R,| \°. 3 |= R,| i 
We ReR =Vv3@| ( 1 2 seul 
z (R,— R,) z (0) iG i, i i 
for |R,—R,|<2h, 
==() for |R,—R,| >2/. 


(8-9) 


[3] Mass formula for the compound particles 
The masses of the compound particles are determined by the minimum eigen- 
value of H. The classical minimum energy, Emin, for H is given by 


Enin= >) m5+ >} V#(0), (3-10) 
i= i<j 
and from Eq. (3:7), we obtain 
Enin= s Mp+ 3 21h pe, (3:11) 
j=1 i<j 


Equations (3-10), (3-11) just reproduce Eq. (1:2), namely the main part of the 


- original mass formula and the empirical relation between m, and V, such as, 


Veo nig: (3-12) 


* We assume that in the interacting time or(r) has the same distribution as in the free state. | 
The various effects due to the deformation and the polarization, etc., are considered to be added 


further to Eq. (3-6) as corrections. 
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§4, The law of dynamics of the basic 
baryons within the compound particle 


[1] Based on our model described in § 2, we have clarified that the classical 
minimum values of the total energy just reproduce the mass formula for the com- 
pound particles (the bond character and the relation V,z~2 m,)- 

On the other hand, if we would apply the quantum law to the relative motion* 
between the center-of-mass coordinates of the respective basic baryons within the 
compound particle, there could not exist the stable compound particles with masses 
given by the formula (1-1). The reason is that within the compound particle (the 
dimension is of order of J,) the fluctuation energy due to the uncertainty principle 
becomes necessarily too large to yield the binding energy (V,~2m,) with the 
use of V2(R,—R,) (the depth >2m,, range~/, as shown in Egs. (3-6) and (3-7)). 

Therefore, in order to reproduce the mass formula based on the model of § 2, 
the uncertainty fluctuation energy (quantum effect) should be supressed in the rela- 
tive motion between the center-of-mass coordinates of the respective basic baryons 
within the compound particle. 

Here, we make an attempt to determine a measure to what extent the uncer- 
tainty fluctuation energy is supressed. We shall express the measure by the 
modification for # appearing in the ordinary uncertainty relation. Putting the 
condition that the uncertainty fluctuation energy must be smaller than mm, in the 
compound particle z constituted from N, N, we obtain (Appendix) 


hi? S/10) hh, (4-1) 
as the upper limit for 712;°, where L denotes the relative orbital angular momentum 
of, N, N. 

[2] In our model the dimension of the compound particle is of the order of J, 


so the effects due to the finite size (~d,) of the basic baryon could not be neglected 
in the motion within the compound particle. And there it is expected that a new 


_ dynamical law in the sub-quantum-mechanical region would play an important. role 


instead of the quantum law essentially based on the point model hypothesis.’ 

[3] From the discussions [1] and [2] in this section and from the success of the 
derivation of the mass formula in § 3, we would be allowed to regard our model to 
be true and suppose that the new dynamical law governing the compound system 
has something like a classical feature and the structure of the basic baryon is not 
originated in the quantum mechanical law. | 


§5. Concluding Remarks 


[1] New boson-baryon family. We have found that the B-matter has a charge- 


* . . ee 

If the structure of the basic baryon were originated in the quantum mechanical law (and 
Particles), the relative motion between the center-of-mass coordinates of the basic baryons should 
necessarily obey the law of quantum theory. tes 
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like character similar to’the €-charge: Here, if we further extend the similarity to 
the other properties between the B-matter and the &-charge, we could expect also 
the existence of two degrees of freedom for the distribution of the B-matter similar 
to the €charge. Then another new boson-baryon family will be found besides the 
well-known family. The new baryons (p’, 7’, A’) will ‘have fairly larger masses 


than those of (p, 7, 4) corresponding to the pene of the #-meson mass compared - 


to the electron mass. 

[2] Photon. In the same way that the compound systems are constructed by the 
B-charge interaction, new compound systems constructed by the &-charge interac- 
tion can be expected in our model. On the other hand, in order to obtain the 
compound system constructed by the &charge interaction, the uncertainty fluctuation 
energy will have to be extremely supressed as was shown in §4, From this 
reason, it seems to be difficult to describe this new compound system by the same 
procedure as in §3. However, Eq. (3-5) and the empirical relation such as 


& ~_“*e “(g is the z-N interaction constant.) , (1972 


may suggest that the photon is also a compound particle due to the &€-charge ina 
similar sense that z is due to the B-charge. 

[3] The differences between e and y, and also N and 4 will be the future im- 
portant problems to be investigated in connection with the difference of the &-charge 
distribution, the mass differences, the bond differences, the violation of the G.M.O.- 
symmetry” in the weak interaction, and so on. 
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Appendix 


z is considered to be constructed of N, N according to Eq. (3:9). Then the 
condition that the uncertainty fluctuation energy should be smaller than m, 1s ex- 


pressed as follows. 
Ap Ney/T> 
(dp)*/2(M/2) << (A-1) 
MAM SE Gs A 
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Electromagnetic Structure of the Nucleon. IV* 


—Charge Distribution of the Proton 
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It is suggested from experimental data and theoretical analyses that the charge distribu- 
tion function of the proton will become negative in the inner region. The analysis of Stanford 
data on the electron-proton scattering is reexamined, and a lower bound for ¢72);,, is given 
model-independently from some general assumptions. As examples, two trial proton models 
are considered which are consistent with the present Stanford data and in which the values 
of (r2),,, are rather smaller than the usually accepted ones. 


§ 1. Introduction 


It seems to be generally believed that the experiments of high-energy electron- 
proton and electron-deuteron scatterings» and low-energy neutron-atom scattering 


indicate** 


(7? )i.n =, (1-1) 
Cr): p=) ap = (0.80 + 0.04)? Y? (1-2) 
EET Dan (1-2") 


for the mean square radii of charge and a.m.m. of the nucleons. We may say 
that these electron scattering experiments at Stanford are valuable and progressive 
ones in the following sense: They have shown experimentally that the electro- 
magnetic interactions of the nucleons take place not at a point but over some finite 
regions which are extended over about 0.8Y from the centre of the nucleons. 
From the experimental values we are confronted at once with a well-known 
difficult problem,” that is, why is only the charge radius of the neutron so vanish- 
ingly small in spite of the fact that the other radii are very large? It is worthwhile 
to examine whether or not this problem can be explained by the current meson 
theory, in order to see whether or not meson theory is valid in the region 


* A preliminary report was published in Prog. Theor. Phys. 28 (1960), 192 (L). The notation 
is the same as those of I (see ref. 5)). throughout this paper, unless otherwise indicated. r 
*& We always write the Jength in unit of 1Y@1 yukawa) =10-% cm throughout this paper. 
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1/M~1/p. It has been shown, on the other hand, by the meson theoretical 
analyses of the nuclear forces and the P-wave pion scattering by nucleons that 
meson theory is valid in the region r=1/. We have so far investigated the 
theoretical values of (7*),,,, etc.” We may say that these theoretical values will 
not be inconsistent* with the experimental ones and meson theory will qualitatively 
be valid in the region 1/M~1/y, though we cannot definitely, conclude so because 
of the approximation used. 

Next we must begin to examine whether or not the experimental values (1-1) 
and (1-2) can be explained not only qualitatively but also quantitatively by meson 
theory. Asa preparation to enter into this problem, in this paper, we shall check 
the reliability of the experimental values (77):.2, (77): and (77)e.»- 

In this place we shall investigate the possible break-down effects of quantum 
electrodynamics (Q.E.D.) at small distances. If Q.E.D. breaks down at small 
distances and if its deviation from the present theory can be represented by form 


factors in some sense, we may write”:® 


Fe? (@) =Fi3(¢) Fn (q?) Fe(q); 
FS? (G) =Fap(C) Fin(G) Fe (G7); 


where F,,(q’) and F,(q’) stand for the form factor of bare photon propagator and 


(1-3) 


that of bare electron-photon vertex respectively, and we have discriminated the 


‘experimental form factors, F,°x”, etc., from the true ones of proton. From (1-3) 
we immediately have 


CIDLS CaP Mc oy oe oa ae 
CTDip AE ape jin et as 


There is a possibility, therefore, that the experimental values of r.m.s. radii of the 
proton are different from the true ones of proton owing to the break-down of Q.E.D. 

Next, it must be taken into account that the value (1-2) was determined by 
a form-dependent method in spite of the fact that the concept of r.m.s. radius is 
independent of the form of its distribution. Therefore there is no assurance that 


another model, which has not been used by Hofstadter et a/., never gives a value 
much different from (1-2). 


di4) 


Contrary to the proton case, (1-1) for the neutron is free from these ambi- 


guities. The effective charge form factor, F, for low-energy electron-neutron scat: 


tering is given by 


FP) =[Fin(q) — (¢?/8M") Pan) +2Fn@)} Fn (@) Fe (ap Fem @ 0) 


and the corresponding mean square radius is 


* That is, if we take an prasieae standpoint on the cutoff methods in the calculation of the 
3z-state contribution. 
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Cr) =(9)1 9+ (3/2M?) Fan (0). he) 


Therefore (1-1) can be regarded as what was determined independently of the 
shape of the charge distribution of neutron and of the possible break-down of 
O.E.D. at small distances. 
We may thus conclude that (1-1) is reliable, but (1-2) is not so reliable at 
least at the present stage because (1-2) is dependent on the assumption /,,= F's, 
and the shapes of models (even apart from the possible break-down of Q.E.D.). 
In this paper, therefore, we investigate the possibility of modifying (1-2) by 
reanalysing Stanford data. Our standpoints in this semi-phenomenological analysis 
are as follows: 
i) We rely upon (1-1) and Stanford data for cross sections. 


ii) .We believe consequences from the general theoretical framework, for example, - 


we believe that the form factor has a spectral representation. 

iii) We rely upon the current meson theory in the outer region r=1Y. 
iv) We utilize information from theoretical investigations as much as possible. 

In § 2, we suggest on the basis of our previous calculations” that the charge dis- 
tribution function of the proton will become negative in the inner region. In §8, 
model-independent considerations are developed. We present a lower bound for 
(r*),, without using special models, and investigate the relations between positive 
definiteness properties of the form factor and the distribution function. In § 4, we 
propose two trial proton models which have such shapes as suggested in § 2. 
Using these models we show that the values of (r*):,, and (7°). become smaller 
than (1-2), despite that these models are consistent with all the present Stanford 


data. 


§2. Charge distribution of the proton 


his section we shall conjecture a qualitative form of the charge distribu- 


In t 
For simplicity we assume that the bare-state probability is 


tion of the proton. 
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Fig. 1. (a). Fig. 1. (b). 
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zero, i.e. Zo,,=0,* and that the charge distribution function of the isovector part, 
a,” (r), is positive definite as shown in Fig. 1(a) (this is conjectured from pertur- 
bation and static theories”). Furthermore the charge distribution function of the 
isoscalar part, /,°(7), will be positive in the outer region and negative in the inner 
one, if we assume that our previous calculation of 3z-state contribution” is not 
drastically modified. But the inner part is naturally affected by higher-massive 
states so that the total charge become e/2 as shown in Fig. 1(b). 

When we denote the amount of the outer positive charge of ,°(r) by 


Qe(Q>1/2), <r),* is given by 
(Pi =Ors — (Q—1/2) rs (2-1) 
=OQOrs', 
acre rs and re are the weighted mean distances of the positive and the negative 


charge from the origin, respectively. On account of r{>rio and Q>Q—1/2, the 
second term of the right-hand side of (2-1) can be neglected. Likewise we have 


Py = (1/2) ry’. (2-2) 


Now we may assume that the ratio rs:ry is approximately egnal to 1/3:1/2 


4rro,, (7); Zo, p=9 Axrp,., (7) 


An py, (7), Zo, px£0 
because the thresholds of a;%(m) and 


a,” (m?) are respectively 34 and 24, namely 


re ty = Cys)" 201/72) G3) 


we can estimate the magnitude of QO, 
namely, we obtain 

Fig. 2(c). | Q~1. (2-4) 
Therefore, when Z,,=0, the charge distri- 
butions of the proton and the neutron will 


* Even if Z,,,>40, the following arguments. will not be essentially modified. 


Then from (1-1), (2-1), (2-2) and (2-3), | 
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bu eat ee ere sae 
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probably have such forms as shown in Fig. 2(a) and 2(b), respectively. That is 
to say, the charge distribution of proton is positive in the outer region (~1.5e) 
and negative in the inner region (~—0.5e). Katayama et al.” adopted such a 
form as Fig. 2(a) for the proton in order to explain the neutron-proton mass 
difference (assuming F,,=F,,). The charge distribution of neutron becomes 
negative-positive-negative as was pointed out by Schiff.” The outer part is nega- 
tive because the isovector part is extended more outward than the isoscalar part 
as is shown in (2-3). If 2,40, the charge distribution of proton has such a 
form as Fig. 2(c). 


§ 3. Model-independent considerations 


3-1. Lower bound for <1°)1» 
As was stressed in § 1, (1-2) is what was derived by assuming special models. 


Goldberger et al.” suggested that even 
Crip au (3-1) 


might be possible. In this subsection we shall show that such a possibility will 
be excluded under some general assumptions. 

Since experiments furnish cross sections only for the finite number of q’, we 
can always construct F;,(q’) so that it be consistent with all experimental data 
and give (7°),,=—6F1',(0) =0 (for example, take a function of (q’)” alone). But 
if, as is deduced from the general theory, a spectral representation is possible for 


Fi») : 


ao 


A (ea Oey oes, ; 
Fi p(qQ= ae dm (3-2) 
(24)2 
with 
Cae (or ‘ 
1p” ? anv, (3-3) 
m 
(2y)2 
and if the spectral function @;,,(m") is not much oscillating (more precise condi- 


tions will be stated later), then F,,,(q°) has no inflexion point for small gq’, 


hence we can safely extrapolate it to g’?=0 as is usually done in order to obtain 


aap eee < 

For simplicity, 
one zero-point for m° > (2p)?. 
because it is owing to z*-cloud, we can put 


ata) 0: «tor (2n)*< ml <x, 
as,(m) <0 — for e<m’, 


we first consider the case in which @,,,(m’) has at most only 
Since @;,,(m’) is of course positive near threshold 


(3-4) 
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where may or may not be infinite. If there is an inflexion point, there holds 


that 
7 8 i & (mM) =0 te 
pte Pe (+m)? ” (3-5) 
(24)2 
ee; 7 
2 mr? ay p(m’) ‘ a m? as, (m?) | aes : 
Py I — so 7. irs a 6 
(q?+m’)* mm dm \ (g+m’)® mae mL ( ) 
(2)? oe 


Since the function m?/(q?-+m’)? for ¢<8/" is monotonously decreasing with respect — 


to m?(=. 4p’), we have 


co 
2 ae, 2? 
LP MUEE ane | Baie CA0 8 ee Sus BED) 
m m 

(24)2 «2 


On the other hand, (3-3) can be rewritten as 


i [ay ,(m?) | ° a, ,(m’) i a, ,(m’) 
See is es eit SN 2 Z 

\ me Gas me m =a \ a dm’, (3-8) 

Ke (2p)2 (2y)2 
which is inconsistent with (3-7). Therefore, when g’<8y’, F\,,(q*) cannot have 
an inflexion point. The above arguments hold as it stands in the case in which 
a,,(m’) again changes its sign at m°=«’”(>x«*) if the total charge for m*>«” is 
less than unity. 

We may thus conclude that F,,,(g*) has no inflexion point for 0<q’?<8= 
16Y~* as far as a,,,(/m") is not too curious. Stanford data indicate that F,,,(g) 
is concave for g’=0.5~17Y~. We can therefore give a lower bound for (7*),, 
from experimental data. 

-For small q’ we may identify F,’,(q’) with the ratio of the experimental cross 
section to the Mott cross section. We donote the experimental values of F,., (gq?) 
for v=o and q," by F, and F:, respectively, and write F,,,(0) =F). The absence 
of the inflexion point leads to 


Shih eRe: 
fe he ees (3-9) 
dz — Qh 


If F,,,(q’) were correctly normalized, there should 
hold F)=1. But as the absolute cross section of 


Stanford experiments has large ambiguity, we must 
normalize it. Therefore the normalized negative 
tangent at g=O is 


= ie Fi (0)/z Is (9.10) 
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Since the right-hand side of (3-10) is monotonously increasing with respect to F,, 
from (3-9) we obtain a 


P,—F 
CPi =6- 1 2 : : 
ee qa F,—q F, ee 


As an example, we use the Stanford 300 Mev data,” which seems to be most ef- 
fective among the existing data. Substituting 


GF — 0.09; n= 1.24, i x 
(3-12) = 
F,=1.00, F,.=0-85, (mean values) ee 


in the right-hand side of (3-11), we obtain 1.2Y°, but of course this value is not 
reliable. When we take into account an experimental error of ~10% for cross 
sections, a lower bound for <7*),,, becomes 


: 
(7), = (0.4~0.5) Y?. (3-13) - 
, 
: 


This value will be rather reliable since it can be smoothly extrapolated to larger ae 
g’ without inflexion point within experimental error. Since this lower bound is at 

N eo. 
rather strongly dependent on experimental errors, more accurate measurement for = 


small g? is highly desirable. ee 

3-2. Positive definiteness of Fourier transform age 

In § 2 we pointed out the possibility that 1,,(7) becomes negative in the in- = 

: ner region. But its rigorous experimental verification will be rather difficult, because See 
i) There are ambiguities in the determination of F .»(q°) from experimental e 


cross sections. 
ii) Fourier transform does not preserve the positive-definiteness property. 
The first problem will in principle be soluble by more accurate measurements. In 
this subsection we shall investigate the second problem. We must not of course 
; assume any special form for (1,,(7)- 
: According to Bochner’s theorem,"” the necessary and sufficient condition for the. 
positive definiteness of Fourier transform is that the function in question is of 


“positive type”. Its implication and proof are presented in the Appendix. We 


; write here only the main results deduced from Bochner’s theorem : 

; i) If F,,(q*)=0 for g’°=0, then there holds for arbitrary r that 

§ | 1,» (7) | Spr» (0) > (3-14) > 

: that is to say, P1»(7) has the maximum at the origin. Therefore F,,,(q*) | 3 

e must become negative for some q’ for Hofstadter’s cutoff model® or our model ‘ 

: ii) If there exists a point g?(=0) at which “. 

.: Fi(@)<—-1/3, (3-15) ior 

¢ M * 

q f1»(r) cannot be positive definite. 3 

-. “a 
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iii) If for some a>O it happens that 


| no(alar)rdr <0, (3-16) 
0 : 
where j, is a spherical Bessel function, then F;,,(g’) cannot be positive definite 
in the region 0<q’<a’. - 
Making use of these properties, our proposal in § 2 will be checked by experi- 
ments in near future. 


§ 4. Trial models for the proton* 


In this section we shall propose two trial proton models which have such 
shapes as were suggested in §2 and which are consistent with all the present 
Stanford data. Our aim is not to claim physical reality of these trial models, but 
to point out concretely the following respects : 

i) It is possible to explain the present data of electron-proton scatterings by 

using the proton charge distribution deduced from (1-1) and meson theory. 

ii) There is no reason why one should exclude the proton models of F\,,4F%,». 
iii) The values of (7*),, and (7°), are not determined so accurately as shown 

in (1-2). 

In constructing our trial models, we have taken into account the following 
properties which are conjectured from meson theory.** 

i) The charge distribution is negative in the inner region, and the amount of 
the outer positive charge is about 1.5e. 

ii) The a.m.m. distribution is almost positive definite. (‘“‘ Almost”? means that 
we do not exclude possible small negative parts in comparison with the nega- 
tive charge of (,,,(r).) 


But we are indifferent to the asymptotic form of /,,,(7), of which the current meson 
theory predicts to be proportional to?*>: 


(Ar) "eo eins 0). (4-1) 


Because (4:1) is meaningful only in the outermost regions, namely, of the very 
low momentum transfers which have not been measured in the Stanford experi- 
ments, we may forget about (4:1) in analysing the present data. If necessary, 


_one may connect (4-1) to our models at some large distances, since the simple 


extrapolation of the asymptotic form to the inward region is meaningless. 


* We will discriminate between two phrases “proton model” and “trial (proton) model”. The 


reader should be careful about the terminology “trial” by which we mean special cases of our proton 
model. 


** We call the proton model having these properties “our proton model”. 


> 


i: 
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Trial Model I. 


; 

: — 

: Fy p(q°) =28.5(1+ 47/45) 

: —27.5(1+9°/50) 

: Fa (@)=A+q/24)* (4-2) 

3 with 

4 ek Pap 00 Y* 

3 Namely, (2,)(7) is of an exponential 

; type, and ,,,(7) isa difference of two 

4 Yukawa-type functions whose approxi- 

: mate forms are displayed in Fig. 4. 

E: The position of the zero point, ™, the 

~ total amount of the positive charge, Q, 

4 and the charge more outward than 

4 0.5Y, Q’, are as follows: 

i; 82 Y, 

. t Fig. 4. 

3 O=1.31e, (4-3) 

+ Re Trial Model I 
O/=0.70e. -=--- 4rr2 pp, (7) 


; —-— Agr? pexP(r), (72) =0.64 Y? 
Next, we will demonstrate that Sh. 
this model is consistent with Stanford data.” To see this, we define the quantity — 


Fi, (q) + (g?/4M)[24Fin(@) tp F a 9g} tan0/2+ Hy Fi (@)] 
1+ (¢/4M’)[2(1+4,)? tan? 0/2 + Py’ toe 


el Cara NFS 


“A ax 


where E and @ stand respectively for the incident energy and the scattering angle sce 


¥ 


a £=500 Mev 
e E=650 Mey 
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of the electron in the laboratory system. Since @ is a function of E and q’, F, Pr? 
depends on both g? and £. Fig. 5 displays Fe 3(q°, E) for E=500 Mev and 
E=650 Mev. From this graph we see that F? (q’, E) is almost independent of 
E, i.e. we may put 
Fi, E) =F, @), (4-5) 

which holds also for the Stanford experiments of other incident energies, E=200, 300, 
400, 500, 550, 600, 650 Mev. Thus one will see that Fig. 5 is consistent with the 
data of E=200~650 Mev, 0=30°~135°. 

One of the most reliable data of the Stanford experiments will be the ratio 
of the cross sections for 6=75° to that for =135°: 


RB) oth els \ loti Lom je (4-6) 


Table I shows the values of R(E) given by Trial Model I, which are consistent 
with the experimental data as well as in the case of the exponential model” 
Cia =P 25 <7 p= CT pip=0.64Y") or the Clementel-Vill model™ GF; ==F5.. 7=— 
ee a Fag 0.04"). 


Table I 


E (Mev) 


R (E) 


200 300 
10.55 


Trial Model II. 
Fp (¢?) =1.7[1—0.01657 - q’| 
Keo Se 0).7, 
Fi» (q) =[1+0.09375-q?]-2 (4-7) 
with 
(7? p= (0.65)* Y*, 
CT e015) {Y 


and 
ro=0, 
O= iE : (4-8) 
O’=0.69. 


F,,,(q’) in this model is not ex- 
pressible in terms of spectral function, 
but it will be possible to write it in 
such a form approximately in a finite 
range of qg* (its inflexion point is 


Fig. 6. 


4nr? 01, »(7) ‘ : 
eee aan Trial Model II 
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gq? =141Y~?). Moreover, we have used a 0-function instead of the inner extended 
negative charge,* since detailed forms in the region r<(0.4~0.5)Y have no effect 
on the experiments up to H<650 Mev. 

“ This model also has the property (4-5) like Trial Model I, and gives 
F?=0.0724 for E=650 Mev, @=135°. Table II shows the values of R(Z) given 
by Trial Model II. 


Table II 
oa en EEE ——E———————E——————————— ee eee 
| | | | 


E (Mev) | 200 | 300 400 | 500 | 550 | 600 650 
Re). 1 = 10.64 200 | 865 | 


The above two models are naturally nothing but very special examples 
among various possibilities. It will not be difficult to construct still better proton 


models. 

Finally, we consider how the characteristics of our proton model are revealed 
on the F,,/F:, ratio. Generally speaking, the larger the momentum transfer gq” 
becomes, the nearer the electron passes by the proton in a probabilistic sense. 
When the electron passes through remote points from the proton, the former will 
feel only the positive definite charge and a.m.m. distributions of the latter. But 
when the electron runs more inward, it will become aware of the inner negative 
charge, and moreover the electron which runs near the proton center will pass 
through the negative charge sea, while it will still feel the positive a.m.m. distribu- _ 
tion. Thus when g? becomes large, F).,/F>,, will rapidly approach zero and further 
become negative. On the other hand, it 
is evident that F,,p/F2,»=1 for small g’ 
corresponds to (77):,»=47")2»- The pre- 
sent data seem to indicate’ 


C7 1p SAT Day (4-9) 
while meson theory will probably predict 
(71 pe AT Dap (4-10) 


according to our perturbational calcula- 
tions. Fig. 6 displays the /\.p/F:,) ratios 
for Trial Models I and II in which (7*)1,p 
=(r yo, and (17)1p<(7 an» respectively. 
If (4-9) is valid, such a curve as shown 
by the dotted line III is expected. Fig. 7. 


* Of course, this replacement does not mean that we have assumed Z), ,<0. 
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§ 5. Discussions and summary 


5-1. On the lower bound for (r*),,y 
According to the definition 


CP) p= —6F:/,(0) > 


(7), should be determined from the derivative at g*=0 on. the F,,,-q’ diagram 
independently of the forms of the proton charge and a.m.m. distributions. But in 
the eet: Stanford data the experimental error for small g* is about 10% as that 
for large g’. Therefore, since F is not distinguishable from the unity within the 
present experimental error, one has so far used the data for large g* in order to 
determine (7”),,,, namely it is determined by the method which depends on the 
special forms of the proton charge and a.m.m. distributions. 

We have shown in § 3-1 that F,,,(q*) has no inflexion point for small q’* 
under rather loose general assumptions (this conclusion is valid under much looser 
ones). Theoretical results (at least sp far obtained) seem to satisfy these assump- 
tions. We have stated the method by which one determines a lower bound for 
(r*):.», using this property, indepently of the special forms of the proton charge 
and a.m.m. distributions and of the absolute cross sections of electron-proton scat- 
tering. (3-13) is a lower bound for ¢7*),,, obtained from analysing the existing 
data, but unfortunately this value is rather sensitive to the experimental accuracy. 
Therefore we hope that the experimental cross sections for at least two points of 
small g® at the same energy are measured with high precision. 


5-2. On the reliability of (1-2) 

As was stated in the introdution and the previous subsection, (1-2) is what 
was determined dependently on the forms of the proton charge and a.m.m. distri- 
butions. One may therefore take the standpoint from which one doubts about 
(1-2). 

Indeed, in § 4 we have proposed two trial proton models, which have rather 
smaller ¢r*),,, and (7°). than those in (1-2) and are consistent with the present 
Stanford data. Therefore it does not seem that (7*),,, is determined as precisely 
as shown in (1-2). But we wish to emphasize again that we assert not to claim 
physical reality of our trial models but to point out the possible large ambiguity 
for. (1-2): 

Next, we will comment on (7”),,,. It seems to be difficult to determine Cy 
as accurately as (r*);,._ As was shown by Hofstadter and Karplus” at the Kiev 
Conference, F’,, and F,,, can be determined by means of (4-4) from the absolute 
cross sections at two points (£,4,) and (&,, 4.) for a common gt s-chus? if ase 
is obtained rather accurately, a lower bound for (7°), will be presented as was 
done for (7°), in eh This is in principle possible, but since 


1) F,, for small g’ is necessary though (4-4) hardly depends on F,,, in the 
region of small g?, and 


; 
\— 
| 
" 
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2) Absolute cross sections must be measured at least at four points, 
it will be very difficult as an actual problem to determine (7*).,, form-independently. 


5-3. On our proton model 

In § 2 we have presumed our proton model on the basis of the reliable ex- 
perimental value (1-1) and information from meson theory. When F,,, and F,,, 
are independently determined in a wide region of g* by Hofstadter’ and Karplus’ 
method stated in §5-2, if our conjecture is valid, F,,,-F2,, diagram will show such 
tendencies as 
1) lines II, IT in Fig. 7 or Karplus’ diagram when (7°), »S(77)s» 
oye times an -Pig.-7 when? (7), j= Cr igs 
Thus it may be possible to check our proton model experimentally. As examples, 


consider Trial Models I and II, for which the sign change of F,,, takes place at | 


g?=25Y~ and at q’?=20Y~*, respectively. Therefore the validity of our proton. 
model may be checked in the region of such momentum transfers. 

In order to confirm the existence of a negative part in the proton charge 
distribution model-independently, it is sufficient to show experimentally the existence 
of such a q? that F,,,(q?) <—1/3, as is proved in the Appendix. For instance, 
in Trial Model II this occurs for g?=>32Y~, and for Trial Model I a still larger 
g? is required. Therefore the experimental confirmation of this problem may be 


very difficult. 
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Appendix 
Bochner’s theorem and its applications 


Let f(z) be a function of an n-dimensional Euclidean vector 2x, and denote 


its Fourier transform by affixing the ne ~: 


thr Oy! A 
f(a) = ae 7 |\fWe dk (A-1) 


The necessary and sufficient condition for f(k)=0 is that 
[Ag ba" k=0 (A-2) 


for any arbitrary 7(k)—=0. On account of Parseval’s equality (A-2) is equivalent 


to 


[fa)g(—2)d" 220. (A-3) 


which gives (3-14). 
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Take an arbitrary complex function ¢(%) and put 
P(A) P=9(), enh ices) 


then we have 


rp 


i(—2)= \e()g* (+a) d"t. (A-5) 
Substituting (A-5) in (A-3) and transforming integration variables, we obtain 
|[fae—)¢ (a) ge" Od"xd"t> 0. (A-6) 


Since it suffices to adopt discrete functions 


CCE) aes Oke we : (A-7) 


- where z,’s are arbitrary complex numbers, we get the following theorem. 


Bochner’s theorem :’” 

The necessary and sufficient condition for the positive definiteness* of Fourier 
transform of f(x) is that f(x) is a function of positive type, that is to say, for 
any arbitrary set of arbitrary -dimensional vectors x, and arbitrary complex num- 
bers 2;(j=1, 2, ---, 2) there always holds that 


Z 
pif es #2) 2520" 20. (A-8) 


Namely, the matrix {f(x;—z,)} is hermitian (ie. f(—x)=f*(x)) and its 
eigenvalues are all positive definite. Therefore there holds that 


det | f(2;— x) ]20 : (A-9) 


for any order 7. In particular we have 


YROWE0 lorsai=ate (A-10) 
CO) * (x) 
eran we 2 be F 
f(*) f(0) | TO) Seo) ce US Or agers (A-11) 
(A-10) and (A-11) imply 


If(x)| SFO), (A-12) 


Now, consider the case in which f(x) is real and a function of |a| alone. 
Since in the -dimensional space there exist +1 points such that the distance _ 


between any two of them is always equal to r, we can take them as 230 n Aad), see a 
~~ then ; ; 
| 


* More strictly speaking, “non-negative definiteness’”’. 
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FO f(r) FO 2 


PS | FO) FOF > ee 
va f(r) f(r): Ah 

; Rive: { (0) —f(r)}" {nf (7) +F(0)} 0. (A-14) 

7 Therefore we obtain jae aaa 
3 f(r) >—fO)/n (A-15) | . 


with the aid of (A-12). Especially, when we take F;,,(q?) (with =0) as f), 
on account of F,,,(0)=1 and n=3 it follows that 


2 F.(g)=—-1/3 | (A-16) 
Ben at Pip (r) 20. . ae 


<a _ Finally, (3-16) immediately follows from im 3) by putting fa=Fivlg ae = 
Ree.” Ha =0(4" SG) oP s eae 
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In order to simplify the discussion 
in this note we shall use the model in 
which the original -particle with mass 
M virtually dissociates into particles 
with masses 2 and mm’. 

In the relativistic field theory, there 
exists a difference between the particle 
density (like charge density or energy 
density) and the probability density (as 
that expressed by the square of the 
absolute value of the statevector), and 
what has a physical meaning is only 
the former. If the effect of pairs of 
particles and antiparticles can be ne- 
glected, the former agrees with the 
latter and only in this case the latter 
has the physical meaning. 

Consider the 7-particle density F,, («) 
in M-particle state. For the inner be- 
haviour of F,,(«), of course, the effect 
of the pair of m-particle is not negligi- 


ble, accordingly for the inner region 


the probability has no meaning. In the 
peripheral region, however, F’,,(«) takes 
different behaviours corresponding to the 


The case A: 
Even in this region the effect of pair 
gives the large contribution to F,,(x), 
consequently the probability density 
loses its meaning. The case B: The 


following two cases. 


effect of pair is negligible. In this case 
in the peripheral region the probability 
density gets the physical meaning. 

We wish to emphasize that the dif- 
ference of structure in the peripheral 
region in the above two cases seems to 
be of use for the definition of the ele- 
mentary particle, namely, our definition 
of the elementary particle is that if the 
M-particle belongs to the case A(or B) 
then the M/-particle is elementary (or 
composite) . This definition of the elemen- 
tary particle is identical with Oehme’s 
one” as we shall see in the following 
discussion. 

As is well known, F,.(q@) =\dx exp 
(—iq-x)F,,(x) can be represented as 


F,.(q*) = | deo) (e+ q?—ie)-. 1) 
Using the perturbation theory, several 
authors” have investigated the magni- 
tude of the lower limit “ in the in- 
tegral of (1) and have concluded that 


4m? ; M?<m’?+m?” (2) 
Lo =4 4m? — (M?—m?—m") /m” ; 
M*>m? +m". (3) 
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Next we shall investigate the wave func- 
tion of the bound state of m- and m’- 
particle f(x, y)= | dz%(x—2, y—=) (2), 
where 


1(*,y) = | dpdq expi(p:-x+q-y) 


f(P. @ eS 
E,,(p) + £m (q) — Eu (p+ 


Here ¢(z) is the wave function describ- 
ing the packet of M/-particle and /(p, q) 
is some function having no singularity. 
For large |x| in (4) the probability of 
the -particle can be determined from 


complex vecor p for which the denomi- 
nator of the integrand of (4) vanishes. 
When the mass condition (2) is satisf- 
ed, the probability density is small com- 
pared with the m-particle density obtain- 
ed from the effect of pair. On the 
other hand, if the mass condition (3) 
is satisfied, for the large |x| the effect 
of pair is negligible, the probability 
density has the meaning. We can easily 
see that in this case the behaviour of 
the probability density for large |x| ex- 
actly agrees with the result calculated 
from (3). Therefore, we conclude that 
the difference between (2) and (3) cor- 
responds to the difference of structure 
in cases A and B respectively. 

The author would like to express his 
sincere thanks to Prof. R. Utiyama for 
his continual encouragement and discus- 


sions. 
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On the Inelastically Scattered 
Proton at High Energy 


Yoshiyuki Sakamoto 


Department of Physics 
University of Kyoto, Kyoto 


March 4, 1960 


In an earlier note” the high energy 
protons inelastically scattered from’ the 
levels of the dipole giant y-resonance re- 
gions in C” and O” were studied as func- 
tions of the cross sections of dipole 
~-absorption and the ratios of spin flip 
to non spin flip parts of the nucleons 
in the target nuclei. The good agree- 
ments of the calculated results with 
the’ observed ones encourage us to in- 
vestigate the protons inelastically scat- 
tered from other levels of nuclei. In 
the present note we report some results 
about the protons inelastically scattered 
from the levels of magnetic dipole ex- 
citation, and suggest that the observa- 


tion of the proton gives a possibility 


to fix the spin and isotopic spin for the 
level. 
Within the framework of the impulse 
approximation, the amplitude of the 
proton scattered from the nucleus is ex- 
pressed by the product of terms related 
to the two-body scattering amplitudes 
and the nuclear form factor. In the 
inelastic scattering the nuclear form 
factor is a function of the initial and 
final state of the nucleus and a momen- 
tum transfer of the incident and scatter- 
ed proton. In very small scattering 
angular region, since kR<1 (R is the 
nuclear radius) one can expand 
exp|—kr,] in the power series in terms 
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of kr;, which is included in the nuclear 
form factor, where k is the momentum 
transfer of the proton and r, is coordi- 
nate of the i-th nucleon in the nucleus. 
The first term in the expansion gives 
the matrix element corresponding to the 
magnetic dipole transition. 

Now, we replace the matrix element 
related to the magnetic dipole transi- 
tion with the experimental value, i.e. 
the radiation width.* 
calculate the angular distribution of the 
proton inelastically scattered from the 
level without any knowledge on the 
wave functions of the nucleus. 

Fig. 1 shows the result~ for the 
angular distribution of* the proton in- 
elastically scattered from the 15.11Mev 
level of C?.** Here we use the two- 
body scattering ‘phase shifts of 180 Mev 
derived from the Gammel-Thaler poten- 
tial” to calculate the terms determined 
by the two-body scattering amplitudes, 


Therefore we can 


- and the experimental value measured by 


Garwin® for the radiation width to the 
The experimental points 


The agreement between the result and 
the experimental value is well in the 
interesting angular region. Here we 
use 0.5 for the value of o. The value of 
¢ has been introduced in order to fix the 
polarization of the proton inelastically 
scattered from the level magnetic exci- 


* This was brought to our attention by Dr. Y. 
Nishida in connection with his work (to be 
published). 

** After completing the calculation, the author 


was informed by Dr. M. Kawai that he had 


calculated the energy distribution of the high 
energy proton scattered from 15.11 Mev level 
of C12, independently. 


ation in the nucleus.” 
evidence, the polarization of the proton 
is shown in Fig. 2. The experimental 
points are measured by Hillman et. al.” 
The result in Fig. 2 is calculated by 


the use of p=0.5. _ 
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Fig. 1. Angular distribution of the proton 
inelastically scattered from 15.11 Mev level 
of C2, 


P(6) 


Fig. 2. Polarization of the proton inelastically 
scattered from 15.11 Mey level. 
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Fig. 3. Angular distribution of the proton 
inelastically scattered from 12.73 Mev level 
of Cl, 

The shaded area represesents the experi- 
mental data.* 


Fig. 3 shows the angular distribution 
of the proton scattered from the 12.73 
Mev level of C”. The angular distribu- 
tion of the proton scattered from 12.73 
Mev level of C” is observed by Tyrén 
and Maris.” Unfortunately we have no 
experimental data for the radiation width 
corresponding to the matrix element, 
then we do not show the agreement 
between the calculated result and the 
experimental one in their absolute values.» 
However the pattern of the calculated 
result agrees with the one of the 
experimental data. If we have the 
experimental data for the polarization 
of the proton, we could fix the value 
of e, and furthermore might conjecture 
the magnitude of the radiation width. 

15.11 Mev level of C” is J=1*, T=1, 
while 12.73 Mev level of C” is J=1', 
T=0. In the forward direction the 
angular distribution of the scattered 
proton which gives rise to the isotopic 
spin flip of the residual nucleus is 
sharper than the one of proton which 
does not give rise to the isotopic spin 
flip of the nucleus. (See Figs. 1 and 3.) 
Then, it seems that the observations of 
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the protons inelastically scattered from 
the levels of the nucleus are helpful to 
fix the isotopic spin of the levels in 
the nucleus on the basis of the angular 


distributions of them for the isotopic — 


spin flip and non spin-flip of the re- 
sidual nucleus. ; 

The author is grateful for the co- 
operation of Dr. Y. Nishida in making 
his work available in advance of 
publication. He is greatly indebted to 
Prof. M. Kobayasi for his kind encour- 
agement. 
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Anomalous Creation of ~-Mesons 
Originating in Weak Interations 


Hideaki Nagai and Daisuke Ité 


Physics Institute 
Hokkaido University, Sapporo 


March 14, 1960 


It has been anticipated by many 
authors” that weak interactions might 
become stronger in the super high 
energy regions. This seems to have a 
connection with anomalous creation of 
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y-mesons which has recently been observ- 


ed experimentally in the super high 
energy collisions above 10”ev.” This 
seems to have some intimate connection 
also with our multipole model” of ele- 
mentary particles. 

In this paper, we carry out a simple 
estimation about #-meson production 
caused by the weak interaction in the 
super high energy regions. For simpli- 
city, we will consider a collision between 
a super high energy proton and a fixed 
field of force V. The cross section of 
the process (Fig. la) creating one /- 
meson through the weak interaction 
(h=c=1) is given by 


—~L=Ery [ny .1 +75) P|, +75)4]. 

| () 
Here the coupling constant &7,” is est- 
imated from the experiments on /-meson 
capture. If we take »=M,"'~107-"cm, 
the weak interactions are characterized 
by a single constant €’107". We now 
calculate the energy above which this 
cross section reaches a comparable order 
to that of the process (Fig. 1b) pro- 
ducing one z-meson through the strong 


interaction. 


Fig, 1b. 


In order to simplify the calculations, - 


we approximate the transition matrix 
element of Eq. (1) by 


é Tor 


0 (2) 


(pt yun|T | p> © 
where 2 is the volume of normalization. 
Then the cross section to the process 
of Fig. 1a turns out to be 


do, x, Qn | V(po—p—k)ér’ i2 a 


dE. Load | tee ete 


dkdv Ny 


x (2n)* OE ig StU): (3) 


Analogously, using the strong interac- 
tion —£,=i9n7,px* and approximating 
the transition matrix element by 


HT Se Pu aoe 
(na*|T |p) (QE) (4) 


we obtain the following cross section 
for the process of Fig. 1b 


do, ae Qn (| V(po—p—k)g 7) 
dE,  v J| (E,—Ep 1) (22E.) 
Ra TG I IY Py 


2r)* 


For brevity, we approximate the com- 
mon part | V(po—p—k) Peeatone ap- 
| Ee, — Ep-x 
peared in both Eq. (3) and Eq. (4) 
by its average values, and we put these 
parts out of the integration. Then the 
ratio of these two cross sections turns 

out to be 


(do,,/dE,) 2 (dry ae 
(do,/dE,) g Ea 


(4E=E,,—E,), (6) 


where J,, and J, are the phase volumes 
of the final states of each process. They 
are given by 


eo a) tee 


ee RI 
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1 : \ 
Tu= ory \ dd ndvd(k—w—v) 
OTe sy ey ean | 
12(27)* | | 
and ) (7) 
BK I sp. | 
= Gaye | ROE E.) | 
| 
~ (4E)* 
(Oat) 
Then, we have 
(do,,/dEy) © (ro dE)" (8) 
(do,/dE,) AB 72 Fe 


Now by using the values g?/4z~15, 
my t= M,~1.4X10%ev, we estimate the 
transferred energy 4E at which the 
ratio of Eq. (8) becomes of the order 
of unity. Then we have (4E/M. tas 
3(4r)*(9?/42)E?~9 X10", i.e. JE/M, 
~5.5X10'. Therefore, it is expected 
that the weak interaction and the strong 
one become of comparable order to 
each other when the transferred energy 
reaches 

4E=E,, — Ey © 8 X 10” ev. (9) 


It is not clear whether this estima- 
tion was carried out in the center of 
mass system or in the laboratry one, as 
we have approximated the target by an 
external field. If this corresponds to 
the calculation in the center of mass 
system, the corresponding value in the 
laboratory system should become 4E~ 


gi Oey. 


As we have made too many simplifi- 
cations, it may be premature to compare 
the above estimation with the anomalous 
y-meson production experimentally ob- 
served in about 10”ev energy regions. 
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However, it seems very interesting that 
some anomalies are observed experi- 
mentally, in the energy region expected by 
the above simple consideration. If these 
phenomena are due to such a mecha- 
nism, these produced particles are ex- 
pected to be extremely collimated, as 
very large transfer of energy is requir- 
ed in order that the weak interaction 
As there re- 
main many other possibilities of inter- 


behaves as strong one. 


preting these experimental results, here 
we will be satisfied only with pointing 
out the possibility mentioned above. ° 
In conclusion, the authors express 
their cordial thanks to Professor Y. Ono, 


Physics Institute, Hokkaido University, ’ 


and to Professor I. Miura, the Research 
Institute for Nuclear Tokyo 
University, for their kind direction. 


study, 
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Phenomenological Model of Ele- 
mentary Particle Interactions 


Daisuke It6, Kenzo Iwata, 
Shinya Furui,* Kanji Fujii and 
Tetsuro Sakuma 


Physics Institute 
Hokkaido University, Sapporo 


March 18, 1960 


In this short note, it is pointed out 
that almost all interactions ot the ele- 


' mentary particles, not only strong but 


also weak ones, are comprised in the 
following rather simple and symmetric 
form of the interaction Lagrangian : 


—Liu= Ss Gil tO2 EBs 
: ‘ @,8 y=1 
4&ryF,° O° FBY,]+H.C. (1) 


The matrices F,* and B,” are given 


by 
Ee Ts te |. Bo 
JF ee ea ae Pe 


By foals d, Bo 
ad |p ells gl] © 


Here By, La,%¢ and ¢,” are baryons, 


leptons, bosons and the bilinear form 


Z of lepton fields, respectively. The lower 


indices of F',* discriminate between the 


- “helicities’. G, and G,€r) (~107"%cem 
in A=c=1 unit, where 7,~107"cm and 


€~10~') denote the strong and weak 


- coupling constants, respectively. 


By using the expression (2), the 
Lagrangian (1) turns out to be 


_* Present address: Physical Institute, Faculty 


of Liberal Arts, Ibaraki University, Mito. 


— £m =G,|B, O” Bi + B, O Ba] [i +99] 
+G,[L, O? Li + L, O* Li) [b,7+ 92") 
A-Geérs| BOP B+ Lior a 
x [,, +974] 
+G,&r)[B,O,? B+L,07 13) 

X [¢2,,+9%,] +H. C. (3) 


If we express the helicity more expli- 
citly as 


By =1/2 {1+ (—)7s B, 
Ly 2) =1/2 LP) tan 
and P12) 172 {Ons se i )¢} 


(where ¢,, 4, represent pseudoscalar and 


scalar bosons, respectively), our Lagran- 


gian becomes 
— £in=G,(BO” B’) $y. +Gy(LO* L’) 
X (b1" +02") 
+ G,ér,[BO,? (1 +75) B’ 
+LO/7(14+7)L] 
X [,, bos +9.) + roLO,” (1 +75) L] 
4 < G,€r)[BO,? (1—7s) B’ 
+LO20= Eh 
X [9,(b);—9,) trol O," (1—7s) L] 
+H.C. (4) 
Here we have used the definition of ¢ JZ, 


6,,.= rob Cy ety L’ 
2 
and f= roLO,— rs py, 


In order to make our Lagrangian cor- 
respond to the physical realities, we 
should take such limiting values of the - 
coupling constants G, and G, as 


5 
=. 

: 

: 
= 
| 
q 
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G.-G (coupling constant of the 
strong interaction) and G,—>0.. With 
this choice, leptons disappear from the 
strong interactions, and simultaneously 
the weak interactions with (1—7;) are 
completely eliminated.. Thus we obtain 


— £m =G(BO" BY) by. + 5-CEry 
x [BO,? (i +75) B/ +LO,7 (147) L’] 
X [9,(Gpr +46) + ro LO*(1+75)L’] 
+H.C. (5) 
To be more definite, we should specify 
the species and charges of B, L, 4,’s 


and 9@,,/s, and we have to give explicit 
forms of the operators O’s. For example, 


0, (bp, +95) + rol O,” (1 +75) L’ 
2,246) 
| t+rn(@+E)r. +70)», 
=| 3,42 +4), (6) 


| 0,(brs +95) 


\ =rer7,At7) (e+P), 


where the upper indices of ¢’s refer to 
the charge states of bosons. All the 
details of this short note and discussions 
on the theoretical implications of our 
Lagrangian will be given in a later issue 
of this journal. 


the Editor 
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Virial Expansion Formulae for 
the Microfield and Micropotential 
Distribution Functions and Their 

Application to a High Temperature 
Plasma 


Tohru Morita 
Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 
March 26, 1960 


When an atom radiates under the 
influence of the instantaneous microfield 
the 
widths will broaden due to the fluctua- 
tion of the microfield or micropotential 


or micropotential, 


(statistical broadening). In a gas 


mixture of N molecules in a volume 
V,* the microfield F or micropotential 


¥ is usually of the form F= >, foi(rs) 


or F= > 32,¢>;(r;) and its distribution ~ 


function in thermal equilibrium, at 
temperature kT’ =1/)3, is defined by 


> N 
P(F) =; | dr” 8(F— >if,,(rd) 


Pee 


or 


? re LE rp (C— fas h r 
ge eenee \4 OP >i p,,(7)) 


N 


x exp {—P 2 d,, vy (Taj) } 


spectral line — 


xexp{-P Mbt} 


where Zy={dr¥ exp {—BdIGee(ry)h 
? KY) 4 


With the help of Fourier transformation, 


* The gas mixture is assumed to consist of — 


molecules of species y=a, 8,....,7, the number 
of molecules of species y to be N,=e,V (N= 


23 N,) and the intermolecular potential energy _ 


to be dryv; (rij); where y,=¥,=....=’y, =a, 
Vga YN gtwa=B> ee 


SVN gt tNgtN,—* 


1 VN gt FN gage oo ; 2 


- the chemical potential, 4, 


ens. 
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we can rewrite the above distribution 


* } 
functions as” 


1 
=| dae't P 3) 
PR) =e, dae PD) ( 
where 
P(q)= aa ia exp {—7q- are) 
—p pa dy, vy (r5)} 5 (3’) 
and 
pory= | dae P@) (4) 
where 


N 
Pays \ dr® exp{—ig >) hy, (ri) 
‘ Ling qZ=1 


=F 1b s¢rj(Fe)}- (4’) 


It is noticed that these Fourier trans- 
forms of the distribution functions, (3’) 
and (4’), are similar in their forms to 


‘the definition of the interaction part of 
Hes) 


eh lA Zyv ci 1 \ar* 
LnV, Ly 
3 x 
x exp eat 2 bv, (T,1) te DLS v5 (r;;)} 
(5) 


where the extra particle present in Zy.; 
but not in Zy is labelled as Oth particle, 


the species of which is ». Then we 


notice that the formalisms which are 


developed for calculating the chemical 


potential may be applicable to the calcul- 


ation of the Fourier transforms of the 
(3’) Wand =(4) : 
Especially we shall here notice the 
virial expansion method. The virial ex- 


pansion formula of the chemical potential 
3,4) 


distribution functions 
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— fe = Bip [dr dul) + SL 3h 


n=ngt-vtn~a2 


-dFy big Vee bi; 


n>i>j20 
(6) 


where b,;= bo» (7;) =exp{ — Po-»,(1j)t — 
for 1<i<j<WN as well as for i=0 and 
1Sj<N, and 53?" denotes that the sum 
is to be taken over all products which 
are more than singly connected, includ- 
ing Oth particle. The argument leading 
(5) to (6) can be applied to (3’) and 
(4), giving the virial expansion 
formulae for \n P(q) and \|n P(q)in 
the form identical with the right-hand 
side of (6), where b;; for 1<i<j<N 
is taken to be the same as in (6), 
while &; is to be replaced by 


Serf corey | far. 


bys= by (Ts) =exp {— iq Ti (ri)} — 


for In P(q) (7) 
and 
bui=b,, (Ts) =exp {—igd,,(r:)} —1 
for In P(q). (8) 


For low density gases where (6) is 
useful, these expansion formulae for 
In P(q) and In P(g) are expected to 
be useful. Furthermore, the general 
scheme for calculating the chemical 
potential by starting with (6) Ske eal 
be applicable to calculation of the - 
distribution functions. 
As an example, we consider a 
plasma where 9,;,; (Fj) =ev,€v;/7,5, Pv;Fs) 
=e,/7:, furs) =—ev,r:/r#, e, denot- 
ing the charge of a molecule of species 
v. If the micropotential distribution 
function is calculated in the ring ap- 


proximation, the following result can _ 
be obtained : 


SAP Vie ty SW yr 
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InP(q)=—-kT«g72, (9) 
hence 
PCB) = (22kT x) exp(— 2? 2kT x) 
(10) 


where kT«k=// 4xkTS\,0,e,, 1/« being 
the Debye shielding length. The terms 
which have been neglected in (9) for 


“In P(q) are of the order of , as can 


be confirmed by an analysis similar to 
that made for the case of the free 
energy.” On the other hand, the lowest 
order of the microfield distribution 
function comes from the first term of 
(6) which corresponds to the 2nd virial 


coefficient. That is, 


In P(q) = = (2rq)*? >* ple.| (1) 


PW) = 55 | dgasin(gF) 


0 
es oe ENG 3/2| 12 
X exp a (2zq) 2) Peles| r-( 2) 


This expression is nothing but the 
Holtsmark distribution function.” The 
correction to (11) is shown to be of 
order 0(/”). 

It is noted that (9) and (11) express 
the distribuion functions to the lowest 
order in p, for the respective cases. 

It is shown that the situation is 
similar for the distribution functions of 
the microfield and micropotential either 
on a particular particle or at a point 
being separated from a particular particle 
by distance r or at a pair of points 
separated from. each other by distance 
r,--:. The situation is similar also for 
the distribution functions of other micro 
quantities and for the simultaneous 
distribution functions of several micro 
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quantities. Their virial expansion for- 
mulae are found to be of the form of 
the chemical potential, pair distributon 
function, and so on. 

The details of this note and the calcula- 
tions to the higher approximations for a 
high temperature plasma will be published 
shortly. The following paper will also 
include a comparison with Baranger and 
Mozer’s work®* in which an attempt 
to apply the cluster expansion method 
to (3) with (3’) is proposed. 

The author would like to express his 
thanks to Dr. K. Hiroike for his helps 
in preparing the manuscript. 
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kind comment, which has called my attention 


to this work. 
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Polarization in Heavy Particle 
Stripping 


M. A. Nagarajan 


Saha Institute of Nuclear Physics, 
Calcutta, India 
March 28, 1960 


Expressions for polarization of out- 
going particles in deuteron stripping 
reactions have been obtained by various 
authors by relaxing some of the strip- 
Under the as- 
sumption of a purely central distorting 


ping approximations. 


force, the expression for the polari- 
zation is” 


Fp as goers Se) (m) : 
3-4. (1+1) L! Gapt Ota 
(1) 


It can be seen that the maximum polari- 
zation predicted is 

| (1/3) (/ (2+1) for 7=/4+1/2 
P= 


(2) 
1/3 for 7=l—-1/2. 

Recently,” it has been recognized that 
one has to invoke the heavy particle 
stripping mechanism in addition to the 
direct stripping in order to explain 
the angular distribution in stripping re- 
actions completely. 


In view of this 
fact, it is of interest to study the polari- 
zation one can obtain from the heavy 
particle stripping mechanism. In the 
case of the direct stripping, it is assum- 
ed that one of the constituents of the 
deuteron is stripped off and captured 


- by the target nucleus, while the other 


particle escapes. The interaction caus- 
ing the stripping could be chosen from 
either of the binding interactions, name- 
ly, that of the deuteron, of or that the 
captured particle in the final nucleus. 


In a similar manner, it is assumed in the 
case of heavy particle stripping, that 
the core (containing A-—1 particles) is 
stripped off the target nucleus and cap- 
tured by the deuteron, while the other 
particle escapes. Here again, the inter- 
action causing the reaction is either the 
binding interaction of the outgoing par- 
ticle in the target nucleus, or that of the 
deuteron in the final nucleus. 
Assuming the above described mecha- 
nism, we write the target state |J,M;), 
where J; and M, are the target spin 
and its z-component respectively, as 


\J,M,)= aay si ee 
uot, °LM, M, M, 


my Yy 


. E By 2: -4¢ | |\J,M.)| tr) 


My by M, 


x CA) Yan ay) (3) 


< 


where ;, is the “ reduced width ampli- 


tude”, defined in the same way as 0 of 


Fae): He Dies | are vector-addi- 
My, MM 

tion coefficients, J, and WM, are the total 
angular momentum and its z-component, 
respectively, of the core, and U,,(r,) 
is the wave function describing the 
motion of the exchangeable particle rela- 
tive to the center-of-mass of the core, 
with an orbital angular momentum J,. 
According to our model, the final nucleus 
is composed of the core and a deuteron, 
and we write for the state of the final 
nucleus |J;M;>, where J; and M, are 
the total angular momentum and its 
z-component, 


x Ba can fe 
eM y= 3S (4ny-mp,[ Ie 1 Ir] 
af y ae ) 2, M, ty M, 
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x UCU jn1 3 jd) 

x |J-M.)||Ha) Oy (re): (4) 
Ini Eq. (4), 
the deuteron moves in an s-orbit relative 
to the core. 


probability that the final nucleus has 
been formed by the capture of the deu- 


it has been assumed that 


8, is a measure of the 


teron by the core in an- s-orbit. 
U(l,3 jn 13 jpt) is the modified Racah 
coefficient as defined by Jahn.” J, is 
the angular momentum of the orbit oc- 
cupied by the proton of the deuteron 
in the final nucleus, and j, and j, are 
the total angular momenta of the neutron 
and proton in the final nucleus. 

The heavy particle stripping ampli- 
tude is given by the expression 


yee 
E=(k; ; Pp| JM, | PE: (V+ Voi) 
x |J;M,)| kes Ha) (5) 


cident deuteron relative to the target 
All the details of the nuclear 
wave functions are contained in G;7.. Vie 
is defined as 


nucleus. 


A-1 
V sc dp lV, | >! (Vert Vine) L Fei 
(8) 
G;? is given by the expression 


2__(2J;+1) (2J;+1)) (jure) 
2(2F+1) (Zip t DV) (2+) 


a Ohl he Shaken > 


x 3 | BE He | Bae Be (9) 


My Hp -My bp M, 


The expression for the polarization is 
easily obtained from Eq. (9). The 
number of particles with spin up and 
down are obtained by substituting 4,= 

| +#1/2 and 1/2; 
| ly, we have 
| 


respectively. Final- 


2[U*(l, & inks jn Big? — UE, Binks Fp DP) 


/ 2 
a My | Ex jm, 


| 

| ) 
| > (Cj) OA 
| 

| 


2 pee dep 4) Bi, 2 [Ea mol 


where k; and k, are the momenta 


of the incident deuteron and the out- 
going particle, respectively. SV 0 and 
I V,, are the interactions of the neutron 
aad proton of the deuteron with the 
nucleons of the core. We write the 


differential cross-section as 
o (ky; k;) =Gr'|Exm,|’ (6) 
with 
E1,m,= | <a Uo (Tae) Vae Uip(Tpe) 
Peeve Oe) hi ydrsstres <2 x(t) 


p™p 
where <k,| denotes the wave function 
of the outgoing particle relative to the 


fnal nucleus, and |k;> that of the in- 


We see that, in this case also, the 
polarization vanishes under plane wave 
approximation. 
zation that can be obtained is 


lef (lp+1) for jo=Jfo Flnth 


The maximum polari- 


ats. 


ya i aie 


1 for jo=jp =!»-%- 


Thus, we see that, one can expect alarge 


polarization in the heavy particle strip- 
ping mechanism. To conclude, it has 
been believed that in order to account for 
polarizations larger than 1/3, observed 
in experiments, 
have to be invoked. ‘Since it is known 
that, at least in a few reactions, heavy 


particle stripping plays an important | Pe 


spin-dependent forces 


(i 
‘ 
cu 
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part, it is necessary to calculate its con- 
tribution to the polarization, and the 
relative importance of these effects can 
only be judged after evaluating the 
radial integrals. 

The author wishes to thank Prof. A. 
K. Saha for his continuous interest in 
this work. 
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As an effective Hamiltonian, several 
authors” have assumed the form: 


1A f. =F, FAG: +0 € ie (Y* Th) 2) Px, 


which is obtained from the ps-ps Hamil- 


tonian by the Tani-Foldy  transfor- 
~mation,” where the notation is the usual 


one, e.g. 9; =) P(x) ¢;(x)d*a and p(z) 
is a spherically symmetric nucleon form 
factor, normalized by the condition 
\(x)d’x=1. But, if one eliminates 
the odd operators up to the order 1/M 


from the ps-ps Hamiltonian and retains 


only even ones up to the second order 
in the coupling constant g, another 
term z’ is to be added to the above 


Hamitlonian H,,,. In the present letter, 
some remarks of the z° effect are given 
by using Lomon and Kobayashi-Klein’s 
approximation methods. 

We start with the following effec- 
tive Hamiltonian H, : 


Bly a te = AO: 9; + Ay E ein (p* Tv; ) 5 Px 
413%,%;. (1) 


From the Hamiltonian H,, there follows 
the equation of motion for @;(2, ¢) : 


(-D+/)¢i(x, t)=—(1+24,V)-* 
x [ (2A, FARR V— 247 V) G0) 
— eG. (x) +MoE un (Y* ts) 
X VO, +2@he(x)+AJ, (2) 


where? A,=7/.€,41H,, ¢*=¢ ep (ay Vv 
=j|e(x)\?d*x. This term A; is neglect- 
ed in Kobayashi-Klein’s treatment. By 
calculating commutator [H,, ¢*7,¢], A; 
can be rewritten as follows: 


A.= {QiA, VE (o* C5 $) Gx 
+ 243° (f* Tr) Pr Eve Ps Tet P(L). (3) 


We introduce the wave function defin- 
ed by Tyi(k, 2) = (N|¢;(a, t\|k, 7), where 
|N is the one-nucleon state and |, 7) 
represents the scattering state of a pion 
with momentum & and isospin 7’. Then 
the equation for T,,,(k, 2) reads: 


(—P? +8 0) Ti (k, x) 
=—(14+24,V) 4A (k) Ti (ke) (2) 
+ 18442 V— 22,0) 75 Tear (k) (2) 
+(N|Ailk, 7}, (4) 


where Tyi(k)= §0(a)T ei (kk, 2)d?x,A (k) 
= (24,4 44,4, V—2/7V +2507) and we 
have treated ¢ as an approximately free 
field in the remote past by replacing 


SYS Se ete dap en 
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(N| (b+ 7) @,|k, 7’) with t<N|9;|k, 7’). 
In Eq. (4) we have to estimate such 
a term as (N|@@,,7|k, 7’) which con- 
tributes to the equation for T’,;,(k, x) as 
a non-linear term. We linearize this 
term by using a perturbational technique 
and obtain an approximate expression 


for <N|A,|k, i’): 


LNG, Gpten| hy Y= Om WKN | talk, 2”) 

+ (iV /2) {8 mn N|Gi| ke, 2? 

+ Om NG m |B, UD} » (5) 
(NAIK, #2) 2 VErnt; Tee (Fe) 

4 DF WEint,(NFelk, >} (x), (6) 


where W=Jfd®k|p(k)|?/20, p(k) =\20)-°” 
jo(xje"™*d*r, =k’ +’. Consistent 
ly with this treatment, 7, in Eq. (6) 
may be replaced by (1+24,V) "Gx which 
is free from the c-dependent interaction, 
or by completely free ¢,. Decompos- 
ing T;(k, x) into the eigenstates of 
total isospin 1/2 and 3/2, we obtain 
the final expression of the equation for 
Tin (k, x): 
(<7? + 2-08) TH? (k, ©) 

= 9 (1+24,V) AAG) +I PAL 

—42V(IP +1) TH (ke (x), ~ M7) 


where A(&) =A, +24 AV+A0°, F=1 
WA, Ch 2AgV). ys J OZ, J%=—1 
and T')(k, x) represents the component 
of the isospin I/2 state. Using the 
Fourier transform of Eq. (7) and in- 
tegrating it, we immediately obtain the 


scattering phase shifts (2 (%) : 
tand,(k) = —27°h|o(R) |? 
SZ rev) } 
x {1=2(1+24V) 722% 


p(k) P(e —k)4,, (8) 


x jae 


where 3 =A(k) +I PAPA VI 
+1). If one puts W->0, 4,0 and 
I-13 (7+2)/2 in Eq. (e)nwtine maees 
sultant expression for 0(,)(&) is the same 
as Kobayashi-Klein’s. Using Lomon’s 
diagonalization method, one gets exact- 
ly the same result as that of Kobayashi- 
Klein’s in the case A;=0*. 

In regard to the coupling constant 
j,, 4, and 7s, there are some complexi- 


ties»2® of the renormalization and the — 


higher order effect in the Tani-Foldy - 
tranformation. But, in order to see the 
x effect on the behaviour of iy) (k), we 
tentatively use 4.=9°/2M, 4.= — gf? /4M 
and /,=9?/8M®* as are derived by the Tani- 
Foldy transformation and assume the 
Yukawa type for the form factor, (2) 
=(a*/4n)(1/r)exp(—ar), § p(a)@x=l1. 
We examine two cases: case 1) 
g?/4n=15, cutoff momentum a=A.7 pC, 
},=0 and case ii) g°/47=15, cutoff mo- 
mentum a= 6.8uc~7.0ue, AG] olen 
Both case i) and case 11) can reproduce 
the main features of the low energy 
phase shift, but the momentum (k)- 
dependence of 0,() in case i) is stronger 
than that in case ii). Furthermore, the 


ratio |0;(R)|/o,(k) in the former case Bi 


is larger than that in the latter, al- 
though even in the latter it is’ larger | 
than unity and is not in good agree- 
ment with the experimental data. Thus 
it should be remarked that if we as- 
sume g?/4r-%15 and the cutoff mo- 
mentum=MC, the 2’ term contributing _ 


to Eq. (8) as (1+24,V)~ factor 1s_ i: : 


effective in improving the agreement 


between theory and experiment. 
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In Eqs. (26) and (29) appearing in Lomon’s - 
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